vemess P Science and Technology of Advanced Materials: Methods

Science and
Technology of
Advanced
Materials:
Methods

ISSN: 2766-0400 (Online) Journal homepage: www.tandfonline.com/journals/tstm20

©

Taylor & Francis

Taylor & Francis Group

Causal inference in statistics insights into

stress-induced ferroelectric states in SrTiO:
disentangling piezoelectric and flexoelectric
effects from birefringence images

Kazuma Seike, Hirotaka Manaka & Yoko Miura

To cite this article: Kazuma Seike, Hirotaka Manaka & Yoko Miura (16 May 2025): Causal

inference in statistics insights into stress-induced ferroelectric states in SrTiO: disentangling
piezoelectric and flexoelectric effects from birefringence images, Science and Technology of
Advanced Materials: Methods, DOI: 10.1080/27660400.2025.2503698

To link to this article: https://doi.org/10.1080/27660400.2025.2503698

8 © 2025 The Author(s). Published by National
Institute for Materials Science in partnership
with Taylor & Francis Group

ﬁ Accepted author version posted online: 16
May 2025.

N
CJ/ Submit your article to this journal &

||I| Article views: 4

A
& View related articles &'

View Crossmark data &'

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=tstm20


https://www.tandfonline.com/journals/tstm20?src=pdf
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/27660400.2025.2503698
https://doi.org/10.1080/27660400.2025.2503698
https://www.tandfonline.com/action/authorSubmission?journalCode=tstm20&show=instructions&src=pdf
https://www.tandfonline.com/action/authorSubmission?journalCode=tstm20&show=instructions&src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/27660400.2025.2503698?src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/27660400.2025.2503698?src=pdf
http://crossmark.crossref.org/dialog/?doi=10.1080/27660400.2025.2503698&domain=pdf&date_stamp=16%20May%202025
http://crossmark.crossref.org/dialog/?doi=10.1080/27660400.2025.2503698&domain=pdf&date_stamp=16%20May%202025
https://www.tandfonline.com/action/journalInformation?journalCode=tstm20

W) Check for updates

Publisher: Taylor & Francis & The Author(s). Published by National
Institute for Materials Science in partnership with Taylor & Francis
Group

Journal: Science and Technology of Advanced Materials: Methods
DOI: 10.1080/27660400.2025.2503698

Causal inference in statistics insights into stress-induced
ferroelectric states in SrTiO,: disentangling piezoelectric and

flexoelectric effects from birefringence images

Kazuma Seike®, Hirotaka Manaka®, and Yoko Miura®

®Graduate School of Science and Engineering, Kagoshima University, Korimoto, Kagoshima
890-0065, Japan; °National Institute of Technology, Suzuka College, Shiroko-cho, Suzuka, Mie
510-0294, Japan

ARTICLE HISTORY
Compiled March 30, 2025

ABSTRACT

In materials science, experimental conditions are precisely controlled to ensure high
reproducibility. This property is well suited for causal inference in statistics, yet its
potential remains unrealized. In this study, we integrate causal inference with structural
equation modeling (SEM) to analyze birefringence images of the stress-induced
ferroelectric SrTiO,. Random forest analysis identified retardance at 14.1 K, 6(14.1K),

as a key predictor of the ferroelectric phase transition temperature, T.. SEM revealed
strong correlations between T. and ¢'s, although multicollinearity in &'s necessitated

sparse principal component analysis to transform 65(14.1K) and &§(40.0K) into two
independent components, PC1 and PC2, for subsequent causal analysis. Directed
acyclic graphs (DAG) based on SEM helped infer causal relationships, revealing PC1°s
predominant influence on T_ in stress/strain-concentrated regions (cluster E12) and PC2
‘s influence in uniform stress/strain regions (cluster E34). Two-model learner (T-Learner)
analysis revealed the factors behind the higher T. in E12 than in E34. Specifically, the
difference in magnitude of the piezoelectric effect, which occurs uniformly throughout
the substrate, causes T to increase by 0.36 K [0.18 K, 0.54 K], while the flexoelectric
effect, which occurs only in E12, causes it to increase by an additional 1.49 K [1.23 K,
1.75 K]. These findings demonstrate the utility of causal inference in disentangling
piezoelectric and flexoelectric effects in the stress-induced ferroelectric SrTiO,.

KEYWORDS
Causal inference; SEM; DAG,; T-Learner; random forest; flexoelectricity;
piezoelectricity; birefringence image; stress-induced ferroelectricity; SrTiO,

Corresponding author Hirotaka Manaka. E-mail: manaka@eee.kagoshima-u.ac.jp


mailto:manaka@eee.kagoshima-u.ac.jp
https://crossmark.crossref.org/dialog/?doi=10.1080/27660400.2025.2503698&domain=pdf

1. Introduction

In materials science, experimental observations reveal intricate relationships among multiple
variables. However, such relationships are typically correlative, not causal, and may represent
only a subset of the system’s complex dynamics, leaving significant gaps in understanding
physical mechanisms[1-3]. Furthermore, this challenge is further complicated by spurious
correlations, where unrelated variables appear connected due to confounding factors, hindering
definitive conclusions based on experimental data alone. Traditional approaches rely on fitting
theoretical models to experimental results, but these models are frequently modified based on
subjective interpretations of data. Therefore, identifying both correlations and causal
relationships within experimental data is crucial to advance our understanding.

Recent advances in causal inference in statistics offer powerful tools to address these
challenges[4, 5]. Unlike traditional statistical analysis, causal inference provides a systematic
framework for modeling and testing causal relationships beyond simple correlations, allowing
researchers to estimate system-wide changes resulting from hypothetical interventions[6]. By
integrating domain knowledge and statistical models, these methods disentangle direct and
indirect effects, account for confounding factors, and quantify causal effects with greater
confidence. Structural equation modeling (SEM), a complementary approach, has been widely
utilized to analyze latent variables representing unobserved factors influencing a system[7, 8].
Although SEM excels at revealing correlations, it lacks the capability to directly identify causal
relationships. Therefore, SEM can be integrated with causal inference to realize the full potential
of these analytical methods, enabling researchers to quantitatively evaluate unobserved
regularities[9].

Materials science, characterized by precisely controlled experimental conditions and high
reproducibility, is particularly suited for causal inference applications. Leveraging SEM with
causal inference holds significant potential for uncovering the hidden regularities governing
material properties. This integration reveals causal links between variables, uncovering
previously unobservable physical mechanisms that drive complex phenomena. The resulting
insights advance materials science by refining theoretical models and inspiring novel
experimental approaches. However, this powerful methodology remains underutilized in
materials science[10, 11]. In this study, we developed an integrated framework combining causal
inference with SEM to analyze birefringence images of stress-induced ferroelectric SrTiO,

under external force[12, 13]. The primary aim was to quantitatively disentangle the contributions
of piezoelectric and flexoelectric effects to birefringence during the stress-induced ferroelectric
phase transition in-quantum paraelectric SrTiO,. Experimentally, distinguishing between these

effects is challenging owing to their overlapping spontaneous polarizations[14, 15]. To address
this, causal inference with SEM was employed to isolate these overlapping effects, providing
insights into the underlying mechanisms.

Unlike piezoelectricity, flexoelectricity generates polarization from strain gradients and
occurs in all dielectrics regardless of crystal symmetry [16-18]. This unique property makes
flexoelectricity a promising mechanism for applications in stress/strain sensors, nanoscale
actuators, and energy harvesting devices in microelectromechanical systems[19, 20].
Historically, flexoelectricity has been more extensively studied in thin films than in bulk
materials, primarily due to the ease of generating strain gradients at the nanoscale[21, 22].
Recent advances in surface potential measurement techniques, such as scanning probe
microscopy, have broadened the scope of flexoelectricity research[23, 24]. Early theoretical



work suggested that the flexoelectric effect scales with dielectric constant, as materials with
higher permittivity exhibit stronger polarization responses to strain gradients[25]. This
hypothesis has spurred interest in exploring ferroelectrics and relaxors to enhance flexoelectric
responses in bulk materials [26-34].

