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Abstract
Physical property prediction and synthesis process optimization are key targets in material informatics. In this study, we propose a machine learning approach that utilizes ridge regression to predict the oxygen permeability at fuel cell electrode surfaces and determine the optimal process temperature. These predictions are based on a persistence diagram derived from tomographic images captured using transmission electron microscopy (TEM). Through machine learning analysis of the complex structures present in the Pt/CeO2 nanocomposites, we discovered that l2 regularization considering diverse structural elements is more appropriate than l1 regularization (sparse modeling). Notably, our model successfully captured the activation energy of oxygen permeability, a phenomenon that could not be solely explained by the geometric feature of the Betti numbers, as demonstrated in a previous study. The correspondence between the ridge regression coefficient and persistence diagram revealed the formation process of the local and three-dimensional structures of CeO2 and their contributions to pre-exponential factor and activation energies. This analysis facilitated the determination of the annealing temperature required to achieve the optimal structure and accurately predict the physical properties. 
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1. Introduction
[bookmark: _Hlk166053976][bookmark: _Hlk166822536][bookmark: _Hlk165185062][bookmark: _Hlk166822780][bookmark: _Hlk165143842][bookmark: _Hlk165184649][bookmark: _Hlk166822670]	Recently, in the field of material development, studies have focused on nanocomposites because of a key feature—they exhibit properties different from those of macroscopic composites [1–7]. Among nanocomposites, electrode materials combining catalytic metals and ion-conducting oxides hold considerable potential for enhancing fuel cell performance. Although the composite structures of oxides and catalyst metals have been investigated in atomic and chemical studies, the relationship between nanostructures and their functionality has remained relatively unexplored. Pt and CeO2 (Pt/CeO2) nanocomposites are promising candidates for high-performance fuel cells. At the cathode of a fuel cell, water is evolved through the chemical reaction between atmospheric oxygen and hydrogen ions and electrons from the anode. The catalytic layer of the cathode, composed of the Pt/CeO2 nanocomposite, contains microscopic pores that facilitate the passage of oxygen molecules, thereby accelerating the reaction. Thus, oxygen permeation within the nanocomposite is essential for optimal fuel cell operation. It is readily understandable that the topological structure formed within Pt/CeO2, most intuitively the three-dimensional (3D) connectivity of the ion-conductive CeO2 phase, plays a pivotal role in determining oxygen permeability, which is a performance indicator for fuel cells. Actually, the 3D connection channels are known to be highly dependent on the formation temperature of the nanocomposite, and their optimization needs to be established based on the nanoscale-feature extraction methods [8,9]. In a previous study [8], some of the authors successfully realized various structures of Pt/CeO2 nanocomposites, such as fiber-like and lamellar structures, by controlling the annealing temperature. Despite these complex topological changes, the oxygen permeability follows the Arrhenius equation for annealing. The pre-exponential factor in this equation serves as a metric for oxygen ion conductivity, whereas the activation energy acts as a metric for ion transport. We characterized the structures using the Betti numbers, which is an invariant in topological space determined from the scanning transmission electron microscopy (STEM) images [8]. Notably, the pre-exponential factor of oxygen permeability was found to be proportional to the Betti numbers. However, the activation energy could not linearly regress on the Betti number, suggesting a structural feature that could not be expressed by the Betti numbers. More details on the feature extraction by the Betti numbers and the complete images for the analysis used with this study can be found in reference [8]. This paper is an extended work to extract more descriptors from the images used in the previous paper and develop a more comprehensive physical model of the catalytic activity.
[bookmark: _Hlk166493021]Therefore, we hypothesized that a structural feature in the 3D geometric information could represent the activation energy. To test this hypothesis, the 3D structures of the samples prepared at various temperatures were acquired using STEM. To obtain this structural feature, we used persistent homology, which is a useful method for quantifying irregular structures [10–15]. In this study, persistent homology was applied to tomographic data, and features were extracted from the resulting persistence diagrams to quantify the 3D structure of Pt/CeO2. The extraction of geometric features from image data has been reported for several materials [16–20]. Herein, we examined its applicability to the development of practical materials, including synthesis process optimization. Machine learning of the persistence diagrams obtained from 3D STEM tomography was performed to ridge-regress the pre-exponential factor and activation energies of oxygen permeability from the Pt/CeO2 structure and establish the structural determinants of the properties as ridge-regression coefficient maps. Notably, this regression can separately identify the structures that contribute negatively and positively to these properties. Moreover, this mapping is an effective tool for the selective fabrication of structures required for high-performance catalysts.

