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Abstract

We investigate topological properties of a chiral honeycomb lattice model with next-nearest-
neighbor hoppings characterized by the reflection symmetry breaking. Topological nontrivi-
ality is detected by analyzing effective Dirac Hamiltonian, and confirmed by numerical and
analytical study of the emergence of topological edge states at the boundaries between topo-
logically distinct regions. We have also discovered that a novel asymmetric edge current
attributable to chirality can be excited without any involved phase shifts in input sources to

pick up one of the pseudospin components.

I. Introduction

Band theory, which specifies band energies and wave functions by momentum in
Brillouin zone, has been traditionally used in solid state physics. Historically, band
gaps or effective masses, which are encoded in band energies, play important roles in
relation to the semiconductor technology. The study of quantum Hall effect (QHE)
[1, 2] then brought a new approach to classification of band structures, namely the
use of topological invariants like Chern numbers that are encoded in the connection of
the wave functions in the Brillouin zone. Although the QHE requires the time-reversal
symmetry breaking, it has been recognized that various systems with time-reversal
symmetry can also exhibit topological phases, realized by spin-orbit coupling [3-5],
crystalline symmetry [6], and so on.

As an ideal platform for investigating topological phases, tight-binding models on
honeycomb lattice have been attracting interest as a system exhibiting the Dirac band
structure. One of the most interesting model was proposed by Haldane [7], and a
quantum anomalous Hall effect (QAHE) can be realized by introducing next-nearest-
neighbor (NNN) hopping with complex value. These complex hoppings can also be
induced by considering the intrinsic spin-orbit coupling (SOC) in the honeycomb lattice,
and spinful electron systems show a quantum spin Hall effect (QSHE) [8-10]. After
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these theoretical predictions of QAHE and QSHE, many studies have been established
to realize topological phases on the honeycomb lattice [11-18]. QAHE has also been
explored to support topological states in metamaterial settings, such as Floquet systems
[19-21] or photonic crystals [22, 23].

As another direction of study, a modulated honeycomb lattice model proposed by
Wu and Hu [24] should be mentioned as a system exhibiting a quantum psuedospin
Hall effect (QpSHE). They take a hexagonal unit cell and treat the honeycomb lattice
as a triangle network of hexagons. By tuning the ratio of intra-hexagon hopping to
inter-hexagon hopping, a topological phase transition can be realized, accompanied by
a band inversion at I' point. This model has wide application to metamaterials, because
it does not require SOC. In fact, their setup is also applicable to a photonic crystal made
of only a dielectric medium [25, 26].

In the studies of honeycomb lattice models, the sublattice symmetry often plays
an important role. Only with the nearest-neighbor (NN) hoppings (which is supposed
to give a minimal model for graphene), a honeycomb lattice model has the sublattice
symmetry. The sublattice symmetry is also preserved in the case of QpSHE in the
honeycomb lattice when there is no NNN hoppings. In contrast, the honeycomb models
for QAHE and QSHE breaks the sublattice symmetry due to the complex NNN hoppings
[27, 28].

Although NNN hopping on honeycomb lattice brings exotic phenomena, the previous
study of the QpSHE did not focus on how the sublattice symmetry breaking affects the
topological phase transition. Moreover, the effect of chirality characterized by the
reflection symmetry breaking has not been explored.

The aim of the present study is to investigate how chirality affects the classification
of the band topology and the edge transport characteristic of the non-trivial band topol-
ogy. We focus on the cases in which time reversal symmetry is preserved. As mentioned
above, a tight-binding model with the honeycomb structure has been regarded as an
ideal platform for topological phases, and here we propose a chiral honeycomb lattice
model by extending the model proposed by Wu and Hu [24] and introducing chirality in
the NNN hopping. The setup of our model also breaks the above-mentioned sublattice
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symmetry, which complements the previous studies of the QpSHE.