Bulk SrTiO, undergoes a structural phase transition from cubic to tetragonal at 105 K,
exhibiting a high dielectric constant below this temperature[35-37]. However, quantum
fluctuations suppress the emergence of a ferroelectric state, maintaining a quantum paraelectric
state. These quantum fluctuations predominantly affect the orientations of local dipole moments
formed by small displacements of Ti ions within the oxygen octahedral structure, preventing
long-range ferroelectric order[38, 39]. In contrast, fluctuations in the magnitude of dipole
moments are relatively small and do not play a dominant role in suppressing ferroelectricity[40].
This suppression mechanism, driven by zero-point energy effects, can be overcome by applying
electric fields or mechanical forces, allowing the emergence of a ferroelectric state at low
temperatures[12,13,41-51]. Over the past two decades, numerous studies have explored
stress/strain-induced ferroelectric states. It is widely believed that spontaneous polarization near
surfaces or interfaces arises from both piezoelectric and flexoelectric effects|52-58]. In our
previous birefringence imaging measurements on bulk SrTiO, under an external force of 231

MPa applied along [001], we observed that the ferroelectric phase transition occurs below 30
K[12, 13]. As later discussed in Section 2, the ferroelectric phase transition temperature (T.)
showed a localized increase in stress/strain-concentrated regions, even though the structural
phase transition temperature (T,) remained uniformly distributed[59, 60]. This finding
challenges the previous hypothesis that both T, and T. are proportional to the magnitude of

stress.

In this study, we developed a robust framework integrating causal inference with SEM to
systematically evaluate the contributions of piezoelectric and flexoelectric effects to stress-
induced ferroelectricity in SrTiO,. By quantifying hypothetical intervention effects, this

framework disentangles overlapping polarization mechanisms and provides a comprehensive
understanding of stress-induced ferroelectric phase transitions. Furthermore, this data-driven
approach offers a scalable methodology for analyzing other complex material systems.

2. Dataset for analysis

Successive birefringence images with a resolution of 384 x 288 pixels were obtained by lowering
the temperature (T ) of the SrTiO, substrate from 300.0 K to 14.1 K, under an external force of

231 MPa applied along [001], as described in Ref. [12]. In this setup, the refractive indices along
the orthogonal principal optical axes are denoted as n, (slow axis) and n, (fast-axis), where
n, >n, >1. Birefringence (An) and retardance (o) are defined as follows:

AnEnl—nz, (1)
O = Anxt, 2)



where t represents the optical path length through the sample[61, 62]. The fast-axis direction (y
) corresponds to the orientation associated with n,. In general, & is proportional to the

stress/strain in the material due to the photoelastic effect[63]. Additionally, polarization induced
by the piezoelectric and flexoelectric effects generates strain, further increasing 6. yw reflects
the direction of the stress/strain and the polarization[63-67]. Figures 1(a,b) illustrate the spatial
distributions of T. and T_, respectively, obtained using the Bayesian T -series estimation from

the T -dependence of 6 at a wavelength of 4 =575 nm for each pixel[60]. These images, also
utilized in this study, focus on a 302x140-pixel region of the substrate in the birefringence
dataset. As shown in Figure 1(a), T. exhibits locally elevated values in stress/strain-concentrated
regions, forming a stripe-like pattern along (111) [59]. This is likely due to slip planes generated
along (111) under an external force at room temperature, rendering ferroelectric domains visible
along these planes. In contrast, Figure 1(b) shows a nearly uniform distribution of T_ across the
substrate. These varying distributions suggest that the stress/strain concentration has a more
profound influence on T. compared to T..

Using the K -shape clustering method described in Ref. [60], the dataset was grouped
into four clusters based on the shapes of the 6 and y T -dependence curves, 5(T) and y(T).

Figure 2(a) presents the clustering results, while Figure 2(b) presents the averaged &(T) curves
for each cluster at 575 nm. Clusters E1 and E2 exhibit higher ¢ values than E3 and E4, with
deviations of approximately 20 nm across all T s. For each cluster, box-and-whisker plots of T.
and T_ and data tables are provided in the Supplementary Materials. The mean T. values for E1
and E2 are 1.85 K (95 % Bayesian confidence interval: [1.82 K, 1.87 K]) higher than those for
E3 and E4. The T. distributions in E1 and E2 are skewed toward higher temperatures, resulting
in higher means than medians. In contrast, the T. distributions in E3 and E4 are relatively
symmetrical, with similar means and medians. These results indicate that T. increases due to
stress/strain concentration in E1 and E2, while uniform stress/strain is primarily observed in E3
and E4. Contrastingly, T, remains nearly uniform distribution across all clusters, as evident in

the box-and-whisker plots, reflecting its uniformity across the substrate. These distinct
observations suggest that T, is affected by stress/strain, while T. is additionally affected by
spontaneous polarization. We propose the following scenario: uniform stress/strain generates
polarization throughout the substrate via the piezoelectric effect, while strain gradients induce
additional localized polarization via the flexoelectric effect in E1 and E2. As T approaches ~T,

values, the dielectric constant decreases rapidly, suppressing the flexoelectric effect. According
to Ref. [14], the flexoelectric effect manifests within the range T. <T <T_ and disappears at ~
T.. However, its behavior below T. remains unclear due to overlapping contributions from

piezoelectric and flexoelectric effects, making it challenging to isolate the latter.

Since the ferroelectric phase transition is affected by local stress/strain distributions,
birefringence measurements provide an indirect but effective means of assessing their effect on
T.. The distribution of T. shown in Figure 1(a) was obtained from the T dependence of ¢ .

Since the stress-induced ferroelectric phase transition is sensitive to local mechanical
environments, analyzing the spatial distributions of 6 and y provides an effective means of



examining how these factors influence T.. Although it is possible to perform T -series causal

inference by substituting the time variable with temperature, this approach presents significant
computational challenges. The primary issue is not merely the increase in data volume but the
need to address statistical dependencies such as unit roots and autocorrelation, which require
extensive preprocessing. Previous clustering studies have demonstrated that key tendencies can
be captured by analyzing datasets above and below T_.[59]. Therefore, this study focused on

birefringence measurements from the spatial distributions of & and y at four T values: 14.1 K
(<T.),40.0K (>T;), 90.0 K(<T,), and 130.9 K (>T.). Among the three wavelength datasets (

A =523, 543, and 575 nm), the 575-nm dataset was selected owing to higher signal-to-noise
ratio resulting from the higher incident light intensity[62]. Since there is a strong correlation
between the data at the four T points, appropriate preprocessing is required. However, as
discussed in Section 4, the data can be processed using conventional statistical methods, so
computational cost is not a limiting factor.

Figure 3 illustrates the spatial distributions of 5(14.1K) and 6(40.0K) at A =575 nm.

In Figure 3(a), the 5(14.1K) distribution exhibits an unexpected value in the small rectangular

region on the right, spanning several pixels. The values intrisitically exceed incident light A of
575 nm, as described in Ref. [68]. However, due to the limitations of the measurement method,
distinguishing between & = A(1+A@&/(2x)) nm and A(1—A@&/(27)) nm is not possible; hence,

—A6@ was assumed for all pixels. The sign could be theoretically determined by cross-
referencing datasets for 543 and 523 nm due to the small A -dependence of o . However,
verifying each pixel is very laborious. As these regions account for less than 1 % of the total
pixel count, their impact on the overall analysis is negligible. Therefore, —A@ was consistently
assumed in the all data. The Supplementary Materials provide the spatial distributions for
6(90.0K), 6(130.9K), w(14.1K), w(40.0K), w(90.0K), and y(130.9K) at A =575 nm.

These results demonstrate that the distribution patterns are largely invariant to T . The stripe-like
structures in the w distributions are attributed to dislocations and occur independently of

ferroelectric or structural phase transitions.

3. Data analysis procedure

The data-driven analysis in this study utilized birefringence imaging datasets obtained under
231-MPa external force, as reported in Ref. [12]. The analysis was conducted on a computer
equipped with an Intel(R) Core(TM) i9-14900 CPU (up to 5.80 GHz) and 96 GB of memory,
using a combination of advanced statistical and machine learning tools in the Python and R
environments. In the Python environment (version 3.11.1), random forest regression was
employed using the scikit-learn library (version 1.2.2) to investigate the relationship between
explanatory variables and T.. This method was chosen for its robustness in handling complex,

nonlinear relationships within the dataset and its ability to rank variable importance. In R
(version 4.1.2), SEM was performed to examine the correlations using the lavaan (version 0.6-
18) and semTools (version 0.5-6) packages. Lavaan provided a framework for defining and
estimating SEM models, while semTools enabled bootstrapped confidence interval calculations
and multi-group analyses. To make the explanatory variables orthogonal while preserving
explanability, sparse principal component analysis (sparse PCA) was conducted using the
“sklearn.decomposition” module in Python. Causal inference was performed using the DoWhy



library (version 0.11.1) in Python[69]. DoWhy provides a robust framework for estimating and
validating causal effects by integrating causal graph modeling, effect estimation, and robustness
checks. This facilitated counterfactual analysis and the evaluation of potential unobserved
confounding factors. To aggregate the estimation results, hierarchical Bayesian estimation was
performed using the Hamiltonian Monte Carlo algorithm—-a sophisticated method for Markov
chain Monte Carlo (MCMC) simulations. These calculations were performed using the rstan
package (version 2.32.6) in the R environment, ensuring efficient and accurate parameter
estimation. Statistical reliability of the calculation results from SEM and causal inference was
evaluated using p values, which quantify the probability of observing results as extreme as the

data under null hypothesis[70]. Small p values (typically less than 0.05) were interpreted as

significant evidence against the null hypothesis, while larger values indicated insufficient
evidence to reject the null hypothesis.