[bookmark: _Hlk165888464]2. Methods
2.1 Data preparation: Pre-exponential factor, activation energy, and STEM tomography data
	Ionic conductivity σ' is obtained by impedance measurement. The relationship between σ' and temperature is expressed by the classical Arrhenius relationship, as follows [9]:
[bookmark: _Hlk165888527]	
[bookmark: _Hlk165038229][bookmark: _Hlk166309050][bookmark: _Hlk166823004]where k is the Boltzmann constant, T is the absolute temperature, E is the activation energy, and σ0 is the temperature-independent pre-exponential coefficient. Three sets of the pre-exponential factors and activation energies for oxygen permeability of Pt/CeO2 nanocomposites synthesized at annealing temperature of 500, 700, and 800 ℃ were used from the previous study[8], which were obtained using AC impedance spectroscopy[9]. The images were acquired using STEM by tilting from −60° to +60° in increments of 2°. The images were transformed to binary images and processed to construct a 3D tomography data using a tomography reconstruction software [21]. In the reconstructed tomography data, the Pt regions were rendered as transparent, and only the CeO2 regions were visualized. The size of the reconstructed data was 150 nm × 150 nm × 15 nm (700 pixels × 700 pixels × 70 pixels). Figure 1 shows the reconstructed tomography images of the three annealing temperatures used in this analysis. It will be seen that there is a distinctive shape for each temperature. The goal of this work is to quantitatively represent these differences and use them as explanatory variables for actual properties.
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低い精度で自動的に生成された説明]
Figure 1 Reconstructed tomographic images of the Pt/CeO2 nanocomposites synthesized at different annealing temperatures of (a) 500, (b) 700, and (c) 800 °C. The yellow regions represent the CeO2 domains.

[bookmark: _Hlk165888543]2.2 Machine learning of persistence diagram
[bookmark: _Hlk166085881][bookmark: _Hlk165036396]	To ensure an adequate amount of data for modeling, the tomographic data measured at each of the aforementioned temperatures were divided into 25 (5×5) segments. This number of divisions is considered to be somewhat arbitrary. Here, we have confirmed that all 25 segments are similar to the image. Specifically, the CeO2 and Pt components are approximately equal. Persistent homology analysis for binarized images was performed on the segmented tomography data using the Python library reported by Obayashi et al. [22]. The distance between birth and death (birth–death distance) in the persistence diagram was defined as the Manhattan distance [16]. We used the sub-level set filtration of the 3D images that yielded favorable results in feature extraction of the amorphous images [20]. Under this definition, a birth–death distance of 0 indicates topological features on the surface, whereas a negative value indicates features within CeO2. Positive values represent distant structures such as neighboring CeO2. Figure 2 illustrates an example of persistence diagrams results using the 25 divisions of tomographic reconstruction data at 500 ℃. The most significant explanatory variables were determined from these 25 datasets to identify the structural determinants of the target properties. 

[bookmark: _Hlk165888605][image: グラフ, 折れ線グラフ

自動的に生成された説明]
Figure 2.　 Persistence diagrams produced using tomographic reconstruction data of Pt/CeO2 synthesized at annealing temperature of at 500 ℃.