The rest of this paper is organized as follows. In Sec.Il, we start with describing
the setup of our tight-binding model. As we will discuss in detail there, our model is
applicable not only to quantum fermionic system but also a classical system charac-
terized by a dynamical matrix instead of a quantum Hamiltonian. Then in Sec.III, we
conduct topological classification by using effective Hamiltonian, and calculate energy
dispersions. The validity of analytically shown topological classification is numerically
confirmed by calculating interface states. In Sec.V, we calculate interface transport to

elucidate the effect of chirality. We conclude this paper and make discussions in Sec.VI.

II. Model

In order to consider how chirality affects the behavior of a topologically non-trivial
system, we specifically discuss a two-dimensional fermionic system or its corresponding
classical harmonic oscillator system. Generally, band structures is not only for quantum
systems but also for classical systems, such as frequency spectra of dynamical matrices
in a spring-mass model [29]. Therefore, topological nontriviality of band structures
could be detected by using both fermionic system and harmonic oscillator system.

We first consider a two-dimensional tight-binding model on a honeycomb lattice
with NN and NNN hoppings. Figure 1 presents the schematic illustration of the model
and the geometry. Due to the modulation in hoppings, the primitive unit cell is a
hexagon containing six sites instead of two in the pristine honeycomb lattice model.
Then, the unit vectors for the modulated honeycomb lattice are a; = (3ag/2, v/3ag/2)"
and ay = (—3ag/2,v/3a0/2)", where aq is a lattice constant for the pristine case. The

Hamiltonian reads

H=Y) tjce;,+
)

(6.3

Z ti/j/c;f,Cj/. (1)
(@.3")

Here ¢; (c!

1) is the annihilation (creation) operator for electrons. (i,j) denotes nearest

neighbors, and ({7, j')) denotes next nearest neighbors. As NN hoppings, we consider

both intrahexagon hopping ¢, and interhexagon hopping t;, as depicted in FIG. 1. On
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the other hand, as NNN hoppings, we only consider interhexagon hopping. Further-
more, we classify the interhexagon hoppings into two types, and respectively assign %,
and 3 to introduce chirality on the system. The two types of hoppings are illustrated
in FIG. 1.

The reflection symmetry breaking can be introduced by setting t, unequal to ts.
Indeed, as depicted in FIG. 2, the t5 bonds are the mirror image of the ¢3 bonds, where
the reflection plane is on the vertical line. This means that the system becomes chiral
when ty # t3, because the roles of ¢ and t3 are swapped before and after the reflection
operation.

As mentioned above, this model is an extension of the model proposed by Wu and
Hu [24], who considered a quantum psuedospin Hall effect on a modulated honeycomb
lattice. Their setup is also applicable to a photonic crystal made of only a dielectric
medium [25], which yields a venue for experimental validations [26].

In the following, we limit ourselves to the case with the real-valued hopping
to, t1,to, t3, unlike Haldane model. This makes it straightforward to realize the model
in any artificial systems like photonic crystals. Without complex-valued hoppings, the
time-reversal symmetry is preserved in our setup. We emphasize that we handle the
case of ty # t3, in which the system becomes chiral.

In principle, the Hamiltonian Eq. (1) can be mapped to a dynamical matrix I" of a
classical system. Here we specifically consider a mass-spring system in which potential
energy can be written as

1 1
Vi{x} = 5 Z Z kij (v — sijx;)? + 5 Z €17, (2)
i g>i i
as a function of dynamical variables . The number of components in x corresponds to
the number of degrees of freedom in a given system. The first term represents couplings
between different degrees of freedom, with spring constants k;; > 0 and s;; being +1
or —1. The way to choose £1 for s;;s in a spring-mass model is explained in FIG. 3.
When a spring stores elastic energy for anti-phase motion of two connected mass points,
s;; = 1 for this spring, while when it stores elastic energy for in-phase motion of two

connected mass points, s;; = —1 for this spring. The second term, introduced for



FIG. 1. (color online) Schematic illustration of the tight-binding model treated in this article.
The NN hoppings inside unit cells are denoted by ¢y (black solid lines), and the NN hoppings
between unit cells are denoted by ¢ (red solid lines). The NNN hoppings are also introduced

as ta (green solid lines) and t3 (yellow solid lines).