4. Results and discussion

To investigate the inhomogeneous spatial distribution of T., datasets of (5,y) at 14.1, 40.0,
90.0, and 130.9 K, and T, were analyzed. In causal inference, careful selection of essential

variables simplifies model construction and enhances the explanatory power for identifying
causal relationships. The relatively unchanged spatial distributions of 6 and y across varying
T, as shown in Figure 3 and the Supplementary Materials, suggest multicollinearity among these
variables. To address this, we used random forests, which are relatively robust to
multicollinearity and can handle complex, nonlinear relationships. Unlike gradient boosting,
which builds decision trees sequentially and is - more prone to overfitting noisy data, random
forests train trees independently, increasing robustness to noise[71, 72]. Furthermore, random
forests provide an interpretable ranking of the importance of explanatory variables because,
unlike gradient boosting, they do not depend on the order in which the trees are constructed. This
analysis identified the key variables influencing T.. After reducing the variables for T. from the

random forest analysis, SEM was conducted to elucidate correlations between variables and
derived a directed acyclic graph (DAG) for further causal interpretation. To validate the
robustness of causal inference derived from DAGs, a two-model learner (T-Learner) approach
was applied separately for groups with and without treatment[73]. This causal inference
technique, combined with machine learning, allowed us to disentangle the flexoelectric and
piezoelectric effects. The integration of random forest, SEM, and causal inference provides a
more comprehensive understanding of the fundamental mechanisms underlying stress-induced
ferroelectricity in SrTiO .

4.1. Regression analysis using random forests

Random forests, a robust ensemble learning method based on decision trees, are widely
recognized for their high prediction accuracy and resilience to overfitting and multicollinearity.
In this study, random forests were employed for regression analysis to predict the
inhomogeneous distribution of T.. The dataset was divided into 70 % training and 30 % test sets

using the “train_test split” function. A random forest regressor was constructed with 100
decision trees, each trained on bootstrapped samples of the training data. The model employed



root mean squared error (RMSE) reduction as the splitting criterion, minimizing the variance
within nodes to ensure effective data partitioning. All features were considered at each split point
to capture variable interactions. To maximize model flexibility, the minimum sample size for a
split was set to two, with leaf nodes requiring at least one sample. No depth limit was applied,
allowing the model to learn detailed patterns in the dataset.

The input dataset consisted of a 302x140-pixel block, excluding cluster numbers. The
objective variable was the T. distribution shown in Figure 1(a), while the explanatory variables
included nine distribution datasets: 5(14.1K), 6(40.0K), 6(90.0K), 6(130.9K), y(14.1K),
w(40.0K), w(90.0K), w(130.9K), and T.. Each variable was standardized prior to input as a
preprocessing step to improve prediction accuracy. Optimizing the random forest model with the
nine explanatory variables resulted in an RMSE of 0.223, reflecting its generalization
performance when evaluated on an independent test set. Furthermore, when evaluated on the
entire dataset, including both training and test data, the RMSE was significantly lower at 0.140,
indicating a good fit to the combined dataset. Feature importance rankings shown in Figure 4(a)
revealed approximately 60 % contribution of 5(14.1K) to the prediction of T.. The spatial
distribution of the residuals (= measurement — prediction), as shown in Figure 4(b), was
destandardized to the match the scale of T.. Large absolute values of the residuals were observed

in the E1 and E2 regions, where stress/strain is concentrated, despite the exclusion of cluster
number information. This suggests that the predictive accuracy for T_ is low in E1 and E2 due to

dominance of experimental data from E3 and E4, where stress/strain is uniformly distributed and
accounts for over 70 % of the total pixels. The results indicate that the regularities governing T.

differ between groups E1/E2 and E3/E4. Specifically, the inclusion of flexoelectric effects in
predictive models is essential for accurately modeling T. variations in the stress/strain-
concentrated regions, such as E1 and E2.

Although random forests excel at capturing complex nonlinear relationships, their feature
importance scores can sometimes emphasize variable interactions, potentially obscuring the
contributions of individual predictors. To address this, complementary methods such as
correlation analysis are valuable. In particular, Spearman’s rank correlation coefficient is robust
to outliers and provides intuitive understanding by assessing correlations between variables
without assuming linearity. Figure 5 presents the Spearman’s rank correlation coefficients

calculated for each cluster. The analysis revealed a strong positive correlation between T. and
0(14.1K) across clusters. This finding aligns with the feature importance rankings from the
random forest analysis, reinforcing 5(14.1K) as the dominant predictor of T.. This consistency
between the two approaches enhances the reliability of the random forest results. Further
examination of correlation coefficients for clusters E1 and E2 revealed strong positive
correlations between T. and &(40.0K), &(90.0K), and &(130.9K). In contrast, these
correlations were weak in E3 and E4. Additionally, comparing the correlation coefficients among
variables other than T. showed that E1 and E2 exhibited similar trends, as did E3 and E4. These

results suggest that the dataset naturally divides into two groups: E1/E2 and E3/E4. The
Supplementary Materials include the results from random forest analysis that incorporated
neighboring pixel information. Based on these findings, 6(14.1K) remained the highest-

importance variable, showing similar trends as the primary analysis.



4.2 Correlation analysis using structural equation modeling (SEM)

The nonlinear analysis using random forests revealed that &5(14.1K) moderately explains the
spatial distribution of T_.. To quantitatively identify which factors contribute to T., SEM was

employed. SEM integrates factor analysis and linear regression to statistically clarify the
relationship between T. and the explanatory variables.

Figure 6 illustrates the SEM path diagrams, showing the relationships between the
explanatory variables (o, ) and the objective variables (T., T.) using the complete 302x140-

pixel dataset. In these diagrams, unidirectional arrows with numbers from the explanatory
variable to the objective variable represent factor loadings. Table 1 details the estimated factor
loadings for each path. The square of each factor loading represents the proportion of the
explanatory variable in the objective variable. The variance of each explanatory variable is
normalized to 1.000 (see the Supplementary Materials), as indicated by the bidirectional arrows.
The sum of squared factor loadings determines the proportion in single objective variable
explained by all four explanatory variables. If this value is less than 1, there is some variance that
cannot be explained by the four explanatory variables. This unexplained variance is represented
by the arrow pointing toward the objective variable, ‘indicating the error variance as an
independent component. Table 2 summarizes the results of error variance. As indicated by the
values of the bidirectional arrows in Figure 6, the covariance between ¢&'s or y s is considerably

large (see the Supplementary Materials). These values are consistent with the Spearman’s rank
correlation coefficient in Figure 5. Due to notable multicollinearity, some factor loadings
exceeded 1, and several p values exceeded 0.05. From the four explanatory variables and one

objective variable in this model, the variance—covariance matrix of the observed data contains
5x(5+1)+2=15 unique elements (information content). With four factor loadings and one
error variance, the regression analysis model retains ten degrees of freedom. However, the lack
of diversity in the observed data arising from multicollinearity reduces the actual degrees of

freedom to zero, rendering the y*-test invalid. Table 3 presents model fit indices. The RMSE of

approximation (RMSEA) is an index used to evaluate the model approximation error, where
values below 0.05 suggest a good fit. Comparative fit index (CFI) and Tucker—Lewis index (TLI)
are commonly used to assess goodness-of-fit of a model, with values of 0.95 or higher
considered good fits. Standardized root mean square residual (SRMR) measures the average of
standardized residuals and is acceptable if less than 0.08. Akaike’s information criterion (AIC)
and Bayesian information criterion (BIC) are indices employed to compare two or more models
based on the same criteria. The lower the values, the better the model fit. Based on these indices,
the factor loadings and error variances in Tables 1 and 2 appear to follow reliable tendencies,

despite the significant multicollinearity. Consequently, the relationship between & and T. was

explained by the small error variance, whereas other combinations do not show the same
reliability. In the following analysis, we will only use the datasets for ¢, as the AIC and BIC
values for ¢ are smaller than those for y .

