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Abstract

®

CrossMark

Scientific simulation codes are public property sustained by the community. Modern technology
allows anyone to join scientific software projects, from anywhere, remotely via the internet. The
phonopy and phono3py codes are widely used open-source phonon calculation codes. This
review describes a collection of computational methods and techniques implemented in these
codes and shows their implementation strategies as a whole, aiming to be useful for the
community. Some of the techniques presented here are not limited to phonon calculations and
may therefore be useful in other areas of condensed matter physics.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Supported by the exponential growth of computer power,
computer simulations and scientific software development are
essential for condensed matter physics and materials science.
Results obtained from computer simulations are getting more
realistic and scientific software development more robust.
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Since many scientific codes are distributed under open-
source licenses, it is easy to start using scientific software
and perform computations. Participation in scientific software
development has also become easier with the availability of
open-source compilers and source code editors. Collaborative
development by members at different worksites or locations,
i.e. distributed development, has become quite popular for sci-
entific software these days. Anyone can contribute to open-
source software projects, and the contributions are usually
united on internet hosting services for software development.
Documentation of scientific software is an important part of
software development, not only for users but also for scientific
software developers. For users, it explains how to use the soft-
ware. For developers, it describes how to read and write the
code.

© 2023 The Author(s). Published by IOP Publishing Ltd
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Development of key software can be a project that lasts for
many years. Once a key code is developed, it may be used for
an unexpectedly long time. However, computer architectures
are constantly evolving. The way to achieve high-performance
computing may therefore change drastically in a relatively
short time, on the order of a decade. For example, it is always
required to follow the increase in the number of cores in pro-
cessors. Indeed, algorithms and data structures must be optim-
ized for a concurrent use of many cores in a multi-core pro-
cessor. Increasing memory space usually allows more flexible
software design. To adapt the code to those changes, the doc-
umentation is important to share the meaning of the software
design choices among users and developers.

The phonopy and phono3py codes are scientific software
developed to perform phonon calculations. A variety of phys-
ical properties can be calculated using them: the phonon spec-
trum, the dynamical structure factor, and the lattice thermal
conductivity (LTC), to mention just a few. The computational
method is based on the supercell approach. In the computer
implementations, various numerical methods and techniques
are employed. Some of those implemented in the phonopy and
phono3py codes are covered in this review. Our motivation
for writing this review is to provide essential information to
understand the codes in depth and to invite scientific software
developers in the phonopy and phono3py projects.

Although this review is written targeting scientific software
developers, it may be also useful for expert users of the phon-
opy and phono3py codes. The computational methods and
techniques underlying the phonon calculations are described
as implemented to the phonopy and phono3py codes.

In section 2, the representation of the crystal structure
and the crystal symmetry are presented in a crystallographic
way. The reciprocal space of the crystal and the crystal sym-
metry in the reciprocal space are also described. Then, the
phonon coordinates are introduced. The concept of Brillouin
zone (BZ) required for the phonon calculation is briefly
defined.

In section 3, the geometry of the supercell structure model
is described. The supercell geometry is associated with the
primitive cell by an integer matrix and how to construct the
supercell geometry using the integer matrix is explained.

In section 4, the transformation between the supercell force
constants and the dynamical matrices is presented. Since the
phonopy and phono3py codes employ the supercell approach,
the force constants elements are limited to within the super-
cell. The transformation, therefore, needs to be performed with
special care. Such details are given in this section.

In section 5, the treatment of long range dipole—dipole
interaction in the dynamical matrix, as implemented in the
phonopy code, is explained. The implementation is mainly
based on [1], and its application to the supercell approach is
reviewed.

In section 6, the traditional and generalized regular grids
used to sample reciprocal space discretely are defined. The
symmetry treatment of those grid points, used in the phonopy
and phono3py codes, is also presented.

In section 7, a linear tetrahedron method is described using
the formulation as implemented in the phonopy and phono3py
codes. The implementation is mainly based on [2, 3]. The
method is then applied to the three-phonon scattering.

In section 8, a scheme to generate random atomic displace-
ments in the supercell at finite temperatures is presented. This
is achieved by superpositions of displacements corresponding
to randomly sampled harmonic oscillators.

In section 9, a band unfolding technique implemented in
the phonopy code following [4] is explained. The formulation
specific to the phonon calculation with the supercell approach
is provided.

2. Crystal and symmetry

2.1 Crystal structure

As shown in figure 1, a crystal model is defined by a col-
lection of unit cells periodically repeated in the three direc-
tions of space. Each unit cell contains atoms. We normally
choose a conventional set of basis vectors to span the unit cell,
(a,b,c), so that it naturally represents the crystal symmetry
along with the choice of the origin of atomic positions [5].
Positions of atoms are represented either in Cartesian coordin-
ates or in crystallographic coordinates. Denoting the crystallo-
graphic coordinates of an atom asx = (xy,x2,x3)7, its position
R is given by

R =xja+xb+ x3¢

X1
= (aab7c) X2
X3
= (a,b,c)x. (D

In the above equation, if the basis vectors are represented using
column vectors containing their Cartesian components, then
(a,b,c) becomes a matrix, and R a column vector containing
the Cartesian coordinates of the atomic position vector,

RX ay bx Cx X1
Ry|=1(a b ¢|[|x]. 2)
R, a, b, ¢ X3

In the following we will use both representations. Depending
on the context, (a,b,c) can therefore be considered as a row
vector containing three elements of a vector space, or a 3 by 3
matrix.

It is assumed that elements of x are in the interval [0, 1) to
describe the structure. However it is often the case that we have
to compare two positions of atoms which may be in different
unit cells, possibly after a space group operation. For example,
to identify two coordinates x and x’ which correspond to the
same location within the unit cell, but are possibly shifted by
a lattice vector, it is convenient to bring each element of the
difference Ax =x’ —x into the interval [—0.5,0.5) and then
confirm that the length of Ax is smaller than a tolerance €. This
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Figure 1. Crystal structure model of 5-Si3N4. See also figure 2 for
the space group symmetry. (a) Unit cell containing atoms. (b) Basis
vectors of the unit cell. (c) Crystal lattice. The filled circle symbols
show the lattice points. In this model, the unit cell is assumed to be
primitive.

is implemented in the phonopy and phono3py codes every-
where by rounding components of Ax to the nearest integer
(nint(Ax)) and checking |(a,b, ¢)[Ax — nint(Ax)]| < e.

2.2. Space group operation

Various symmetries of crystals and phonons are used in the
phonopy and phono3py codes. The most important one is the
space group symmetry. A space group operation is composed
of a (proper or improper) rotation S and a translation 7. It is
often written with a composite notation (S,7) which sends
position R to

R'=(S5,7) R=SR+ . 3)
Using crystallographic coordinates this is written as
(a,b,c)x’ = S(a,b,c)x + (a,b,c)w 4)
or

x' = (a,b,c)"'S(a,b,c)x +w
=Sx+w, (5)

where S can be shown to be a unimodular matrix. w con-
tains the components of the translation vector in the crystal-
lographic basis. If Cartesian coordinates were used instead,
the matrix representing the rotation would be orthogonal.
Representing the space group by S = {(S,7)}, the crystal-
lographic point group is given by P = {S|(S,7) € S}. An
example of space group operation is shown in figure 2. The
crystal structure overlaps with itself after a rotation of 60°
along the z axis and a +%c shift. Therefore

-]
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Figure 2. Symmetry operations applied on the unit cell of 5-SizNa
whose space-group type is P63 /m (No. 176). The left and middle
figures illustrate identity and six-fold screw axis operations. Their
notations follow the international tables for crystallography volume
A [5]. The right figure shows the crystal structure viewed from the
top (z-axis) that depicts the six-fold screw axis passing through the
origin O.

