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Abstract

We perform a comprehensive study of charge excitations in a bilayer electron system in the

presence of the long-range Coulomb interaction (LRC). Our major point is to derive formulae of

the LRC that fully respect the bilayer lattice structure. This is an extension of the LRC obtained

by Fetter in the electron-gas model 50 years ago and can now be applicable to any electron density.

We then provide general formulae of the charge susceptibility in the random phase approximation

and study them numerically. The charge ordering tendency is not found and instead we find two

plasmon modes, ω+ and ω− modes. Our second major point is to elucidate their spectral weight

distribution and the effect of electron tunneling between the layers. The spectral weight of the

ω± modes does not have 2π periodicity along the qzc direction; qz and c are momentum and the

lattice constant along the z direction, respectively. The ω+ mode loses spectral weight at in-plane

momentum q∥ = (0, 0) at qzc = 2nπ with n being integer whereas the ω− mode has no spectral

weight at qzc = 0 for any q∥ but acquires sizable spectral weight at qzc = 2nπ with n ̸= 0. Both

ω± modes are gapped at q∥ = (0, 0). When qzc is away from 2nπ, the ω± modes show striking

behavior. When the intrabilayer hopping tz is relatively small (large), the ω− (ω+) mode becomes

gapless at q∥ = (0, 0) whereas the ω+ (ω−) mode retains the gap. However, when the interbilayer

hopping integral t′z is taken into account, the gapless mode acquires a gap at q∥ = (0, 0) and both

ω± modes are gapped at any qzc. To highlight the special feature of the LRC, we also clarify a

difference to the case of a short-range interaction. While the strong electron correlation effects

are not included, the present theory captures available data of the charge excitations observed by

resonant inelastic x-ray scattering for Y-based cuprate superconductors.
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I. INTRODUCTION

High-temperature cuprate superconductors are realized by carrier doping into antiferro-

magnetic Mott insulators [1]. The importance of spin fluctuations was widely recognized for

the high-Tc mechanism [2, 3], and spin fluctuation spectra were studied intensively in space

of energy ω and momentum q by inelastic neutron scattering already slightly after the dis-

covery of high-Tc cuprates [4, 5]. Given that it is mobile electrons which form Cooper pairs,

charge fluctuations should also be equally important to understand the high-Tc mechanism.

In particular, the spin-charge stripe order [6] was observed in La-based cuprates around the

hole doping 1/8, where the superconductivity tends to be suppressed [7]. After the advent

of resonance inelastic x-ray scattering (RIXS), charge excitations were investigated in much

wider q-ω space. There were two major discoveries. One was the charge ordering tendency,

which is not accompanied by magnetic order in contrast to the spin-charge stripes, in the

other hole-doped cuprates [8–16] as well as in electron-doped cuprates [17–19]. The charge

order in electron-doped cuprates was explained in terms of d-wave bond-charge order [20–

22], which is reduced to the electronic nematic order in the limit of zero momentum [23–25].

The origin of the charge order in the hole-doped cuprates is still controversial [26–33]. These

spin and charge fluctuations were usually studied by focusing on the CuO2 plane, namely,

in a two-dimensional model with a short-range interaction.

The other distinguished discovery by RIXS was charge excitations close to the in-plane

momentum q∥ = (0, 0). Their origin was discussed controversially in the early days [34–

38], but they are now interpreted consistently as low-energy plasmon excitations with a

gap at q∥ = (0, 0) that is scaled by weak interlayer hopping. In this sense, it may be ref-

ereed to as acousticlike plasmons [36, 39–48]. Therefore, in contrast to usual analyses in

a two-dimensional model with a short-range interaction, not only the long-range Coulomb

interaction but also the three-dimensional layered structure has to be considered to under-

stand the charge dynamics in cuprates. In particular, it was pointed out theoretically [36, 40]

that their qz dispersion is crucial to identify them as acousticlike plasmons. The acousti-

clike plasmons are realized for a finite qz and become the conventional optical plasmon at

qz = 0 [49–51]. So far, those RIXS experiments have been performed mainly in single-layer

cuprates, one CuO2 plane per unit cell.

A natural question is whether such plasmon excitations can be universal in cuprate super-
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conductors, especially for multilayer systems (multiple CuO2 planes in the unit cell). This

is particularly interesting because multilayer cuprates can exhibit Tc around 100 K, much

higher than most of single-layer cuprates. Hence their charge dynamics may contain an

important clue to understand the high-Tc mechanism. Recently, the RIXS experiments were

performed for the bilayer cuprates YBa2Cu3O6+δ and Ca-doped YBa2Cu3O6+δ [52]. The

data suggested a single plasmon mode, similar to that observed in the single-layer cuprates.

Meanwhile, there were theoretical studies of plasmons in a bilayer system by using the

electron-gas model that incorporated the long-range Coulomb interaction (LRC) [53, 54].

In this model, electrons are mobile only inside the layer—no hopping between the layers—

and electrons interact with each other via the LRC not only inside the layer but also in

different layers. Griffin and Pindor [54] performed detailed and clear analysis in the context

of cuprates. They predicted two plasmon modes, in-phase and out-of-phase modes between

the two layers inside the unit cell, which we may call the ω+ mode and ω− mode, respectively,

following Ref. [54]. The ω+ mode bears a feature similar to plasmons in the single-layer

system and the ω− mode is a new feature in the bilayer system. Both ω± modes were

predicted to be gapless and the ω− mode had a negligible qz dependence and energy lower

than the ω+ mode [54]. In cuprates, however, it is expected that there is at least sizable

intrabilayer hopping. Moreover, it is questionable whether the electron-gas model [53, 54]

is applicable to materials close to half-filling such as cuprates and nickelates, which are

usually regarded as electron-liquid systems—rather the electron-gas model has been applied

typically to semiconductor superlattices [55]. Nonetheless, the formulae of the LRC obtained

in the electron-gas model [53] were frequently employed even for systems far away from the

low-electron density limit [39, 52, 54, 56, 57]. We infer that its reason may lie in capturing

correctly the plasmon continuum specific to layered systems [53, 54, 58, 59] and the q−2

singularity of the LRC in the limit of q → 0, leading to plasmons, and in an expectation

that the essential physics for the long-wavelength limit (q → 0) may be described in the

electron-gas model.

The theoretical analysis in Ref. [52] fixed partially an apparent drawback of the electron-

gas model by including the lattice structure in the kinetic term and also a finite intrabilayer

hopping [60], yet keeping the same functional form of the LRC as that in the electron-

gas model [53, 54]. Hence the serious drawbacks remain: i) the interaction term lost 2π

periodicity inside the layer although the lattice structure was considered for the kinetic
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term, ii) the charge excitation spectrum along the qz direction was tacitly assumed to have

2π periodicity, which is not correct because the spectral weight loses such periodicity, and iii)

RIXS experiments were usually performed in wide q-ω space [34, 35, 37–39, 42, 43, 45–48],

not restricted to the vicinity of q∥ = (0, 0) and qzc = 0; in fact, qzc was frequently taken

away from zero in many RIXS experiments [39, 42, 43, 45–48]. These features indicates some

limitation of previous theoretical analyses [52, 54], which eventually may not be sustainable

to a sound comparison with RIXS data especially for materials near half-filling. This is

particularly serious since the charge dynamics in multi-layer cuprates, which exhibit Tc

around 100 K, contains potentially some important hints to the understanding of the high-

temperature superconducting mechanism.

Motivated by this possible importance, we shall derive formulae of the LRC beyond the

ones obtained in the electron-gas model by Fetter 50 years ago [53]—we refer to it as the

Fetter model—so that the we can apply the formulae to a lattice system with any electron

density. This was already achieved for the single-layer lattice model [36, 44, 61], but is

largely unknown for multilayer electron systems. We shall consider a bilayer lattice model

as the simplest case. But even in this simplest case, we are not aware of literature to

develop the Fetter model. Such a development will eventually make it possible to achieve

a detailed comparison between theory and experiments even far away from the low-electron

density limit, especially for materials modeled by electron liquids such as cuprates, nickelates

and others. Moreover, it may be historically important to construct a theory with the LRC

applicable to any materials, independent of the electron density, by respecting the full lattice

symmetry, for example in graphite [62, 63].

In this paper, we derive formulae of the LRC on a bilayer lattice by solving the Poisson

equation and demonstrate its validity by checking various limits. Our obtained formulae

are general and can be applicable to any bilayer square lattice systems, especially when one

wishes to study the charge dynamics in the presence of the LRC; the extension to other

lattice geometry is straightforward. Given the current interests in the charge dynamics in

cuprates, we choose model parameters appropriate to cuprates, although strong correlation

effects specific to cuprates are not taken into account. Rather we give weight to clarifying

the characteristic feature of the charge dynamics in the bilayer lattice model with the LRC.

The inclusion of the strong electron correlations in the context of the t-J-V model [36] and

the further extension to three- and four-layer systems are left in the future.
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The present manuscript is organized as follows. In Sec. II, we introduce a bilayer model

with a density-density interaction. We then study the case of the LRC in Sec. II B. Equa-

tions (28) and (29) are the formulae beyond the Fetter model—one of the most important

results in the present work. The analytical form of the dynamical charge susceptibility is

presented in the non-interacting case, the bilayer case only with the intrabilayer hopping,

and the most general case. Numerical results are presented in Sec. III. First we turn off

the interbilayer hopping t
′
z, clarify the overall charge-excitation spectrum, and elaborate the

property of the ω± modes. Next we introduce t
′
z and show its major effect. In the discussion

section (Sec. IV), we make a comparison with RIXS data, the Fetter model, and the case of

a short-range interaction, and discuss a relation to charge ordering tendencies in cuprates.

Conclusions are given in Sec. V. We also study the limit of the single-layer case in our for-

mulae [Eqs. (28) and (29)] in Appendix A and clarify a fine structure of the ω± modes at

qzc = π in Appendix B.

