Observation of the transverse Thomson effect
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The thermoelectric Thomson effect, predicted in the 1850s by William Thomson, produces
volumetric heating/cooling in a conductor due to the concerted action of the Seebeck and Peltier
effects. Recently, transverse thermoelectrics studies on the Nernst and Ettingshausen effects
have progressed rapidly to enable versatile thermal management technologies and to explore
topological transport properties. However, a transverse Thomson effect, arising from the
concerted action of the Nernst and Ettingshausen effects, has not yet been observed. Here, we
report the observation of the transverse Thomson effect in a conductor. We observed volumetric
heating/cooling in a semimetallic BigsSb12 alloy induced by a charge current, temperature
gradient, and magnetic field applied orthogonally to each other using thermoelectric imaging
techniques. We found that the heating/cooling can be switched by the field direction. Our
experiments and analyses reveal the essential difference between the conventional and
transverse Thomson effects; the former depends sorely on the temperature derivative of the
Seebeck coefficient, while the latter depends not only on the temperature derivative of the

Nernst coefficient but also on its magnitude. The observation of the transverse Thomson effect
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fills a missing piece in the history of thermoelectrics and provides a new principle for active

thermal management technologies.

The Thomson effect generates volumetric heating/cooling when a charge current and
temperature gradient VT are applied in the same direction within a conductor? (Fig. 1c). The heat

production rate per unit volume due to the Thomson effect is given by

gt = —Trejc - VT ¢Y)

where 7re and jc are the Thomson coefficient and charge current density, respectively. This effect
originates from the longitudinal thermoelectric effects that interconvert charge and heat currents in
parallel directions, that is, the Seebeck’ and Peltier* effects (Fig. 1a,b). In the presence of V7, the
Peltier heat current generated by jc varies with position when the longitudinal thermoelectric
coefficient of a conductor has finite temperature 7 dependence. Consequently, Thomson heat release
or absorption occurs due to the finite divergence of the heat current in the bulk of the conductor.
Through the Onsager reciprocal relation between the Seebeck and Peltier effects™, zre is determined

by the T derivative of the Seebeck coefficient Ssk as follows:

das.
TTE = Td—;E (2)

This is known as the first Thomson (or Kelvin) relation'?. While the Seebeck coefficient is regarded
as a constant parameter in linear-response thermoelectrics, its 7" dependence is essential for the
Thomson effect. Therefore, the Thomson effect is classified as a higher-order longitudinal
thermoelectric phenomenon. In addition to the fundamental Seebeck, Peltier, and Thomson effects,
the longitudinal magneto-thermoelectric effects, which depend on the magnitude and direction of a

magnetic field, were also observed and systemized (Fig. 1d-f)"?,.



Transverse thermoelectric effects that interconvert charge and heat currents in perpendicular
directions have attracted attention for their relevance to fundamental physics and thermal
management applications®!®. The Nernst!” (Ettingshausen'®) effect is a representative transverse
thermoelectric effect that generates a charge (heat) current in the direction of the cross-product of an
applied heat (charge) current and magnetic field in a conductor (Fig. 1g,h). Although the performance
of longitudinal thermoelectric modules reduces due to the presence of multiple junctions in complex
[T-shaped thermopile structures, transverse thermoelectric modules based on the Nernst and
Ettingshausen effects can be constructed without such junctions, preserving the energy conversion
efficiency of the material'®?!. Owing to these advantages, materials with high transverse
thermoelectric conversion performances are actively being investigated for practical applications. As

a part of these efforts, a giant Nernst effect was discovered in Dirac and Weyl semimetals'"-'4.

1-4,17,18 and

Most of the fundamental thermoelectric effects were discovered in the 19th century
have been systematically studied for a long time. However, higher-order transverse thermoelectric
effects in conductors remain unobserved and the transverse Thomson effect (TTE) is one of such
phenomena. Phenomenologically, TTE is expected to occur when a charge current, temperature
gradient, and magnetic field are applied orthogonally to each other in a conductor. In the presence of
transverse V7, the transverse heat current generated by the Ettingshausen effect varies with position
when the transverse thermoelectric coefficient of the conductor has finite 7" dependence, producing
volumetric heat release or absorption (Fig. 11). However, the experimental verification of TTE has
not progressed due to challenges in distinguishing it from other thermal effects. Here, we report the
observation of TTE in a conductor. We achieved this by developing a thermoelectric imaging
technique that isolates TTE signals from temperature modulations caused by the Peltier and
Ettingshausen effects, as detailed below.