110 0
S=(1 0 o0|lw=/[o0|, (©)
00 1 1/2

must be a space group operation. It means that any atom in the
unit cell at point x is sent by the space group operation to a
new point

10 0
0 O)Jx+[ 0 |. (N
0 1 1/2

The new point x’ can be located out of the original unit cell,
but an atom with the same atomic type must be found at this
new location.

2.3. Primitive cell

In most cases, a unit cell as described in section 2.1 is used
as the input crystal structure model of a phonon calculation.
The most plausible choice of the unit cell is either a primit-
ive cell or a conventional unit cell. The former represents the
minimum unit of periodicity of a crystal lattice. It is there-
fore the one used for Fourier expansions and is necessary for
a reciprocal space representation of phonon properties. The
Bloch theorem evidenced this lattice translational symmetry.
The latter follows the crystallographic convention. Although
it provides intuitive shapes of the unit cells (cubic, hexagonal,
etc), it may contain several lattice points. Figure 3 shows the
conventional unit cell and a primitive cell for silicon crystal-
lized within the face-centred-cubic structure.

The conventional unit cell structure is uniquely defined to
follow the crystallographic convention, [5] within the freedom
due to Euclidean normalizer [5]. On the other hand, the choice
of the primitive cell is not unique. This is inconvenient for
a systematic handling of crystal structure models in phonon
calculations. Therefore, phonopy suggests a predefined trans-
formation matrix Py, from the conventional unit cell to the
primitive cell. Py, is used as

(apabpacp) = (aC7bCacC)Pprima (8)
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Table 1. Choices of transformation matrices Py of equation (8)
used in the phonopy and phono3py codes. The subscripts X of the
matrices Py indicate the centring types: A, B, C for the base centring
types, I and F for the body and face centring types, respectively, and
R for the (obverse) rhombohedral centring type.

1 1 11
Pi=(0 5 5|, Ps=(0 1 Of, Pc=|1 1 0],
11 1 1

I 11 o ! 1 2 11
%%% 12% 33 3
— — | 1 1 11 1 2
Pi=|5 5 5| Pr={3 0 o) Pr=|3 5 3
11 1 I 1 9 i1 1
2 2 2 202 3 3 3

Primitive cell

Conventional unit cell

fuﬁﬂ

(‘ V ‘ "

Figure 3. Conventional unit cell and primitive cell of silicon. The
space group type is Fd3m (No. 227). Since the conventional unit cell
contains four lattice points with eight atoms, the primitive cell is
chosen to have two atoms by det(Pr) = 1/4.

where (ap, by, ¢,) are the basis vectors of the primitive cell
and (a., b, ¢.) those of the conventional unit cell. The choices
of the transformation matrices used in the phonopy and
phono3py codes are shown in table 1. For example, the trans-
formation matrix used for silicon in figure 3 is Ppim = Pp.
These matrices are equivalent to those presented in table 2
of [6] although those are given for the reciprocal space basis
vectors.

The crystal lattice is defined as the set of integer linear com-
binations of primitive lattice vectors. A lattice vector R; can
therefore be written as

R, = llap + lsz + l3cp = (ap7bp,cp)l (l, S Z) ©)]
In figure 1, if the unit cell is assumed to be primitive, then
figure 1(c) shows the crystal lattice. The lattice point may
then be chosen to coincide with the origin of each unit cell.
Sometimes it is also useful to regard the crystal lattice as gen-
erated using the lattice translations of the space group, (I,t),
where I and ¢ denote the identity operation and lattice transla-
tion, respectively.

2.4. Reciprocal space

The crystal structure, and the symmetry explained above, are
defined in direct (real) space. In this section, crystallography
is briefly summarized in reciprocal space. This is quite use-
ful for our purpose since phonons are described in reciprocal
space using wave vectors. It is convenient to introduce a recip-
rocal lattice whose basis vectors (ay, by, ¢;) are solutions of
the equation

(ap,bp,¢,)T(ay, by, ¢p) =271. (10)

P> P’

This equation can be solved to give

b, x ¢ Cc, X a a, xb
al=2n L P pr=pp PP oy PP

11
P Vc 7 7P Vc P Vc ( )

where V. = a,- (b, x¢p) = bp-(cp xa,) = ¢,-(a, xby).
The reciprocal lattice points are then obtained from the integer
linear combinations of reciprocal basis vectors,

G= G]?l; + sz; + G3C (a b*

p>Vps *)G (Gl EZ)

12)
Similarly to the atomic positions R, wave vectors q are defined
from real linear combinations of the reciprocal lattice vectors,
q=qia, +qb; +qse; = (a;, by, ¢))q. (13)
If the g; are restricted to the interval [0, 1), a primitive cell of
reciprocal space is obtained.
If we consider a component of a Fourier expansion, fg(R) =
e'R it is transformed by an operation of the crystallographic
point group to the function

el Sq-R

(14)

. : —1
,1R) _ e1q~S R _ equ~SS R _

qu(R) :fq(S

:qu(R)-

For this reason, the image of a wave vector through an opera-
tion of the crystallographic point group is defined to be

q' = S8q <= (a;,b;.¢;)g" = S(a;,by,cp)g (15
or
g’ = (a;,b%.c;)"'S(as,bs,ch)q (16)
= (ap, by, ¢,)TS(ay,by,cp) g a7
=8"Tgq. (18)

The set {S™ Tq} with S in the crystallographic point group
{S} is called the star of q.

2.5. Phonon coordinates

Atoms vibrate in the vicinity of their equilibrium positions in
crystals. Instantaneous and equilibrium positions of atoms in
crystals are denoted by R;,, and le respectively, where / and
K are used to label the lattice points and atoms in the primitive
cell of [, respectively. Displacements of atoms are written as
Uy, = Rln — R?K.

In this review, we define the dynamical matrix as [7]

1 0
§ (POKQ Y a,elq (R,I ’ R(Jn).

Dmx,/{’oﬂ(q) \/W

19)

« and m,, denote the index of the Cartesian coordinates and
the mass of the atom k, respectively. @, 175/« are the har-
monic force constants, defined as the second derivative of the
energy with respect to atomic positions, and evaluated at the
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equilibrium positions [7]. Phonon frequency wg, and eigen-
vector W, (qu) are obtained as the solution of the eigenvalue
equation of the dynamical matrix in equation (19), which is
written as

Z Dna,n’a’(q) Wﬁ’o/(qy) = wéy Wnoz (ql/) (20)

v labels the phonon band index, and the composite index qv
is used to consider a phonon mode.
Equation (20) can also be written in matrix form as

D(q)W(q) = W(q)2*(q), @21)
or, because D(q) is hermitian,
D(q) = W(q)2*(q)W'(q), (22)

where 2(q) is the diagonal matrix whose diagonal
elements are wfly. Each column of W(q) contains an
eigenvector Wy, (qv) corresponding to a different band
index v. Elements of each column are ordered as
(WI‘DIX?WHIy?WHIZ""7WK4nu)C)Wlinay7WHnaz)’ where n, is the
number of atoms in the primitive cell.

Because Dya,i/a/(q) = Djy, 110/ (—q), We have

Wqy = W—qu; (23)

and we can choose

Wealqv) = Wi, (—qv). (24)

Moreover eigenvalues and eigenvectors inherit symmetry
properties of the force constants. It can be shown [8] that under
a space group operation (S,7) the eigenvalues and eigen-
vectors transform as

WSqrv = Wqv (25)

W,/ (Sqv) = SW,.(qu)e 597, (26)
where W, (qv) represents the phonon eigenvector of atom
in Cartesian coordinates, and ' is the image of atom x under
the space group operation.