[bookmark: _Hlk166083791][bookmark: _Hlk166822914]Although there are several methods for vectorization [23–30], the 0th-, 1st-, and 2nd-order persistence diagrams obtained from the tomography data were vectorized using the persistent images [16] at the present study. Several references can be useful in obtaining the physical meaning and applications of persistence diagrams in each dimension [17–19, 31]. The original method of this study is to normalize and combine the homological features obtained from the vectorized 0th- to 2nd-order persistence diagrams. They were applied to ridge regression [32] to predict the pre-exponential factor and activation energy. In particular, linear regression with regularization allowed to identify terms that contribute positively or negatively to the predicted pre-exponential factor and activation energy based on their coefficients. The results were back-transformed to map the positive and negative contributions to the persistence diagram, enabling a comprehensive understanding of the structural determinants of the birth–death diagram. Figure 3 presents a conceptual flow diagram outlining the procedure for predicting oxygen permeability and identifying its structural determinants.
 
[bookmark: _Hlk165888638][image: ダイアグラム

自動的に生成された説明]
Figure 3. Conceptual flow diagram for the prediction of oxygen permeability and identification of its structural determinants. 

[bookmark: _Hlk165888648]3. Results and discussion
[bookmark: _Hlk166491024]3.1 Modeling of oxygen permeability
[bookmark: _Hlk166316236]In the ridge regression of the oxygen transmission coefficient using the persistence diagram, the regularization parameter α in Equation (1) must first be optimized, where α is the contribution of the regularization term in the ridge regression. If α is not chosen appropriately, model overfitting or a large error can be generated. Although the larger dimensional vector of the topological features from the persistence diagram is expected to contain sufficient information to regress only two target variables, namely the pre-exponential factor and activation energy, the excess information can lead to overfitting. Thus, α is optimized as follows:

where y is the target variable, X is the descriptor, and  is, for example, the l2 norm of β. In ridge regression, β is determined to minimize Equation (1).  To optimize α, the machine learning error in the training data were compared with the error in the test data. The error is defined in Equation (2) as
[bookmark: _Hlk165888741]
Figure 4 plots the errors with training data and test data versus α for the activation energy. The error with training data (blue circles) decreases as α decreases and achieves a minimum value when α is zero. Although the error with the test data (orange circles) decreases with decreasing α to 0.01, it increases for α < 0.005, suggesting that an l2 regularization of α = 0.005 leads to the best regression model. An analysis revealed similar results for the pre-exponential factor. Considering these results, we adopted an α value of 0.005 for the following discussion. l1 regularization (LASSO) is often employed to prevent overfitting, yielding satisfactory results in sparse systems. However, in the present system, LASSO regression did not yield a satisfactory prediction model. This suggests that Pt/CeO2 is not a sparse system and that a wide range of structural factors contributes to oxygen permeability. Moreover, this observation might explain why the Betti numbers alone are not sufficient as a structural descriptor for explaining oxygen permeability.

[bookmark: _Hlk165888772][image: グラフ, 折れ線グラフ

自動的に生成された説明]
Figure 4. The dependency of the regularization term. Errors with training data (blue circles) and test data (orange circles) versus regularization parameter, α.

Figure 5 visualizes the temperature dependence of the experimental (a) pre-exponential factor for oxygen permeability and (b) activation energy (blue circles), along with their predicted (open circles) and average (orange circles) values using the ridge regression model optimized in Figure 4. The experimental results demonstrate that both the pre-exponential factor and activation energy reach maximum values at 700 ℃, indicating different limiting factors in the lower and higher temperature regions. Moreover, the ridge regression model suggests that the geometric features effectively reproduce the experimental results, implying that the limiting factors in the low- and high-temperature regions can be explained by different geometric factors. In the following section, the determined geometric limiting factors are presented.

[bookmark: _Hlk165888805][image: グラフ, 散布図, 箱ひげ図

自動的に生成された説明]
Figure 5. Comparison between the experimentally obtained (a) pre-exponential factor and (b) activation energy of oxygen permeability and their predictions using the ridge regression model.
 
[bookmark: _Hlk165820100]3.2 Identification of limiting factors of oxygen permeability
Figure 6 presents contour plots of the ridge regression coefficient β in Equation (1) for the (a) pre-exponential factor and (b) activation energy on the 0th, 1st, and 2nd order persistence diagrams, where the red and blue regions denote positive and negative coefficients, respectively. Although their distributions are complex, both the pre-exponential factor and activation energy exhibit similar trends.
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自動的に生成された説明]
Figure 6. Contour plots of the ridge regression coefficient β for (a) pre-exponential factor and (b) activation energy on the persistence diagram. The left, center, and right columns illustrate the persistence diagrams of the 0th, 1st, and 2nd orders, respectively. 