II. FORMALISM

A. Hamiltonian

We consider an electron system interacting with the LRC on a bilayer square lattice

stacked along the z axis with the intrabilayer distance d and interbilayer distance c as shown

in Fig. 1; we can assume 0 < d ≤ c/2 without losing generality. The resulting Hamiltonian

consists of two terms

H = H0 +HI . (1)

H0 describes the kinetic term and is given by

H0 =
∑
k,σ

(
c†1kσc

†
2kσ

) ξk εke
ikzd

ε∗ke
−ikzd ξk

c1kσ

c2kσ

 , (2)

where c†1kσ (c†2kσ) and c1kσ (c2kσ) are creation and annihilation operators of electrons with

momentum k and spin σ on the layer 1 (2); ξk and εk are the in-plane and out-of-plane

dispersions, respectively, and are given by

ξk = −2t(cos kxa+ cos kya)− 4t′ cos kxa cos kya− 2t′′(cos 2kxa+ cos 2kya)− µ , (3)

εk = ε⊥k + ε⊥
′

k e−ikzc . (4)
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FIG. 1. Bilayer model. Each layer forms a square lattice and the hopping integrals are considered

up to the third nearest-neighbor sites, t, t′, and t′′ (right figure). The unit cell contains two layers,

1 and 2. The intrabilayer hopping is given by tz and the interbilayer hopping is t′z. The lattice

constants are given by a, a and c along the x, y, and z directions, respectively, and the intrabilayer

distance is d(≤ c/2).

The hopping integrals tz and t′z between the layers (see Fig. 1) yield the dispersions ε⊥k and

ε⊥
′

k , respectively,

ε⊥k = −tz(cos kxa− cos kya)
2 , (5)

ε⊥
′

k = −t
′

z(cos kxa− cos kya)
2 . (6)

The form factor cos kxa − cos kya is expected in local density approximation (LDA) band

calculations [64].

The lattice sites in the layer 1 in Fig. 1 are specified by ri = nxax̂+nyaŷ+nzcẑ with the

unit vectors x̂, ŷ, and ẑ along the x, y, and z directions, respectively, and with integers nx,

ny, and nz. The lattice sites on the layer 2 are then described by ri + d with d = (0, 0, d).

Hence in real space, the density-density interaction is given by

HI =
1

2

∑
ij

[n1(ri)V (rj − ri)n1(rj)

+ n2(ri + d)V (rj − ri)n2(rj + d)

+ n1(ri)V (rj + d− ri)n2(rj + d)

+ n2(ri + d)V (rj − ri − d)n1(rj)] . (7)
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After the Fourier transform,

n1(ri) =
1

N

∑
q

n1(q)e
iq·ri , (8)

n2(ri + d) =
1

N

∑
q

n2(q)e
iq·(ri+d) , (9)

we obtain

HI =
1

2N

∑
q

(
n1(q) n2(q)

) V (q) V
′
(q)

V
′
(−q) V (q)

n1(−q)

n2(−q)

 , (10)

where N is the total number of lattice sites; n1(q) =
∑

k,σ c
†
1kσc1k+qσ and n2(q) =∑

k,σ c
†
2kσc2k+qσ are the electron density operators of the momentum q in each layer; the

Fourier transform of the interaction part is given by

V (l) =
1

N

∑
q

V (q)eiq·l , (11)

V (l+ d) =
1

N

∑
q

V
′
(q)eiq·(l+d) , (12)

with l = rj − ri.

B. LRC on bilayer lattice

Equation (10) is applicable to any density-density interaction. In particular, we consider

the LRC in the present study. See Sec. IV C for the case of a short-range interaction, which

is much simpler than the case of the LRC.

Needless to say, the functional factor of V (l) corresponds to the well-known LRC V (l) ∝
e2

|l| in continuum space and e is the electric charge; its Fourier transform is given by ∼ e2

q2
. If

one is interested in the vicinity of momentum q = 0, such a functional form could be justified

to be employed even on a lattice system; at least, the singularity of the LRC is correctly

captured. However, the asymptotic form in a bilayer system is not correctly reproduced as we

point it out in Sec. IV B. Moreover, typically RIXS measurements are performed at q away

from zero to avoid a very strong elastic signal that masks the low-energy charge excitations

[34, 35, 37–39, 42, 43, 45–48]. Therefore, it is requisite to use the LRC that respects the

lattice structure. It is already known how to compute the LRC on a Bravais lattice [61], but

we are not aware of literature to provide expressions of V (q) and V ′(q) for the bilayer, more
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generally multilayer, case beyond the 50-year-old model by Fetter [53, 54]. In fact, we have

recognized that the derivation of the LRC on a multilayer system is not straightforward at

all. We therefore focus on the bilayer case in the present work and elucidate characteristic

features of the charge dynamics in the presence of the LRC, which contains enough insights

beyond the available knowledge [54].

To obtain the LRC on a lattice, the standard procedure is to solve the Poisson equation

as demonstrated in Ref. [61] for the single-layer case. We start from the Poisson equation

with spatial anisotropy:

ϵ∥

(
∂2

∂x2
+

∂2

∂y2

)
G(r) + ϵ⊥

∂2

∂z2
G(r) = −δ(r) , (13)

where ϵ∥(ϵ⊥) is the dielectric constant parallel (perpendicular) to the layer. On the lattice,

the second differential is replaced by the difference

ϵ∥
a2

{[G(ri + ax̂)− 2G(ri) +G(ri − ax̂)]

+ [G(ri + aŷ)− 2G(ri) +G(ri − aŷ)]}

+ϵ⊥ [h1G(ri + cẑ) + h2G(ri + dẑ) + h3G(ri) + h4G(ri − (c− d)ẑ)]

= − 1

N

∑
q

eiq·ri . (14)

Here we use 4 points to evaluate ∂2G(r)
∂z2

so that the equation is valid even for d = 0; the

coefficients are determined uniquely by the Taylor expansion, yielding

h1 =
2(c− 2d)

c(2c− d)(c− d)
, (15)

h2 =
2

c(c− d)
, (16)

h3 = − 4

c(c− d)
, (17)

h4 =
2(c+ d)

c(2c− d)(c− d)
. (18)

From the Fourier transform defined in Eqs. (11) and (12), we obtain[
2ϵ∥
a2

(2− cos qxa− cos qya)− ϵ⊥(h1e
iqzc + h3)

]
G(q)

−ϵ⊥e
iqzd(h2 + h4e

−iqzc)G
′
(q) = 1 . (19)

Note that G
′
(q) appears in the second line, suggesting a necessity of two independent equa-
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tions. The other Poisson equation on a bilayer lattice may be considered at r+d in Eq. (13):

ϵ∥
a2

{[G(ri + d+ ax̂)− 2G(ri + d) +G(ri + d− ax̂)]

+ [G(ri + d+ aŷ)− 2G(ri + d) +G(ri + d− aŷ)]}

+ϵ⊥ [h5G(ri + cẑ) + h6G(ri + dẑ) + h7G(ri) + h8G(ri − (c− d)ẑ)]

= 0 . (20)

The right hand side becomes zero because δ(ri+d) = 0 in the condition 0 < d ≤ c/2. When

we determine the coefficients h5, h6, h7, h8 by the Taylor expansion, we find that h5 = h4,

h6 = h3, h7 = h2, and h8 = h1. We then obtain[
2ϵ∥
a2

(2− cos qxa− cos qya)− ϵ⊥(h1e
−iqzc + h3)

]
G

′
(q)

−ϵ⊥e
−iqzd(h2 + h4e

iqzc)G(q) = 0 . (21)

Equations (19) and (21) are reduced to a 2× 2 matrix equationA11 A12

A∗
12 A

∗
11

G(q)

G
′
(q)

 =

1

0

 , (22)

where

A11 =
2ϵ∥
a2

(2− cos qxa− cos qya)− ϵ⊥(h1e
iqzc + h3) , (23)

A12 = −ϵ⊥e
iqzd(h2 + h4e

−iqzc) . (24)

Hence we obtain the solution of the Poisson equation for the bilayer system in momentum

space as

G(q) =
A∗

11

|A11|2 − |A12|2
, (25)

G
′
(q) =

−A∗
12

|A11|2 − |A12|2
. (26)

The above solution is related to the LRC via

V (q) =
e2

a2c
ReG(q) , V

′
(q) =

e2

a2c
G

′
(q) , (27)

where the factor 1/(a2c) comes form the volume of the unit cell. The diagonal component of

V (q) is given by the real part of G(q). This is because only the even term with respect to q
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contributes to the diagonal part of the interaction in Eq. (10)—the term sin qzc originating

from Eq. (23) is canceled out.

It may be convenient to present the explicit expressions of V (q) and V
′
(q), which are

computed as:

V (q) =
Vc

detṼ

[
α(2− cos qxa− cos qya)−

1

2
h̃3 −

1

2
h̃1 cos qzc

]
, (28)

V
′
(q) =

1

2

Vc

detṼ

[
h̃2 cos qzd+ h̃4 cos qz(c− d)− ih̃2 sin qzd+ ih̃4 sin qz(c− d)

]
, (29)

detṼ = [α(2− cos qxa− cos qya)]
2 − α(2− cos qxa− cos qya)(h̃1 cos qzc+ h̃3)

+
6c2

(c− d)(2c− d)
(1− cos qzc) . (30)

Here h̃i = c2hi with i = 1, 2, 3, 4 is a dimensionless factor given in Eqs. (15)–(18); Vc =
e2c

2a2ϵ⊥

and α =
c2ϵ∥
a2ϵ⊥

, which are the same notations as those in the single-layer case [40, 41, 43,

45, 47, 48, 65]; Vc has the dimension of energy and so do V (q) and V
′
(q); α describes the

anisotropy between the in-plane direction and the perpendicular direction.