An actual displacement can be described from a linear
combination of phonon eigenvectors. This defines the phonon
coordinates Q(qv) as

1 RO
Ulo, = %}:Q(qV)\/ﬁW,;a (qy)eq R, (27)
= ZQ((]I/)M[;W (qv), (28)

qv

where N is the number of lattice points in crystal. u., (qv)
is defined for the purpose of convenience in the following
sections. The previous equation can be inverted to give

0(a) = Y ta [ T Wealav)e @R 29)

lka

(@ (b)

T

b

5|A
Ml K
ap

Figure 4. Brillouin zone (BZ) of 3-Si3Ny. See also figures 1 and 2
for the cell shape in direct space. (a) The first BZ. (b) BZs viewed
from ¢, axis direction. Symbols of the special points and paths
follow the Bilbao crystallographic server [6].

2.6. BZ

Symmetry property of phonons in reciprocal space is best rep-
resented in the BZ [6, 8—12]. In the phonopy and phono3py
codes, the BZ is defined as a Wigner—Seitz cell of the recip-
rocal lattice. To check if a q point belongs to the BZ we
proceed as follows. First the basis vectors of the Niggli cell
[13-16] are determined. The Niggli cell is a cell with the
shortest possible reciprocal basis vectors. Then using integer
linear combinations of those Niggli basis vectors, we search
for the shortest |q 4+ G|. Finally q + G is used as the q point in
the BZ.

Three q points are needed for the three-phonon scattering
considered in the phono3py code. In case one or more of those
three points is on the BZ surface, we choose the translationally
equivalent points on the BZ surface which minimize |q +q’ +
q//|-

As an example, the BZ of 3-Si3Ny is presented in figure 4.
The basal plane has the hexagonal shape and c; is longer than
ag and by because ¢, is shorter than a;, and by,. By definition,
a;/2,b;/2, and ¢; /2 are located on the BZ surface. The high
symmetry points and paths in the BZ have special symbols as
shown in figure 4(b) [6].

3. Geometry of supercell model

3.1. Supercell construction

In the phonopy and phono3py codes, the supercell approach
is employed. The supercell is defined by multiple primitive
cells, so that the basis vectors of the supercell (as,bg,cs) can
be represented as the image of the primitive cell basis vectors
through an integer matrix Mp_,

(aSabS7cs) = (ap7bp;cp)Mp—>s- (30)

Like the unit cell, the supercells are arranged on the supercell
lattice. The supercell lattice points are labeled by L, and loc-
ated from the vectors R;.

The supercell model is constructed using M. The lattice
points within the supercell are used to perform the summation
found in equation (19). These lattice points can be elegantly
obtained using the approach reported by Hart and Forcade
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[17]. The integer matrix M,_. is first reduced to a diagonal
integer matrix D = PM,_,;0Q by the unimodular matrices P
and Q, where we choose det(P) = 1 and det(Q) = 1. This mat-
rix decomposition can be the Smith normal form (SNF), how-
ever, it is unnecessary to strictly follow the definition of the
SNF.

Using this transformation, equation (30) can be written

(ﬁsvf)saés) = (ﬁpabpaép)Dv (31)

with
(55765765) = (asabmcs)Q» (32)
(ﬁpvf’mép) = (ap, by, ¢p)P . (33)

(ﬁs,f)s,f:s) and (ﬁp,f)p,ép) define a new supercell and a new
primitive cell, respectively. Because det(P)=det(Q) =1,
they have the same volumes as the former ones and gener-
ate the same lattices. The benefit of using those new primitive
and supercell comes from the fact that D is diagonal. The new
primitive and supercell lattice vectors are therefore collinear.

We can easily find the lattice vectors located within the new
supercell. If we write D = diag(n;,n,,n3), they are given by
the vectors

m
Rm = (ﬁp,bpaép) ny = (ﬁpabpaép)m7 (34)
ms3
withm; € {0,1,...,n; — 1}. This can also be written
R, = (a,,b,,&)D " 'm (35)
= (a,,bs,¢,)@D 'm. (36)

Therefore, the lattice points within the original supercell have
coordinates

xs=0D'm (mod 1) (37)
along the supercell lattice vectors (as,bs,¢). The (mod 1)
operation is used to shift the lattice vectors from within the
new supercell to within the original supercell.

In figure 5, an example of a supercell construction for a two-
dimensional lattice is presented. D = PM,_,;Q is computed as

2 0 0 1 2 2 0 -1
(0 4)‘(—1 1) (—2 2) (1 —1)' (38)
This gives
(ap,by) = (ap,b,)P~" = (a, + by, —a,), (39
(a,bs) = (a5,b,)Q = (bs, —a; — by). (40)

As can be seen in figure 5, (ap,by,) and (a,,bs) are mutually
parallel, and the new supercell is simply built by 2 x 4 units

Aaux
A
bs = ag
P 7
-, , , s
, , , -,
s s b s,
L == ___‘___I/’, of O
, , s -, ap
, , s -,

< z z 1 et

< g O 2 9 9

bS bp P baux
Ag

Figure 5. Lattices and basis vectors of primitive cell (ap,bp),
supercell (as, by ), new primitive cell (ap, b,), new supercell (as, bs),
and auxiliary supercell (@aux, baux ). Circle and small filled circle
symbols depict lattice points in the supercell and in the new
supercell, respectively. The latter points can be brought by the
supercell lattice translations to the former points uniquely.

of the new primitive cell. Since the lattices generated by the
original or new basis vectors are the same, the lattice points
inside the new supercell are simply brought into the original
supercell by supercell lattice translations.

Another way of constructing the supercell is to employ an
auxiliary supercell,

(41

(aaux ) bau)u caux) = (ap7 bp; Cp )Mpaau)u

which is defined by a diagonal integer matrix Mp_,.ux =
diag(ny,ny,n3). This gives

(aaux;bauxacaux) - (as,bwcs)M_l Mpﬁauw (42)

pP—s
We choose Mp_ _1>5Mp_>aux to be an integer matrix. To satisfy
it, in the implementation, the diagonal elements of M _..ux
are determined by making the smallest parallelepiped of
(2ux; Paux, Caux ) that includes the parallelepiped of (as, bs, ¢y).
The lattice points within this auxiliary supercell are then

m
Rm = (ap7bp7cp) my
ms3

= (apabpvcp)ma (43)

withm; € {0,1,...,n; — 1}. Their coordinates along the basis
vectors of the auxiliary supercell are

Xux =M, L m (44)
while their coordinates along the basis vectors of the original
supercell are

X, = Mp_ﬁlsMpHauxxaux (mod 1).

(45)

As before, we used the (mod 1) operation to shift the lat-
tice points from within the auxiliary supercell to within the
original supercell. Notice that every lattice point within the
original supercell is obtained from det(Mp__l>SMp_>aux) lattice
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points within the auxiliary supercell. Only one of them should
be conserved.

An example is shown in figure 5. Lattice points in the aux-
iliary supercell are brought into the supercell by the supercell
lattice translations. But since det(Mp _}SM —yaux) = 2, each lat-
tice point within the original supercell is obtained from two
lattice points in the auxiliary supercell.

For backward compatibility, to preserve indices of atoms
in the supercell, it is the latter way of the supercell construc-
tion which is used as default in the phonopy and phono3py
codes. However, the latter algorithm is much slower than the
former, and therefore the former should be used for very larger
supercells.

3.2. Commensurate points

From equations (30) and (10), we have

(a b* *) pas

(af,b?,c}) are the reciprocal basis vectors associated with the
supercell. q points given by integer linear combinations of
the reciprocal supercell basis vectors are called commensurate
with the supercell because they fulfil e’4® = 1 for any super-
cell lattice vector R;.

For practical purposes, we are interested in the commensur-
ate points located within the reciprocal primitive cell. Since
equation (46) has the same form as equation (30), the same
approaches as those explained in section 3.1 can be used for
the generation of the commensurate points within the recip-
rocal primitive cell.