Strong multicollinearity complicates causal inference by leaving backdoor pathways
open, making it challenging to accurately estimate the average treatment effect. To mitigate this
issue, orthogonalizing each explanatory variable via PCA is essential. However, conventional
four-variable PCA often results in loss of intuitive understanding due to variable mixing.
Therefore, this study employs sparse PCA to maintain explanatory power. Given the near-



identical o distributions at the four T s, the simplest combination of the datasets, 5(14.1K) and
0(40.0K), was selected for analysis. As shown in Figure 4(a), the importance difference
between 5(40.0 K) and §(130.9 K) is less than 0.1, favoring the dataset with temperatures close
to T.. Sparse PCA uses iterative optimization with lasso regression, introducing an L1 norm as a

regularization term. Conventionally, the penalty coefficient should be optimized by cross-
validation. However, in case of two variables, the outcome is trivial, and the following linear
transformation is used:

ooy = 94-1K) \7;(40.0 K) ‘)
ooy S04l K)J;(4O.O K) @

where the principal components PC1 and PC2 are the orthogonal basis functions. Sparse PCA
yielded results identical to the direct linear transformation, except for cases where the penalty for
the Lasso regularization is « >10. Although sparse PCA ensures orthogonality and reduces
multicollinearity, it does not necessarily preserve the direct physical interpretability of the
original variables. In this study, sparse PCA was used primarily for mathematical transformation
rather than for organizing physical quantities. Nevertheless, the resulting principal components
can be associated with meaningful physical phenomena. PC1l, which reflects the overall
magnitude of ¢, is influenced by the concentration of stress/strain, while PC2, which is the
difference of 6 between 14.1 K (<T.) and 40.0 K (>T.), reflects the amount of spontaneous
polarization due to the photoelastic effect. Figure 7 shows the spatial distributions of PC1 and
PC2, both of which reveal stripe-like structures.

Figure 8 and Tables 4 and 5 present the SEM estimation results for each cluster,
analyzing the contributions of PC1 and PC2 to T. and T,. Table 6 summarizes the model’s
goodness-of-fit indices. As PC1 and PC2 are orthogonal, their covariance is zero, eliminating
the need for a bidirectional arrow to represent their relationship. This orthogonality allows
independent estimation of factor loadings on T. and T,. Consequently, the factor loadings

associated with T_ remain unchanged even when the objective variable is restricted to T. alone

(see the Supplementary Materials). The goodness-of-fit indices indicate a well-fitting model
across clusters, and the AIC and BIC values confirm significant improvements in model
performance due to the orthogonalization, even with fewer explanatory variables. The sum of the
squared factor loadings and the error variance are equal to 1, indicating that the models fully
explain the variance. However, large error variances associated with T_ indicate that PC1 and

PC2 do not adequately capture its variance, suggesting the influence of other factors outside the
model. Furthermore, the factor loadings from T. to T_ are small, with some p values exceeding

0.05, highlighting distinct mechanisms governing T. and T, distributions. Based on these results,
this study focuses on T, which is more reliably explained by PC1 and PC2. PC1 exhibits

larger factor loadings in E1 and E2, while PC2 dominates in E3 and E4, although this result only
reflects the correlation.



4.3 Causal inference in statistics

For causal inference in statistics using the DoWhy library, a DAG (Figure 9) was constructed
based on the SEM diagrams in Figure 8. Prior to analysis, the PC1, PC2, and T. datasets were
standardized to eliminate scale differences between variables and improve model stability. In this
setup, PC1 and PC2 were the treatment variables, while T. was the outcome variable. The
orthogonality of PC1 and PC2, achieved via Equations (3) and (4), inherently satisfies the
backdoor criterion. This eliminates the need for additional covariates to block potential
confounding effects. Consequently, the “identify effect”, “estimate_effect”, and
“refute_estimates” functions from the DoWhy library were employed to estimate and validate the
average treatment effect (ATE). The “backdoor.linear_regression” function was specified for
“estimate_effect”. In this linear regression model, the variable ATE is expressed as

ATE = E(Y,-Y,), (5)

where Y, and Y, are the expected outcomes when the treatment is applied and not applied,
respectively. For standardized datasets, the ATE estimates represent the expected change in
standard deviation units of T. for a one-standard-deviation increase in either PC1 or PC2,
assuming no interaction effects between the treatment variables. However, to capture nonlinear
relationships, potential interaction terms (PC1x PC2) are also discussed below.

Figure 9 shows the DAGs, and Table 7 summarizes the results of these analyses.
However, the error variances are not explicitly estimated. As the input data were standardized, if
the sum of ATE s equals 1, error variances do not contribute to the residual effect. Conversely, a
sum less than 1 suggests contributions from measurement error and/or unobserved confounding
factors. In Table 7, the sum of ATEs in E3 is exceeds 1, even within the 95 % confidence

interval. This suggests that the effects of PC1 and PC2 on T. are not entirely additive.
Although ATE provides an average population-level treatment effect, it does not account for the
interaction effects variables. In this case, PC1 and PC2 are assumed to affect T. independently,
while also interacting with each other. This interaction implies that the effect of PC1 on T. may

depend on the value of PC2, and vice versa. To capture these effects, the conditional average
treatment effect (CATE) was introduced. CATE extends ATE by evaluating the treatment effect
conditional on specific values of the covariates X . For instance, CATE(X) quantifies the

treatment effect on T., given particular values of the covariates X . This approach provides a
more nuanced understanding of the relationship. The inclusion of CATE(X) is important to

accurately model interaction dynamics that cannot be captured by ATE alone. To represent
these interactions, the models are modified as follows:

T, ~ PCL+(PC1xPC2), (6)
for the CATE of PC1, and
T, ~ PC2+(PC1xPC2), (7)

for the CATE of PC2. These models allow the evaluation of nonlinear relationships, where the



effect of PC1 depends on PC2, and vice versa. Using CATE(X), ATE for PC1 can be
redefined as

ATE = E(CATE(X)), (8)
where
CATE(X) = E(Y,-Y, | PC2 = X). 9)

CATE(X) can be similarly described for PC2. Table 8 summarizes the results of CATE(X)
under different conditions for PC1 or PC2. The CATE(X) of PC1 increases as PC2

increases, and vice versa. The model described in Equations (6) and (7) includes the ATE
estimates of PC1 and PC2 separately, as well as the interaction term (PC1xPC2) in both.

Consequently, summing the two ATESs results in double-counting the interaction term,
overestimating the total effect of PC1 and PC2 on T..

The reliability of the evaluation results is assessed by checking whether the DAG models
constructed in Figure 9 are sensitive to spurious causal  relationships. The
“dummy_outcome_refuter” function from the DoWhy library was employed. This ensures that
the model is free from spurious relationships and captures true causal effects. By design, the
random dummy outcome has no causal relationship with the treatment. If the estimated effect for
the dummy outcome is close to zero, and the p value is high ( p ~1), the null hypothesis cannot

be rejected, supporting the conclusion that no spurious causal relationships exist in this model.
Table 9 summarizes the results of the dummy outcome tests and the p values. Across all cases,

the estimated values are close to zero, and the p values are close to 1, indicating that these

models are robust and do not detect any spurious causal relationships. Comparisons of DAG
diagrams (Figure 9) and SEM diagrams (Figure 8) reveal near-identical structures for each
cluster. Both approaches indicate that PC1 contributes more significantly to T. in E1 and E2,

whereas PC2 dominates in E3 and E4. To simplify the discussion below, E1 and E2 are merged
into a single cluster labeled E12, while E3 and E4 are grouped into E34.

Additionally, to assess the impact of potential unobserved confounding factors, the
“random_common_cause” function from the DoWhy library was utilized. Compared with the
“dummy_outcome_refuter” function, this method evaluates the sensitivity of the estimated
causal effect to the inclusion of an unobserved common cause. If the causal estimates remain
stable after the addition of this random variable, the model is considered robust to potential bias
from unobserved confounding factors. Prior to the analysis, the PC1, PC2, and T. datasets for
E12 and E34 were standardized to ensure consistency and comparability. The refuter introduces
a random variable, called “random common cause”, sampled from a normal distribution N (0,1%) .

This variable simulates unobserved confounding factors, allowing for the evaluation of
robustness of causal inference. Intensity of the randomness introduced by the refuter is
appropriate for simulating realistic potential bias while maintaining the scale consistency of the
standardized input dataset.