later convenience, is a local term that, in a spring-mass model, can be understood as
a connection between the mass and the ground. Here ¢; is positive. The dynamical

matrix of the system is given by

o0?V
Ly = 05,01, = <€i + ; kil) 0ij — Sijkij- (3)

By appropriately choosing €;s, k;;s and s;;s such that €; + , k; is equal to a constant

¢ independent of 4, and that s;;k;;, which can be positive or negative, is equal to the
hopping energies of the quantum counter part, the dynamical matrix I' can be written

as
Fij = 661’]’ - hij7 (4)
where h;; is hopping energies in the Hamiltonian. By setting e to be sufficiently large, I'
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FIG. 2. (color online) The system after the reflection operation. Due to the existence of NNN

hoppings t2 and t3 the reflected system can not be superposed onto the original one.

can be positive definite. Thus, one can construct a classical system where its dynamical

matrix I' is equal to H (with a constant shift of €).

After establishing the mapping of Eq. (4), the band structure of the Hamiltonian (1)
has two interpretations: the energy spectra in the quantum system and the spectra of
the square of the frequency (modified by the constant shift €) in the classical system.
For convenience, we investigate the topological properties (Sec. III and IV) by using
the Hamiltonian H, whereas we discuss the interface transport on a classical ribbon
structure with the dynamical matrix I' (Sec. V), since the coupling with external forces

can be understood more intuitively in classical systems.

FIG. 3. (color online) The physical meaning of s;; in a spring-mass model. (a)s;; = +1.
The masses are connected by a spring directly, then the spring acquires elastic energy for
anti-phase oscillation. (b)s;; = —1. The pulleys change the coordinate axes, and s;; is now

negative. In this case the spring acquires elastic energy for in-phase oscillation.



ITII. Band structures and effective Hamiltonian

To elucidate the topological properties of our chiral model given by Hamiltonian
Eq. (1), we calculate its energy dispersions. We first consider the case where the system
is periodic with respect to a1, as. By Fourier transforming Eq. (1), the Hamiltonian as

a function of momentum k is written as

- [ TR DH )

D(k)" F(k)"

tlef(k:)e;(k:) t() to
D(k) = to te(k)  to |,

t() to tleg(k)
0 taei (k) + tsei(k)es(k) toe;(k)es(k) + tses(k)

F(k) - t2€1(k) + t3€1<k)€2(k) 0 tz€§(k§) + t361(k> )

t2€1(k§)62(k) + t3€2(k) tgeg(k?) + t3€>{<k) 0

()

where ¢;(k) = et ([ =1,2).

Figure 4 shows plots of the energy dispersion for the Hamiltonian Eq. (5) by setting
the hopping energies %y, t1, to, t3 to several typical values. Importantly, a band inversion
occurs by changing the value of ¢; appropriately. This can be confirmed by plotting
the values of | (ug|d;) | as line colors, where |u}) is the periodic part of Bloch function
labeled by index n and Bloch wave vector k. We see that the colors of the band edges
near ' = 0 at the I'-point are exchanged between Figs. 4(a) and 4(c). For the system
with ¢; = to [Fig. 4(b)], double Dirac cones appear at E = 0.

In the low energy region around the I' point, the effective Hamiltonian can be derived

as

Ho(ko k) 0

HED (ky k) ~
! 0 H_(kuk,)

(6)

where



P+

FIG. 4. (color online) Energy dispersions for the system given by Eq.(1). In all panels, we set
to = 0.3tp and t3 = —0.3tg: (a) t; = 0.9¢¢, (b) t; = tg, (c) t1 = 1.1tp. The color maps are for
the values of | (ug|d+) |. [p+) and |d+) are pseudo-spin modes, and their definitions are given

in Appendix A.

t1’0,1|

He (kg ky) = —(ta +t3)] + (tg — t1)os + (£koos + kyoy). (7)

The derivation is given in Appendix A. This Dirac Hamiltonian Eq. (7) clarifies the
origin of the band inversion in FIG. 4, where the band inversion is induced by varing
the hopping energy ¢;. In the context of the Dirac Hamiltonian, the sign of the Dirac
mass m := ty — t; can be flipped by changing ¢;, which explains the origin of the gap
and infers that the two states in Figs. 4(a) and 4(c) are topologically distinct with each
other.

