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The bistability of spin-transition materials is the origin of their multifunctional properties. It
causes hysteresis phenomena, i.e., relaxation from a metastable state, of the spin (electronic) state,
magnetization, etc. The collapse of a strong metastable state is a long-time relaxation phenomenon.
To study such nonequilibrium dynamical phenomenon, time evolution dynamics analyses are impor-
tant. However, it is difficult to estimate long-time relaxation phenomena by studying time evolution
dynamics simulations due to the limitation of the simulation time. Furthermore, because the relax-
ation occurs in a stochastic process, a wide distribution of the relaxation time has to be considered
in the analysis of the relaxation. To overcome these difficulties, we recently developed two methods
for the quantitative estimation of the relaxation time from a metastable magnetic state and of the
coercive field. In the first method, the relaxation time and coercive field are estimated using the
survival (unrelaxed) probability of the ensemble of systems at each field, which extends the limi-
tation of the simulation time. In the second method, they are estimated from the field-dependent
free energy barrier obtained from the survival probability under a sweeping field. These methods
are applicable to the estimation of the relaxation time and coercive field of any magnetic particles.
In this paper, staring with the Stoner-Wohlfarth model, the difference in the characteristic features
of the magnetization reversal dynamics between zero and finite temperatures is discussed. Then,
the methods of quantitative estimation of the coercive field and relaxation time are presented. The
estimation of them using a neodymium permanent magnet grain was demonstrated with the two
methods, and the methodological features and the validity of the estimation were discussed. The
present study has a common theme to general metastable states including spin transitions.

I. INTRODUCTION

Spin-transition (ST) materials such as spin-crossover
compounds [1, 2], Prussian blue analogues [3, 4], etc.
have potential as multifunctional materials that can be
applied to molecular information storage media, sensors,
and actuators. The bistability of the spin (electronic)
state of the ST materials causes thermal hysteresis,
Light-Induced Excited Spin State Trapping (LIESST),
photoinduced switching, etc. [1–4].

The bistability due to a magnetic anisotropy leads
to magnetization (magnetic order) hysteresis and coer-
civity [5–8]. Recently, the coercivity control by using
nanoparticles based on molecular magnet materials and
metal oxides have been investigated. Such nanoparti-
cles have potential to control the coercive field (force)
in microscopic space. For example, in core-shell and
core-multishell nanoparticles of Prussian blue analogues,
a variation of the coercive field by using different shells
has been shown [5], and in nanoparticles of epsilon iron
oxide (ε-Fe2O3), huge coercive fields have been demon-
strated [7, 8]. To understand such hysteresis phenom-
ena, it is important to study the relaxation process from
metastable states [9]. In the present work, we study the
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relaxation process from magnetic metastable states.
The Stoner-Wohlfarth (SW) model [10] describes well

the magnetization reversal and coercive field of a mag-
netic particle (grain) at zero temperature. However, the
coercive field at finite temperatures shows a large reduc-
tion from the SW field [11]. With increasing the re-
versed magnetic field, the (free) energy shape changes
from Fig. 1(a) to Fig. 1(c). At zero temperature, magne-
tization reversal occurs deterministically at the threshold
field depiced in Fig. 1(b).
At finite temperatures, however, a barrier crossing dy-

namics (Fig. 1(a)) becomes essential and the treatment
of the thermal effects is important in theoretical investi-
gations of the coercivity. Coercive field Hc is caused by
a hysteresis nature of magnets, i.e., a nonequilibrium dy-
namical phenomenon with a long-time relaxation process.
Thus, time evolution dynamics analyses are important
to approach the mechanism of coercivity. However, there
exists a difficulty in time evolution dynamics simulations,
i.e., simulation time. In experiments of permanent mag-
nets, a coercive field is often defined as a field in which
the metastable magnetic state has a lifetime of 1 s, the
relaxation time of 1 s. On the other hand, a practical
simulation time of real time dynamics using equations
of motion is around 1 ns, and it is too short to study
such a long-time relaxation process. Simulation time is
a common problem for studies of long-time relaxation
phenomena in all real systems, e.g., protein folding.
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We review our recent works to study the relaxation
time of metastable states and the estimation of coerciv-
ity. The studies have been performed for a ferromagnetic
grain [12, 13], but they have a common theme to general
metastable states including spin transitions. To begin
with, the characteristics of the SW model are explained.
Then, we show that the dynamical features of magnetic
grains with metastable states at zero temperature are
well described by the SW model. Next, we study the
coercive field of the grain at finite temperatures and dis-
cuss the difference in dynamics between zero and finite
temperatures.