To address the sample size imbalance between E12 (10,571) and E34 (31,709), the
bootstrap method was employed. Specifically, 2,000 samples were drawn with replacement from
each group, and the ATE influenced by the random variable was calculated. This process was
repeated 10,000 times, generating a distribution of ATE ratios (the ATE with the random



variable divided by the ATE without it). To detect statistical differences in the ATE ratio
distribution, a smaller number of iterations, such as 1,000, can suffice for convergence; however,
a larger number of iterations (10,000 iterations) was chosen as a conservative measure to ensure
robust and reliable results, even though it would take a few days for computation. This decision
reflects a trade-off between computational cost and statistical confidence, with the goal of
minimizing the risk of underestimating the effects due to insufficient sampling. Figure 10
presents histograms of the ATE ratios for E12 and E34, which converge closely around 1.
Furthermore, based on the histograms of p, values are dispersed between 0.8 and 1; thus, the
null hypothesis cannot be rejected. This indicates that the inclusion of the “random common
cause” has a negligible effect on the ATE estimates. The stability of these ratios across
iterations underscores the robustness of the causal inference framework, confirming that the
influence of unobserved confounding factors is minimal.

Given the robust regression models derived from this straightforward model, the next
phase of analysis focuses on understanding why PC1 dominates in E12, while PC2 dominates
in E34. According to the box-and-whisker plot of T. (see the Supplementary Materials), the T.

values for E12 are distributed toward higher T values compared to E34. Furthermore, in Figure
2(b), the &(T) curves for E1 and E2 consistently exhibit values approximately 20 nm higher
than those for E3 and E4 across the entire T range. To analyze these differences, the 20-nm
increase in o is defined as the treatment effect, designating E12 as the treated group and E34 as
the untreated (control) group. Using the T-Learner framework, the latent scores of the treated
E12 group and untreated E34 group are directly compared to gain deeper insights into the
variations in treatment effects between these groups[73].

In this study, the T-Learner framework was employed to quantitatively assess the
increase in T_ at individual pixels using different regression models. The dataset was split into

two groups, E12 and E34, to train separate models for each group for predicting outcomes for the
treated (Y,) and untreated (Y,) groups based on the observed o values. The treatment effect for

each pixel was estimated as the difference between these predicted outcomes (Y, —Y,). Further,

by aggregating these individual estimates, the ATE, ATE on the treated (ATT), and ATE on the
untreated (ATU) values were calculated. To preserve the original scale of the T. dataset and

quantitatively evaluate its absolute change, the datasets for 5(14.1K), 6(40.0K), and T_ are

used without preprocessing. This contrasts with the typical approach where input datasets are
standardized to facilitate model training. As noted in the DAG calculations in Figure 9, sparse
PCA was used to orthogonalize the predictors and prevent the backdoor pathway from remaining
open due to multicollinearity, which is crucial for valid causal inference within the DAG
framework. In contrast, the T-Learner framework focuses on estimating the difference in
treatment effects predicted by regression models for the treated and untreated groups. Although
multicollinearity may affect the stability of individual regression models, their impact on the
difference in predicted outcomes is typically minimal. Furthermore, the use of machine learning
models that are inherently robust to multicollinearity further mitigates any potential issues,
ensuring accurate and reliable estimation of treatment effects.

Bootstrapping was employed to ensure the robustness of the treatment effect estimates. In
each iteration, 2,000 samples were drawn with replacement from both E12 and E34, and the

estimated T., corresponding to the observed o increase of approximately 20 nm, was computed
from the bootstrapped subsampled data. Separate regression models were trained on these



datasets to predict outcomes. This process was repeated 10,000 times to generate treatment effect
distributions, enabling the calculation of confidence intervals to assess the reliability of the
results. Although the 10,000 bootstrap iterations required several days of computation, their
statistical reliability was prioritized. Each dataset was split into 70 % training and 30 % test sets
using the “train_test_split” function, separately for E12 and E34, to ensure independent model
evaluation. The T-Learner framework integrated five regression models to capture the
relationship between the predictors, PC1 and PC2, and the outcome, T.. Linear regression

(LR), implemented using the “LinearRegression” function from the scikit-learn library, assumed
a linear relationship between the predictors and the outcome with default parameters. Support
vector machine regression (SV), using the “SVR” function with a linear kernel (kernel=*linear’),
was employed to capture linear relationships. Random forest regression (RF), implemented with
the “RandomForestRegressor” function, utilized 180 estimators to model complex, nonlinear
interactions, with unrestricted tree depth and minimum sample requirements set to two for
splitting and one for leaf nodes. Gradient boosting regression (GB), using the
“GradientBoostingRegressor” function, was configured with 100 estimators, a learning rate of
0.1, and a maximum tree depth of three to balance complexity and overfitting. Finally, a neural
network (NN) was implemented using the “MLPRegressor” function, which included two hidden
layers of 100 units each to capture highly nonlinear relationships. The NN training was limited to
500 iterations, with early stopping enabled to prevent overfitting when validation performance
ceased to improve. Regarding multicollinearity of the input datasets, the LR and SV methods
may be affected, whereas the RF and GB methods are more robust. Therefore, considering the
characteristics and strengths of each model is essential.

Figure 11 illustrates the effect sizes estimated by the T-Learner across five regression
models, presented as box-and-whisker plots. The estimated ATE (ATE®™) in Equation (5)
represents the average effect of increasing o by approximately 20 nm across the entire dataset,
covering both E12 and E34. The estimated ATT (ATT®) represents the average treatment
effect within the treated E12 group and is typically expressed as

ATT = E(Y,-Y,|Z =1), (10)

where Z =1 indicates that the data belong to the treated group. This conditional expectation
quantifies the expected difference in outcomes for individuals in E12 when the treatment is
applied versus when it is not. Conversely, the estimated ATU (ATU®™) corresponds to the
treatment effect in the untreated E34 group using counterfactual thinking and is generally
expressed as

ATU =E(Y,-Y,|Z =0), (11)

where Z =0 indicates that the data belong to the untreated group. Thus, ATU™ quantifies the
expected difference in outcomes for individuals in E34 if the treatment were hypothetically
applied compared to no treatment.

Figure 11 reveals slight differences between the estimated effect sizes depending on the
regression models used. The differences between ATT™ and ATU® can be explained by the

linear and nonlinear models. In linear models, ATT™ > ATU® suggests that E12 is more likely
to benefit from increasing o . For E34, the benefit of increasing 6 was evaluated using



counterfactual thinking, which indicates that E34 is less likely to experience a significant
increase in T. compared to E12. This aligns with the general observation that untreated groups,

typically composed of individuals less likely to receive treatment, tend to underestimate
treatment effects. Furthermore, counterfactual estimates for the untreated group are often
sensitive to model assumptions, implying that their flexibility is limited in the linear models: the

treatment effect is restricted to a monotonic change in T.. In contrast, nonlinear models exhibit
more flexibility in capturing the mechanisms driving the increase in T. with increasing ¢, as
indicated by ATT™ ~ ATU®.

The relationships between ATE™, ATT™ and ATU™ are further analyzed, with a
focus on the differences across models. Weighted ATE (ATE") is calculated as the weighted
arithmetic mean of ATT®™ and ATU®:

Wy X ATT ™ + W, x ATU S

ATE" =
Warr + Wary
_ War XxEM Yo 1Z=1) | W xE(Y, -Y, [220) (12)
WATT + WATU WATT + WATU
=E(Y)—E(Y,)
=E(Y;-Y,)
= ATE™, (13)

where the weights w,.; and w,., correspond to the number of pixels in E12 and E34,

respectively, i.e., w, =10,571 and w,;, =33,709. To transition from Equation (12) to
Equation (13), satisfying the conditions of “unconfoundedness™, “positivity assumption”, and
“stable unit treatment value assumption (SUTVA)” is necessary, as mentioned later[1]. To verify
the consistency of ATE™ with ATE", the difference between them is defined as

AATE = ATE™ — ATEY. (14)

From the 10,000 bootstrapped datasets, the 95 % confidence interval for AATE is clarified to
determine if it included zero. Solely relying on the arithmetic mean of the five regression models
risks losing valuable information from each model. To overcome this, hierarchical Bayesian
estimation was applied. This approach captures both the variability between models and the
uncertainty  within each model, offering more robust and interpretable estimates. In this

framework, for each model, the treatment-effect estimates, ATE™, ATT,™, and ATU™ (i=
LR, SV, RF, GB, and NN), and their differences, AATE, = ATE™ — ATE", were treated as

lower-level variables. The global means of these estimates, ATES: , ATT' S  and ATU:

global global global
and their differences, AATE,, = ATEgEIffbal —ATEQﬁbal, were modeled as upper-level variables.