For simplicity, we focus on the sign of the mass term m to pick up topological charac-
ters of the system, namely we say two states with the opposite signs of m topologically
distinct. Strictly speaking, a topological index often requires information of global
structure of Bloch wave functions in the entire Brillouin zone (as the Chern number),

not only information of the band order at a single momentum (I-point in this case).
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However, a description by a Dirac equation with spatial modulation in its mass term
gives a universal understanding of topologically protected edge/interface states. This
will be confirmed in the following analysis.

We note that a complementary view can be given by further analysis using Cy7T
symmetry. It has been shown that in crystals with Cy7 symmetry, the Wilson loop
spectra can be utilized to define a Z, index [30]. While next-nearest-neighbor hopping
terms break sublattice symmetry in our model, CoT symmetry remains intact. There-
fore, rigorous Zs classification can still be applied. We have included a discussion on

Wilson loops in Appendix B.

IV. Topological edge state

In this section, we analyze localized states at the boundary between two regions
with distinct topology. We begin with the analytical approach using the low-energy
effective Dirac theory. Let us consider a case where the periodic boundary condition is
imposed only in the x direction. There is a boundary normal to the y direction where
the sign of the mass term switches: tg —t; = mg > 0 for y > 0 and ty — t; = —my for
y < 0. In the z direction, k, is a good quantum number because of the existence of
the periodic boundary condition. In the y direction, however, we apply a continuous
approximation by replacing k, with —i0, to take into account the spatial dependence

of m. The eigenvalue equation of H(k,,k,) then becomes

—(t2 + t3) + mosgn(y) v(ky — 0y) o o
v(ks + 0y) —(t2 +t3) —mosgn(y) | \ o2 ®2

where v := t1]a|/2. Rewriting this equation in a new basis ¢+ = ¢+ ¢9, the eigenvalue

equation yields

—(ta + t3) + vk, mosgn(y) + v, o o
mosgn(y) — vy —(ta +1t3) — vk, ¢ ¢
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When mg/v > 0, the solution obtained under the conditions that the wavefunction

converges at y = 0o and is continuous at y = 0 is

0
E+ = —<t2 + t3> - ka, ¢+ X . (10)

b exp(—(mo/v)|yl)

The eigenvalue equation for H_ is obtained by simply replacing k, of Eq.(9) by —k,.

The eigenenergy and states become

0
I— —(tz -+ t3) + Ukz, ¢+ (0 . (11)

- exp(—(mo/v)lyl)

Thus, by solving the eigenvalue equations of %P one obtain the solutions such that the
eigenenergies F. intersect linearly at Ey := —(ts + t3). In addition, the corresponding
eigenstates are exponentially localized at the boundary y = 0. These localized states
are protected by the difference of topology, i.e. the difference of the sign of mass
term in Eq. (A15), which confirms the usefulness of the mass-term based topological

classificaiton.

Next, we move on to the numerical approach using the tight-binding model. In
order to discuss boundary states, we consider a system where a region of t; = 1.1t
is sandwiched between two regions of t; = 0.9ty as shown in FIG. 5(a). Note that a;
direction is horizontal in FIG. 5(a). Then, periodic boundary conditions are imposed on
a; and ay directions, respectively. With this construction of the interface, as remains
to be a unit vector, i.e., there is no superstructure in as direction, and we can calculate
energy dispersion as a function of the momentum along the interface k. The calculated
dispersion is in FIG. 5(b), showing new states in the bulk gap that intersect linearly at
k= 0, which is consistent with the analytical discussions above. Plotting the square
norm of the corresponding wave function (FIG. 5(c)) also shows that it is localized at

the boundaries.
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mo = 0.1ty \mo = —0.1tp\ mo = 0.1ty

(c) 0 I MAX

FIG. 5. (color online) The hopping enegies of chirality are set to to = 0.3ty and t3 = —0.3¢.
(a) Schematic illustration of the system being simulated, with a region of ¢; = 1.1¢y bounded
by two regions of t; = 0.9¢y. (b) energy dispersions (c¢) The square of wave functions corre-

sponding to A and B in (b). They have the same value because of time reversal symmetry.