Despite their phenomenological similarity, TTE fundamentally differs from the longitudinal

Thomson effect owing to its transverse nature. The heat production rate per unit volume due to TTE

is expressed as



) H |
drTE = TTTE (H X ]c) VT 3)

dT

Trrg = T + 25\g (4)

where Sne is the Nernst coefficient and the Onsager reciprocal relation between the Nernst and
Ettingshausen effects is assumed (Methods)*?. Importantly, zrre is determined not only by the T
derivative of the Nernst coefficient (first term on the right-hand side of equation (4)) but also by its
magnitude (second term on the right-hand side of equation (4)), while longitudinal zrE is determined
sorely by the 7 derivative of the Seebeck coefficient (equation (2)); the first Thomson relation does
not apply to TTE. When heat release or absorption owing to TTE is measured, zrre becomes the
experimentally observable quantity rather than 7(dSne/dT).

A material with large zrrE, that is, both a large magnitude and 7 dependence of Sk, should be
selected to observe TTE. Here, we focus on the semimetallic BissSbi2 alloy, which exhibits a strong
magnetic-field-dependent ordinary Nernst effect around room temperature®>. A polycrystalline
BissSbi2 alloy was synthesized using the spark plasma sintering method under the same conditions as
those described in refs. 16,24 and was observed to have isotropic transport properties (Supplementary
Note 1). Figure 2a presents the 7" dependence of Sxe of our BissSbi2 slab measured by the method in
refs. 25,26. To obtain the pure Sxe values free from parasitic thermoelectric effects, we paid close
attention to the thermal boundary conditions during the measurements (Methods). We confirmed that
the BissSbi2 slab exhibits a large magnitude and finite 7' dependence of Sxe around room temperature.
Figure 2b shows the H dependence of zrre and T(dSne/dT) for BissSbiz at 320 K, calculated using the
measured SN values. The sign of T(dSne/dT) is positive for all H values, whereas that of zrre switches
from positive to negative as H increases because of the competition between the first and second
terms on the right-hand side of equation (4).

Figure 2c illustrates the TTE measurement system. To clarify the temperature distribution
induced by TTE, we adopted a thermoelectric imaging technique based on lock-in thermography®="-

2 A rectangular BissSbi2 slab sample was fixed to two plates with temperature control modules



(Methods). Uniform VT was applied to the sample along the y direction while maintaining the average
temperature at 320 K, where the average temperature and the temperature difference between the
sample edges AT were monitored through steady-state temperature images with an infrared camera.
A square-wave-modulated AC charge current J. with amplitude J, frequency /=5 Hz, and zero offset
and an out-of-plane H with magnitude H were applied along the x and z directions, respectively. When
Jc and H are applied to the BissSbi2 sample, the Ettingshausen effect generates a heat current Jq in
the y direction, causing a temperature change at the y-axis sample edges (Fig. 1h). When VT, J., and
H are co-applied, TTE heats or cools the entire sample. The resulting temperature modulation was
measured using the same infrared camera. The first harmonic component of the temperature
modulation was extracted from the thermal images using the Fourier analysis and converted to lock-
in amplitude A4 and phase ¢ images to selectively detect the thermal response proportional to Je, that
is, the temperature modulation due to thermoelectric effects. Here, A reflects the magnitude of the
temperature modulation, which is defined in the range of 4 > 0, and ¢ reflects the sign of the
temperature modulation and its time delay due to the thermal diffusion. The influence of the Peltier
effect at the x-axis edges was minimized by capturing the center of the x-axis long sample (note that
the Peltier effect generates Jq in the x direction). According to equation (3), the sign of the TTE-
induced temperature change should reverse by reversing H; thus, we obtain the H-odd-dependent
thermoelectric signals through Aodd = |A(+H)exp[—i+H)] — A(—H)exp[—iH—H)]|/2 and @odd =
—arg[A(+H)exp[-i+H)] — A(—H)exp[—ik—H)]] from thermal images captured under positive and
negative magnetic fields to eliminate field-independent (H-even-dependent) signals, such as the
conventional Peltier and Thomson (magneto-Peltier and magneto-Thomson) effects.