C. Dynamical charge susceptibility

As shown in Eqs. (2) and (10), the Hamiltonian is described by a 2× 2 matrix. Thus the

charge susceptibility κij(q, ω) is also described by a 2 × 2 matrix. We compute κij in the

random phase approximation (RPA), yielding

κij(q, ω) = κ0
ij(q, ω) +

∑
l1,l2

κ0
il1
(q, ω)Vl1l2(q)κl2j(q, ω) , (31)

where i, j, l1, l2 = 1 and 2; κ0
ij(q, ω) describes a simple bubble diagram and is computed as

κ0
11(q, ω) =

1

2N

∑
k

(g++ + g+− + g−+ + g−−) , (32)

κ0
12(q, ω) =

1

2N

∑
k

εkε
∗
k+qe

−iqzd

|εk||εk+q|
(g++ − g+− − g−+ + g−−) , (33)

κ0
21(q, ω) =

1

2N

∑
k

ε∗kεk+qe
iqzd

|εk||εk+q|
(g++ − g+− − g−+ + g−−) , (34)

κ0
22(q, ω) = κ0

11(q, ω) , (35)

where k is defined in the first Brillouin zone and we omit the arguments on the right hand

side in gµν with µ, ν = + and −, which are given by

gµν(k,q, ω) =
f(λµ(k))− f(λν(k+ q))

λµ(k) + ω + iΓ− λν(k+ q)
. (36)
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f(x) is the Fermi distribution function, the eigenenergies λ±(k) = ξk ± |εk| describe the

antibonding and bonding bands, respectively [see Eqs. (3) and (4)], and Γ(> 0) is an in-

finitesimally small value, but we shall take a finite value for numerical convenience, which

may mimics to some extent broadening effects not included in the RPA. Each component of

Vl1l2 in Eq. (31) is given by the component of the matrix in Eq. (10). The total susceptibility

is then given by

κ(q, ω) =
1

2

∑
ij

κij(q, ω) (37)

While Eq. (37) is a compact form, it may be more insightful to present an explicit form of

κ(q, ω).

1. Non-interacting case for t
′
z = 0

We first consider the non-interacting charge susceptibility κ0(q, ω):

κ0(q, ω) =
1

2

[
κ0
11(q, ω) + κ0

12(q, ω) + κ0
21(q, ω) + κ0

22(q, ω)
]

(38)

= cos2
qzd

2
κ0
even(q, ω) + sin2 qzd

2
κ0
odd(q, ω) , (39)

where

κ0
even(q, ω) =

1

N

∑
k

(g++ + g−−) , (40)

κ0
odd(q, ω) =

1

N

∑
k

(g+− + g−+) , (41)

and κ0
even(odd)(q, ω) is the susceptibility from the intraband (interband) scattering processes

and thus is frequently called the even (odd) mode in a bilayer system. The even and odd

modes are selected by choosing qzd = 0 and π, respectively.

2. Bilayer model with LRC for t
′
z=0

Next we introduce the LRC, which yields both intra- and interbilayer interactions, al-

though the hopping along the z direction is restricted only within the intrabilayer. We then

obtain

κ(q, ω) =
1

det

[
cos2

qzd

2
κ0
even(q, ω) + sin2 qzd

2
κ0
odd(q, ω)

−κ0
even(q, ω)κ

0
odd(q, ω)V

′′
(q)

]
, (42)
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where

det =
[
1− (V (q) + V+(q))κ

0
even(q, ω)

]
×
[
1− (V (q)− V+(q))κ

0
odd(q, ω)

]
+κ0

even(q, ω)κ
0
odd(q, ω)V−(q)

2 . (43)

V
′′
(q) = V (q)− V

′
(q) + V

′
(−q)

2
, (44)

V±(q) =
V

′
(q)eiqzd ± V

′
(−q)e−iqzd

2
. (45)

It is insightful to compare Eq. (42) with Eq. (39). The charge susceptibility can still be

described in terms of κ0
even and κ0

odd in Eq. (42), but in contrast to Eq. (39), they cannot be

fully decoupled from each other in general. This is because the LRC yields the interbilayer

interaction and thus we have an additional term κ0
evenκ

0
oddV

′′
(q) in the numerator and two

terms in the denominator that describe couplings of κ0
even and κ0

odd. Hence the even and

odd modes are no longer good quantities to specify the charge excitations. This is in a

sharp contrast to the case of a short-range interaction; see Sec. IV C. Nonetheless there are

exceptions. i) The even mode is well defined at qzc = 0 [see Eqs. (60) and (61)] because the

ω− mode vanishes at any q∥. ii) The odd mode is well defined at specific points q∥ = (0, 0)

and qzc = 2nπ with n ̸= 0, where the ω+ mode has zero intensity [see Figs. 3(e), 5(e), and

7(e)].

The origin of det in Eq. (43) is readily understood. The RPA susceptibility Eq. (31) is

written in a 2× 2 matrix form

κ̂ = κ̂0 + κ̂0V̂ κ̂ , (46)

where V̂ corresponds to the interaction matrix given in Eq. (10). We then obtain

κ̂ = (1− κ̂0V̂ )−1κ̂0 . (47)

det in Eq. (43) is given by

det = det(1− κ̂0V̂ ) . (48)

The charge excitation spectrum is studied by Imκ(q, ω) in q-ω space in Eq. (42). As

expected, plasmons can be realized when the condition det = 0 is fulfilled. Hence we may

also analyze Eq. (48) in the present study. For numerical convenience, however, we may

study the minimum value of |det| because of a possible mixture of the continuum spectrum

in actual calculations.
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3. Bilayer model with LRC and t
′
z

As shown in Eq. (42), we can still extract κ0
even and κ0

odd without t
′
z, even though they are

not good quantities. However, once t
′
z is included, they are not extracted in a convenient

way and we obtain:

κ(q, ω) =
κ0
11 + κ0

cos − [(κ0
11)

2 − (κ0
cos)

2 − (κ0
sin)

2][V (q)− V
′
+(q)]

det
, (49)

det = 1− 2κ0
11V (q)− 2κ0

cosV
′

+(q) + i2κ0
sinV

′

−(q)

+[(κ0
11)

2 − (κ0
cos)

2 − (κ0
sin)

2][V (q)2 − V
′
(q)V

′
(−q)] , (50)

V
′

±(q) =
1

2
[V

′
(q)± V

′
(−q)] , (51)

where det is given by Eq. (48) with a finite t
′
z, and we omit the arguments in κ0

11, κ
0
cos, and

κ0
sin for brevity. The last expression V

′
±(q) should not be mixed up with V±(q) in Eq. (45).

κ0
cos and κ0

sin originate from the factor εkε
∗
k+qe

iqzd and its conjugate in Eqs. (33) and (34),

and are given by

κ0
cos(q, ω) =

1

2N

∑
k

cosφkk+q(g++ − g+− − g−+ + g−−) , (52)

κ0
sin(q, ω) =

1

2N

∑
k

sinφkk+q(g++ − g+− − g−+ + g−−) . (53)

Here

φkk+q = θk − θk+q − qzd (54)

and θk comes from the hopping along the z direction,

εk = |εk|eiθk , (55)

|εk| =
√

(ε⊥k + ε⊥
′

k cos kzc)2 + (ε⊥
′

k sin kzc)2 . (56)

Although κ0
even and κ0

odd do not appear in Eq. (49), one can check that Eq. (49) is reduced

to Eq. (42) by setting t
′
z = 0 as it should be.

III. RESULTS

A choice of our model parameters is arbitrary and may depend on a target material.

Since we wish to make a comparison with recent experimental data of bilayer cuprate high-

temperature superconductors [52], we choose the following parameter set to achieve a rea-

sonable comparison: t′/t = −0.30, t′′/t = 0.15, d/c = 3.36/11.68 [52], n = 0.79, Vc/t = 130,
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FIG. 2. (a) Intensity map of log10 |Imκ(q, ω)| along the symmetry directions shown in the inset;

the long-dashed line specifies the position of (π, 0). The white dotted curve is the upper boundary

of the particle-hole excitations. Around q∥ = (0, 0), there are two collective charge excitation

modes, which are plasmons. The lower-energy one becomes gapless at q∥ = (0, 0). (b) Real part

of the static charge susceptibility along the symmetry directions for several choices of the electron

density.

α = 40, Γ/t = 0.01, and T/t = 0.01 in most of cases; n is the electron density. Since we will

study tz and t
′
z dependencies, those values are always specified when we present results. We

first study the case of t
′
z = 0 (see Fig. 1). In this case, the electronic motion is restricted

within the bilayer, but the electrons interact with each other via the LRC between different

layers. The effect of t
′
z shall be clarified later. We use t as the unit of energy and put t = 1

below. We also put the in-plane lattice constant a = 1 for brevity.
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A. Charge excitation spectra with t
′
z = 0

1. Overall features

Figure 2(a) is the intensity map of Imκ(q, ω) along the symmetry directions (π, π)-(0, 0)-

(π, 0)-(π, π) as seen in the inset; qzc = π is taken. The white dotted curve is the upper

boundary of the particle-hole continuum excitations. Note that low-energy continuum ex-

citations are present even at q∥ = (0, 0), because of a finite tz. Inside the continuum

spectrum, relatively large spectral weight spreads broadly in a high-energy region and the

spectral weight tends to be suppressed at lower energy. Above the continuum spectrum

around q∥ = (0, 0), there are two collective charge modes, which are plasmons.

In Fig. 2(b) we plot the real part of the static charge susceptibility for various choices

of the electron density, confirming no charge ordering tendency. Although a peak structure

forms along the (0, 0)-(π, π) direction especially at low density, the susceptibility itself be-

comes smaller with decreasing the density—it cannot be associated with a potential charge

ordering such as a Winger crystallization [66] in the present bilayer square lattice system.

2. Maps of the spectral weight

Having made sure of no charge ordering in the present model, we focus on collective

charge excitations around q∥ = (0, 0) realized above the upper boundary of the particle-

hole excitations in Fig. 2. These are plasmon excitations characterized by two modes.

Following Ref. [54], we may call the upper and lower branches as the ω+ mode and ω− mode,

respectively, although we will show later that the energy of the ω± modes is interchanged

for a large tz.