Hyperpriors were imposed at the upper level, defined as

ATES

global

~ N(1.832,0.5%), (15)



ATT o ~ N(1.049,0.5%), (16)
ATUS ~ N(0.515,0.5%), (17)
~ N(1.106,0.5%), (18)

global

AATE

global

where the initial means of the normal distribution were set to the arithmetic means from the

dataset. Compared to the ATE®™, ATT™, and ATU™ distributions in Figure 11, the standard
deviations are set to a sufficiently large values. The relationships between the upper and lower
levels is modeled as follows:

ATE™ ~ N(ATE 5, 7). (19)
ATTS ~ N(ATT 0. 77), (20)
ATU™ ~ N(ATU 55 7°), (21)
AATE; ~ N(AATE 0, 7°), (22)
7 ~ N(0,0.5%), (23)
o, ~ N(0,0.5%), (24)

where 7 and o, represent the error terms for the upper and lower levels, respectively, with large
standard deviations. Finally, the likelihood for optimization is calculated as

ATE o ~ N(ATES, 07), (25)
ATT o ~ N(ATTS, 07), (26)
ATU oo ~ N(ATU S, 67), (27)
AATE 0y ~ N(AATE;, 07), (28)

where ATE™, ATT.™,and ATU™ correspond to the 10,000 data points shown in Figure 11.
The Bayesian estimation was performed using MCMC with 16 chains, each running for 11,000
iterations, including a 1,000-iteration warm-up period. Convergence of the MCMC simulations
was assessed via trace plots and Gelman—Rubin statistics[74]. The trace plots demonstrated
effective mixing and overlap between the chains. The Gelman—Rubin diagnostic value (R ) was
1.00 for all parameters, confirming satisfactory convergence between the chains. Pooling the
160,000 iterations yielded the mean and 95 % Bayesian confidence interval for the parameters,
as summarized in Table 10. These results indicate minimal discrepancies between the models for
ATE™, but significant differences between the linear and nonlinear models for ATT® and

ATU® . From the 160,000 iterations, AATE_, =1.19 K [0.99 K, 1.40 K] was obtained and

global

ATEj,,, =0.66 K [0.49 K, 0.83 K] was recalculated using the paired values of ATT i, and
ATUS

global *
As explained in the Supplementary Materials, the difference in the means of T. for E12
and E34 was estimated as 1.85 K [1.82 K, 1.87 K] using hierarchical Bayesian estimation. This



value aligns well with ATES: =1.83 K [1.63 K, 2.04 K]. Explaining the fundamental

global
assumptions for causal inference is also necessary to describe the reason for this agreement as
mentioned above[l]. The first “unconfoundedness” assumption posits that all confounding
factors have been observed and appropriately adjusted such that treatment assignment is random
after conditioning on the observed covariates. This assumption implies the absence of
unobserved confounding factors that can simultaneously affect both the treatment and the

potential outcomes (Y, and Y,). To evaluate this, sensitivity analysis was conducted using a
hypothetical unobserved common cause. The results showed that even under the presence of

such a factor, the causal inferences remained stable. This supports the validity of the
unconfoundedness assumption. The second “positivity assumption” is defined as

0<P(Z=1|X)<1 VX. (29)

This assumption ensures that for all the covariates X , sufficient samples exist in both the treated
and untreated groups for estimating causal effects. As shown in Table 8, the CATE estimates
remain stable over various covariates X for the standardized input variables. This result
indicates the validity of the “positive assumption”. The final ‘SUTVA” ensures that the treatment
effect for each individual is unaffected by the treatment assignment of others and that the
observed outcomes Y directly correspond to the potential outcomes Y, and Y, . In this analysis,
the treatment effect—defined as an increase in ¢ Dby approximately 20 nm—was applied
uniformly across all pixels. Experimentally, the values of 6 were measured simultaneously and
recorded independently for each pixel, ensuring statistical consistency of the treatment definition
and minimizing interference between pixels. Therefore, it is reasonable to assume that ‘SUTVA”
is satisfied. Given the three assumptions, the difference in the means of the observed outcomes
between the treated and untreated groups can be expressed as

EY[Z=1)-E(|Z=0)=E(Y,|Z=1)-E(Y,[|Z=0)

= E(Y) —E(Y,)

=E(Y,=Yy)

= ATE®, (30)

where Y is the observed outcome, as previously mentioned. Consequently, the consistency of
ATE ;. implies-that there are no significant unobserved confounding factors and that the T-

Learner model is appropriately constructed. Similarly, the value of ATE)"

global
to ATEgE,ffba, in Equations (12) and (13); however, AATE,, >0 was observed. This discrepancy
suggests that counterfactual estimates for the untreated group do not adequately capture
unobserved factors present in the treated group.

The origin of AATE, ., >0 is explained as follows. The ATE™ value includes the full
dataset (E12 + E34) and captures both the direct treatment effect—which increases o by
approximately 20 nm—and unobserved factors influencing the treatment effect that cannot be
explicitly modeled by & . In contrast, ATT.®, estimated only in E12, reflects both the direct

should also be equal



treatment effect and the influence of these unobserved factors. For ATU®, however, the

estimation process significantly differs. Counterfactual scenarios for ATUF in E34 solely
account for the direct effect of increasing o by approximately 20 nm, neglecting unobserved
factors. Consequently, the linear models, ATU[ and ATUS, show a small increase in T.. In
contrast, the nonlinear models, ATUZ' and ATUZS, demonstrate greater robustness by
redistributing the unobserved treatment effects more equitably between the treated and untreated
groups, reducing the disparity between ATT.® and ATUF. This underscores the advantage of

nonlinear models in addressing biases inherent in linear approaches, making them particularly

valuable for causal inference. Therefore, AATE,, >0 arises from the presence of unobserved

treatment effects unique to E12. In contrast, the consistency of ATE™ across models further
strengthens its reliability as a measure of the overall treatment effect.
Considering this, to reexamine why the observed difference in the means of T. for E12

and for E34 aligns with ATE(,,, consider the components of the observed outcome Y at E12,

which includes both the observed and unobserved treatment effects. Therefore, the difference
between the expected outcomes at E12 and at E34 can be expressed as

E(Y|Z =1)-E(Y|Z=0) = E(Y,"”") + E(,"™) ~ E(Y,™)

= E(Yl) - E(Yo)
= ATE™ (31)

where the superscript “obs” refers to the treatment effects observed in the causal inference,
corresponding to the treatment effect of increasing 6 by approximately 20 nm. The superscript
“unobs” represents the unobserved treatment effect that is only present in E12. As unobserved
effects do not exist for E34, they do not contribute to the outcomes for the untreated group. As
expressed in Equation (31), the difference in the means for E12 and E34 measures the total

treatment effect, including unobserved treatment effect, and is equal to the value of ATE®™.
Additionally, ATT®™ in AT EY in Equation (12) accounts for unobserved treatment effect,

whereass ATU®" does not. Using w,; =10,571 and w,,, =33,709, the corrected weighted
arithmetic mean (ATE") can be rewritten as

_ Warr xEQY™ 4V, Y | Z =1) n Wary X E(Y,™ ~Y, [Z = 0)

AT ngfm =
WATT + WATU WATT + WATU
10,571
— CW ’ unobs
= AT Eglobal + m X E(Yl ), (32)
AT E ;Izcb(::nts for unobserved treatment effect - A-I—Eg\ll\gball + E(YlunobS)
= AT Ejgta +1.250E(Y,"™). (33)

Here, E(Y,"*®) corresponds to AATE, . » representing the contribution of the unobserved
treatment effect. This unobserved effect is specific to E12 and does not include any effects



observable in E34. As previously mentioned, linear models underestimate ATU™ under the
assumption that the unobserved treatment effect Y,"* is localized in E12. In contrast, the
nonlinear models provide more flexible estimations incorporating indirect information exchange
between E12 and E34, allowing for a small influence of Y, on ATU™. This difference is

evident in the box-and-whisker plots shown in Figure 11, where the whiskers for ATU® are
slightly longer in the nonlinear models than in the linear models. This suggests that the nonlinear

models capture a broader range of possible effects, including small contributions from Y, ">,
Biases inherent to different models are corrected using the hierarchical Bayesian estimation,

resulting in a reliable estimate of ATU ., based on the observed data from E34. This

integration balances the underestimation bias of linear models with the flexibility of nonlinear

models, ensuring that ATUgE,ffbal robustly reflects the characteristics of E34. Consequently, the

assumption that the unobserved treatment effect does not directly influence E34 is statistically
supported. From this discussion, the corrected treatment effect of increasing o by approximately

20 nm between E12 and E34 increases T. by ATEg ., =0.36 K [0.18 K, 0.54 K]. Additionally,

global
the corrected unobserved treatment effect localized at E12 further increases T. by

1.250E(Y,""*) =1.49 K [1.23 K, 1.75 K]. Together, these contributions result in a total increase
of T. at E12 by ATES,, = 1.83 K[1.63 K, 2.04 K] compared to E34.