We show two methods to quantitatively estimate the
coercive field and relaxation time of a magnetic grain. We
demonstrate estimations of the coercive field of a grain of
the Nd permanent magnet (Nd2Fe14B [14–24]), known a
strong magnet, as an example. The first one is a method
to extend the limitation of simulation time [12]. In this
method, first, a simulation of magnetization reversal for
many samples in a time period (t < 1 ns) is performed
under a fixed field, and the survival (unrelaxed) proba-
bility as a function of time (t) is observed. Then, using
a statistical relation to the probability, a much longer
life time (relaxation time) up to microseconds or sub-
microseconds is estimated. Finally, the field for the 1 s
relaxation time is estimated by an extrapolation of the
relaxation time as a function of the field. Because the
relaxation time increases very rapidly in the field region
approaching the coercive field, the obtained coercive field
is a good estimation.

The second method evaluates a coercive field and re-
laxation time by estimating the free energy barrier using
a magnetic field sweep [13]. In this method, a simulation
of magnetization reversal is performed for many samples
under a sweeping field, and the survival (unrelaxed) prob-
ability is observed as a function of the field. From this
probability, the free energy barrier is estimated, and the
coercive field is obtained from an analysis of the field-
dependent barrier. We show the agreement of the esti-
mated coercive force between the two methods. In this
method, not only coercive field but also zero-field energy
barrier and field for zero-energy barrier can be estimated.
The estimation of a coercive field from an analysis of the
free-energy barrier as a function of magnetization can be
performed using a Monte Carlo simulation [25] with the
Wang-Landau algorithm [26]. However, the MC method
requires very heavy computational cost with complexity
as well as the first method, and the second method is
a more convenient one to obtain a coercive field. These
methods are applicable to any magnetic particles such as
molecular magnets and metal oxide.

The rest of the paper is organized as follows. In
Sec. IIA, the characteristics of a SW particle are shown.
In Secs. II B and IIC, the dynamical features of magneti-
zation reversal of a grain at zero temperature and at finite
temperatures are described, respectively. In Sec. III A,
the first method for estimating the coercive field and re-
laxation time is presented using an example of a grain
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FIG. 1. Typical free-energy barrier types for magnetization
reversal. (a) Barrier crossing type, (b) marginal type, and
(c) no-barrier type. Types (a), (b), and (c) cause stochastic,
intermediate, and deterministic dynamics, respectively.
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FIG. 2. Stoner-Wohlfarth particle. ψ is the angle between
the c axis (easy axis) and magnetization (M) and θ between
the negative c direction and magnetic field (H).

of the Nd permanent magnet. In Sec. III B, the second
method for estimating the coercive field and relaxation
time is demonstrated. The validity of this method is dis-
cussed in comparison to the first method. Section IV is
devoted to the summary. In Appendix A, the details of
the atomistic model of the Nd magnet is given.

II. MAGNETIZATION REVERSAL AT ZERO
AND FINITE TEMPERATURES

A. Stoner-Wohlfarth model

First, we show the SW threshold field of a uniaxial
single particle with the anisotropy constant K and mag-
netization M (Fig. 2). Under a reversed field H, the
energy of the single particle is given as

E = K sin2 ψ −MH cos(π − ψ − θ). (1)

Here, ψ is the angle between the c axis (easy axis) and
magnetization (M) and θ between the negative c direc-
tion and magnetic field (H).
The instability condition for the magnetization rever-

sal is given by the relations:

∂E

∂ψ
= K sin 2ψ −MH sin(π − ψ − θ) = 0 (2)
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FIG. 3. θ dependence of the threshold field hc of the Stoner-
Wohlfarth grain and comparison with that of the Heisenberg
model with the anisotropy at zero temperature T = 0.

and

∂2E

∂ψ2
= 2K cos 2ψ +MH cos(π − ψ − θ) = 0. (3)

The θ dependence of the threshold field is derived from
these equations as

hc =
H

HSW
=

1

cos θ{1 + (tan θ)2/3}3/2
, (4)

where the the SW field at θ = 0, i.e.,

HSW ≡ 2K

M
, (5)

is taken as the unit for the external field. The critical
angle of the spin is given as

ψc = tan−1 3
√
tan θ. (6)

The θ dependence of hc is depicted in Fig. 3. The thresh-
old filed hc is found to be symmetric regarding θ = 45◦.