Figures 3(a)–(e) show q-ω maps focusing on plasmon excitations around q∥ = (0, 0) for a

sequence of qzc. The square of the modulus of the denominator of Eq. (42), namely Eq. (48)

is also shown on the right hand side of Fig. 3. At qzc = 0 [Fig. 3(a)], there exists the ω+ mode

only—the optical plasmon mode—and no ω− mode is realized. This is easily understood.
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FIG. 3. Intensity map of log10 |Imκ(q, ω)| (left panels) and log10 |det|2 given in Eq. (42) (right

panels) for a sequence of qzc around a region of q∥ = (0, 0): (a) and (a’) qzc = 0, (b) and (b’)

qzc = 0.5π, (c) and (c’) qzc = π, (d) and (d’) qzc = 1.5π, and (e) and (e’) qzc = 2π. The

white dotted curve denotes the upper boundary of the particle-hole continuum. It goes to zero at

q∥ = (0, 0) and qzc = 0 even for a finite tz = 0.1. To keep an appropriate contrast, the same color

is used below -2 and -6 in the left panels and the right panels, respectively.

Equations (44) and (45) show at qzc = 0

V
′′
(q) = V (q)− V

′
(q) , (57)

V+(q) = V
′
(q) , (58)

V−(q) = 0 . (59)
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From Eq. (42) we then obtain

κ(q, ω) =
κ0
even(q, ω)[1− κ0

odd(q, ω)V
′′
(q)]

[1− κ0
even(q, ω)(V (q) + V ′(q))] [1− κ0

odd(q, ω)(V (q)− V ′(q))]
, (60)

=
κ0
even(q, ω)

1− κ0
even(q, ω)(V (q) + V ′(q))

. (61)

That is, the ω+ mode corresponds to the even mode at qzc = 0. Since κ0
even = 0 at q∥ = (0, 0)

and qzc = 0 for finite ω, the intensity of the ω+ mode vanishes at q∥ = (0, 0). Physically this

implies that the ω+ mode is in-phase inside the bilayer and thus cannot have spectral weight

at q∥ = (0, 0) and qzc = 0 because of the charge conservation—the other mode, namely the

ω− mode, therefore, should be out-of-phase charge-excitation mode in the bilayer system.

This assignment is consistent with Ref. [54]. However, this argument is valid only at qzc = 0.

The relative motion of electrons between the two layers inside the unit cell becomes less

trivial as going away from qzc = 0. In fact, mathematically the in-phase or out-of-phase

motion can be confirmed at qzc = 0 by studying the eigenvector of the susceptibility matrix

[Eq. (47)] at q∥ and ω where Eq. (48) vanishes and such a result changes as varying qzc from

zero.

Although there is no spectral weight at q∥ = (0, 0) and qzc = 0 at any tz, the presence of

tz yields low-energy spectral weight at q∥ = (0, 0) at qzc ̸= 0 and the upper boundary of the

continuum spectrum has a finite energy. Above the continuum, we have two modes: the ω+

mode and the ω− mode for a higher- and lower-energy branch, respectively [54], as shown in

Figs. 3(b)–(d). These modes should not be confused with the even and odd modes specific

to a bilayer system, because the LRC yields the interaction among all layers as seen from

Eq. (42) and the even and odd modes couple to each other. In particular, the ω− mode shows

the gapless dispersion, which may be clear when we recognize that the ω− mode extends

into the continuum spectrum around q∥ = (0, 0). At qzc = 2nπ in Fig. 3(e), however, the

ω− mode becomes gapped. The ω+ mode loses the spectral weight at q∥ = (0, 0), which is

due to the property κ0
even = 0 there at qzc = 2nπ. A comparison between Figs. 3(a) and

(e) highlights that the plasmon excitations at qzc = 0 are not generic. Rather those at

qzc = 2nπ with n ̸= 0 are generic: both ω± modes are present and the intensity of the ω+

mode vanishes at q∥ = (0, 0) whereas it does not for the ω− mode.

The gapless feature of the ω− mode is highlighted in Figs. 4(a)–(c) by focusing on the

vicinity of q∥ = (0, 0). The intensity of the ω− mode is weaker with decreasing ω and

vanishes at ω = 0. An interesting feature is that the ω− mode crosses the continuum
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FIG. 4. Intensity maps of log10 |Imκ(q, ω)| in the vicinity of q∥ = (0, 0) along (0.04π, 0.04π)-

(0, 0)-(0.04π, 0) [see the inset in (a)] for three choices of qzc: (a) qzc = 0.5π, (b) qzc = π, and (c)

qzc = 1.5π. The ω− mode is gapless at q∥ = (0, 0) in spite of the presence of tz = 0.1. The white

dotted curve denotes the upper boundary of the particle-hole continuum. To keep an appropriate

contrast, the same color is used below -2 and above 0.

smoothly without showing a clear structure and extends down to zero energy. A reason for

that lies in very small spectral weight of the continuum around q∥ = (0, 0). In fact, the

difference of the spectral weight across the upper boundary of the continuum is not visible

in the color scale in Fig. 4. On the other hand, the ω+ mode has finite spectral weight at

q∥ = (0, 0) when 0 < qzc < 2π.

The right panels in Fig. 3 show maps of the denominator of Imκ(q, ω) [Eq. (43)], more

precisely the square of the modulus of Eq. (48) for a sequence of qzc. The corresponding

Imκ(q, ω) shown in the left panels can have a peak along (approximately along) the minimum

of the denominator of Imκ(q, ω) above (below) the continuum. In Fig. 3(a’), it is interesting

that we have two minima of the denominator for a given q∥, but the finite spectral weight

is realized only along the ω+ mode and zero along a possible ω− mode. At qzc = 2π, on

the other hand, both ω+ and ω− modes are realized along the minimum shown in Fig. 3(e’)

and have the finite spectral weight except for the ω+ mode at q∥ = (0, 0) in Fig. 3(e).

In Fig. 3(d), the ω+ mode has strong intensity only near q∥ = (0, 0) and the intensity is

suppressed as going away from q∥ = (0, 0) although the denominator of Eq. (42) has a

minimum there [Fig. 3(d’)]. This is simply because of the q∥ dependence of the numerator

of Eq. (42). The ω− mode is well visible even inside the continuum—below the white dotted

curve in Figs. 3(b)–(d) and Figs. 4(a)–(c)—but the modulus of Eq. (48) gains additional

values because of the mixture of the particle-hole excitations [Figs. 3(b’)–(d’)]. Therefore

the peak position of the Imκ(q, ω) deviates slightly from the minimum of Eq. (48) below
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the white dotted curve in Figs. 3(b)–(d) and 4(a)–(c).

3. A smaller value of tz

We have shown results at tz = 0.1 and expect qualitatively similar results such as the

vanishing of the ω− mode at qzc = 0 and the presence of the ω± mode for qzc ̸= 0 for other

choices of tz. However, the spectral weight distribution may look different for a smaller tz

and it may be worth presenting those results, because several literature [53, 54] assumed

tz = 0 in the bilayer system, keeping the LRC among different layers.

Figures 5(a)–(e) are results at tz = 0.01, which may be compared with Figs. 3(a)–(e). At

qzc = 0 [Fig. 5(a)], the only ω+ mode is realized and quantitative changes are not visible

even by employing a small tz. However, at qzc = 0.5π [Fig. 5(b)], it might seem that only

one mode is realized. In reality, the ω+ mode has much larger spectral weight and the ω−

mode is hardly visible in the scale of Fig. 5(b). A sharp contrast to Fig. 3(b) is that the ω+

mode suggests a gapless mode. However, it is not the case. The ω+ mode acquires a small

gap due to a small tz whereas the ω− mode is gapless similar to Fig. 3(b). These features

are checked by magnifying a region around q∥ = (0, 0) as shown in Fig. 6(a).

At qzc = π [Fig. 5(c)], still only one mode seems to exist, but both ω± modes do exist. A

split is only visible by magnifying the vicinity around q∥ = (0, 0) as shown in Fig. 6(b) and

the ω+ mode seems to almost overlap with the ω− mode in the other regions. This feature

is typical for a small tz at qzc = π. From Eq. (45), we can check that V−(q) = 0 at qzc = π.

Equations (42) and (43) then imply that the plasmon dispersion is given by

[
1− κ0

even(V (q) + V+(q))
] [
1− κ0

odd(V (q)− V+(q))
]
= 0 . (62)

When tz is small, we have κ0
even ≈ κ0

odd. Equation (45) indicates that V+(q) ∝ h̃2 +

h̃4 cos qzc = h̃2 − h̃4(> 0) at qzc = π for 0 < d < c/2. This means that V+(q) has a

minimum at qzc = π because h̃2 and h̃4 are positive. This analysis explains the reason why

the ω± modes become almost degenerate at qzc = π. To see the splitting of these two modes

at qzc = π more clearly even away from q∥ = (0, 0), the damping factor Γ should be taken

smaller; see Appendix B.

At qzc = 1.5π [Fig. 5(d)], the ω+ mode is well separated, although its spectral weight is

relatively weak around q∥ = (0, 0). When we magnify such a region in Fig. 6(c), it is clearly
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FIG. 5. Intensity map of log10 |Imκ(q, ω)| at tz = 0.01 for a sequence of qzc around a region of

q∥ = (0, 0): (a) qzc = 0, (b) qzc = 0.5π, (c) qzc = π, (d) qzc = 1.5π, and (e) qzc = 2π. The

white dotted curve denotes the upper boundary of the particle-hole continuum. It becomes zero

at q∥ = (0, 0) and qzc = 0 and finite for the other values of qzc. To keep an appropriate contrast,

the same color is used below -2.

visible that the ω+ mode is acousticlike with a small gap at q∥ = (0, 0) due to a small tz

whereas the ω− mode is gapless.

At qzc = 2π [Fig. 5(e)], the ω± modes are well separated—the ω+ mode is opticallike and

the ω− mode is acousticlike with a small gap coming from a small tz. This is in a sharp

contrast to the cases for qzc ̸= 2nπ [Figs. 5(b)–(d) and 6(a)–(c)].