global —

Based on the data-driven analysis presented above, we conclude that the five regression
models consistently suggest the presence of an unobserved treatment effect. Our analysis
indicates that this effect is likely related to the flexoelectric effect. Specifically, our experimental
results show that uniform stress/strain is greater in E12 than in E34, resulting in an enhanced
photoelastic effect that produces an approximately 20 nm larger 6 in E12. This 20 nm increase
in ¢ is associated with a 0.36 K [0.18 K, 0.54 K] higher T. in E12 compared to E34. In addition,
localized stress/strain concentrations in E12 generate strain gradients that appear to be associated
with additional polarization changes via the flexoelectric effect, resulting in an additional T.
increase of 1.49 K [1.23 K, 1.75 K]. Although a direct causal relationship between the
flexoelectric effect and the observed increase has not been definitively established, our statistical
analysis provides strong evidence of a potential causal relationship, making the flexoelectric
effect the most plausible candidate to explain the observed increase. According to Ref. [60], the
K -shape clustering criterion is based on the shapes of the &(T) and w/(T) curves. This suggests

that the treatment effect related to the flexoelectric effect may be better explained by w, as v

reflects the direction of stress, strain and polarization, which are highly related to strain
gradients[63-67]. Extending the DAG analysis to three or more variables is necessary to validate
this hypothesis and explore more advanced treatment methods in the future. Finally, as reported

in Ref. [14], the flexoelectric effect occurs in T. <T <T_. In this study, the distribution of T. and
the stress-induced ferroelectric state were analyzed using the 6(14.1K) and 6(40.0 K) datasets.
However, direct comparisons were not possible. Therefore, analyzing the 6(90.0K),
0(130.9K), w(90.0K), and ¥ (130.9 K) datasets is necessary. The distribution of T. solely
driven by the piezoelectric effect is crucial to explain the uniform distribution of T..



5. Conclusion

This study demonstrated the utility of integrating causal inference with SEM to analyze
birefringence imaging datasets of stress-induced ferroelectric SrTiO,. Through random forest
analysis, 5(14.1K) was identified as the key variable influencing T, contributing approximately
60 % to its prediction. Spatial distribution patterns in the residuals revealed distinct mechanisms
governing T. in E12 and E34. SEM analysis indicated that T. could be explained by ¢, while
T, remained inadequately captured due to large error variances, suggesting the influence of
unmodeled factors on its spatial distribution. To address the multicollinearity, sparse PCA was
applied to 6(14.1K) and 6(40.0K), yielding two independent components: PC1 (stress/strain
magnitude) and PC2 (polarization change). Orthogonalization improved the explanatory power
and analytical stability, providing clearer insights into the distinct roles of uniform and localized
stress/strain on T.. DAGs were constructed to explore the causal paths from PC1 and PC2 to

T.. The orthogonalization satisfied the backdoor criterion, ensuring causal effects’ unbiased
estimation. The DAG analysis revealed that PC1 predominantly influenced T. in E12, while

PC2 was the dominant factor for E34. This distinction suggests that different mechanisms
govern T. at E12 and E34. Based on T-Learner analysis, the increasing o by approximately 20

nm between E12 and E34 raised T. by 0.36 K [0.18 K, 0.54 K], attributed to the piezoelectric

effect. Furthermore, the unobserved treatment effect exclusive to E12, which is most plausibly
attributed to the flexoelectric effect, further increased T. by 1.49 K [1.23 K, 1.75 K].

Although causal inference methods cannot directly identify unobserved physical
processes, they excel in uncovering hidden data regularities. In this study, we combined causal
inference and SEM with domain-specific knowledge to analyze the relationship between ¢ s and
T: in the stress-induced ferroelectric SrTiO3. While traditional methods might attribute the

entire 1.83-K increase in T. to the 20-nm difference in o, our approach disentangled the

contributions of piezoelectricity (0.36 K) and flexoelectricity (1.49 K), revealing the dominant
role of the flexoelectric effect. To address the inherent mixing of effects in real-world data, we
employed hierarchical Bayesian estimation to correct biases between different models and
extract robust estimates of treatment effects. This approach validated our analytical assumptions
and demonstrated its capability to handle complex datasets where phenomena are not perfectly
separable. By quantifying the contributions of the piezoelectric and flexoelectric effects, our
study underscores the potential of integrating advanced statistical methods with
phenomenological insights to achieve a deeper understanding of physical phenomenon.
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Table 1. Calculated factor loadings based on structural equation modeling (SEM) in Figure 6.
Relationships between (a) retardance (&) and ferroelectric phase transition temperature (T.), (b)

fast-axis direction (y) and T_, (c) ¢ and structural phase transition temperature (T.), and (d) v

and T..

Condition Start — End Factor loading | Standard error p -value

(a) S14.1K) > T, 1.043 0.007 0.000
0(40.0K) > T 0.015 0.016 0.329
6(90.0K) > T. —0.459 0.014 0.000
0(130.9K)—>T;. 0.119 0.007 0.000

(b) w(14.1K) > T. —0.459 0.030 0.000
w(40.0K) > T 0.163 0.023 0.000
w(90.0K) > T. 0.331 0.014 0.000
w(130.9K) > T. —-0.128 0.007 0.000

(© 5(14.1K) > T, ~0.030 0.010 0.004
0(40.0K) > T, 0.145 0.025 0.000
0(90.0K) > T, 0.108 0.022 0.000
0(130.9K) > T, —0.003 0.011 0.800

(d) w(14.1K) > T, 0.137 0.031 0.000
w(40.0K) > T, 0.027 0.023 0.239
w(90.0K) > T, —0.095 0.014 0.000
w(130.9K) > T, 0.037 0.007 0.000




Table 2. Error variance as an independent component of T. and T, based on SEM results in

Figure 6, considering (a) o and T., (b) w and T, (c) 6 and T_, and (d) v and T_.

Condition Variable Variance Standard error p -value
(a) T 0.384 0.003 0.000
(b) T. 0.967 0.007 0.000
(c) T 0.951 0.007 0.000
(d) T 0.987 0.007 0.000

Table 3. Model fit indices based on SEM results in Figure 6, analyzing relationships between

(@ o and T, (b) v and T, (c) 0 and T_, and (d)  and T,.

Index @) (b) ©) (d)
RMSEA 0.000 0.000 0.000 0.000
CFI 1.000 1.000 1.000 1.000
TLI 1.000 1.000 1.000 1.000
SRMR 0.000 0.000 0.000 0.000
AIC 296,681 358,171 335,013 350,048
BIC 296,811 358,301 335,143 350,178

Table 4. Calculated factor loadings for clusters E1-E4 based on SEM results in Figure 8.

Cluster Start — End Factor loading Standard error p -value
El PCl—>T. 0.734 0.009 0.000
PC1—-T. 0.309 0.018 0.000
PC2 T, 0.057 0.009 0.000
PC2>T, —0.076 0.012 0.000
T-—T. 0.146 0.018 0.000
E2 PCL—>T. 0.699 0.010 0.000
PC1—-T, 0.255 0.019 0.000
PC2 5T, 0.230 0.010 0.000
PC2 T, 0.038 0.014 0.008
T —>T, 0.072 0.020 0.000
E3 PCL->T. 0.399 0.005 0.000
PC1—T, 0.179 0.010 0.000
PC2 5T, 0.711 0.005 0.000
PC2 T, —0.037 0.012 0.003
T T, —0.034 0.014 0.013




E4 PC1>T. 0.318 0.005 0.000
PC1—T, 0.121 0.009 0.000
PC2 T, 0.700 0.005 0.000
PC2 T, —0.127 0.012 0.000
T. >T, 0.015 0.012 0.207

Table 5. Error variance as an independent component of T. and T, for clusters E1-E4 based on
SEM results in Figure 8.

Cluster Variable Variance Standard error p -value
El T. 0.458 0.009 0.000
T 0.813 0.015 0.000
E2 T. 0.458 0.009 0.000
T, 0.901 0.018 0.000
E3 T. 0.335 0.004 0.000
T 0.968 0.011 0.000
E4 T. 0.409 0.005 0.000
T 0.971 0.011 0.000

Table 6. Model fit indices for clusters E1-E4 based on SEM results in Figure 8.

Index El E2 E3 E4
RMSEA 0.000 0.000 0.000 0.000
CFlI 1.000 1.000 1.000 1.000
TLI 1.000 1.000 1.000 1.000
SRMR 0.000 0.000 0.000 0.000
AIC 25,809 24,293 71,291 76,235
BIC 25,855 24,339 71,345 76,288

Table 7. Calculated average treatment effect (ATE) for clusters E1-E4 based on directed
acyclic graph (DAG) analysis results shown in Figure 9.