(ay, by, ;) =

- b, (46)

4. Transformation between force constants and
dynamical matrices

In equations (19) and (20), force constants are transformed
to phonon eigenvalues and eigenvectors. In principle, in
equation (19) the summation over !’ is performed for all lat-
tice vectors. However, in the supercell approach, it is not
®oja i’k Which is obtained from numerical simulations,
but @850471/,{/&, =31 Pora,L’+1'k o, [18] with I restricted
to the supercell. It means that the force constants are only
known within a restricted region of the crystal, the supercell,
and within this region, they are contaminated by the periodic
repetitions of the supercell. This also means that the supercell

SCL<7S —
Oka,l/k'a’ ™
I/
S

where subscripts of variables X1, and Xg mean those defined
in different supercell shapes, e.g. larger (L) and smaller (S)
supercells, respectively. The original supercell force constants

Ora,l{r’a’ |{LS}nn’lS’|

K 0 0
lzefqu-(R,ﬁH/*RoN) q)SCS
q

force constants ‘I)(S)Sa I/+70 are periodic under a supercell lat-

tice translation while the phase factor e ®/.'~Ro) g not,
except when q is a wave vector commensurate with the super-
cell. There is therefore an ambiguity about where to choose
the atom (I’k’). For commensurate wave vectors, it could be
chosen in any periodic repetition of the supercell containing
atom (Ox) without changing the value of the phase factor.
However, for other values of q, this value would be changed,
and therefore this choice matters.

In the phonopy and phono3py codes, following [18], the
phase factors given by the shortest vectors of R?/m + Ry —

Rgﬁ are chosen, where R, are the positions of the supercell
lattice points L. This is implemented by searching L by

{L}rwrr =argmin([R},,, + R —RG.[),  (47)
L

and the results are stored and used many times in the cal-

culation. Since multiple L can be found for each pair of

atoms (Ox) in the primitive cell and (I’x’) in the supercell

cell, equation (47) gives a set of L. The dynamical matrix of

the supercell is computed from the supercell force constants

DG, 1110 averaging the phase factors of {L} as follows, [18]
DSC = (b ’ /
Ko,k o’ (q) mﬁm,i Z Oka,l’k’a

1

Y e
ﬁf@’l’
{L} s

(48)

Equation (19) can be inverted to compute force constants
from N dynamical matrices, [19]

ﬁmﬁzp

: 0 0
<I)Ol'ioz 'k’ = Ko,k a! lq‘(Rll’"",_RUN)-

(49)

Dya.a’(q) can be obtained from known eigenvectors
and eigenvalues, as in equation (22), or calculated by
equation (48). (I>0m I'r/e Can be obtained from Dnca Kol (q)
by restricting the above q sum to the wavevectors q* com-
mensurate with the supercell. Equation (49) can also be used
to transform supercell force constants in a different super-

cell shape by oversampling q* points. Indeed, we obtain

1 (1)
> e Ve

{Ls}m’ls’

; (50)

P3¢

points q; are sampled with respect to the larger supercell. The

transformed supercell force constants P3Cres ,, are given in
Okal/ k'

o, 7o Ar€ givenin the smaller supercell. Commensurate
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the larger supercell. A possible application is to embed anhar-
monic contribution obtained through self-consistent harmonic
approximation using a smaller supercell into the harmonic
force constants of a larger supercell [20].

5. Non-analytical term correction

Long-range dipole—dipole interactions are difficult to capture
in a supercell approach. Therefore it is treated with the help of
a model, the so-called non-analytical term correction (NAC)
[1,21-23].

At the commensurate points, this contribution is already
included in equation (48) via the supercell force constants.
However, at general q points it is not. Gonze and Lee [1]
have formulated this contribution to the dynamical matrix,
and in the phonopy and phono3py codes only the reciprocal
space term of the dipole—dipole interaction contribution to the
dynamical matrix is calculated. It is given by

41 ¢

V. 471'60«/me,.€ Z npalt prar

BB’
E QBQB/ZQ’ye’y'y’Q’y
Q=G+q

Dgg,n’a’(q)

: 0 0
x /6 Rox=Ro..1) exp

Z [
4A2 ’

(51

where 3 and ~ indicate the Cartesian coordinates. If the polar-
ization is called P, then ZZ’ Ba = % ail:,[:a |[e—o are the Born
effective charges at zero electric field, E = 0. €., is the high-
frequency static dielectric constant tensor. A is a parameter
adjusted together with the cutoff radius used for the summation
over G. A translational invariance condition can be applied to

equation (51) by [1]

DD DD /m "D
Dma,m’a’(q) <_Dmo¢,/€’o< f@l@ Z = NO( NI,Oé/ q:O)

’ (52)

As said already, at the commensurate points, this dipole—
dipole contribution is already included in equation (48) via the
supercell force constants. Therefore, equation (51) is used for
the interpolation of the dynamical matrix at general q points.
The procedure is reported in [1], which is described shortly
as follows. At the commensurate points q*, the short-range
dynamical matrix is calculated as

ilzz,,sfs’a’(q ) Diin ! (q ) DBBN’Q’(q*)' (53)
Next, the short-range supercell force constants <I>§§§ s Are
obtained from {D}%5C, ,(q*)} using equation (49), then the

- SR.SC
short-range dynamical matrix D, "

general ¢ point by equation (48), i.e.

(q) is calculated at the

25

)
2

—
W
T
7
1

Frequency (THz)
=

T M K r A L o A
Wave vector

Figure 6. Calculated phonon band structure of wurtzite-type AIN
using the 5 x 5 x 3 supercell with (solid curves) and without
(dashed curves) non-analytical term correction (NAC). Circle and
square symbols depict phonon frequencies at ¢ — 0, where filled
and open symbols indicate phonon modes calculated with and
without NAC, respectively. Wave vector path was selected by
Seek-path [24, 25].

SR,SC
Ora,l’'k'a’

SR,SC

SR,SC
{Dna7n’a’ Ko,k a

().
(54)

Np—— @
(a )} Eq. (49) Eq. (48)

Finally, the dynamical matrix at the general q point with NAC
is obtained by

DNAC

, ,(q) DSR SC

nan’a’(q)+DEana (55)

(q).

An example of the application of NAC to wurtzite-type AIN
is shown in figure 6. As can be seen, the correction is signific-
ant near the I' point. It also shows the directional dependence
near the I, in the direction of K and A, due to the non-spherical
symmetry of €,/ and Z 5, of AIN.

6. Regular grid in reciprocal primitive cell

When phonon properties at q points need to be integrated
over the BZ, a technique often used is to discretize the recip-
rocal space. Usually, reciprocal primitive cells are uniformly
sampled by a regular grid such as [26], even if other choices
are possible [27]. Traditionally, the regular grid is defined
by evenly dividing the reciprocal basis vectors, as shown
in figure 7(a). However, other regular grids may be chosen,
as shown in figure 7(b). For example, the grid shown in
figure 7(b) is defined by dividing evenly the reciprocal basis
vectors of the conventional unit cell instead. This is a type of
generalized regular grid, [28-31] as will be explained later.

6.1 Traditional regular grid

Traditionally, the volume of the reciprocal primitive cell is
divided into uniform microzones so that the basis vectors of
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(b)

Figure 7. Different I'-centred regular grids in plane reciprocal
primitive cell (c2mm). Filled circle symbols depict the grid points.
Open circle symbols show the grid points equivalent to some other
grid points by periodicity. Shaded area indicates a microzone [2] and
a;, and by, give the basis vectors of the microzone. (a) Traditional
regular grid. (b) A type of generalized regular grid [28-31].

the reciprocal primitive cell are simply integer multiples of
the basis vectors of each microzone (aX b’ ¢ ). The equation
which defines the microzone basis vectors is then

(ay,by,¢p) = (ag, by, ¢,)D

b (56)

with D = diag(n;,nz,n3), n; € N.