V. Interface transport

So far we have seen that the effect of chirality does not manifest itself in the topo-
logical classification or the existence of topological edge states, because unequal ¢, and
t3 just lead to the constant shift of the eigenvalues of the effective Hamiltonian. In
this section, we discuss how chirality affects the interface transport by considering the
dynamics of a classical harmonic-oscillator system with boundaries at which energy
is injected [31]. One reason for using a classical system rather than a quantum one
is that the meaning of the energy injection can be much more intuitively caught in
a classical system as shown below (the energy injection is simply modeled by forced
oscillation). Another reason is that the study of modulated honeycomb lattice model

has been greatly developed in the context of classical systems like photonic crystals.

To calculate the interface transport, we denote dynamical variables by @ = {z;}.
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The equation of motion with respect to time 7 is written as

d*x(T)
dr?

= —Tx(1) + fcosQr. (12)

Here I' is a positive-definite dynamical matrix. An external force f¢cos (7 is applied
to the system with a frequency €2, and the phase of the force is set to be the same
at all sites. One can consider a variety of systems including spring-mass systems and
LC-circuit systems, and the variables & and 7 and the parameters are set dimensionless
after rescaling of the length and time according to the specific system to be considered.
To facilitate the physical interpretation, let us solve Eq. (12) by using the normal
mode decomposition [31]. By introducing an orthogonal matrix O that diagonalizes T,
Eq. (12) becomes
% = —Ga(r) + 9 cos Qr, (13)
where G = OTT0, &(1) = OTx(r) and f© = OT f(©. The expression of Eq. (13) in

component form becomes

A>T ~ (c
;CZ(QT) = —wli(T) + fl( )cos Qr, (14)
-

where we label the normal modes by an integer [. The solution of Eq. (14) for the initial

condition & (7Tyiy) = dx(Ting) /dT = 0 is

#(1) = al” cos Q7 + b\ cosw, (15)
where
7 ()
(e i o) o)
aﬂ:—w?_m,bl( = —al?. (16)

By reconstructing a(7) from these Z;(7), one can understand the dynamics of the
system.

Now, let us return to the interface transport, and consider a specific system il-
lustrated in FIG. 6. We consider a ribbon structure of 10 hexagonal unit cells with
t1 = 1.2 cladded from both sides by 5 hexagonal unit cells with ¢; = 0.8. We also set

ty = —t3 = 0.3 in all region. To analyze the dynamics, we construct the dynamical
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FIG. 6. (color online) Schematic illustration of the system consisting of regions with different
topology. we set to = —t3 = 0.3 in all region. For the mass term part, we set mo = —0.2 for
the mg < 0 region and mg = 0.2 for the mg > 0 region. 20 unit cells are lined up in the a;
and ay directions with periodic boundary condition. We apply the external force £(¢) at the

points of the boundary indicated by blue dots with the amplitude fy = 1.

matrix of this ribbon structure by the procedure Eq. (4), and calculate time evolutions

of the intensity at each site ¢ defined as

I — %[Q%f n (Z)Q] (17)

using Eq. (12). Equation (17) is designed to eliminate the fast oscillation and focus on

effective propagation of energy in a long time scale. We also choose € = 3.1 and Q2 = \/e.
This choice makes I positive definite, and 2 is in the bulk gap of the dynamical matrix
.