[bookmark: _Hlk166319401][bookmark: _Hlk164863485]The β contour map of the 0th order persistence diagram is restricted to the 2nd and 3rd quadrants according to the persistent homology principle. In particular, a positive β area (red area) is present only in the 3rd quadrant, where both birth and death are negative. The birth and death in this quadrant are confined to the interior of CeO2 and can be attributed to the topological features in the formation process of CeO2 one-dimensional (1D) structures. The second quadrant, with positive death, provides the topology between the neighboring CeO2 1D structures. As shown in this figure, it can be seen that the negative region is larger and stronger over a wider range in the pre-exponential factor than in the activation energy. The pre-exponential factor depends on the topological properties, indicating that increasing the distance between elements greatly impedes oxygen transport. On the other hand, since the activation energy mainly depends on the local crystallinity [8], it can be seen that the positive and negative changes are more gradual overall than the pre-exponential factor. The experimentally obtained negative β (blue area) indicates the negative contribution of the distant CeO2 1D structures to the regression model. These observations suggest that the formation of the CeO2 1D structure is one of the processes limiting the pre-exponential factor and activation energy. 
The β contour map of the 2nd order persistence diagram is limited to the 1st and 4th quadrants based on the persistent homology principle. The 2nd order persistence diagram shows the topological features of the 3D structure of CeO2. As shown in Figure 6, positive and negative β coefficients are intermingled, making their analysis challenging. However, the features are concentrated along the diagonal of the persistence diagram, and complex 3D structures of various sizes are created, repeating birth and death with extremely short lifetimes in the filtration of persistent homology. These structures suggest a 3D overgrowth of the Pt/CeO2 nanocomposite, indicating that its complexity represents another limiting factor for the pre-exponential factor and activation energy. 
Based on the positive and negative β distributions shown in Figure 6, we analyzed where the birth–death pairs in persistence diagrams of each temperature data plotted   on the β distribution.  Figure 7 counts which of the positive and negative regions of the β coefficient the live/dead pairs obtained from the 0th, 1st, and 2nd persistence diagrams of the 25 tomograms used in this analysis are located. Since there were 25 persistence diagrams per temperature, all birth-death pairs in the 75 persistence diagrams were reviewed for their contribution to β. The difference between contributions to positive and negative β is denoted by the black solid line. Furthermore, these numbers of birth–death pairs are color-coded for each of the 0th, 1st, and 2nd orders and are summarized in a bar graph. 
In Figure 7, the black solid line denotes the average values of -9.8 for 500 ℃, 141.4 for 700 ℃, and 116.2 for 800 ℃. Despite the dispersion of the 25 topological images obtained, the highest average value corresponds to 700 ℃, which qualitatively aligns with the temperature dependence of the experimental results of the pre-exponential factor and activation energy (Figure 5). This finding indicates that topological features determine oxygen permeability. The limiting processes at each temperature are discussed as follows:
· At 500 ℃, the local formation of the CeO2 1D structure characterized by the 1st order persistence diagram is considered a positive factor. However, its sparse distribution serves as the main negative factor, resulting in a lower contribution to the pre-exponential factor and activation energy. Consequently, we conclude that the annealing temperature is insufficient for the structuring of Pt/CeO2 nanocomposites, consistent with the XRD results of our previous paper [8], and that the formation of CeO2 is the limiting process for oxygen permeability at this temperature.
· At 700 ℃, the formation of the CeO2 1D structure, characterized by the 0th order persistence diagram, is the main contributor to the positive β. Additionally, its sparse distribution observed at 500 ℃ is improved, resulting in a higher contribution to the pre-exponential factor and activation energies. Therefore, since a temperature sufficient for the formation of CeO2 could be achieved, a straight CeO2 feed-through structure for oxygen was formed along the thermal gradient of the sample, resulting in the construction of a favorable pathway for oxygen permeation.
· [bookmark: _Hlk141859447]At 800 ℃, the formation of the CeO2 1D structure, which exhibits a positive contribution to the 0th order persistence diagram, is significant and the negative interaction with the neighboring CeO2 1D structure is also significant. Unlike the anisotropic formation at 700 ℃, the CeO2 structures are isotropically formed at this temperature and are considered to form 3D topological structures. As shown in Figure 6, the 2nd order persistence diagram exhibits overgrowth of the Pt/CeO2 nanocomposite. Figure 7 shows a strong negative contribution from the 2nd order persistence diagram, indicating that overgrowth is a limiting process at this temperature. Particularly, CeO2, which possesses a straight oxygen feed-through structure at 700 ℃, is presumed to adopt a branched structure at this temperature, thereby reducing oxygen permeability.