Cluster Start — End ATE 95.0% confidence | p -value
interval
El PC1—>T. 0.735 [0.709,0.756] 0.00
PC2>T. 0.239 [0.183,0.301] 0.00
E2 PC1—>T, 0.683 [0.666,0.704] 0.00
PC2—>T. 0.161 [0.132,0.191] 0.00
E3 PC1—>T. 0.379 [0.358,0.403] 0.00




PC2 T, 0.722 [0.710,0.735] 0.00
E4 PC1T. 0.307 [0.285,0.336] 0.00
PC2 T, 0.687 [0.674,0.702] 0.00

Table 8. Calculated conditional average treatment effect (CATE) for clusters E1-E4 based on
DAG analysis results in Figure 9. Due to the analytical conditions, some half-open interval
orientations differ; however, this does not affect the discussion.

Cluster | Start — | PC2 interval CATE | Start —» PCL1 interval CATE
End condition for End condition for PC2
PC1
El [-15.409,-0.554) | 0.629 PC2 T, | [-3.558,-0.797) | 0.029
PC1->T,

[-0.554,-0.119) | 0.704 [-0.797,-0.416) | 0.139
[-0.119,0.182) 0.738 [-0.416,0.151) 0.213
[0.182,0.635) 0.769 [0.151,0.878) 0.322
[0.635,2.159) 0.832 [0.878,3.103) 0.493

E2 PC1—T. | [-8.232,-0.807) [0.632 | PC2-T, | [-3.727,-0.752) | -0.002
[-0.807,-0.204) | 0.665 [-0.752,-0.372) | 0.081
[-0.204,0.266) 0.685 [-0.372,0.060) 0.140
[0.266,0.803) 0.703 [0.060,0.618) 0.207
[0.803,3.739) 0.732 [0.618,3.633) 0.381

E3 PC1->T, [-10.128,-0.865) | 0.286 PC2 T, (-4.978,-0.714] | 0.533
[-0.865,—0.244) | 0.339 (-0.714,-0.209] | 0.655
[-0.244,0.115) 0.375 (—0.209,0.198] 0.723
[0.115,0.687) 0.405 (0.198,0.597] 0.780
[0.687,4.451) 0.490 (0.597,6.232] 0.920

E4 PC1—T. | [-10.655,-0.855) | 0.115 PC2—->T. | (-7.709,-0.772] | 0.540
[-0.855,-0.182) |0.238 (-0.772,-0.300] | 0.629
[-0.182,0.229) 0.311 (-0.300,0.231] | 0.682
[0.229,0.665) 0.369 (0.231,0.798] 0.745
[0.665,5.583) 0.502 (0.798,9.279] 0.839

Table 9. Random dummy outcomes for clusters E1-E4 based on DAG analysis results in Figure

9.
Cluster Start — End Estimate p -value
El PC1—>T. 0.002 0.82
PC2 T, 0.002 0.94




E2 PC1-T. 0.002 0.94
PC2 T, 0.001 0.80
E3 PC1—>T, 0.000 0.98
PC2->T: 0.000 0.94
E4 PC1—T. 0.001 0.98
PC2 T, 0.000 0.96

Table 10. Hierarchical Bayesian estimation of mean effect sizes, including. ATE®, ATT™,

ATU™, and their differences, calculated using various regression models: linear regression
(LR), support vector machine (SV), random forest (RF), gradient boosting (GB), and neural

network (NN).

Variable Mean 95 % Bayesian confidence

interval

ATE oba 1.832 [1.626, 2.037]
ATTosa 0.966 [0.763, 1.172]
ATU g 0.525 [0.320, 0.731]
AATE 3., 1.193 [0.987, 1.397]
ATE[ 1.845 [1.844, 1.847]
ATES 1.765 [1.764, 1.766]
ATESY 1.846 [1.845, 1.848]
ATE(ESBt 1.846 [1.845, 1.848]
ATES 1.856 [1.854, 1.858]
ATT 1.186 [1.185, 1.187]
ATTS! 1.365 [1.364, 1.366]
ATT 0.854 [0.853, 0.856]
ATTES 0.853 [0.851, 0.854]
ATTSS 0.553 [0.551, 0.555]
ATUS 0.409 [0.408, 0.410]
ATUS 0.142 [0.141, 0.143]
ATUE 0.778 [0.777,0.780]
ATUS 0.764 [0.763, 0.766]
ATUS 0.538 [0.536, 0.541]
AATE, » 1.242 [1.241, 1.243]
AATE,,, 1.317 [1.316, 1.318]




AATE 1.049 [1.048, 1.051]

AATE 1.060 [1.058, 1.061]

AATE,,, 1.314 [1.312, 1.316]

Figure 1. Spatial distributions of (a) ferroelectric phase transition temperature (T.), and (b)
structural phase transition temperature (T_) on SrTiO,(110) under an external force of 231 MPa
applied along [001], as reported in Ref. [60].

Figure 2. (a) K -shape clustering and (b) temperature dependence of the averaged retardance for
A =575 nm, as reported in Ref. [60]. In (b), the curves for E1 and E2 overlap, as do the curves
for E3 and E4.

Figure 3. Spatial distributions of the retardance ¢ at (a) 14.1 K and (b) 40.0 K for 4 =575
nm.

Figure 4. (a) Feature importance ranking of explanatory variables for T., and (b) spatial
distribution of residuals after destandardization to the same scale as T, based on random forest
analysis.

Figure 5. Spearman’s rank correlation coefficients calculated for clusters (a) E1, (b) E2, (c) ES3,
and (d) E4. Each symbol represents the following: a=T., b=T, c¢=06(130.9K),

d=w(130.9K), e=8(90.0K), f =y (90.0K), g=5(40.0K), h=w(40.0K), i=5(4.1K),
and j=y(14.1K).

Figure 6. SEM diagrams illustrating the correlations between (a) T. and four & variables, (b)
T: and four y variables, (c) T, and four & variables, and (d) T, and four y variables.

Figure 7. Spatial distributions of orthogonalized retardance components: (a) PC1 and (b) PC2
at A =575 nm, derived using Equations (3) and (4).

Figure 8. SEM diagrams showing the correlations between PC1 and PC2 with T. and T_ for




clusters (a) E1, (b) E2, (c) E3, and (d) E4.

Figure 9. Directed Acyclic Graphs (DAGS) illustrating the causal relationships between PC1
and PC2 with T. for clusters (a) E1, (b) E2, (c) E3, and (d) E4.

Figure 10. Evaluation of the effect of a random common cause. Histograms of ATE ratios are
shown, representing ATE with a random variable vs. ATE without the random variable for (a)
PC1 at E12, (b) PC2 at E12, (c) PC1 at E34, and (d) PC2 at E34. The insets show the
corresponding histograms of p -values for each case.

Figure 11. Box-and-whisker plots of effect sizes for ATE®™, ATT® and ATU™ using Two-
model learner (T-Learner) with (a) linear regression (LR), (b) support vector machine (SV), (c)
random forest (RF), (d) gradient boosting (GB), and (e) neural network (NN).
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Figure 1. Spatial distribations of {a) ferroclectric phase transition temperature (Ty), and (b) structural
phase transition temperature (70 ) on SrTHO3(110) under an external force of 231 MPa applied aloag [001], as
reported in Ref. J6I.
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Figure 2. (a) K-shape clustering and (b) temperature dependence of the averaged retardance for A = 575
nm, as reported bn Ref. [Q)]. In (b), the curves for EI and E2 overlap. as do the curves for E3 and E4
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Retardance § at 14.1 K for A = 575 nm
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Figure 3. Spatial distrib of the retardance § at (a) 14.1 K and (b) $0.0 K for A = 575 nm_

(a) Feature importance ranking

Feature importance
(b)  Distribution of residuals

.5

1T i e g

Figure 4. (a) Feature lmportance rankiog of expl y varlables for 7). and (b) spatlal distribution of
sidunls after destandardization to the same scale as Ty, based on mndom forest analysks.
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Flgure 7. Spathal distributions of orthogonalized retardance components: (a) PC1 and (b) PC2 at A = 570
i, derived using Equations (3) and (4).

FPlgure 8. SEM dlagrams showing the corelations betwoen PC1 and PC2 with Ty and 7o for clustess (a)
E1l, (b) E2, (c) EX and (d) E4.
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Figure 11. Bax-and-whisker plots of effoet staes for ATE™®, ATT™* and ATU™* using Two-moedel learner
(T-Loarner) with (a) lincar reg (LR), (b) vector machine (SV), {c) random forest (RF), (d)
gradient boosting (GB), and (¢) neural network (NN).
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This study integrates causal inference and SEM to quantitatively analyze the effect of changes in
birefringence on the ferroelectric transition temperature of SrTiOs, successfully separating
contributions from piezoelectricity and flexoelectricity.