The obtained results are shown in FIG. 7. In FIG. 7(a), the lines labeled by 1-5
correspond to the intensities in the unit cells 1-5 defined in FIG. 6. The energy is
injected at the unit cell 1, and the unit cells 2 and 3 (and also 4 and 5) are located
at equal distances from the unit cell 1. The obtained difference between the intensities
at 2 and 3 (4 and 5) reveals an asymmetric energy propagation caused by the effect of
chirality. This novel asymmetry is prohibited in the achiral case to = t3 = 0. It should
be noted that t, and t3 are parameters that control the asymmetry. If the values of ¢,

and t3 are interchanged, an asymmetric energy propagation in the opposite direction

14



Intensity

Time

FIG. 7. (color online) (a) Time evolution of Intensity. The labels 1 to 5 correspond to those
in FIG.6. Intensity in this figure is the sum over the six sites in the blue shaded hexagon
in FIG.6. (b) Real space plot of the propagation of Intensity I;. We show snapshots at

t = 15,30,45,60. An asymmetric propagation is achieved due to chirality.

is observed. In addition, as can be seen from Egs. (15) and (16), the contribution of
the modes with w; close to the frequency {2 dominates the energy propagation. The
chirality effects of ¢y and ¢3 manifest themselves in @(7) and intensity I; as a linear
combination of these multiple modes.

In the achiral case found in the literature, to select right-moving or left-moving
interface states, the phase shifts are required in input terminals [32]. In our case, no
phase shift is assumed in the forced oscillation term, which gives another way to control

energy propagation.

VI. Conclusion and discussion

We have proposed a universal tight-binding model for chiral two-dimensional sys-
tems. We have shown that the topological classification can be conducted by using the

Dirac Hamiltonian, and confirmed the emergence of topological edge states. We have
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also discovered a novel asymmetric edge current induced without any phase tuning at
input terminals. These consideration could be a building blocks in exploring chiral

topological materials.

As noted in Sec.V, experimental realization of the system proposed in the present
study would be more promising in classical systems because the fabrication of the system
and the tuning of the interactions will be easier than for quantum systems. Photonic
crystal of a dielectric material [25, 33] could be one direction, and top-down fabrication
techniques now enable the realization of topological photonics in the visible wavelength
regime [34]. Careful fabrication of chiral structures would provide an ideal platform
for the experimental verification of the asymmetric transport discussed in Sec. 5. Self-
organization of chiral soft materials could also be used for the preparation of systems
that allows the investigation of chiral transport phenomena, and their ideal conditions
could be achieved by the tunability of the structural properties of the soft material
by external stimuli. Recently self-assembly of bowtie-shaped nanoparticles has been
shown to exhibit tunable chiral photonic properties [35]. Chiral liquid crystals [36] can
also offer a platform for self-organized tunable chiral structures, and a hexagonal lattice
of skyrmions exhibited by a chiral liquid crystal [37] could host asymmetric transport
phenomena in the visible wavelength regime. Classical mechanics of course provides a
clue to the realization of systems for chiral topological transport phenomena, such as
mass-spring systems discussed in Sec.V [29], and spinning top systems [38]. We hope
that the present study will stimulate experimental studies towards the realization and
observation of asymmetric topological transport phenomena in a system with time-

reversal symmetry.
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Appendix A: Derivation of the effective Hamiltonian

To derive the effective Hamiltonian, we focus on the eigenstates at the I' point, i.e.
kr = 0. The following derivation is in parallel with the supplementary materials of the
previous study [39], but any terms with ¢5 and t3 are new. The eigenstates of H(k = kr)
are given by
~1,-1,-1,1,1,1)"/v/8,
=(0,-1,1,0,1,-1)"/2,
2,-1,-1,-2,1,1)7/2V/3,
—2,1,1,-2,1,1)7/2V/3,
0,1,-1,0,1,-1)"/2,
1,1,1,1,1,1)7 /6. (A1)

~~ I~ I~

We use the conventional notation of s,p,d and f atomic orbitals. The corresponding

eigenenergies are Efy(mc?—_,? = —2tg—t1+ 2t +2t3, By, p, = to—11— T2 —13, dez_

v2)
ty —tg — ty — t3 and Ey = 2ty + t; + 2ty + 2t3, respectively. In the following, we

y2 adzy -

consider the case Ey ., . < Ep,p,d» 2ds < Es Based on these cigenstates, one

)
can construct a low-energy effective Hamiltonian around the I' point. Since we focus
on the neighborhood of the I'" point where the bands are dominated by p and d states,
it is sufficient to use {|ps) ,|py) , |dz2—y2) , |dzy) } as the basis in calculating the effective
Hamiltonian. By using these four eigenstates, we define the following pseudo-spin

modes:
ps) = %uw +ilp,)), (A2)
1
7

In order to consider the effective Hamiltonian, it is convenient to introduce the

|ds) = —=(|da>—y2) £ 1 ]day)). (A3)

following basis:

jug) = %m ps) — |d=), (Ad)
) = %(z‘ Ips) F Ids)). (A5)