We have performed the same calculations at tz = 0 and checked that results at tz = 0

hardly change from those at tz = 0.01 except that the ω+ (ω−) mode also becomes gapless

at qzc ̸= 2nπ [qzc = 2nπ(n ̸= 0)].
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denotes the upper boundary of the particle-hole continuum. To keep an appropriate contrast, the

same color is used below -3 and above 0.

4. A large value of tz

We also study a large value of tz for completeness. Maps of the spectral function are

shown in Fig. 7 for a sequence of qzc. At qzc = 0 [Fig. 7(a)], only one mode is realized as in

the case of Figs. 3(a) and 5(a). The spectral intensity at q∥ = (0, 0) is zero, indicating that

it should be in-phase charge fluctuations between the two layers inside the unit cell because

of the charge conservation. That is, it should be the ω+ mode. At qzc = 0.5π, there appear

two modes as shown in Fig. 7(b). While this feature is the same as that in Fig. 3(b), the

upper mode forms a convex shape around q∥ = (0, 0) for tz = 0.25 whereas the other mode

is gapless as clarified in Fig. 8(a). A similar feature is observed for other qzc in Figs. 7(c)(d)

and 8(b)(c). It is remarkable that this low-energy mode is sharply defined even inside the

continuum. At qzc = 2π [Fig. 7(e)], there appear two gapped modes. In contrast to the case

of tz = 0.1 [Fig. 3(e)], it is the lower-energy mode that is similar to the mode at qzc = 0

[Fig. 7(a)] and the spectral weight at q∥ = (0, 0) vanishes. This indicates that the mode with

lower energy should be the ω+ mode. Because of the continuity of the mode as a function

of qzc (see also Sec. III A 6), it is natural to conclude that the ω+ mode becomes gapless in

qzc ̸= 2nπ in Figs. 7(b)–(d) and 8(a)–(c) and the ω− mode is always gapped independent

of qzc, except it vanishes at qzc = 0 [Fig. 7(a)]. Therefore, it is implied that the energy

hierarchy of the ω± modes is interchanged for a large tz.
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qzc = 0 even for a finite tz = 0.25. To keep an appropriate contrast, the same color is used below

-2.

5. tz dependence of the gap at q∥ ≈ (0, 0)

The results for tz = 0.01, 0.1, 0.25 (Figs. 3 – 8) imply that the gap of plasmon modes at

q∥ ≈ (0, 0) depends on tz in a nontrivial way. We here clarify its tz dependence.

Figure 9(a) is representative results for qzc = 2nπ with n being integer—note that only

the ω+ mode is present at qzc = 0, as already shown in Figs. 3(a), 5(a), and 7(a). Since
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FIG. 8. Intensity maps of log10 |Imκ(q, ω)| in the vicinity of q∥ = (0, 0) along (0.04π, 0.04π)-(0, 0)-

(0.04π, 0) [see the inset in (b)] for (a) qzc = 0.5π, (b) qzc = π, and (c) qzc = 1.5π. It is the ω+

mode that becomes gapless and the ω− mode is gapped for a large tz. The white dotted curve

denotes the upper boundary of the particle-hole continuum. To keep an appropriate contrast, the

same color is used below -2 and above 0.

the ω± modes are realized above the particle-hole continuum, we plot the minimum position

of Eq. (48) in Fig. 9(a) to achieve stable computation. The energy of the ω+ mode is

essentially independent of tz whereas the energy of the ω− mode increases monotonically

with tz. Interestingly for a large tz(≥ 0.16), the ω− mode has energy higher than the ω+

mode.

On the other hand, Fig. 9(b) is a representative result for qzc ̸= 2nπ, showing very

different behavior to that at qzc = 2nπ. The energy of the ω+ mode increases monotonically

with increasing tz. Furthermore, the ω+ mode follows perfectly the minimum position of

Eq. (48) since it is always realized above the continuum. The energy of the ω− mode is

zero independent of tz as already indicated in Figs. 4 and 6. Its energy is deviated from

the minimum position of Eq. (48) as increasing tz. This is because in contrast to the ω+

mode, the ω− mode is realized inside the particle-hole continuum as shown by the dashed

line in Fig. 9(b), when q∥ is close to (0, 0). These descriptions hold up to tz ≈ 0.15. As

seen in Fig. 9(a), the ω+ mode becomes lower than the ω− mode in tz ≥ 0.16 at qzc = 2nπ.

Consequently, it is the ω+ mode that exhibits a gapless mode and the ω− mode is gapped

in tz ≥ 0.16 for qzc ̸= 2nπ. Therefore, by crossing tz ≈ 0.16, the energy hierarchy of the ω±

modes is interchanged as already implied in Fig. 7.
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FIG. 9. tz dependence of the gap of the ω± modes at q∥ = (10−4π, 0) for (a) qzc = 2π and (b)

qzc = π. The dashed line is the upper boundary of the continuum spectrum. In (a), the ω±

modes are determined from the minimum position of Eq. (48). The point ω− = 0 at tz = 0 is

introduced by hand for technical reasons. In (b), crosses denote the minimum positions of Eq. (48).

They deviate from the ω±-mode energy at low energy because of the mixture of the particle-hole

continuum. Note that the energy of the ω± modes is interchanged across tz ≈ 0.16 because of the

crossing of these modes at qzc = 2nπ as shown in (a).

6. qzc dependence

So far we have chosen certain points of qzc. Here we clarify the qzc dependence of the

ω± modes. Figure 10(a) shows results at q∥ = (0.02π, 0) for tz = 0.1. A white dotted line is

the upper boundary of the particle-hole continuum. The ω+ mode is always realized above

the continuum. A peak at qzc = 2nπ corresponds to the optical plasmon. The energy of

the ω+ mode is quickly decreased as going away from qzc = 2nπ and becomes essentially

qzc independent until the next peak at qzc = 2(n + 1)π. The ω− mode does not exist at

qzc = 0, which is evident from the zero intensity there in Fig. 10(a). However, as going away
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from qzc = 0, the ω− mode immediately gains the intensity and starts to show a dispersion

between ω ≈ 0.4–1.6 with a peak at qzc = 2nπ(n ̸= 0). Interestingly this dispersive feature

occurs crossing the upper boundary of the continuum.

Figure 10(b) is the same plot but for q∥ = (0.05π, 0). As we have seen in Fig. 4, the ω+

mode has a weak q∥ dependence around q∥ = (0, 0) and thus the result is similar to that in

Fig. 10(a). On the other hand, the ω− mode exhibits a cosinelike dispersion along the qzc

direction and is located above the continuum.

In both Figs. 10(a) and (b), the intensity of the ω± modes has a characteristic qzc depen-

dence. In particular, the ω+ mode loses intensity around qzc = 7π and both ω± modes have

a kind of “nodes” at specific qzc values. These positions depend on the choices of parame-

ters (except for the vanishing intensity of the ω− mode at qzc = 0) and originate from the

suppression of the numerator of Imκ(q, ω) in Eq. (42). In other words, the absence of 2π pe-

riodicity in Fig. 10 originates from the numerator of Eq. (42), namely, the factor of cos2 qzd
2
,
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FIG. 10. qzc dependence of the intensity map of log10 |Imκ(q, ω)| at (a) q∥ = (0.02π, 0) and (b)

q∥ = (0.05π, 0) for tz = 0.1. The corresponding results of tz = 0.01 and 0.25 are shown in (c)(d)

and (e)(f), respectively. To get a reasonable contrast, the same color is used above 0 and below

-4. The white dotted line is the upper boundary of the continuum spectrum and exhibits a spike

at qzc = 0 because of the vanishing of the ω− mode there.
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sin2 qzd
2
, and V

′
(q)+V

′
(−q)

2
. In fact, it is easily checked that the denominator of Imκ(q, ω)

[Eq. (43)], i.e., Eq. (48) retains 2π periodicity along the qzc direction; see Figs. 14(c) and

(d).

The qzc dependence of the ω± modes gives a different impression for a smaller tz. We

present corresponding results for tz = 0.01 in Figs. 10(c) and (d). While the intensity of the

ω− mode vanishes at qzc = 0 as we have already explained, the ω− mode has a much weaker

dispersion—almost flat—than that at tz = 0.1. In particular, the ω− mode does not exhibit

a peak even at qzc = 2nπ(n ̸= 0), in a sharp contrast to the case of tz = 0.1. That is, the

ω− mode tends to have a weaker dispersive feature with decreasing tz. In contrast, the ω+

mode has a much stronger dispersion between ω ≈ 0.5–2.5 in Fig. 10(c) and ω ≈ 1–2.5 in

Fig. 10(d), compared with that for tz = 0.1 shown in Figs. 10(a) and (b), respectively, even

though tz is much smaller. As we have already seen in Figs. 5(c) and 6(b), the ω± modes

almost overlap with each other at qzc = π + 2nπ.

For a large tz, as we have shown in Fig. 9, the ω− mode has higher energy than the ω+

mode. This can also be confirmed by zero spectral weight at qzc = 0 in the higher-energy

mode in Figs. 10(e)(f)—a characteristic feature of the ω− mode as we have already discussed

in the context of Fig. 3(a). The ω− mode shows the qzc dependence very different from

Figs. 10(a)–(d): the ω− mode has a dip at qzc = 2nπ, not a peak there, in Figs. 10(e)(f),

and an almost flat feature away from qzc = 2nπ. In particular, the dip of the ω− mode

touches with a peak of the ω+ mode at qzc = 2nπ at tz ≈ 0.16, where the energy of the

ω± mode is interchanged. In contrast to the ω− mode, the lower-energy mode, namely ω+

mode, has a large dispersive feature at q∥ = (0.02π, 0) between ω ≈ 0.5–2.5 and is sharply

defined even though the ω+ mode is realized inside the continuum especially for qzc ̸= 2nπ.