Figure 2d shows the images of steady-state 7, 4odd, and ¢godd for the BigsSbi2 sample at Jc = 1
A, AT =40 K, and wH = 200 mT, where o is the vacuum permeability. The steady-state 7 image
confirms that applied VT along the y direction is uniform and VT along the x direction caused by the
Peltier and thermal Hall effects is negligibly small (|Vx7] < 0.1 K/mm). We also confirmed that VT
along the z direction is almost zero by a simulation (Supplementary Note 2). The 4odd image shows

that a temperature change occurs around the edges of the sample. The ¢odda values of this thermal
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response differ by 180° between the right and left edges. The temperature change on the right (left)
edge has almost the same phase as (opposite phase to) the input current and represents increasing
(decreasing) 7, indicating that the temperature change signals are due to the Ettingshausen effect.
Under these conditions, the volumetric thermal response caused by TTE is expected to appear
throughout the sample. However, the Ettingshausen signal at the sample edges obscures the TTE
signals (Fig. 2d). To separate TTE from the Ettingshausen signal, we measured only the Ettingshausen
effect in the absence of VT (at AT = 0 K), while maintaining the average sample temperature at 320
K (Fig. 2e). The TTE signal can be extracted from the difference between the results of Fig. 2d and
2e, that is, by calculating Adifr= |4odd(AT)exp[—idodd(AT)] — Aodd(AT = 0 K)exp[—igoad(AT = 0 K)]| and
guift = —arg[Aodd(AT)exp[—idodd(AT)] — Aodd(AT = 0 K)exp[—igodd(AT = 0 K)]] to eliminate the
Ettingshausen background except for its 7 dependence. Figure 2f shows the steady-state temperature
difference Tuitr = T(AT) — T(AT = 0 K), Adifr, and guitr images at Jo = 1 A, AT =40 K, and puoH = 200
mT. Except for the regions near the sample edges, the sample exhibits clear volumetric temperature
change, where Aditr is almost uniform and guisr is constant around 90°. This ¢uisr value is the same as
the phase due to Joule heating®®, which generates a single volumetric heat source; therefore, the
observed temperature change originates from volumetric heat release. Near the sample edges, the
volumetric signal is obscured by a residual Ettingshausen signal due to its 7'dependence. Nevertheless,
this volumetric temperature change signal is well separated from the residual Ettingshausen signal
around the center of the sample because the heat diffusion length of BissSbi2 at 5 Hz is ~ 0.4 mm,
much smaller than the sample width (Methods).

To confirm the fundamental properties of the observed volumetric temperature change, we
measured the Jc and AT dependences of Adifr and guitr systematically. Figure 3a presents the Adifr and
gair images for the BissSbi2 sample for various values of Jc at AT = 40 K and wmH = 200 mT. As
shown in the y-axis profiles of Aditr and guitr in Fig. 3b, the thermal signal reaches its maximum value
at the sample center. Hereafter, we discuss the detailed behavior using the averaged values of 4difr and
guifr taken within a 1 mm width at the center, unaffected by the edges. We found that Aaifr increased in

proportion to Je and ¢aifr remained unchanged with respect to Jc (Fig. 3c). Figure 3d-f shows the AT
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dependence of Adift and guitr at Jo = 1 A and pH =200 mT, measured while holding the average sample
temperature at 320 K. Adifr is also proportional to A7 and diuisr is independent of AT. These features of
the volumetric thermal response satisfy equation (3) with respect to Je and AT. Significantly, the
volumetric temperature change disappears when H || Jc (Extended Data Fig. 1). This behavior is
consistent with the features of TTE.

Figure 4a,b presents the Adifr and ¢isr images and their line profiles along the y direction for
the same BissSbi2 sample at various H values at J. = 1 A and AT =40 K. We found that as H increased,
Aditr peaked at 200 mT, decreased to 400 mT, and increased again for tnH > 400 mT (upper graph of
Fig. 4c). guitr shifted from 90° to —90° at around 400 mT, indicating a reversal in the thermal response
from heating to cooling (lower graph of Fig. 4c). This thermal response reversal occurs near the H
value where zrte changes sign and cannot be explained by the behavior of T(dSne/dT), which remains
positive at all H values (Fig. 2b).