B. Uniform rotation of magnetization at zero
temperature

Next, we show the feature of magnetization reversal in
a single grain described by the Heisenberg Hamiltonian
with a magnetocrystalline anisotropy:

H = −
∑
⟨i,j⟩

Ji,jSi · Sj −
N∑
i=1

Di(Si,z)
2 −

N∑
i=1

H · Si. (7)

Here, Si is the ith spin (magnetic moment) and Ji,j is
the exchange interaction between the ith and jth sites
which are a nearest-neighbor pair denoted by ⟨i, j⟩. Di

is the magnetic anisotropy constant at the ith site, H is
the magnetic field, and N is the number of spins.

We studied a cubic single grain of 103 sites (Fig. 2).
The exchange interaction energy is usually larger than
the anisotropy energy and the parameters of the model
were set to Ji,j = 1.0, Di = 0.2, and Si = 1.0 as an ex-
ample case. Other choices such as D = 0.1 and S = 2.0,
D = 0.3 and S = 2.5, etc. do not change the contents
and arguments of the paper. The critical temperature of
the model (7) for Di = 0 and H = 0 is Tc = 1.443J [27].
The critical temperature for Di = 0.2 is slightly higher
but very close to Tc. There is no thermal fluctuation at
zero temperature, T = 0, and the threshold field corre-
sponds to the field at which the energy barrier vanishes.
It corresponds to Fig. 1(b). In this case, magnetization
reversal occurs in a deterministic process.

1. Landau-Lifshitz-Gilbert equation

The threshold field for magnetization reversal is ob-
tained by studying the Landau-Lifshitz-Gilbert (LLG)
equation. As long as the field is weaker than the thresh-
old value, no reversal occurs in a LLG simulation but a
reversal occurs in a short time at the threshold field. The
time-evolution of the ith spin in the system is given as

d

dt
Si = − γ

1 + α2
i

Si ×Heff − αiγ

(1 + α2
i )Si

Si × [Si ×Heff ].

(8)
Here, the parameter γ is the electron gyromagnetic ratio
and αi is the damping parameter. The effective fieldHeff

is given by

Heff = − ∂H
∂Si

. (9)

2. Threshold field at zero temperature

The threshold field hc(θ) at T = 0 are plotted by bule
inverted triangles in Fig. 3, where

HSW ≡ 2D/S. (10)

The simulation data at T = 0 agreed with the SW curve.
Figure 4 shows snapshots in magnetization reversal at
T = 0 at the threshold field for θ = 0. The reversal
occured in a uniform rotation, in which Ji,j was not im-
portant. hc agreed with Eq. (4) with HSW ≡ 2D/S. The
reversal dynamics at zero temperature is described well
by the SW dynamics.

C. Magnetization reversal with nucleation at finite
temperatures

In contrast to the zero temperature case, the nucle-
ation mechanism is important for magnetization reversal
at finite temperatures, where thermal fluctuation plays
an significant role. In this case, magnetization reversal
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FIG. 4. Snapshots of magnetization reversal at the threshold field at zero temperature (T = 0) in model (7). Red and blue
arrows denote up and down spins, respectively. Uniform rotation is observed.
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FIG. 5. Temperature dependence of the threshold field (hc)
at several angles θ (◦) of the magnetic field in model (7).

occurs stochastically because a stochastic jump over the
barrier occurs by thermal fluctuation (Fig. 1(a)).

1. Stochastic Landau-Lifshitz-Gilbert equation

To treat the thermal fluctuation, a noise field is intro-
duced into the effective field heff

i on the ith spin as

Heff = − ∂H
∂Si

+ ξi(t). (11)

Here, ξi(t) = (ξxi , ξ
y
i , ξ

z
i ) is a white Gaussian noise, which

satisfies the following relations:

⟨ξµi (t)⟩ = 0, ⟨ξµi (t)ξ
ν
j (s)⟩ = 2Dδijδµνδ(t− s). (12)

Here, Di is the amplitude of the noise. When the relation:

Di =
αikBT

γSi
(13)

is satisfied, the system relaxes to a steady state (equi-
librium) in the canonical distribution at temperature T .
The LLG equation (Eq. (8)) with the effective field in-
cluding the noise is called the stochastic Landau-Lifshitz-
Gilbert (sLLG) equation [28, 29].

2. Threshold field at finite temperatures

Simulations were carried out by solving the sLLG equa-
tion numerically in Stratonovich interpretation. We used
a kind of middle point method equivalent to the Heun
method for the numerical integration [29]. αi was set
to 0.1. We observed the magnetization reversal within
1×106 updates (t = 104) with time steps of ∆t = 0.01 at
each magnetic field. In the present notation, the period
of the precession is of order O(1), and ∆t = 0.01 is small
enough to simulate the situation. The coercive field is
experimentally estimated in a 1s observation, which cor-
responds to a simulation time of order t ∼ 1012, and
it is much longer than the simulation time. However,
the relaxation time becomes longer exponentially around
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FIG. 6. Snapshots of magnetization reversal at the threshold field at a finite temperature (T = 0.21Tc) in model (7). Nucleation
is observed.

the threshold field [12, 27], and the threshold fields esti-
mated here are approximation to the coercive fields. We
discuss the exponential growth of the relaxation time in
Sec. III A.