A 2D example of this microzone is shown in figure 7(a).
The q points of the grid points are represented by integer lin-
ear combinations of the microzone basis vectors plus a pos-
sible rigid shift (s1,s2,53)7. Therefore their coordinates in the
(af,b*,c*) basis are

prOprp
q1 (my +s1) /1
@ | = (ma+s2)/m |, (57)
q3 (m3 4+ s3)/n3

m; € {0,1,....n; — 1}, 0<s; < 1.

To conserve symmetry, n; and s; are chosen so that the micro-
zone lattice with the shift is invariant under the crystallo-
graphic point group P.

6.2. Generalized regular grid

A generalized regular grid is defined using a conventional unit
cell related to the primitive cell by equation (8). The reciprocal
conventional unit cell is therefore

(aX b}, ¢}) = (al,b%,c:)PT

crrcore P UpOTp prim*

(58)

Microzones can be defined considering that their basis vectors
are integer divisions of the reciprocal basis vectors of the con-
ventional unit cell. This is written as

(aZ,bl,cl) = (an, by, cr)diag(Ny,N2,N3), N; e N. (59)
A 2D example of this microzone is shown in figure 7(b). From
equations (58) and (59), we have

(ag, by, cp) = (ay, by, ¢ )diag(N1, N2, N3 )P

p?7Pp TP prim
= (a:‘;nbltncr’;)Mg' (60)

The grid matrix M, = diag(N, ,N2,N3)P[;»Tm is an integer mat-

rix. det(M,) is the number of translationally nonequivalent

grid points in the reciprocal primitive cell. When M is not
a diagonal matrix, the grid generated by equation (60) is a
generalized regular grid, otherwise we obtain the traditional
regular grid as described in section 6.1. Notice however that
the generalized regular grid may be transformed into the tradi-
tional regular grid of some reciprocal cell using an SNF kind
of decomposition, as explained in section 3.1. This is shown
in the next section.

6.3. Indexing of grid points

The integer matrix M, can be reduced to a diagonal
integer matrix such as D = PM,Q as has been employed in
section 3.1. This property of the matrix decomposition is
similarly used to index grid points by integer numbers of
{0,1,...,det(D) — 1} [17] in the phono3py code. Note that
det(D) = det(M,). Equation (60) is rewritten as

(a5,b},ch)Q = (a},bh,ci)P~'D. 61)
Denoting
(a5,b;. &) = (a7, b}, )0, (62)
(a5, by, €)= (ag, b, cp)P (63)
we have
(a5,by, &) = (a5, b, ¢ )D. (64)

Since @ is a unimodular matrix, (ﬁ;,f);,é;) and (ay, by, c;)
generate the same reciprocal primitive lattice. Similarly
(ax,b,,&:) and (a, b, ) generate the same microzone lat-
tice due to the unimodular matrix P!,

Equation (64) has the same form as equation (56) with
D = diag(ny,ny,n3). Therefore the q points of the grid points

are calculated similarly as equation (57) but in the basis

(a2,b5,&),
~ (m1+51)/m
q= (ﬁ;,b;,ég) (ma+52)/ny (65)
(m3 +53)/m3

Notice that in the above equation we use §; rather than s;. In
fact for practical purposes, it may be convenient to define the
grid shift s = (s1,52,53)7 in the basis (a%,b% ¢k ). Therefore
we have § = Ps.

The indexing of the grid points in the reciprocal primitive
cell (ﬁ;,f);,fzg) is a trivial task. Indeed, in the phonopy and
phono3py codes, each grid point is bijectively mapped to an
integer p by

p=my+nmy+nnyms, m; € {0,1,....n; —1}.  (66)
With this definition, 0 < p < nynons.

The q points generated this way are located within the
reciprocal cell (ag, B; ,€y)- They could be shifted to the recip-
rocal cell (a7, by, ¢;) by reciprocal lattice vector translations
if needed. Notice however that to obtain the integer p through
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equation (66) for a general integer triplet (m;,m,,m3)T, mod-
ulo n = (ny,ny,n3)T is required to locate the point within the
cell (a,b7,&). Indeed, (my,m,m3)T and (m; + Giny,my +
Gony,mz + G3ns)T indicate different locations in q space,
although they are equivalent points due to periodicity.

6.4. Symmetry of generalized regular grids

For a I" centred grid (s; = 0), the coordinates of a q point in
the basis (a;, by, ¢;) are given by

g=0D"'m+G, (67)
where m = (m;,mp,m3)T and the reciprocal lattice vector G
is chosen to bring ¢; in the interval [0,1). If the regular grid
is a traditional one, we simply have @ = P = 1. As shown by
equation (18), the image of this q point through an operation
of the crystallographic point group is given by
¢ =S70D'm+SG+G’ (68)
where we have added a reciprocal lattice vector G’ to shift
g/ of the image point in the interval [0,1). If ¢’ belongs to
the grid we have defined, for all ™7 in the crystallographic
point group, we will say that the grid is invariant under the
crystallographic point group. If it is so, ¢’ can be written as
¢'=0D 'm'+G" (69)
with m/ €{0,1,...,n; —1}. Comparing equations (68)
and (69), we obtain

m' = (QD")7'STT(OD"m (70)

+(@D)(STTG+G' ~G") (T
Because @ and S™ T are unir{lodular, and D contains the num-
ber of divisions along (ay,bs,c;), the last term is always a
reciprocal lattice vector. The matrix

S T=(ep")'sTT(@D™) (72)
is the matrix representation of S in the (a%,bZ &) basis. Its
determinant is always 1 or —1, but for m’ to be integer, it has
to have integer entries, and therefore be unimodular. This is
checked in the phono3py code, and if it is true for all S~ T in
the crystallographic point group, the regular grid follows the
crystallographic point group, and we consider it is properly
defined. The last equation can also be written as

P'STTP=MSTTM," (73)
and an equivalent strategy is to check that both sides are
unimodular.

Introducing the subgrid shift s (see section 6.3) can further
break the symmetry of the regular grid. In equation (67) m
is replaced by m + Ps and m’ by m’ + Ps in equation (69).
Requiring the shift to be invariant (mod 1) under an operation

of the crystallographic point group, ' Ps = Ps (mod 1), we
obtain the condition

P'S TPs=M,S ™M 's =s (mod 1) (74)

against all S~ T in the crystallographic point group.

6.5. Double grid for subgrid shift

To satisfy the crystallographic symmetry, the subgrid shift s; is
normally chosen to be either 0 or 1/2. It is better to treat grid
point arithmetic by integers for the computer implementation
and its performance. This is realized by doubling m and s. This
well-known technique, e.g. presented in [3], is directly usable
for the generalized regular grid in section 6.2. As a choice, we
define it by

m® =2(m + Ps), (mod 2n), (75)
and the q points are given like in equation (67) by
g=0D"'m'/2+G. (76)
The symmetry operation is implemented as
mi =8 "md (mod 2n). (77)

The index of the grid point m¢’ is obtained by equation (66)
after recovering m’ using equation (75),

m' = (m® —2Ps)/2 (mod )n. (78)
In the phono3py code, an integer vector of 2s is used for
the implementation, instead of s, to avoid floating point
arithmetic.

6.6. Grid points in BZ

In this section, the BZ grid points are defined to include dif-
ferent q points on the BZ surface that may be equivalent grid
points by reciprocal lattice translations, in addition to the grid
points inside the BZ.

For a T centred grid, in the (a, b ,& ) basis, each BZ grid
point is represented by the integer triplet

mbZ m; +GT'ny
BZ BZ _ m m

m= = | m =|m+G'n |, G €Z, (79)

mbZ m3 + G5'n3
where G™ is chosen to minimize the norm of q=
(ﬁ;,b;,ég)D‘lmBZ = (a%,b’ ¢ )mP%. Therefore, mb% is

written as

mP =m+D argmin(\(ﬁ;,f);,é;)(D_lm +G™)]). (80)

G™"

Multiple mB% can be found when the grid point is on the BZ
surface.