We performed a numerical simulation of the thermoelectric transport for the BissSbi2 sample
using the finite difference method to clarify the origin of the H dependence of the volumetric
temperature change in detail (Methods). The simulated y-axis profiles of Adifr and duifr in Fig. 4d show
the quantitatively estimated thermal responses of TTE based on equation (3) by substituting the
measured SN values and thermophysical properties of BissSbiz in the transport model (Extended Data
Fig. 2). The behaviors of the experimentally observed and calculated Aditr and guitr values were similar
(Fig. 4b,d). The magnitude of the simulated Adifr was larger than that of the experimental one because
we assumed that all heat due to TTE contributed to the change in the sample temperature by
neglecting the heat loss to the sample holder in the simulation. The calculated H dependence of the
temperature modulation induced by zrre in Fig. 4e indicates that Adifr has two peaks at 200 and 700
mT and duaitr changes from 90° to —90° around 400 mT, well consistent with the experimental results
in Fig. 4c. Note that, although zrre is almost zero around 400 mT (Fig. 2b), the calculated guisr is
sensitive to whether the sign of zrrE is positive or negative. This causes a subtle difference in the H
dependence of ¢uisr between the experimental and analytical results. This result implies that although

the H values at which the sign reversal occurs are slightly different between the observed lock-in

7



thermography signals and zrre estimated from measured Sng, its difference can be quantitatively
explained by the simulation considering the T or position dependence of zrre due to applied VT.
Therefore, all the observed behaviors of the volumetric thermal change relative to Je, AT, and H align
with equation (3), providing evidence of TTE observation. We revealed that the observable physical
quantity of TTE is zrre, not T(dSne/dT), which is a key distinction from the longitudinal Thomson
effect.

To further investigate the behaviors of TTE, we divided the Aditt and duaifr signals into
T(dS~e/dT) and 2SnE components based on the simulation. Figure 5a,b shows the calculation results
for the T(dSne/dT) component. ¢ditr remains 90° except for the H region with tiny temperature
dependence of Sxk, indicating that this component mainly induces the volumetric heat release due to
positive T(dSne/dT) of BissSbiz (Fig. 2b). Conversely, the 2SNe component induces the volumetric
heat absorption, where duifr is always —90° (Fig. 5¢,d). The magnitude of the thermal response due to
25NE increases with increasing H, consistent with the A dependence of |Sng| in Fig. 2a. Thus, at low
(high) H, the T(dSne/dT) (25nE) component dominates the total TTE signal in BissSbi2 (Extended
Data Fig. 3a), leading to the sign reversal of the volumetric temperature change. Furthermore, the
simulated y-axis profiles of ¢uifr in Fig. 5a show that the 7(dSne/dT) contribution induces heat release
(absorption) and weakens (enhances) dominant cooling due to the 2SNE contribution in the right (left)
half of the sample when p0H > 600 mT. This behavior explains why the magnitude of the TTE signal
in the left half of the sample is larger than that in the right half for z0H > 600 mT in Fig. 4b and 4d.

The observation of TTE fills a missing piece in thermoelectrics, providing new insights into
condensed matter physics and thermal management applications. As demonstrated in this study, the
sign of the TTE-induced temperature change is controlled by the direction of the magnetic field and
the magnitude of the temperature change is determined not only by the temperature derivative of SNe
but also by the magnitude of Sxe. This feature distinguishes TTE from the longitudinal Thomson
effect determined by the first Thomson relation. In our BissSbiz, the signs of the T(dSne/dT) and 25ne
components are opposite around room temperature, resulting in the sign reversal of the volumetric

temperature change in its field dependence and the compensation of the thermoelectric performance

8



of TTE. This compensation leads to zrre the magnitude of which is only ~15% of zre for BissSbi2
(Extended Data Fig. 3). In other words, in materials where both components in zrre have the same
sign, the performance of TTE can be further improved. Owing to the presence of the 2SNe component,
materials showing the large Nernst effect, such as WTe2!4*!, NbSb2!3, NbP3233 and MnBi2Tes**?7,
can be good candidates for the emergence of large TTE. To improve the T(dSne/dT) component, phase
change materials may be useful’®3°. According to refs. 11,13,14,32, Cd3As2, WTez, NbSbz, and NbP
are expected to have the 7(dSne/dT) and 2Sne components with the same sign at cryogenic
temperatures. Materials with giant TTE may boost cooling operation of transverse thermoelectric
devices, in a similar manner to the recent demonstration that the longitudinal Thomson effect
improves the performance of the Peltier cooling®®. The observation of TTE in nonmagnetic materials
suggests the existence of anomalous TTE in magnetic materials, which depends on the direction of
spontaneous magnetization. Similar to TTE in nonmagnetic materials, anomalous TTE should
become apparent in materials where both the temperature derivative and magnitude of the anomalous
Nernst coefficient are large. Based on the analogy with the ordinary and anomalous Nernst effects,
carrier mobility and Berry curvature should be important for the appearance of ordinary and
anomalous TTEs, respectively. Observing anomalous TTE remains a task for future work; however,
this phenomenon can be used to drive TTE-based thermal devices without applying an external
magnetic field. The experimental methods established in this study will be useful for observing such