In Fig. 5, temperature dependence of hc(θ) are plotted
at several angles θ (◦) of the magnetic field in model (7).
We found that the thermal fluctuation effect significantly
reduces threshold fields, hc decreases with temperature
approximately linearly, and hc at θ = 0 shows the largest
decreases with temperature.

Figure 6 presents snapshots of a reversal at T = 0.21Tc
at the threshold field for θ = 0. A local nucleation (in
this case, corner) was found. This suggests that the nu-
cleation mechanism is essential for the reversal at finite
temperatures. The corner spins have weaker exchange in-
teractions due to fewer neighbors, nucleation occurs eas-
ily at the corner with thermal fluctuation.

III. ESTIMATION OF COERCIVE FIELD

When the field is relatively weak at finite tempera-
tures, thermal fluctuation causes magnetization reversal
stochastically in a barrier crossing process (Fig. 1), and
the relaxation time is widely distributed. This situation
makes an estimation of coercive field (force) difficult.

In this section, we show how to estimate the coercive
field of a grain at finite temperatures using an example of
a Nd magnet grain. The unit cell of the magnet and side
view of 3 × 3 unit cells are illustrated in Fig. 7. Fe and
Nd atoms are magnetic sites and the location of them is

a b

c

a,b

c

(a) (b)

FIG. 7. (a) Unit cell of the Nd magnet. (b) Side view of 3×3
unit cells.

complicated. The methods presented here are applicable
to any magnetic materials such as molecular magnets,
etc.

A. Estimation using survival probability under a
fixed field

1. Relaxation time

We observed magnetization reversal of a single grain
of 12× 12× 9 unit cells (10.56 nm × 10.56 nm × 10.971
nm) of the Nd magnet by the sLLG method under a
fixed reversed field parallel to the easy axis (θ = 0) at
0.46 Tc, close to room temperature. The details of the
Hamiltonian of the Nd magnet is given in appendix A.
Here, ∆t = 0.1 fs was used. If the reversed magnetic field
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FIG. 8. Samples of time dependence of magnetization at H =
8 T. αi = 0.1. Deterministic reversal.
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FIG. 9. Samples of time dependence of magnetization at H =
4.1 T. αi = 0.1. Stochastic reversal.

is strong, the relaxation (magnetization reversal) occurs
in a deterministic process, while if the field is weak, the
relaxation is a stochastic process. We measured the per-
site magnetization:

m =
1

Nsite

Nsite∑
i=1

Sz
i , (14)

where Nsite is the number of the atoms (magnetic sites)
in the system.

Samples of time dependence of magnetization m at
H = 8 T and H = 4.1 T are depicted in Figs. 8 and 9,
respectively. Magnetization relaxation curves at H = 8
T are deviated in a narrow region. This indicates that
the relaxation occurs deterministically and the feature of
the free energy as a function of the magnetization corre-
sponds to Fig. 1 (c).

On the other hand, relaxation curves at H = 4.1 T are
widely deviated and thus the relaxation occurs stochas-
tically and the free energy is like Fig. 1 (a). In this case,
due to a large distribution of the relaxation time, a practi-
cal estimation of the average relaxation time is very diffi-
cult. To overcome this difficulty, we employ the following
statistical method for the estimation of the reversal time.

If a magnetization reversal occurs with a probability p

in a unit time, the probability to have a reversal for the
first time in the period [t, t+∆t] is (1− p∆t)t/∆tp∆t =
pe−pt∆t. Thus, the mean relaxation time ⟨τ⟩ is given by

⟨τ⟩ = p

∫ ∞

0

te−ptdt =
1

p
. (15)

The probability P (t) to have the reversal in the period
[0, t] is given by

P (t) =

∫ t

0

pe−pt′dt′ = 1− e−pt. (16)

The number of the survival (unchanged) samples (Nsv)
is expressed by

Nsv(t) = N −NP (t) = Ne−pt, (17)

where N is the total number of samples. Then, the aver-
age relaxation time ⟨τ⟩ can be estimated from the slope
of ln(Nsv(t)/N) as a function of time.