In the phono3py code, equation (80) is implemented as fol-
lows. As the first step, reduced basis vectors of the reciprocal
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primitive cell are obtained by using the Niggli reduction or any
reduction scheme. This is written using the change-of-basis
matrix M, as

p—r
(ar,b;,¢f) = (ay, by, c)M; ., (81)
where M;_,, is unimodular. This gives
q = (a7,b;, ) (M) " 'QD " [m +DG"]  (82)
= (a7, b},c)) [(Mp,)'@D"'m+G]. (83)

The second line defines the reciprocal lattice vector G. G is
divided into two pieces,
G=G+AG. (84)

Nearest integers of — (M, _..)~'OD™'m are stored in G, which
is formally written as

G = —nint[(M;,_,,)”' QD" 'm] (85)
to bring the following q closer to the origin,
a=(ar,b;,¢)) [(M;_,,)"'@D"'m+G].  (86)

AG that minimizes |q + (a], by, ¢}) AG]| is searched in AG; €

TOUTOT

{-2,—1,0,1,2}. Finally, mB? is obtained as

m® =m+DQ™'M_, (G + AG). (87)
As written above, m and p are in one-to-one correspond-
ence and multiple m®% can be found for each m or p. In the
phono3py code, {{m®%(p)}|0 < p < det(D)} is calculated and
stored at the initial step.

With the subgrid shift, m in the equations above are
replaced by m + Ps. Either with or without the subgrid shift,
mP? is determined using the double grid technique presented
in section 6.5. From stored mP?, the BZ q points are obtained
by

M O lD)QD_I(mBZJrPs).

(88)

6.7 Irreducible grid points

Using symmetry properties of phonons, e.g. equation (25),
the computation required for the phonon calculations can be
reduced. Indeed, many phonon properties result from the BZ
integration of functions of a single q variable. Collecting the
values of those functions for the q points in the irreducible
part of the BZ only may speed up the calculation and also save
memory space. When the BZ integration is performed on a reg-
ular grid, the irreducible q points are obtained from the irre-
ducible grid points. In this section, we explain how to obtain
those irreducible grid points, where it is assumed that the reg-
ular grid satisfies the symmetry as described in section 6.4.

A 2D example of BZ is presented in figure 8. A symmetry
operation acts on a q point as q' = Sq. The star of q is the set

@ (b)

Figure 8. (a) 2D Brillouin zone (BZ). Shaded area is a choice of the
irreducible BZ. (b) 6 x 6 regular grid on the BZ including the BZ
surface. Filled and open circle symbols show the grid points
belonging to the irreducible BZ under the C,y symmetry and the
other grid points, respectively. (c) The irreducible grid points may
not be located in a connected space.

of those points written as {Sq|S € P}, where one q point rep-
resents its star. The irreducible BZ is the set of representative
q points of all stars in the BZ. In figure 8(a), the 2D BZ has the
eight-fold symmetry of Cy4,, and the irreducible BZ is depicted
by the shaded area.

In a phonon calculation, q points are sampled on a regu-
lar grid, and the irreducible grid points are defined as the grid
points that belong to the irreducible BZ as shown in figure 8(b).
In practical calculations, the irreducible grid points considered
may however not be located in a connected space, as shown in
figure 8(c). This simply means that the selected representative
point in the star is located somewhere else.

In the phonopy and phono3py codes, the irreducible grid
points are obtained as follows. Each grid point indexed by p is
represented in the double grid of equation (75). All symmetry

operations S™ " of the crystallographic point group are applied
to the grid point as given by equation (77). The grid point
index of the rotated grid point, p(S), is recovered success-
ively applying equations (78) and (66). The minimum value
in {p(S)|p(S) < p,S € P} is chosen as the irreducible grid

point. The mappings of the grid point indices p Q p are
stored for all grid points in 0 < p < det(D), and the unique
elements of {p} give the irreducible grid points of the regu-
lar grid. It is important to perform these operations only by
integers for computational efficiency.

6.8. q point triplets

In the phono3py code, triplets of q points, (q,q’,q’’), are con-
sidered for the computation of the phonon—phonon interaction.
This interaction is therefore not a function of a single q vari-
able. The number of grid points det(D) becomes large when
dense sampling is used, e.g. det(D) = 300° =27 x 10° in the
study of [20]. Then, the number of triplets of q points becomes
300° ~ 10?2, which is a really huge number for numerical
computations and also storing in the memory of computers.
Due to lattice translational symmetry, elements of the three
phonon interaction strength can be non-zero only if q+q’ +
q’’ =G [32, 33]. This is used to reduce the computation
of the interactions for all triplets (q,q’,q’’) to all pairs of
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points (q,q’). To satisfy this condition, the T" centred regu-
lar grid is used in the phonon—phonon interaction calculation
of the phono3py code. Moreover, the crystallographic point
group operations, time-reversal symmetry, and permutation
symmetry for each pair of q and q’ are used to reduce fur-
ther the number of interactions to be computed. However, even
doing so, the number of the combination of two q points is still
large. Therefore, in this section, we describe the strategy used
to make those computations practical.

As mentioned in section 6.7, many phonon related proper-
ties are written as sum of functions of a single variable q, such
as ) f(q). For example, under the relaxation time approxim-
ation, the LTC computed in the phono3py code can be written
as

1
K= N %: Tqw CavVar @ Vau,s (89)

where Cg,, and v, denote the phonon mode heat capacity and
group velocity, respectively,

B Twog, exp(fwqy /ksT)
Cov = ks ( kgT ) lexp(hwq, /kgT) — 12 ©0)
Owqu
Voo = g’(‘; . 1)

In equation (90), & and kg denote the reduced Planck constant
and the Boltzmann constant, respectively, and 7T is the tem-
perature. 7, in equation (89) is the phonon lifetime, and the
reciprocal of 7, is calculated from the phonon—phonon inter-
action strength in the phono3py code. The explicit equation
used for 7q, = 1/2Tg, (wqu ) is given at equation (111).

The LTC of equation (89) is conveniently computed iterat-
ing over irreducible q points. Indeed, the mode heat capacity
and the lifetime have the same symmetry as the phonon band
structure, equation (25),

Csqv = Cqus 92)
TSqu = Tqu> 93)

and the derivative of equation (25) gives
Vsqu = SVqu. 94)

Therefore, the summation in equation (89) can be reduced to
a summation over the irreducible grid points. Denoting q the
irreducible points, we obtain

m

{5}

(q)

K= NLVZTEVCEV(ZSVQV(@SVEV) = (95)
C gl/ S

where the last factor is the number of branches in the star of q,
m(q), divided by the cardinality of the crystallographic point
group, [{S}].

When each calculation of 7g, is computationally demand-
ing, the computation of 7, at different q points may be dis-
tributed over multiple or many computer nodes. Therefore, it

(a)
3 -

2 -1 0 1

..

..

W N = O = N W
<
]
0—O0
|

q=(1/3,1/3)
mq = (2,2)

Figure 9. A strategy to choose a q point triplet. The same 2D
Brillouin zone (BZ) as figure 8 is used. The star symbols depict
three q points in the BZ under the constraint of ¢ + ¢’ +¢'’ = G.
(a) g is chosen from the irreducible grid points of C4, symmetry. g
works as the stabilizer of the subgroup of Cs4, symmetry. (b) ¢’ is
chosen in the irreducible grid points of the subgroup. (c) ¢'' = G—
q — q' where G of the shortest |(a*,b*)G], i.e. G = (0,0) in this
example, is chosen.

is convenient to have a set of q point triplets at fixed q in
{(q,q’,q"")}. As shown in equation (95), in this strategy, q is
chosen from the irreducible BZ. Now, because q must be k?:pt
fixed, it is not the full set of operations of the crystallographic
point group which should be used to reduce the summation
over q’, but a subgroup which lets q invariant. This subgroup
is known as the point group of q,

Py ={S|Sq=q (mod G), S € P}. (96)
Consequently, q’ is chosen in the irreducible part of the BZ
defined by Pq. Finally, q’’ is computed as q"' =G —q—q’
where G is a reciprocal lattice vector chosen to shift q’/ within
the BZ of the same origin. For phonons, one of (q,q’,q’’) and
(q,q’"’,q’) is chosen due to the permutation symmetry.