unobserved higher-order thermoelectric phenomena.
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Fig. 1: Thermoelectric effects. a, Schematic of the Seebeck effect. When a temperature gradient VT is applied to
a conductor, an electric voltage V is generated along the VT direction. b, Schematic of the Peltier effect. When a
charge current J. is applied to a conductor, a heat current Jq is generated along the J. direction and induces a heat
release or absorption J_rQ at the edges of the conductor, that is, the interfaces with different materials. ¢, Schematic
of the Thomson effect. When J.. and VT are applied to a conductor in parallel directions, volumetric Q is generated
throughout the conductor. d-f, Schematics of the magneto-Seebeck, magneto-Peltier, and magneto-Thomson effects,
which are categorized as longitudinal magneto-thermoelectric effects. The longitudinal thermoelectric effects in a-
¢ are known to be dependent on the magnitude and direction of a magnetic field H. g, Schematic of the Nernst effect.
When VT is applied to a conductor, V is generated in the direction of the cross product of VT and H. h, Schematic
of the Ettingshausen effect. When J. is applied to a conductor, Jq is generated in the direction of the cross product
of J. and H and induces +Q at the side edges of the conductor. i, Schematic of the transverse Thomson effect. When
Je, VT, and H are applied to a conductor in perpendicular directions, volumetric 0 is generated throughout the
conductor. The blue spheres in the schematics represent electron transport. In semiconductors and semimetals, hole

transport also contributes to these thermoelectric effects in the same manner.
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Fig. 2: Transverse thermoelectric conversion properties and lock-in thermography measurements. a, 7
dependence of the Nernst coefficient Sng of BigsSbiz for various values of the magnetic field magnitude H. b, H
dependence of the transverse Thomson coefficient zrre (equation (4)) and its component 7(dSne/dT) at 320 K
calculated using the data in a. ¢, Schematic of the set-up for the lock-in thermography measurement of TTE. To
excite TTE, J. (with magnitude J;), VT (with the temperature difference between the sample edges AT), and H were
applied along the x, y, and z directions, respectively. d, Steady-state temperature 7, H-odd-dependent lock-in
amplitude Aoqd, and phase @oad images for BigsSbiz at J. = 1 A, AT =40 K, and pH = 200 mT. e, Steady-state 7,
Aoad, and @oqq images atJ.=1A, AT=0K, and uH =200 mT. f, Steady-state temperature Tairr, amplitude Aqisr, and

phase dairr images obtained by calculating the difference between the results of d and e.
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Fig. 3: Charge current and temperature gradient dependences of volumetric temperature change. a, Aqir and
@airr images for the BigsSbio sample for various values of J. at AT = 40 K and gH = 200 mT. b, y-axis profiles of
Aditr and @iy for various values of J.. ¢, J. dependence of Agirr and dairr at AT =40 K and gH = 200 mT. d, Agifr and
@airr images for various values of AT at J. = 1 A and wmH = 200 mT. e, y-axis profiles of Aqirr and guier for various
values of AT. f, AT dependence of Agifr and gairr at Jo = 1 A and goH = 200 mT. The y-axis profiles in b and e are
obtained by averaging the raw profiles in the entire regions of the images in a and d. The data in ¢ and f are obtained
by averaging the Aqifr and gairr values between the dotted lines in b and e, respectively. The error bars represent the

standard deviation of the data.
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thermoelectric and thermophysical properties of BiggSbi, into the finite difference model. e, Simulated H

dependence Aqir and gaisr at Jo = 1 A and AT = 40 K. The y-axis profiles in b are obtained by averaging the raw

profiles in the entire regions of the images in a. The data in ¢ and e are obtained by averaging the Agirr and duitr

values between the dotted lines in b and d, respectively. The error bars represent the standard deviation of the data.
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transport model based on the finite-difference method. b, Simulated H dependence Agir and dair due to the
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component at.J. = 1 Aand AT=40 K. The data in b and d are obtained by averaging the Aqifr and gairr values between

the dotted lines in a and ¢, respectively. The error bars represent the standard deviation of the data.
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Methods