2. Simulation of magnetization reversal at each field

Using the formula (17) for N = 864 ∼ 2592 samples,
we estimated ⟨τ⟩ for various values of the field. In Fig. 10,
we show an example of ln(Nsv(t)/N) forH = 4.1 T. A lin-
ear dependence was found after t = 3×10−10 s and using
this straight part, the relaxation time ⟨τ⟩ was estimated.
In the early period a upward-convex curve appears, which
indicates that some additional time is needed in the sim-
ulation before the process is governed by a nucleation
rate. Thus, the present method has a merit to identify
the initial transient process which causes a bias in the
simple average of the relaxation time.
We obtained ⟨τ⟩ = 6.71×10−10s (p = 1.491×109 (1/s))

by making a linear least-square fitting to the straight part
(orange line in Fig. 10). In the same manner, ⟨τ⟩ was
estimated for various values of the field between 3.7 and
8 T with different values of the damping parameter αi

(Fig. 11). It should be noted that the simulation time
is 0.5 ns but the estimated relaxation time is lager than
10−7 s. That is, we succeeded to analyze the relaxation
time a thousand times longer than the simulation time.
We found a sharp increase of the relaxation time in the
stochastic region below around 4.2 T regardless of the
value of αi. To obtain the coercive field, whose relaxation
time is 1s, these curves of τ vs. H were extrapolated
using a double exponential function, i.e., the Arrhenius
law with a correction term:

τ(H) = Ae−aH +Be−bH = Ae−aH
(
1 + Ce−dH

)
, (18)

where C = B/A and d = b− a.
In Fig. 10, the fitted curves of Eq. (18) are plotted

for different values of αi. The intersection of the fitted
curve for a given αi and τ = 1 s gives the expected co-
ercive field. The intersections for αi = 0.1, αi = 0.15,
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FIG. 10. Time dependence of ln(Ns/N) at H = 4.1T. αi =
0.1.
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FIG. 11. Field dependence of the magnetization reversal time
τ for αi = 0.1 0.15 and 0.2, and their extrapolations.

and αi = 0.2 are hc ≃ 3.2 T, 3.0 T, and 3.0 T (Av. 3.07
T). Therefore, the coercive fields are found to be around
3 T. We find that, although the simulation time of the
dynamical equation is much shorter than 1 s, the statis-
tical method with the extrapolation is effective for the
estimation of the coercive force.

B. Estimation using survival probability under
field sweep

1. Survival probability under field sweep

In this subsection, we show an alternative method to
estimate coercive field more conveniently using the field-
dependent survival (non-reversal) probability generated
by a time evolution simulation under a field sweep.

When the reversed field is relatively weak, a magneti-
zation reversal occurs in a barrier crossing process and
the relaxation rate for the stochastic dynamics is given

by the Arrhenius rate as

R =
1

τ0
e−βEB(H). (19)

Here, τ0 is a pre-exponential factor, which represents of
the frequency of the contact with the bath and is of order
of the lattice vibration frequency. We adopt a commonly
used value for the factor, i.e., τ0 = 10−11 s [30].
When the reversed field is strong, a magnetization re-

versal occurs deterministically and the relaxation rate is
set to constant:

R = const. (20)

The relaxation rate should vary with the field even in the
deterministic region, but it is much faster than that in
the stochastic region, and thus the choice is not relevant
to estimate the coercive field.
For an intermediate field, the dynamics has a crossover

feature. In this case, an approximate form of relaxation
rate can be considered:

R =
1

τ0(eβEB(H) + c)
. (21)

That is, if EB(H) has a positive large value, correspond-
ing to the stochastic dynamics, R ≃ 1

τ0
e−βEB(H), and if

EB(H) has a small value, corresponding to the determin-
istic dynamics, R ≃ 1/(τ0c).
Here, the probability of non-relaxation (avoiding mag-

netization reversal) is derived when the field is swept until
H starting from H = −∞ (all down state). The prob-
ability of non-relaxation between t and t + ∆t is given
as 1 − R(H(t))∆t = e−R(H(t))∆t + O(∆t2). Thus the
probability of non-relaxation until time t is

P (t) =

n−1∏
m=0

[
e−R(H(t0+m∆t))∆t

]
+O(∆t) (22)

= exp

[
− 1

τ0

∫ t

−∞

1

eβEB(H(t′)) + c
dt′
]
. (23)

If the field is swept linearly with time, i.e., H(t) = vt,
then the probability as a function of H is given as

P (H) = exp

[
− 1

τ0

∫ H(t)

H(−∞)=−∞

1

eβEB(h) + c

dt

dh
dh

]

=exp

[
− 1

vτ0

∫ H

−∞

1

eβEB(h) + c
dh

]
. (24)

We combine this probability with the following formula
for the (free) energy barrier:

EB(H) = E0

(
1− H

H0

)n

. (25)

Here, E0 is the zero-field energy barrier and H0 is the
field for zero-energy barrier. This formula is useful for
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FIG. 12. Magnetization (m) relaxation of many samples as a
function of the field in a field sweep with v = 1.2× 109 T/s.

analyses of magnetization reversal in permanent mag-
nets [31–33]. The value of the exponent n is established
as n = 1 ∼ 2 for many magnetic materials. Experiments
of several magnets including the Nd magnet supported
n = 1 [30, 32–37]. We studied the estimation of the co-
ercive field using both n = 1 and n = 2 in our previous
work and found that = 1 was valid [13]. Thus, we adopt
n = 1.