This is simply due to low spectral weight of the continuum especially around q∥ = (0, 0).

At q∥ = (0.05π, 0) shown in Fig. 10(f), the ω+ mode is similar to that at q∥ = (0.02π, 0)

[Fig. 10(e)], but becomes less dispersive.

One would expect a larger qzc dispersion for a larger tz because the system is closer to

be three dimensional. However, Figs. 10(a)(c)(e) do not support such a native expectation.

The ω+ mode has a large dispersion in 0.5 ≲ ω ≲ 2.5 at tz = 0.01 and 0.25, but a smaller

dispersion in 2 ≲ ω ≲ 2.5 at tz = 0.1. The ω− mode, on the other hand, it is almost

dispersionless at tz = 0.01 and has a larger dispersion in 0.5 ≲ ω ≲ 1.5 at tz = 0.1, but an

almost flat dispersion in 4 ≲ ω ≲ 4.5 at tz = 0.25.
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FIG. 11. Intensity map of log10 |Imκ(q, ω)| for a sequence of qzc around a region of q∥ = (0, 0): (a)

qzc = 0, (b) qzc = 0.5π, (c) qzc = π, (d) qzc = 1.5π, and (e) qzc = 2π. The interbilayer hopping

t
′
z is introduced as t

′
z = tz/2 = 0.05. The white dotted curve denotes the upper boundary of the

particle-hole continuum. There is no continuum spectrum at q∥ = (0, 0) and qzc = 0 even for a

finite tz = 0.1 and t
′
z = 0.05. To keep an appropriate contrast, the same color is used below -2.

B. Charge excitation spectra with t
′
z ̸= 0

So far we have focused on the case of t
′
z = 0, no interbilayer hopping, although electrons

in all layers interact with each other via the LRC. Here we first focus on the case of tz = 0.1

and study the effect of t
′
z by assuming t

′
z = tz/2. Since results may become different for a

large tz as seen in Figs. 7 and 8, such results shall be presented in the last section 4.
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FIG. 12. Intensity maps of log10 |Imκ(q, ω)| in the vicinity of q∥ = (0, 0) along (0.04π, 0.04π)-

(0, 0)-(0.04π, 0) [see the inset in (a)] for various choices of qzc: (a) qzc = 0.5π, (b) qzc = π, and (c)

qzc = 1.5π. The interbilayer hopping t
′
z is introduced as t

′
z = tz/2 = 0.05. The white dotted curve

denotes the upper boundary of the particle-hole continuum. To keep an appropriate contrast, the

same color is used above 0 and below -2.

1. Maps of the spectral weight

Results corresponding to Figs. 3(a)–(e) are shown in Figs. 11(a)–(e) in the same condition

except for a finite t
′
z = tz/2 = 0.05. At qzc = 0 [Fig. 11(a)], only the ω+ mode is realized

and the spectrum is essentially the same as Fig. 3(a), that is, the effect of t
′
z is negligible

at qzc = 0. In fact, mathematically one can check that we obtain the same expression

as Eq. (61) at qzc = 0. The negligible effect of t
′
z also applies to the result at qzc = 2π

[Fig. 11(e)], except that the ω− mode has a slightly larger energy because of the inclusion

of t
′
z. The major effect of t

′
z is recognized at qzc ̸= 2nπ. Whereas the ω+ mode exhibits a

dispersion very similar to Figs. 3(b)–(d), the ω− mode is gapped at q∥ = (0, 0) by a finite

t
′
z. Consequently we obtain two gapped modes at any qzc( ̸= 0).

To emphasize this qualitative change, we also show the zoom of the spectrum around

q∥ = (0, 0) in Figs. 12(a)–(c). These results clearly demonstrate that the spectrum of the

ω− mode becomes gapped by including t
′
z especially in the vicinity of q∥ = (0, 0), in sharp

contrast to Figs. 4(a)–(c).

2. tz dependence of the gap at q∥ ≈ (0, 0)

Next we clarify how the gap of the ω± modes at q∥ = (0, 0) evolves with tz and t
′
z(= tz/2).

Figure 13(a) shows a representative result at qzc = 2nπ although the ω− mode vanishes at
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FIG. 13. tz dependence of the gap of the ω± modes at q∥ = (10−4π, 0) at (a) qzc = 2π and (b)

qzc = 1.5π. The dashed line is the upper boundary of the continuum spectrum. In (a), the ω±

modes are determined from the minimum position of Eq. (48). Since the ω+ mode is located below

the continuum in tz ≳ 0.2, these energies are estimated approximately. The point ω− = 0 at

tz = 0 is introduced by hand for technical reasons. In (b), crosses denote the minimum position of

Eq. (48); only one minimum position is found at tz = 0.01.

qzc = 0. Here, the gap energy of the ω± modes is calculated from the minimum position of

Eq. (48) to achieve stable computation. This is justified because the ω± modes are realized

above the continuum at least up to tz = 0.2. In tz > 0.2, the actual energy of the ω+ mode

may slightly deviate from the result in Fig. 13(a). The tz dependence of the ω+ mode can

be negligible even in the presence of t
′
z and the result is essentially the same as Fig. 9(a).

The ω− mode also exhibits a similar tz dependence to Fig. 9(a) and the effect of t
′
z is not

crucial at qzc = 2nπ.

However, the presence of t
′
z has a big effect for qzc ̸= 2nπ and the gapless mode disappears

upon a finite tz and t
′
z = tz/2, in sharp contrast to Fig. 9(b). Figure 13(b) shows results

at qzc = 1.5π. Both ω± modes have higher energy with increasing tz. A comparison with
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FIG. 14. qzc dependence of the intensity map of log10 |Imκ(q, ω)| (left panels) and log10 |det|2

given in Eq. (50) (right panels) at q∥ = (0.02π, 0) (a) and (c), and q∥ = (0.05π, 0) (b) and (d) for

t
′
z = tz/2 = 0.05. To get a reasonable contrast, the same color is used above 0 and below -4 in the

left panels. The white dotted curve is the upper boundary of the continuum spectrum and exhibits

a spike at qzc = 0 where the ω− mode vanishes.

Fig. 9(b) confirms that the gap of the ω− (ω+) mode in tz ≤ 0.13 (≥ 0.13) originates from

a finite t
′
z.

In Fig. 13(b), the energy of the ω− mode is located close to the upper boundary of the

particle-hole continuum in tz ≤ 0.13. In tz ≥ 0.13, however, the ω+ mode has lower energy

than the ω− mode and is located close to the upper boundary of the continuum. In both

regions, their energy position is well captured by the minimum position of Eq. (48) shown

by crosses. If we choose qzc = π and would make the same plot as Fig. 13(b), the plasmon

modes would be realized above the continuum even for a large tz, which may be readily

inferred from Figs. 11(c) and 12(b).

3. qzc dependence

The qzc dependence of the ω± modes is shown in Figs. 14(a) and (b) at q∥ = (0.02π, 0)

and (0.05π, 0), respectively. By comparing with Figs. 10(a)(b), essentially the same results

are obtained except that the energy of the ω− mode is pushed up to higher energy by a finite

t
′
z. While the intensity of the spectrum does not have 2π periodicity as discussed already in

the context of Fig. 10, it is interesting that the spectrum is strongly suppressed at almost

the same positions of qzc shown in Figs. 10(a)(b). That is, the effect of t
′
z is weak for the
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intensity dependence of the ω± modes.

We can check analytically that the denominator of κ(q, ω) in Eq. (49), i.e., Eq. (48)

has 2π periodicity with respect to qzc and we show such a property in the right panels in

Fig. 14, where its square of the modulus is presented. Therefore, the non-2π periodicity

of the intensity of the Imκ(q, ω) originates from the numerator, namely, κ0
cos and V

′
+(q) in

Eq. (49).

4. Spectra for a large tz

As we have seen in Sec. III A, the energy hierarchy of the ω± modes is interchanged for a

large tz. This also happens in the presence of t
′
z as already shown in Fig. 13. The presence

of t
′
z reduces the crossing value of tz down to tz = 0.13 when t

′
z = tz/2. This value of tz may

not be regarded so large and can be realistic for some bilayer materials. Hence, it should

be useful to present how the spectrum looks like for a large tz. To get a clear separation

between the ω± modes, we here choose tz = 0.25.

q-ω maps are shown in Figs. 15(a)–(e) for a sequence of qzc. At qzc = 0 [Fig. 15(a)], we

have only the ω+ mode and the spectral weight at q∥ = (0, 0) vanishes due to the charge

conservation as we already explained in Sec. III A 2; the upper boundary of the particle-hole

excitations is zero at q∥ = (0, 0). With increasing qzc, the particle-hole continuum gains the

spectral weight even at q∥ = (0, 0) and the ω+ mode is realized just below its boundary.

The ω− mode has higher energy than the ω+ mode and is located above the continuum.

However, the proximity to qzc = 0 yields tiny spectral weight and the ω− mode is barely

visible with a convex upward centered at q∥ = (0, 0) and ω ≈ 4.5 in Fig. 15(b). This ω−

mode becomes more visible with increasing qzc as shown in Figs. 15(c)(d)(e) with a small

qzc dependence. The ω+ mode has energy lower than the ω− mode and is realized just above

the continuum spectrum at qzc = π [Fig. 15(c)], but enters into the continuum for larger qzc

as seen in Figs. 15(d)(e). The reason why the ω+ mode is relatively sharp even inside the

continuum lies in small spectral weight of the continuum around q∥ = (0, 0): it tends to be

broadened around q∥ = (0.2π, 0.2π) and (0.2π, 0), sufficiently away from (0, 0).

In Fig. 15(f), we present the qzc dependence of the spectral intensity at q∥ = (0.02π, 0).

It is interesting that both ω± modes have a smaller dispersion in spite of a large tz and the

system becomes more three dimensional by comparing with Fig. 14. The ω+ mode is sharply
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FIG. 15. Intensity map of log10 |Imκ(q, ω)| in the presence of a large tz = 0.25 and t
′
z = tz/2.