Measurement procedures

We prepared a BissSbi2 sample with lengths of 13.0, 3.1, and 0.3 mm along the x, y, and z directions,
respectively, to measure TTE by the lock-in thermography method. The side edges of the BissSbi2
sample were fixed to two plates using thermal conductive silicone adhesive, where the contact area
between the sample and plate was 13.0 x 0.5 mm? (Fig. 2¢). The plates were made of anodized
aluminum and were electrically insulated from the sample. A ceramic heater and Peltier module were
attached to each plate to control the magnitude of the applied temperature gradient and the average
temperature of the sample. Cu wires were electrically connected to the 3.1 x 0.3 mm? surfaces of the
BissSbiz slab using indium. A magnetic field was applied to the sample in the z direction by an
electromagnet, where a maximum magnetic field is 700 mT and its nonuniformity is less than 2%
within the sample size. An insulating black ink with an infrared emissivity > 0.94 was coated on the
sample surface to increase the emissivity and ensure its uniformity. We performed lock-in
thermography measurements after the temperature gradient and average temperature of the sample
reached a steady state. Note that the slight fluctuation of the average sample temperature does not
affect the lock-in thermal images because 4 and ¢ reflect only periodic temperature change in linear
response to the applied AC charge current. The measurement time for the 4 and ¢ images for each

condition was 10 min.
Formulation of Nernst and Ettingshausen effects

From Ohm’s law, Fourier’s law, and Onsager reciprocal relations, the linear response relations of the

charge current density jc and heat current density jq can be written as*

jc\ _( o oST E
<iq> B (O'ST kT ) (—VT/T) (5)
where E, o, S, and x denote the electric field, electrical conductivity, Seebeck coefficient, and thermal
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conductivity tensors, respectively. The matrix formula commonly used in the field of thermoelectrics

is obtained by replacing j. and E in equation (5) as follows:

—
rm
~—
Il
—
©

S\ /(jc
Jq ST —K') (éT) ©)

where p (= 07!) is the electrical resistivity and x” = k¥ — 65°T. When a magnetic field is applied in the

z direction, equation (6) in the x-y plane is described as

E, Pxx  Pxy Sxx  Sxy Jox
Ey _ —Pxy Pxx _Sxy Sxx jc,y (7)
Jax | | ST SuyT  —Ksx  —Kyy || ViT
jq,y _SxyT SxxT Kalcy _Kalcx VJ/T

in an isotropic material, where puw = pyy, Sux = Sy, K'xx = K'yy, Py = —Ox, Siy=—Syx, and K'xy = —Kyx.
First, we consider the Nernst-effect-induced electric field £y when a temperature gradient
ViT and magnetic field H: are applied in the x and z directions, respectively. In the Nernst
measurement, the x and y directions are typically under open-circuit conditions (je.x = je,y = 0). Here,
assuming the isothermal condition in the y direction (V,T = 0), the measured thermopower is obtained

from equation (7) as

y,i
=S
Y

(8)

where the subscript i denotes the isothermal condition. Thus, the pure Nernst coefficient can be
obtained from Nernst measurements under the isothermal condition in the transverse direction. In
contrast, assuming the adiabatic condition in the y direction (jq, = 0), the thermopower is calculated

as
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y,a
—V,T

= Sxy — OnSxx = Sx*y 9

where the subscript a denotes the adiabatic condition and én (=x’x/K’xx) 1s the thermal Hall angle.
Therefore, the observed thermopower includes not only the contribution from the Nernst effect but
also that from the Seebeck and thermal Hall effects, making it difficult to extract the pure Sy
contribution.

Next, we consider the temperature gradient V,7 induced by the Ettingshausen effect when a
charge current density jcx and magnetic field H: are applied in the x and z directions, respectively. In
the Ettingshausen measurement, the y direction is typically under an open-circuit condition (jcy = 0).
Here, assuming the isothermal condition in the x direction (V.7 = 0), the measured charge-to-heat

current conversion ratio is obtained from equation (7) as

S

—Kyx(Vy,T).
M: oy T (10)

] cx

Thus, the pure Nernst coefficient can be obtained from Ettingshausen measurement under the
isothermal condition in the longitudinal direction. In contrast, assuming the adiabatic condition in the

x direction (jqx = 0, i.e., VaT # 0), the charge-to-heat current conversion ratio is calculated as

—Ky (VYT)a

= (Suy = OnSxx)T = Siy T (11)
]c,x

where Kxy << K’xx is assumed (note that & of BiSb alloys was reported to be a few %*°). Similar to
the Nernst measurements, under the adiabatic condition, the observed temperature change signal
includes not only the contribution from the Ettingshausen effect but also that from the Peltier and
thermal Hall effects considering the Onsager reciprocal relations.