For EB(H) = E0

(
1− H

H0

)
, i.e., n = 1 case, P (H) is

given as

P (H) = exp

[
− 1

vτ0

∫ H

−∞

1

e
βE0

(
1− h

H0

)
+ c

dh

]
. (26)

This integral can be calculated analytically and the prob-
ability is given by

P (H) = exp

[
− H0

cvτ0βE0
ln
(
1 + ce−βE0(1− H

H0
)
)]
. (27)

Then we have

ln(− ln(P (H))) = ln

[
H0

cvτ0βE0
ln
(
1 + ce−βE0(1− H

H0
)
)]
.

(28)

In the pure Arrhenius case, i.e, c → 0, the following
relation holds.

ln(− lnP (H)) =
βE0

H0
H + ln

[
e−βE0

H0

vτ0βE0

]
, (29)

which is a linear function of the field H. Therefore, a
linear dependence of H for ln(− lnP (H)) indicates that
a stochastic dynamics is realized. On the other hand,
when the function of ln(− lnP (H)) deviates from a linear
dependence of H, it suggests that the dynamics is not the
stochastic one but intermediate or deterministic one.

Applying the formula (28) or (29) to the field depen-
dence of P obtained by a field sweep simulation using the
sLLG method, we can estimate H0 and βE0 (optimized

 0.6
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FIG. 13. P(H) in a field sweep with v = 1.2× 109 T/s.

values). Once H0 and βE0 are obtained, the coercive
field, Hc is estimated as follows. The relaxation time for
the free energy barrier ∆F is given as

τ = τ0 exp(β∆F )

= τ0 exp

(
βE0

(
1− Hc

H0

))
. (30)

Then, the coercive field is

Hc = H0

(
1− 1

βE0
ln
τ

τ0

)
. (31)

If the coercive field is defined as the threshold field at
which the relaxation time is 1s, substituting τ = 1 s and
τ0 = 10−11 s into Eq. (31), we have.

Hc = H0

(
1− 25.3

βE0

)
. (32)

We used this formula in the present paper. Threshold
fields for different relaxation times can also be obtained
using Eq. (31). For example, the threshold field at which

the relaxation time is 100 s is expressed as Hc = H0

(
1−

29.9
βE0

)
.

2. Simulation of magnetization reversal under field sweep

We performed sLLG simulations to observe magnetiza-
tion reversal in N samples of an open-boundary system
of 12 × 12 × 9 unit cells (10.56 nm × 10.56 nm × 10.971
nm) along a, b, and c axes, respectively. The magnetic
field is swept with a constant velocity (v) from a low field
(Hi) to a high field (Hf) and the per-site magnetization
m was recorded for each sample. We determined the re-
versal field as the field when the value of m changes the
sign of m. During the field sweeping, the number of the
survival (non-relaxed) samples, Ns(H), was counted as a

function of H. P (H) was estimated as P (H) = Ns(H)
N .
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FIG. 14. ln(− ln(P (H))) (red circles) under a field sweep at
v = 1.2 × 109 T/s from H = 3.8 T to 4.4 T. Solid curve
represents the result of fitting with Eq. (28).

We analyzed the data for the sweeping from H = 3.8
T to H = 4.4 T for 0.5 ns (v = 1.2× 109 T/s). We used
different random number sequences for the noise field for
N = 1536 samples. Magnetization reversal curves (m)
and survival probability (P (H)) are plotted as a func-
tion of the field H in Figs. 12 and 13, respectively. The
interval of the reversal field was found to be distributed
sparsely at lower fields and the frequency of relaxation
increases at higher fields.

In Fig. 14, ln(− ln(P (H))) is depicted as a function of
H. We found that there are three characteristic regions
in the plot.

• Region I: the initial transient region for 4.05 T ≤
H ⪅ 4.15 T.

• Region II: the stochastic relaxation region for 4.15
T ⪅ H ⪅ 4.3 T (Fig. 1 (b)). A linear dependence.