(a)–(e) q∥ dependence for a sequence of qzc around a region of q∥ = (0, 0): (a) qzc = 0, (b)

qzc = 0.5π, (c) qzc = π, (d) qzc = 1.5π, and (e) qzc = 2π. (f) qzc dependence of the intensity map

of log10 |Imκ(q, ω)| at q∥ = (0.02π, 0). The white dotted curve denotes the upper boundary of the

particle-hole continuum—there is no continuum spectrum at q∥ = (0, 0) and qzc = 0 even for a

finite tz and t
′
z in (a) and there is a spike at qzc = 0 in (f) because of the disappearance of the

ω− mode there. To keep an appropriate contrast, the same color is used below -2 in (a)–(e), and

above 0 and below -3 in (f).
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defined above the continuum around qzc = π + 2nπ although its intensity depends on qzc.

Around qzc = 2nπ, on the other hand, the ω+ mode is blurred substantially by the mixture

of the continuum spectrum. The ω+ mode can be traced better in Figs. 15(a)–(e) rather than

the qzc dependence in Fig. 15(f). The ω− mode vanishes at qzc = 0 and exhibits an almost

flat dispersion as a function of qzc in Fig. 15(f). In particular, as seen in Figs. 10(e)(f), the

ω− mode exhibits a dip at qzc = 2nπ(n ̸= 0). The ω− mode is hardly visible at qzc = 7π,

which is due to the band parameters, especially a specific value of d/c, and has been already

observed in Figs. 10(e)(f).

IV. DISCUSSION

A. Comparison with RIXS data

We are aware of RIXS data of plasmon excitations in Y-based cuprates [52]. These data

were analyzed by employing the LRC obtained in the electron-gas model [53, 54]. Although

such an analysis may not be justified in a strict sense for a system near half-filling such as in

cuprates (electron-liquid systems), the authors expected to clarify whether the experimental

data may be related to the q−2 singularity of the LRC, the essential feature to realize plasmon

excitations, namely, a physics of the long-wavelength limit.

The present theory extends the Fetter model [53, 54] by deriving the LRC [Eqs. (28) and

(29)] in the bilayer lattice structure and making it applicable to any electron density. Hence

it is interesting to confirm that the experimental data are indeed interpreted as plasmon

excitations. We can find a parameter set to reproduce the experimental data as shown in

Fig. 16 when we choose t = 233 meV. This value is smaller than the value obtained in ab initio

calculations [64, 67, 68]. Our t should be interpreted as an effective one and thus becomes

smaller than the bare value, especially when making a comparison with experimental data

[48]. Our results partly share those given in Ref. [52], but important differences are revealed.

At qzc = 1.8π, the ω− mode has higher intensity than the ω+ mode and the experimental

data follow the ω− mode. The same conclusion was obtained by studying the coupling to

the superconducting phase to the electromagnetic fields [69]. In Ref. [52], qzc = 0.2π was

considered by assuming 2π periodicity with respect to qzc and it was concluded that the ω+

mode followed the experimental data. However, as we have shown explicitly in Fig. 10, the
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FIG. 16. Comparison with the plasmon energy (solid squares) reported in Y-based cuprate super-

conductors in Ref. [52]; t is assumed to be 233 meV. The experimental data are superimposed on

the intensity map of log10 |Imκ(q, ω)| at qzc = 1.8π, tz = 0.1, and t
′
z = 0. The white dotted curve

denotes the upper boundary of the particle-hole continuum. To keep an appropriate contrast, the

same color is used below -2.

plasmon intensity can have a strong qzc dependence. In particular, as we have emphasized

in the context of Figs. 3(a) and (e), qzc = 0 is a special point and the ω− mode disappears

there, but not qzc = 2nπ(n ̸= 0). The modulation of the peak intensity originates from

the numerator of Eq. (42) via the factor qzd, namely the geometry of the lattice structure.

Nonetheless, we cannot deny a possibility that we could find another parameter set which

allows the experimental data to be interpreted as the ω+ mode. In addition, one should be

careful because the energy hierarchy of the ω± modes is interchanged for tz ≥ 0.16 (0.13 for

t
′
z = tz/2). To clarify which mode the RIXS data indicate, ω+ mode or ω− mode, further

RIXS experiments are definitely necessary.

A practical procedure to identify the ω± mode in RIXS measurements would be the

following. Choose qzc = 2nπ(n ̸= 0) and q∥ ≈ (0, 0). When RIXS detects collective charge

excitations, they should be related with the ω− mode since the spectral weight of the ω+

mode is expected to be negligible there [see Figs. 3(e) and 11(e)]. After that, qzc will be

moved away from 2nπ(n ̸= 0) so that RIXS can trace the ω− mode. At the same time, some

additional signal is expected above or below the ω− mode, depending on a value of tz, which

should be associated with the ω+ mode.

To pursue a quantitative comparison with experiments, strong correlation effects should

also be considered especially for cuprates and the obtained LRC on the bilayer lattice

[Eqs. (28) and (29)] should be incorporated into the framework of the so-called t-J-V model

[36], which is under way.
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B. Comparison with the Fetter model

The Fetter model [53] was employed in Ref. [54] to study plasmon excitations in bilayer

cuprates. Since tz = 0 was taken in Ref. [54], we may compare our results at tz = 0.01,

which shows nearly the same results as those at tz = 0.

In Ref. [54], they can take the limit of d → 0, yielding V (q) = V
′
(q). This is a specific

property of the electron-gas model and the electron density becomes double in this limit. In

the present theory, however, the model is defined in 0 < d ≤ c/2. Although one can invoke

a small d, the limit of d = 0 is not defined; instead, one should use a single-layer lattice

model for d = 0, not the present model.

In Ref. [54], there is no 2π periodicity along the qx and qy directions whereas the present

theory describes such 2π periodicity as it should do in crystals. In contrast, the periodicity

was assumed along the qz direction in Ref. [54] and the value of qz is restricted in the

first Brillouin zone. However, because of the multiple-point basis inside the unit cell along

the z direction, the spectral weight of charge excitations, i.e., Imκ(q, ω) does not have 2π

periodicity along the qz direction in the present model. A remarkable feature is that the

denominator of the charge response function [Eqs. (43), (48), and (50)] retains 2π periodicity

along the qzc direction even with a finite t
′
z (see Fig. 14). This 2π periodicity is also present

in Ref. [54].

In the limit of q → 0, Ref. [54] yields

V (q) = V
′
(q) ∝ 1

(qxc)2 + (qyc)2 + (qzc)2
, (63)

namely, an isotropic Coulomb interaction. Note that the lattice constant c appears behind

qx and qy in their formalism. Instead, we obtain

V (q) = V
′
(q) ∝ 1

α [(qxa)2 + (qya)2] + (qzc)2
, (64)

respecting the lattice anisotropy even in the limit of q → 0.

The ω− mode was discussed to show essentially no qz dependence in Ref. [54]. We have

obtained similar results when tz is small; see Figs. 10(c) and (d). However, as we have

shown in Figs. 10 and 14, the ω− mode exhibits a sizable qz dependence once a moderate tz

is introduced; in particular, the ω− mode has a peak at qzc = 2nπ.
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C. Short-range interaction without t′z

Although we have considered the LRC, Eqs. (10) and (31) are valid for any functional form

of V (q) and V
′
(q). It may be informative to consider a short-range Coulomb interaction

such as

V (q) = 2Vxy(cos qx + cos qy) , (65)

V
′
(q) = Vze

−iqzd . (66)

We may assume no interbilayer interaction. The resulting susceptibility has then the same

structure as that in the non-interaction case:

κ(q, ω) = cos2
qzd

2
κeven(q, ω) + sin2 qzd

2
κodd(q, ω) , (67)

where

κeven(q, ω) =
κ0
even(q, ω)

1− (V (q) + Vz)κ0
even(q, ω)

, (68)

κodd(q, ω) =
κ0
odd(q, ω)

1− (V (q)− Vz)κ0
odd(q, ω)

. (69)

It is straightforward to do similar calculations for short-range magnetic interactions such

as J(q) = 2J(cos qx + cos qy) and J
′
(q) = Jze

−iqzd, yielding the dynamical magnetic sus-

ceptibility with the same functional forms as Eqs. (67), (68), and (69). This describes the

so-called bilayer modulation, which was actually observed by inelastic neutron scattering

experiments for Y-based cuprates [70, 71].

D. Charge ordering tendencies in cuprates

As mentioned in the Introduction, besides plasmons, charge ordering tendencies [8–19]

including the spin-charge stripe order [6, 7] were observed in cuprate superconductors. The

present comprehensive analysis with the long-range Coulomb interaction cannot capture

those ordering tendencies. This suggests at least two possibilities. One is that those phe-

nomena are driven by higher-order electron correlations beyond the RPA. The other is that

those are not usual charge excitations that we have studied here, but related to bond-charge

excitations whose energy scale is controlled by the spin exchange interaction J [72, 73],
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indicating that the short-range magnetic interaction is also important. This idea indeed ex-

plained the data in electron-doped cuprates [20–22], but not in hole-doped cuprates [26–33].

A possible reason may lie in a fact that the charge ordering tendency was observed inside

the pseudogap phase in the hole-doped cuprates and the effect of the pseudogap should have

been considered more seriously.

V. CONCLUSIONS

We have performed a comprehensive study of charge excitations in a bilayer system with

the LRC and obtain important formulae and insights beyond the existing knowledge. There

are two major results in the present work.

The first one is a derivation of the LRC that fully respects the bilayer lattice structure

and can be applicable to any electron density [Eqs. (28) and (29)]. This is an extension

of the Fetter model formulated 50 years ago [53] and the differences to the outcome from

the Fetter model are clarified in Sec. IV B. We also provide a general formula of the charge

susceptibility for the LRC [Eq. (49)] and compare it with a short-range Coulomb-interaction

case (see Sec. IV C). While we have discussed the data of Y-based cuprates in Sec. IV A,

the present theory is general and can be applicable to other bilayer materials.