~ In the phono3py code, q, q’, and q’’ are taken from the
BZ of the same origin. When some of them are on the BZ
surface, they are chosen among their translationally equivalent
points on the BZ surface so that the triplet minimizes |G| of
q+q'+q"=G.
* This triplet search is implemented using the irreducible grid
points and the BZ grid points described in sections 6.7 and 6.6,

respectively. The q points ¢, ¢', and ¢'' are represented by the
BZ
q'
figure 9(a), mgz is chosen in the irreducible grid points. The

. . BZ BZ . .
BZ grid points m,", m and m7,, respectively. As shown in

point quZ breaks the crystallographic point-group P. Using

ST given by equation (72), the point group of ¢ is obtained
as

P, = {S\mgz =8 "mb? (mod m), S e IP’} RN CT))
As shown in figure 9(b), mg/z is sampled from the irreducible
grid points of P,. The third grid point is given by qu,Z, =

BZ BZ BZ .BZ BZ :
DGfmg —mgr. Finally, m,”, my7, or m7; may be shif-
ted to minimize |G| if some of them are on the BZ surface
as explained for (q,q’,q’’) above.
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Figure 10. Implementation of the linear tetrahedron method in the
phonopy and phono3py codes. This routine is provided as a module
that returns integration weights. In the module, each layer depends
on the lower layers. Crystal symmetry is treated outside of this
module.

Main diagonal

2

Figure 11. A scheme to divide a parallelepiped microzone into six
tetrahedra with the same volume [3]. The eight vertices of the
parallelepiped are shared by 6, 6, 2, 2, 2, 2, 2, and 2 tetrahedra,
respectively.

7. Tetrahedron method

Once implemented, tetrahedron methods are easy to use and
robust. Moreover, when the code is written in a modular
way, it can be reusable for different kinds of BZ integrations.
The phonopy and phono3py codes employ a linear tetrahed-
ron method where several techniques are picked and mixed
from the various reports, notably, by MacDonald ef al [2] and
Blochl et al [3]

The implementation in the phonopy and phono3py codes is
structured as schematically illustrated in figure 10. The bottom
of the structure is the regular grid. The parallelepiped formed
by the basis vectors of the reciprocal primitive cell is divided
into many smaller parallelepiped microzones on the regular
grid. Every microzone has the same shape, defined by the basis
vectors (aj, b, c’), as presented in section 6. In the case of
the traditional regular grid, equation (56) defines the micro-
zones to be considered, while for the generalized regular grid
equation (59) is used. Each of the microzones is divided into
six tetrahedra in the same way as shown in figure 11.

The integral over the BZ to be performed is then regarded
as a sum of contributions from those tetrahedra. The function
to be integrated is linearly interpolated within each tetrahed-
ron (see section 7.2) and therefore the integration within each

tetrahedron can be done analytically. To interpolate linearly a
tridimensional function one needs four values. Each tetrahed-
ron has four vertices. Therefore the values of the function to
be integrated on the vertices of the tetrahedra are used to build
the interpolations.

Different recipes can be used to implement this program.
We follow [2] as well as [3] to obtain integration weights for
grid points rather than for the tetrahedra themselves. Indeed,
as it will be shown, it is possible to rearrange the contributions
from tetrahedra to contributions from the grid points. This is
useful to make the tetrahedron method easy use, and to make
it similar to smearing methods. In addition, this way, the sym-
metry of the regular grid described in section 6.4 is applied
straightforwardly to the integration weights.

71. Division into six tetrahedra

The scheme to divide the microzone into six tetrahedra follows
[3] reported by Blochl er al We choose a shortest main diag-
onal of the parallelepiped (a% b, ¢ ). Then the six tetrahedra
are selected sharing this main diagonal as shown in figure 11.

72. Functions

In this section we introduce the functions g(w), n(w), I(w),
and J(w) to be computed using the linear tetrahedron method.
The notation roughly follows [2]. Moreover, the band index v
is not written explicitly, since each band can be treated inde-
pendently. It is therefore understood that a sum over the bands
should be performed at the end of the calculation.

The density of states g(w) is written as

g(w) E/ gd(w —wq) (98)
BZ

6N . . . .

~ V[Zg(w,w’l,w’z,wg,wi)
i=1
oN

= VlZg’. 99)
i=1

The definition is written at the first line, the approximation
obtained from the linear tetrahedron method at the second line
and an obvious definition of gi , the contribution of tetrahedron
i, at the third line. Here i is an index running throughout the
6N tetrahedra, and V; is the volume of a tetrahedron. The val-
ues of frequency at the vertices are assumed to be arranged in
ascending order, w! < wh < wi < wj.

The integrated density of states, or number of states func-
tion, n(w), is written following the same conventions,

n(w) E/ dw’g(w’) (100)
6N
~ Vth(w,w’i,wé,wé,wf‘)
i=1
6N
=V,y n (101)
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Weighted density of states frequently appears in phonon
calculations. They are defined by

I(w) = / Egr(@)bs—)
6N '
A~V g

i=1

_VtZg Zlk
i=1 k=1

4
Z]k(wawllawl27w§7wéll>F;c

k=1

(102)

where F(q) is a function of q and we used the notation
Fi = F(q;) at the vertex k of the tetrahedron labelled by i.
I} = Ii(w,w!,wh,wi,w!) are given in appendix A. We notice
in this equation an additional summation over the vertices of
each tetrahedron. This comes from the function ', which is lin-
early interpolated within each tetrahedron. When F = 1, this
equation reduces to the density of states.

Finally, the integral of I(w) over frequency, J(w), is written

as
w
J(w) :/ dw'I(w") :/ dqF(q)0(w — wq)
—oo BZ
oN 4
R~ Vth’ ij(w,wll,wé,wé,wi)F}(
=1 k=1
= Vth ZJkF;, (103)
i=1 =
where J} = Ji(w,w!,wh,wi,w)) are given in appendix A.

In appendix A, the formulae for the coefficients appearing
for the quantities, g', n', I, J}, are stated from [2]. To derive
those formulae, the calculation of J(w) is considered first, and
I(w) is obtained through differentiation. n(w) and g(w) are
just special cases for F=1. The §(w — wq) function in J(w)
shows that computing the contribution from one tetrahedron
is related to the estimation of the volume wy < w, which can
be described from an intersection of a tetrahedron with a plane
wq = w, since wq is now assumed to be a linear function of q.
As shown in figure 12 the volume will assume different shapes
depending on the value of w. Different formulae are therefore
obtained for the different cases to be considered.

73. Integration weights

In equation (102), I(w) is expressed as a summation over 6N
tetrahedra and four vertices. Following Blochl et al in [3], this
can be rearranged as a sum over grid points. This scheme hides
the cumbersome handling of tetrahedra from outside the lin-
ear tetrahedron method module as shown in figure 10. Once
integration weights, that are described in this section, are com-
puted, the data structure is shared with smearing methods and
the symmetry handling is made easy.