• Region III: an intermediate or deterministic region
for 4.3 T ⪅ H (Fig. 1 (c)).

In Region I, the data are located irregularly and devi-
ates from a linear dependence. This indicates the initial
transient region, which is a similar situation to the early
relaxation in Fig. 10. In Region II, we found a linear
dependence, which suggests the stochastic region. Equa-
tion (29) holds in this region. In Region III, the plotted
data gradually turn and deviate from the straight line,
which indicates an intermediate or deterministic region.

We performed a least-square fitting using Eq. (28) with
three fitting parameters H0, βE0, and c to the data in
the region of 4.15 T ≤ H ≤ 4.4 T. The obtained fitting
parameters are given in Table I. We have Hc ≃ 3.0 T,
H0 ≃ 4.5, and βE0 ≃ 76. Even if the region I is included
in the fitting, the change of the values of Hc, H0, and
βE0 are small (Table I).
Then, we estimated Hc, H0, and βE0 using Eq. (29)

(Fig. 15) and compared them with those using Eq. (28).
The obtained fitting parameters are given in Table II.
We have Hc ≃ 2.9 T, H0 ≃ 4.5, and βE0 ≃ 70 and these
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FIG. 15. ln(− ln(P (H))) (red circles) under a field sweep
at v = 1.2 × 109 T/s from H = 3.8 T to 4.4 T. Solid line
represents the result of fitting with Eq. (29).

values are close to those obtained using Eq. (28). Even
if other regions are included in the fitting, the change of
the values of Hc, H0, and βE0 are also small (Table II).
The estimated values of the coercive field here (

Hc ≃ 2.9–3.0 T) are consistent with those obtained in
Sec. IIIA, i.e., Hc ≃ 3.0–3.2 T (Av. 3.07 T) and also
consistent with our previous estimation (Hc ≃ 3.0–3.1
T) [13]. The estimation of Hc by a free energy anal-
ysis using a Monte Carlo study gave a similar value
(Hc ≃ 3.3T) for the same system [25]. Thus, we con-
cluded that the coercive field of the grain is around 3 T.
It is applicable not only to the estimation of Hc but also
to those of H0 and βE conveniently.

TABLE I. Estimated values ofHc, H0, and βE0 using Eq. (28)
in the fitting range between Hi and Hf for a field sweep at
v = 1.2× 109 T/s from H = 3.8 T to 4.4 T. The field values
are given in Teslas.

[Hi, Hf ] Hc H0 βE0 c
[4.15, 4.40] 2.99 4.50 7.55×101 1.39×101

[4.05, 4.40] 3.14 4.45 8.57×101 2.11×101

TABLE II. Estimated values of Hc, H0, and βE0 using
Eq. (29) in the fitting range between Hi and Hf for a field
sweep at v = 1.2 × 109 T/s from H = 3.8 T to 4.4 T. The
field values are given in Teslas.

[Hi, Hf ] Hc H0 βE0

[4.15, 4.30] 2.90 4.53 7.02×101

[4.05, 4.30] 3.04 4.50 7.80 ×101

[4.05, 4.40] 2.86 4.55 6.83 ×101

IV. SUMMARY

The multifunctional properties of spin-transition ma-
terials are caused by their bistable nature. The bistabil-
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ity leads to hysteresis phenomena, i.e., relaxation from
a metastable state, of the spin (electronic) state, mag-
netization, etc. Thus, time evolution dynamics analy-
ses are important for understanding these nonequilibrium
dynamical properties.

In the present paper, we study the relaxation process
from magnetic metastable states. To begin with, the
properties of the coercivity of the Stoner-Wohlfarth (SW)
particle were presented. The zero-temperature charac-
teristics of the coercive field of a magnetic grain were
discussed comparing those of the SW particle. The mag-
netization reversal occurred in uniform rotation at the
threshold field, which is essentially the same as the SW
particle, and the value of the threshold field coincided
that expected from the SW field.

Then, the coercive field and reversal dynamics of the
grain at finite temperatures were studied. There, the
nucleation mechanism caused by the thermal fluctuation
effect played an important role, and it reduced largely
the coercive field than the SW field. From the analysis
of angle dependence of the coercive field, it was found
that when the reversed field is applied in antiparallel to
the easy axis (the angle θ = 0), the coercive field was
maximum but the reduction rate of the coercivity from
that of the zero temperature was also largest.

Next, recent developments in methods of the quanti-
tative estimation of the coercivity and relaxation time of
a magnetic grain were demonstrated. The coercivity es-
timation of a neodymium magnet particle was presented
as an example. The focus is on how to overcome the dif-
ficulty that the time scale for time evolution dynamics
simulations (around ns) is much shorter than the relax-
ation time for coercivity (1s) and that the relaxation time
of a single grain for a magnetization reversal is widely
distributed.