17



Here, the explicit expression of {|u_),|uy),|l_),|lL)} is

|+) 0
’ui> = 7‘li> = ) (AG)
0 + |+)
where
1 /3
1 3.
|£) = |wy | s we =—2 £ —1. (A7)
2 2
Wr

Now, let us first calculate the low-energy effective Hamiltonian by using {|u_) , [uy), |[I-),|l4)}

Indeed, if we expand the Hamiltonian in the basis, the effective Hamiltonian becomes

(-IF|=)  (~IF[+) —(-ID|-) (-IDI+)
+| F |- +HF|+) —(+HD|-) (+D|+

WG iy | HEI PR @D D1 |
—(=ID'=) = (=ID'|+) (~[F"|=) (~[F"|+)
(+1D'=)  (+IDM+)  (HFT|=) (HFT]+)

Then, we perform the Taylor expansion up to the first order of the wavevectors. The

effective Hamiltonian is approximated as

t
H(eﬁ)<kxa ky) = _(t2 + tS)I ® I + (tO - tl)az Ko, + 1|§1|0$ & (k ’ 0-)7 (AQ)

where [ is the identity matrix and o;(i = z,y, 2) is the Pauli matrices. We denote
the Kronecker product as ®. It is shown that Eq.(A9) can be written as the Dirac

Hamiltonian by introducing the following new basis:

1) = ilp) = =, (AL0)
2) = -1y = Ll (A11)
3) = =ilp) = 22, (A12)
1) = -1y = =L (A13)
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Using these new bases, the effective Hamiltonian is rewritten as

Ho(ko,k,) 0

HCD (e, k) ~
! 0 H_(ku k)

(A14)

where

t1|a1|

Hi(kx, ky) = —(tg —+ tg)[ + (to - tl)az + (:EkxO'gU + kyO'y>. (A15)

Thus, we obtain the Dirac Hamiltonian Eq.(A15) with the constant energy shift —(¢5 +
t3).

Let us make a remark about the effect of ¢5, t3 from the point of topological classi-
fication. When ¢, = t3 = 0, the original Hamiltonian proposed by Wu and Hu [24] is
retrieved. The effective Hamiltonian Eq.(A15) becomes

t1|a1|

Hy(ky, ky) = (to —t1)o. + (£kyon + kyoy). (A16)

Therefore, topological classification by using mass term m := ty — t; survive in this
case. Moreover, the matrix F' in Eq.(5) becomes the zero matrix, and the Hamiltonian

has the sublattice symmetry

vH(k)y' = —H(k),7* =1 (A17)
with
1000 0 0
0100 0 0
0010 0 0
v = (A18)
000-1 0 0
000 0 —1 0

000 0 0 -1

In this case, thanks to this sublattice symmetry, one can define mirror winding number
[40], and topological classification can be conducted mathematically rigorously. In the
case to # 0 and t3 # 0, however, the sublattice symmetry is broken, and one can not

choose the strategy to use the mirror winding number in classifing topological phase.

19



Appendix B: Berry bands and Z- phase

Here, we basically follow the arguments in Ref. [30] to explain the idea of the Berry
bands. We reproduce the arguments here since the explicit form of the equations are

important in our numerics.