Whether isothermal or adiabatic conditions should be applied depends on the aspect ratio of

the sample in the x-y plane*'. In a rectangular sample, when the x-axis length is much larger than the
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y-axis length, the sample is nearly isothermal in the x direction and adiabatic in the y direction. As
described above, the Nernst and Ettingshausen measurements are affected by the thermal boundary
conditions along the electric field, that is, the y and x directions, respectively. Consequently, the
Ettingshausen measurements are better suited for estimating Sxy than the Nernst measurements for the
aspect ratio of our sample. Thus, the 7" dependence of the Nernst coefficient in Fig. 2a was estimated
through the Ettingshausen measurements using the lock-in thermography method, in which the

influence of the Peltier and thermal Hall effects was suppressed.

Formulation of longitudinal Thomson effect
We consider the heat production rate per unit volume ¢ generated when a charge current density je.x
and temperature gradient V. T are applied in the x direction. ¢ comprises the Joule heating and the

divergence of the heat current and is obtained using equation (7) as follows:

q =Ejex — diqu,x
= (pxxjc,x + SxxvxT)jc,x - Vx (Sxijc,x - KalcxvxT)
) , ds,., T\
= pxx]cz,x + Vx(KxxVxT) + (Sxx - %) ]c,xvxT (12)

. , dSxx) .
= pxx]cz,x + Vx(KxxVxT) + (Sxx - Sxx - Td—;ix)]c,xvxT

JexVxT

dSyx

= pxx]cz,x + Vx(K;cxvxT) -T aT

The last term of the last line in equation (12) is the heat generated by the concerted action of jc.x and
VT, that is, the longitudinal Thomson effect (equations (1) and (2)). The last term of the fourth line
in equation (12) shows that the Sk« components contributing to the longitudinal Thomson effect
generated by the Joule heating and heat-current divergence terms have different signs and eliminate
each other. Hence, the observable physical quantity of the longitudinal Thomson effect is determined

only by the temperature derivative of the Seebeck effect.

Formulation of transverse Thomson effect

We consider the heat production rate per unit volume q generated when a charge current density jc.x,
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temperature gradient V, 7, and magnetic field H: are applied in the x, y, and z directions, respectively.
The y direction is assumed to be under the open-circuit condition (je, = 0). We solve ¢ for two
thermal boundary conditions in the x direction. First, g; for the isothermal condition in the x direction

(V<T =0), is obtained using equation (7) as follows:

qi = Eyjex — divjgy
= (pxxjc,x + SxyVyT)jc,x - Vy(_Sxych,x - KalcxvyT)
as,.,T
= pxx]cz,x + Vy(KJchVyT) + Sxy + — ]c,xVyT
daT (13)

.2 1 dey .
= PxxJcx + vy(KxxVyT) + Sxy + Sxy + TW ]c,xvyT

= prfde + Vo, (K4 V, T) + (T dj;y + zsxy> JoxVyT
When the magnetic field is reversed, the first and second terms of the last line in equation (13) do not
change their sign and only the last term reverses its sign. This is because the first and second terms
are determined only by the diagonal components of the transport tensors, whereas the last term is
determined by the off-diagonal component. The last term of the last line indicates the volumetric heat
release or absorption due to TTE, which is generated by the concerted action of jcx and V,T. The

proportionality factor of the H-odd-dependent term is defined as zrrE to be

A T—dS"y + 28 (14)
TTE — dT xy

Therefore, experimentally measured TTE includes not only the temperature derivative of the Nernst
coefficient but also its magnitude. This feature differs from the longitudinal Thomson coefficient,
which is determined only by the temperature derivative of the Seebeck coefficient (equation (2)). The
reason for this difference is that the Sxy components of TTE generated by the Joule heating and heat-
current divergence terms have the same sign and enhance each other (see the last term of the fourth
line in equation (13)). Note that the formulation of TTE for anisotropic materials is shown in