First, a method to extend the limitation of simula-
tion time was introduced. In this method, using a sta-
tistical relation to the survival probability, the threshold
field for the relaxation time up to microseconds or sub-
microseconds could be estimated, and an extrapolation
was used to obtain the relaxation of 1 s, i.e., coersive
field. Because the relaxation time increases very rapidly
approaching the coercive field, the obtained coercive field
is a good estimation.

Secondly, a coercivity estimation method using a mag-
netic field sweep in a practical simulation time was
shown. In this method, the coercive field was obtained
from the free energy barrier as a function of the field,
which was estimated from the survival (unrelaxed) prob-
ability. This method worked well if the sweep range in-
cludes the stochastic relaxation region. Exact identifica-
tion of the border between the initial transient and regu-
lar relaxation regions was not necessary, because the val-
ues of coercive field (field for zero-energy barrier as well)
was not much affected by the fitting range. The consis-
tency between the first and second estimation methods
were confirmed. The second method has the advantage
of being easier to handle. In addition, zero-field energy

barrier and field for zero-energy barrier are obtained si-
multaneously with the coercive field.
The methodologies presented here can be applied to

any types of metastable states, once the corresponding
Hamiltonian is given. As mentioned in the introduction,
the control of coercivity by nanoparticles of ferrites and
molecular magnets is a hot topic. The application of the
methods to these systems is our next target. Using
our methods, the effect of the shell on the enhancement
of the coercivity of core-shell nanoparticles of Prussian
blue analogues can be estimated quantitatively, and the
size dependence of the coercive field of nano particles of
the epsilon iron can be studied in detail.
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Appendix A: Hamiltonian for rare earth magnets

We adopt the following atomistic Hamiltonian for the
Nd magnet. This Hamiltonian can be used for rare earth
magnets, in which f electrons play an important role in
magnetic properties.

H =−
∑
i<j

2Jijsi · sj −
Fe∑
i

Di(s
z
i )

2 (A1)

+

Nd∑
i

∑
l,m

Θl,iA
m
l,i⟨rl⟩iÔm

l,i −H
∑
i

Sz
i .

Here, Jij is the exchange interaction between the ith and
jth sites, and Di is the magnetic anisotropy constant for
Fe atoms. The third term is the crystal electric field
(CEF) energy of Nd atoms. The origin of this term is
the electrostatic interaction between f electrons of rare-
earth atoms, and it is important for magnetic properties
of rare-earth magnets. Θl,i, A

m
l,i, ⟨rl⟩i, and Ôm

l,i are the
Stevens factor, coefficient of the spherical harmonics of
the crystalline electric field, average of rl over the radial
wave function, and Stevens operator, respectively. We
treat l = 2, 4, 6 and m = 0 (diagonal operators), which
provide the dominant contribution. The fourth term is
the Zeeman term, and H is the external magnetic field.
For Fe and B atoms, si denotes the magnetic moment

at the ith site, while for Nd atoms, it is the moment of the
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valence (5d and 6s) electrons. The total moment for Nd
atoms at the ith site is Si = si+J i, where J i = gTJ iµB

with the magnitude of the total angular momentum, J =
9/2, and Landé g-factor, gT = 8/11. We define Si = si
for Fe and B atoms. The details of the model are given in
our previous papers [38, 39]. The magnetic interactions
were mainly obtained from first-principles computation
methods. The crystallographic information of Nd2Fe14B
and all the parameter values for the model (A1) were

given in Ref. [39] and its supplemental material.
The simulated spin-reorientation transition tempera-

ture, Tr = 150 K, was close to the experimentally esti-
mated ones [20–22, 40]. The simulated critical temper-
ature, Tc ∼ 870K was a little overestimated from the
experimental values Tc ∼ 600K [17, 20], which is due
to an overestimation of the exchange interactions. We
are interested in room temperature properties and set
T = 400K ≃ 0.46Tc, which is close to room temperature
practically.
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Graphical abstract

We developed methods for quantitatively estimating the relaxation time of
a long-lived metastable magnetic state, as well as the coercive field. These
methods overcome the difficulties of limited simulation time and treat the
broad distribution of relaxation times arising from stochastic processes.

 2

 1.5

 1

 0.5

 0
 3.8  3.9  4  4.1  4.2  4.3  4.4

 –
m

 (
m

B
)

 H (T)

F

Mz

Magnetization reversal

Nucleation dynamics

stochastic process