The second one is to elucidate numerically the charge excitation spectrum for the bilayer

system where the LRC is dominant; see Sec. III. The spectral weight of plasmon dispersion

loses 2π periodicity along the qzc direction. However, it is remarkable to find that Eq. (48)

retains 2π periodicity even in the presence of the bilayer structure; we may indicate that a

fictitious plasmon dispersion, not the spectral weight, has 2π periodicity in the qzc direction.

As already pointed out in Ref. [54], the bilayer system hosts two modes: ω+ and ω− mode.

Although electrons in each layer interact with each other via the LRC, we may turn off

the interbilayer hopping t
′
z approximately for some materials. When tz is small, the ω+

mode has higher energy than the ω− mode and is gapped whereas the ω− mode is gapped

only at qzc = 2nπ(n ̸= 0) and exhibits a gapless mode for qzc ̸= 2nπ at q∥ = (0, 0).

Interestingly when tz becomes moderately large, the situation becomes vice versa: the ω−

mode has higher energy than the ω+ mode and is gapped whereas the ω+ mode is gapless

for qzc ̸= 2nπ and gapped at qzc = 2nπ. The inclusion of t
′
z yields a gap in both ω± modes

for qzc ̸= 2nπ whereas the modes at qzc = 2nπ are hardly affected by t
′
z. An unexpected
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feature is that when the system becomes more three dimensional by introducing a larger tz,

the qzc dispersion of the modes is not necessarily enhanced.

The determination of the mode observed by RIXS is not straightforward. While we

have found a parameter set that the recent RIXS data for Y-based cuprates [52] can be

well explained by the ω− mode, we cannot eliminate a possibility that other parameter sets

could explain the data in terms of the ω+ mode. More detailed analyses are necessary both

theoretically and experimentally to determine the mode observed in RIXS [52], including

a role of strong correlation effects beyond the present RPA. There is a subtlety that the

energy hierarchy of the ω± modes is interchanged by a moderately large, yet not unrealistic

value of tz. We have therefore proposed an idea to distinguish the ω± modes in RIXS in

Sec. IV A.
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Appendix A: Limit of d → c/2

The general expression of Eqs. (28), (29), and κ(q, ω) in Eq. (49) should be reduced to

simpler expressions in the limit of d → c/2. This may be a stringent test of the formalism

given in the main text and thus we shall demonstrate that.

In the case of c = 2d as well as tz = t
′
z, we obtain in Eq. (54)

φkk+q =

0 for cos(kzd+ qzd) ≥ 0

π for cos(kzd+ qzd) < 0
(A1)
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which lead to κ0
sin = 0 in Eq. (53). We then obtain the following simple expression:

κ0
11 + κ0

cos =
2

N

∑
k

f(λc2d
k )− f(λc2d

k+q)

λc2d
k + ω − λc2d

k+q + iΓ
, (A2)

and

λc2d
k = ξk − 2tz(cos kxa− cos kya)

2 cos kzd . (A3)

Note that the kz summation in
∑

k is changed to −π ≤ kzd ≤ π.

The LRC is also simplified for c = 2d:

h̃1 = 0, h̃2 = h̃4 = 4, h̃3 = −8 (A4)

V (q) =
Vc

detṼ
[α(2− cos qxa− cos qya) + 4] (A5)

V
′
(q) =

Vc

detṼ
(4 cos qzd) (A6)

detṼ = [α(2− cos qxa− cos qya) + 4(1− cos qzd)]

× [α(2− cos qxa− cos qya) + 4(1 + cos qzd)] , (A7)

and V
′
+(q) = V

′
(q) and V

′
−(q) = 0 in Eq. (51). Therefore Eq. (49) is reduced to

κ(q, ω) =
(κ0

11 + κ0
cos)

[
1− (κ0

11 − κ0
cos)(V (q)− V

′
(q))

]
[1− (κ0

11 + κ0
cos)(V (q) + V ′(q))] [1− (κ0

11 − κ0
cos)(V (q)− V ′(q))]

, (A8)

=
κ0
11 + κ0

cos

1− (κ0
11 + κ0

cos)(V (q) + V ′(q))
. (A9)

The interaction is calculated as

V (q) + V
′
(q) =

Vc/4

α(2− cos qxa− cos qya)/4 + 1− cos qzd
. (A10)

On the other hand, one may start calculations by assuming c = 2d in Fig. 1 and take a

smaller unit cell. In this case, the systems is reduced to a single-layer model per unit cell.

Following the previous work [61], one can easily obtain the LRC as

Vsingle(q) =
V single
c

αsingle(2− cos qxa− cos qya) + (1− cos qzd)
, (A11)

where V single
c = e2

a2(2d)
d2

2ϵ⊥
and αsingle =

ϵ∥d
2

ϵ⊥a2
. We here recall that we have defined V (q)

and V
′
(q) by dividing the unit cell volume a2c in Eq. (27). Hence we also define V single

c by

dividing the same volume as a2(2d) to make a direct comparison between different formalisms

possible.
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The charge response function is then given by

κsingle(q, ω) =
κ0
single(q, ω)

1− Vsingle(q)κ0
single(q, ω)

, (A12)

where

κ0
single(q, ω) =

2

N

∑
k

f(ξsinglek )− f(ξsinglek+q )

ξsinglek + ω − ξsinglek+q + iΓ
, (A13)

and

ξsinglek = −2t(cos kxa+ cos kya)− 4t′ cos kxa cos kya− 2t
′′
(cos 2kxa+ cos 2kya)

−2tz(cos kxa− cos kya)
2 cos kzd− µ (A14)

Now we check that both approaches provide the same analytical results. The functional

form of the dynamical charge susceptibility κ(q, ω) in Eq. (A9) is the same as Eq. (A12).

We can check from Eqs. (A2), (A3), (A13), and (A14)

κ0
11 + κ0

cos = κ0
single , (A15)

with the same band dispersion. The interaction parts Eqs. (A10) and (A11) are also identical

because we can readily confirm αsingle = α/4 and V single
c = Vc/4.

We have proved analytically that κ(q, ω) exhibits exactly 2π periodicity with respect

to qzd when c = 2d and tz = t
′
z, namely, 4π periodicity with respect to qzc. It may be

interesting to see how this periodicity changes as d is closer to c/2. Fixing tz = t
′
z = 0.05

and q∥ = (0.02π, 0), we compute Imκ(q, ω) as a function of qzc for a sequence of d in Fig. 17.

In Fig. 17(a), both ω± modes are clearly distinguished and we see approximately 2π

periodicity. The intensity of the ω+ mode becomes very weak near qzc = 6π and 8π and

apparently loses 2π periodicity. Nonetheless, we do not see a tendency that Imκ(q, ω) would

exhibit 4π periodicity. In Fig. 17(b), the difference between the ω± modes is less visible as d

is closer to 0.5c, especially away from qzc = 2nπ. This is simply because we expect only one

mode at d = 0.5c, i.e., in a single-layer case. The intensity of the ω+ mode at qzc = 2π and

8π is strongly suppressed. Yet we do not see a tendency toward 4π periodicity. At d = 0.46c

shown in Fig. 17(c), we eventually start to find a tendency that Imκ(q, ω) could exhibit 4π

periodicity and we finally obtain a perfect 4π periodicity at d = 0.5c in Fig. 17(d).

In the right panels in Fig. 17 we plot the modulus of the denominator of κ(q, ω) [see

Eqs. (48) and (50)]. While the minimum value becomes relatively large around qzc = 2nπ at
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FIG. 17. Intensity map of log10 |Imκ(q, ω)| (left panels) and log10 |det|2 given in Eq. (50) (right

panels) for various choices of intrabilayer distance d: (a) and (a’) d = 0.1c, (b) and (b’) d = 0.4c,

(c) and (c’) d = 0.46c, and (d) and (d’) d = 0.5c. To get a reasonable contrast, the same color

is used above 0 (10) and below -3 (-6) on the left (right) panels. The white dotted curve is the

upper boundary of the continuum spectrum. The ω− mode vanishes at qzc = 0 for d ̸= 0.5c and

this special feature is reflected as a spike of the dotted curve there.

ω ≈ 1 in Figs. 17(b’)(c’), it is due to a relatively large mixture of the continuum spectrum

broadened by a finite Γ [Eq. (36)]. We can check analytically that the denominator of κ(q, ω)

[Eqs. (48) and (49)] has 2π periodicity with respect to qzc, including the case of d = 0.5c as

shown in Fig. 17(d’). A comparison with Figs. 17(a)–(d) demonstrates that the numerator

of κ(q, ω) determines the intensity of Imκ(q, ω) and eventually leads to the 4π periodicity

at d = 0.5c.
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Appendix B: Split of ω± modes at qzc = π for a small tz

This appendix is supplementary to the discussion in the context of Fig. 5(c) and Fig. 6(b),

where both ω± modes seem nearly degenerate. However, there is a split between them, which

may be less clear in the main text because we have taken a broadening parameter Γ = 0.01.

The split of the ω± modes is more visible when we take a smaller Γ = 0.001 as shown in

Fig. 18(a). This split comes from the difference of the effective interaction V (q)± V+(q) as

explained in Eq. (62), not from a small value of tz. In fact, the same split is present also for

tz = 0 as shown in Fig. 18(b). In this case the ω+ mode also becomes gapless at q∥ = (0, 0).

q(0,0) (0.08π,0)(0.08π,0.08π)

qzc =π tz =0.01

1

2

ω

0
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t =0'z
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FIG. 18. Intensity map of log10 |Imκ(q, ω)| in the directions of (0.1π, 0.1π)-(0, 0)-(0.1π, 0) for

qzc = π at tz = 0.01 (a) and 0 (b); the broadening parameter is taken as a smaller value Γ = 0.001.

The split of the ω± modes is clearly visible. This figure should be compared with Fig. 5(c). The

white dotted curve is the upper boundary of the continuum spectrum. To keep an appropriate

contrast, the same color is used below -4.
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