Supplementary Note 3.
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Next, we derive ¢, for the adiabatic condition in the x direction (jqx =0, i.e., V:T # 0). From

equation (7), VxT is generated by the heat current due to the Peltier and thermal Hall effects:

_ Sxijc,x - KylcyvyT

v, T , (15)
Kxx
q. with finite VT in equation (15) can be obtained as
qa = Exjex — divjq,y
= (pxxjc,x + SxxvxT + SxyVyT)jc,x - vy(_sxych,x + K;,cyvxT - K),chyT)
SZ.T K + K
= Prxiix <1 + = > +V, (—"" — VyT>
pxx XX Kxx
d .
+ [(Sxy ~ OinSex) + 7 (S Gtthx)T)] JexVyT (16)
S2.T Kl 2+ Kl
= pxx]cz,x (1 + xx 7 ) + Vy (_xx 7 24 VyT>
pxx XX Kxx
d(Sxy — OnSxx) _
+ [T% + 2(Sxy = OnSxx) [Jex Yy T

The last term of the last line in equation (16), due to TTE caused by jcx and V,T7, includes the
contribution of the Seebeck and thermal Hall effects and differs from that in the isothermal condition.

Therefore, the transverse Thomson coefficient 7 rre in the adiabatic condition is

. ASxy | o
Tire = T2 + 253, (17)
indicating that 7 rre is determined by S”x and affected by the thermal boundary conditions.

In this study, we used a rectangular sample with a longer x-axis length than a y-axis length
for measuring TTE to reduce VxT occurrence. Thus, we have discussed TTE assuming the isothermal
condition. We obtained similar TTE signals for a sample with a different aspect ratio because the

isothermal condition was maintained (Supplementary Note 4).
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Numerical simulation for TTE
The TTE experiment was simulated using a numerical model for the BissSbi2 sample based on the
finite-difference method. The simulation was performed for the y direction using the following

unsteady one-dimensional heat equation:

¢ 2Ty, (18)

where pd and C are the density and specific heat, respectively. The heat source ¢ in equation (18)
includes the contributions from the Ettingshausen effect at the edges of the sample and TTE occurring

throughout the sample as follows:

SneTj
[ =0mm) = —EA Jox
s due to the Ettingshausen effect
g(y =3.1mm) = _ nelex (19)
Ay
kq = )]ch T due to TTE

where Ay is the length of one node and the sample is divided into more than 100 nodes in the y
direction. The equations above were calculated under the adiabatic condition: jq(y = 0 mm) = jg,(y
= 3.1 mm) = 0. The y-axis profiles of 4odd and @oda were derived using Fourier analysis from the
temperature response of each node after the calculations converged when a square-wave-modulated
AC charge current jcx was applied. The jc.x value was assumed to be constant at each node because o
of BissSbi2 changes only +3% with respect to 7 for all H and its H dependence has no effect on TTE
(Extended Data Fig. 2). We performed this calculation with and without applying V,T. The Adifr and
guifr values were obtained by determining the difference between the results. We used the measured
Sne (Fig. 2a) and thermophysical properties (ps = 9260 kg m>, C=135Jkg' K, and x=3.9 Wm’
I'K! presented in Extended Data Fig. 2) of BissSbi2 for the simulation. As C and x do not depend on

T and « varies only by £5% under H, the C and x values were averaged and regarded as the constant
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parameters.
Data availability

The data that support the findings of this study are available from the corresponding author upon

reasonable request.
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Extended Data Fig. 1: Magnetic field direction dependence. Aqgifr and ¢y images for the BisgSbiz sample at J. =

1 A, AT=40K, and xoH =200 mT for H|| J..
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Extended Data Fig. 2: Physical properties of BigsSbiz. a, T dependence of the thermal conductivity x of BiggSbi

for various H values. x was measured based on the method of ref. 42 using an electromagnet and a sample holder

with T control modules. b, T dependence of the specific heat C of BigsSbi2 at zero field, measured using a differential

scanning calorimeter. ¢, 7 dependence of the electrical conductivity o of BigsSbiz for various H values, measured

using the four-probe method.
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Extended Data Fig. 3: Transverse vs longitudinal Thomson coefficients of BigsSbi,. a, H dependence of zrrg
(equation (4)) and its component T(dSne/dT) and 2Sne at 320 K. b, H dependence of the longitudinal Thomson

coefficient zrg (equation (2)) at 300 K in ref. 8.
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