[bookmark: _Hlk165889030][image: グラフ
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Figure 7. Contribution numbers to positive and negative β of birth–death pairs obtained from persistence diagram of tomographic images.


4. Concluding remarks
[bookmark: _Hlk165898007][bookmark: _Hlk166321302]	In our previous study, some of the authors attempted to predict the pre-exponential factor and activation energy of oxygen permeability using a topological invariant, namely the Betti numbers, which focused on analyzing the "holes" for shape analysis of Pt/CeO2 nanocomposite. Although a correlation with the pre-exponential factor was determined, clear correlation with the activation energy was not observed. The analysis proposed in this study, employing persistent homology, is based on the underlying assumption that more complex geometric structures are determinants of oxygen permeability. Through ridge regression analysis of the tomography data, we were able to create a model that accurately predicted both the pre-exponential factor and activation energy. Analysis of the ridge regression coefficients revealed the optimal formation temperature of Pt/CeO2 nanocomposites based on geometrical considerations. At temperatures below the optimum, the formation of CeO2 emerged as the limiting process, whereas at higher temperatures, the transition in the growth mode of CeO2 from linear to 3D structures became the limiting process. 
Parameters based on 3D structures, such as oxygen permeability, can be reasonably elucidated from two-dimensional information, such as STEM images; however, these parameters can be better expressed using features extracted using persistent homology from the tomography data, which has 3D information. In each β contour map, positive and negative β coefficients are mixed because the pre-exponential factor and activation energy represent the distance between the elements expressed by the 0th-order persistence diagram, roughness of the surface expressed by the 1st-order persistence diagram, and configuration and phase between the elements expressed by the 2nd-order persistence diagram, using all coefficients. In a previous work, some of the authors clarified that the activation energy depends on the degree of crystallinity. With the tomography data, it is not possible to confirm the degree of the crystallinity observed by enlarging the vicinity of the interface. However, considering that the surface structure is the result of local crystallinity during CeO2 formation, the persistence diagram indirectly captures crystallinity. The ability to evaluate the activation energy using the persistence diagram suggests that crystallinity can be estimated through the topological structure of macroscopic surface. Moreover, it can be said that persistent homology is a valuable tool capable of simplifying and quantifying characteristics that are difficult to express differently, such as length and size, enabling their classification and regression. In the future, it is likely to be used in the analysis of materials with irregular structures that were previously subject to human subjectivity, making quantification challenging. 
[bookmark: _Hlk166312066]Although this work demonstrated the usefulness of persistent homology in material processes, whether this method is the best or not still needs to be examined. It should be noted that there are other algorithms [23–25]to, for example, feature extraction and clustering by Silhouette. Furthermore, clustering/dimensional reduction, such as t-sne or gradient-boosted trees (GBT), could be used for the analysis of the extracted features. However, the hyperparameters found in perplexity of t-sne can lead to arbitrariness in the analysis, and the loss function dependence in the GBT leaves unknowns in its application to materials science in general. The success of the regression by ridge rather than LASSO in this study indicates the contribution of a wide range of structural factors, and the integrated use of these under appropriate regularization is likely to have produced favorable results.
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