1. Wilson loops

We consider a closed path £ in momentum space, and define the Wilson loop operator

for L as
Wi (ky) = P(k) Plky) -~ P(ko) P(k), (B1)
where P(kzz) is a projection operator onto a chosen subspace{n}:

Plk) =) Jun(k:) (ua ()] (B2)

ne{n}

Here, the sequence {k;} | represents closely spaced points along L.
The eigenvalues and engenstates of the Wilson loop are obtained as follows. By
using Bloch wave functions on the initial momentum k;, we can express it as a unitary

matrix:
(W (k) = Cuall) | W () s () (B3)
The matrix W1 (k;) can be diagonalized by a unitary matrix V (k;), which satisfies
VI (k)W (k) V ()]s = 655 exp(in), (B4)

where ~; is a gauge-invariant geometric phase, also known as a Berry phase. Therefore,

the eigenstates of the Wilson loop are

(k) = D IV ()l (R ) (B5)

l

with the corresponding eigenvalue being exp(i;).
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2. Berry bands

Let us now consider Wilson loops around an infinitesimally small path £ which
enclose a point k. Hereafter, to elucidate the topological nature of our system, we

focus on the valence bands. First, we construct the Wilson loops as:
Wv?l(k) = pval(kl)pval(kN) e pval(kQ)Pval(kl)- (B6)

Here we denote {k;}.\ ;s as closely spaced points along the path £’, and Pval(ki) is the
projection operator onto the full valence band space.
Since the Wilson loop operator is unitary, we can define an associated Hermitian

operator Hr(k), given by

. —ilog W' (k
Hr(k) := lim [ i log W'( )] , (B7)
where A is the area enclosed by £’. The matrix form of this Hermitian operator is

[Hr(k)]i; = (ui(K)| Hr(K) |u;(k))

_ }xlinm {—i[log V[jlva (k)]w} ’ (BS)
where
(W (k)]ij = (us (k)| W (k) |us (Ro)) (B9)

This matrix Hz(k) is Hermitian, and can be diagonalized by a unitary matrix U(k)

satisfying
U (k) Hr (k)U (K)]i; = 0,Fi(k), (B10)
where F;(k) is the non-Abelian Berry curvature. Thus, the eigenvalue problem reads
Hy (k)@ (k) = Fi(K) |u;(k)) (B11)
and
@ (k) = Y _[U(K)]a |wi(k)) - (B12)
Following Ref. [30], we refer to these states as Berry bands.
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3. (C,T-protected Z, phase

We first consider the spectrum of the Wilson loop built from projectors onto the
three-dimensional valence bands in our model. We have calculated the Wilson loops
along a sequence of parallel paths, £(t), as depicted in FIG. B.1, where these paths

gradually traverse the Brillouin zone as ¢ progresses from ¢ : 0 — 1.

9N
A

FIG. B.1. (color online) Schematic illustration of a path £(¢) where Wilson loops are made on

a series of these paths. These paths sweep the Brillouin zone (shaded blue region) as t — t+1.

The Wilson loop spectra, as shown in FIG.B.2, indicate that the total windings of
the Wilson loop spectra are zero. As mentioned in ref [30, 41], the total Chern number
of the valence bands is equivalent to the total spectral winding of Wilson loops, and

this result is consistent with the time-reversal symmetry.

Wilson spectrum

T M r
FIG. B.2. (color online) Wilson loop spectra for the topological region made through the

valence bands. The total windings of these spectra are zero, as expected from time-reversal

symmetry.
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Alternatively, we can utilize the Berry bands introduced in the previous section. In

C5T-symmetric crystals, the Hermitian operator H 7(k) obeys the relation
(CaT) R (k) (CT) ™ = — (), (B13)

which implies that each Berry curvature in a CyT-symmetric crystal is either zero or
forms a positive/negative pair, as depicted in FIG.B.3. This constraint allows us the

Zs classification in Cy7 -symmetric systems.

Berry curvature

FIG. B.3. (color online) Berry curvature derived from the eigenvalue problem Eq.(B11). As

a result of Cy7 symmetry, these values are either zero or occur as positive/negative pairs.

Figure B.4 (a) shows the spectra of Wilson loops made separately through {|a;(k))}3_,

for the same parameters as in FIG.B.2. There is no mixing, and the windings of the indi-
vidual spectra are {wyegative, Wseros Wpositive} = {—1,0,4+1} mod 2. On the other hand,
for the trivial region, the windings are {wnegative, Wreros Wpositive} = {0,0,0} mod 2, as

indicated in FIG.B.4 (b).
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