Figure 12. Different linear cuts by w plane of a tetrahedron.
(a)wl <w<w2 <w; <w4,(b)wl <wh <w <wh <wh, and
(c)wl < wj <w; <w <wj[2]

I(w) can be rewritten as

N—1 24

Vtzzglpzrﬂézwk),pa

p=0i,=1

(104)

where p denotes the grid points (see section 6.3), and i, is the
index of a tetrahedron in the 24 tetrahedra that are sharing the
grid point p (see figure 11 for 24 =6+6+4+2+2+4+2+2+
2+ 2). The composite index (i,, k) indicates a grid point, and
d(i, k),p selects the vertex which is identical to the grid point p
in the four vertices of the tetrahedron i,.

Since F;Z)(S(ip,k)  is only non-zero when (i, k) is the point

p. we write F{0( 1), =Fpd(;, x),- The summation (104)
becomes
N—1
W) RV Fpwp, (105)
p=0
where
Z g"’Zf‘ 8(i, k) (106)

ip=1

I(w) has therefore been expressed as a summation over grid
points. This integral is given by the weighted sum of the values
of the function F at points p, F,, with weights w, given by
equation (106).

A 2D illustration of the summation (105) is presented in
figure 13. Figure 13(a) shows that each parallelogram is cut
in two triangles, and the four vertices of each parallelogram
are shared by 2, 2, 1, and 1 of those triangles. Six triangles
share the grid point marked by the circle symbol as shown in
figure 13(b). This shows that only six terms are summed up in
the summation (106) because of 5(%;{) p- For the tetrahedra in
3D, 24 terms are summed up at each grid point in the summa-
tion (106).

To compute equation (106), it is convenient to represent
the positions of grid points using shifts from the grid point p,
my, + Am. The 2D example is depicted in figure 14. The main
diagonal (0,0)—(1, 1) is chosen. For this main diagonal, the six
triangles that share the central point are uniquely determined.
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(@)

Main diagonal

Figure 13. 2D schematic illustration of rearrangement of
summation (104). (a) Each parallelogram is cut into two triangles.
Four vertices of the parallelogram are shared by 2, 2, 1, and 1

triangles, respectively. (b) Six triangles (shaded) that share a grid
point (circle symbol) contribute to the integration weight of the grid

point.
o
(—1,0 Q
A

1,1)

(1,0)

(1771)

(07 71)

Figure 14. 2D schematic illustration of grid point shifts Am from
the focused grid point (centre) to the neighbours.

They are represented by the following Am of the apices:
(0,0)-(0,1)—(1,1),(0,0)—(1,1)—(1,0),....

For the linear tetrahedron method, there are four choices for
the main diagonal, and for each choice of the main diagonal,
the Am of the vertices of the 24 tetrahedra shared by a grid
point are predetermined. Therefore, the datasets of the 24 tetra-
hedra of the four main diagonals are predetermined and hard-
corded in the phonopy and phono3py codes as 4 x 24 x4 x 3
integer array whose elements are in {—1,0, 1} for the regular
grid.

For the generalized regular grid, the shifts —1 or 1 cor-
respond to the coordinates of the neighbouring points in the
(a%, b} ,ck) basis. The coordinates of those shifts are however
easily obtained in the (a%,b &%) basis used in the calcula-
tion, AmS = PAm, since

(a%,b* ¢ )Am = (a*,b* ¢’ )P~ PAm
= (a5, by, €) Am©, (107)

where equation (63) is used in the last equation.

187
qu(“’) =

q/q”l//l///

+ (l’lq/y/ 7nq//V//) [5(w+wq/y/ 7wq”v”) — 5(&.} 7wq/y/ +wq//l///)]} .

{(nq’u’ +nq”u” —|— 1)6(0.} —wq/V/ _wq”u”)

2
7h2 E E ‘q)iqwq/l,/,q//y//

74. Use of symmetry of grid points

The symmetry of grid points can be applied to the linear
tetrahedron method. The symmetry is used to prepare the
input dataset of a grid point required by the linear tetrahed-
ron method module as illustrated in figure 10. Once the input
dataset is made, symmetry information is unnecessary for the
linear tetrahedron method module.

In this section, we denote w, =w} and the mapping of

the grid point p ﬁ> p defined in section 6.7 is written as
p =f(p). Under the condition w, = wy,), which is satisfied

by the phonon frequencies, the integration weights fulfil the
relation

wp = Wﬂp) . (108)
This is an approximation since the set of 24 tetrahedra may
not follow the crystallographic point group, i.e. the rotated
tetrahedron may not be mapped to any of the 24 tetrahedra.
However, equation (108) is a very good approximation.

When F), has the symmetry F,, = Fy,,), equation (105) can
be written as

N—1 N—1

H(w) = VY Fowy = Vi) FripyWrp)-
p=0 p=0

(109)

The right hand side of Approx. (109) can therefore be com-
puted from the values at irreducible grid points only. Defining
the multiplicity of the irreducible points as m(p) = |{p|p =
f(p), ¥p}|, the right hand side of Approx. (109) is written as

I(w) =~ W Z Fywpm(p).
{r}

(110)

Here m(p) is equivalent to m(q) in equation (95), i.e. the num-

ber of branches in the star of q.

75. Triplets integration weights

As shown in [33], the phonon linewidth computed by the
phono3py code, due to phonon—phonon interactions, is given
by

(111)

(112)
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If we consider q to be fixed, the summations to be per-
formed over the BZ have the form

1
=) FeqraAla+q' +4")5(w—wyr )
q/q//

Ky(w) =
(113)

where Fq 7 ¢/ is an arbitrary function of q, q" and q"’. wgq’ 4/
is a function of q’ and q’’. For example, in equation (111), to
compute the contribution from the first delta function we need
to consider, wq/ q/7 = wWq’ + wgq’.

In the above equation, A(q+q’+q’’) means 1 when
q+q’ +q’' = G otherwise 0. In equation (11 l) this factor is
included in @4, 47,7 g7+ [33]. For given q, q’,and q’/ in the
BZ, q’ is chosen so that |G| is smallest. At fixed q, for given
q’, only a single q'’ contributes. This allows to eliminate the
summation over q’’, therefore we obtain

1
Ky(w) = NZFq,q/,G—q—q’(S(W —Wq',6—q—q’) (114
q/
VC 3 7
= W Bzd q Fq7q/,G_q_q/5(wqu/7G_q_q/).
(115)

This quantity has therefore the form of the function I(w)
we considered previously. To apply the linear tetrahedron
method to Kq(w) we need to know the value of the functions
Fq,q'.G—q—q’ and wq’ G_q—q’ at the vertices q’ + Aq’ around
the point q’. They are given by

Fq7q’+Aq’,G7q7q’qu’ = Fq,q’JrAqu"qu’a (116)

Wq'+Aq’,.G—q—q'~Aq’ = Wq'+Aq’,q''~Aq’- (117)
It means that Aq’’ = —Aq’ for the corresponding neighbour-
ing point of q’’. Using the values wq’+Aq’,q''—Aq- as the input
dataset of the linear tetrahedron method, the triplets integ-
ration weights are computed in the same way as written in
section 7.3.

8. Random displacement generation

Once phonon frequency wq, and eigenvector W, (qv) are
obtained in a supercell, they can be used to generate atomic
configurations relevant at finite temperatures. This can be
achieved using equation (27) and writing

\%(QR(QV) +iQ! (qv)),

where both Qf(qv) and Q!(qv) are real variables. It is shown
in [34] that they are real normal coordinates, fulfilling the
equation of the harmonic oscillator. Their probability density
is therefore a Gaussian,

e
—— exp|—
2mog,

O(qu) = (118)

Of!(qu)?

PIO*(qv)) = >3 )], (119)
qv

with
h Fuw h
2 qv
- th - 1+ 2ngq), 120
0 = g O 2T gy (1) (120)
hwqu
where ng, = (e"siqT — 1)~ ! is the Bose—Einstein distribution
function.

Substituting equation (118) into equation (27) and remem-
bering Q(—qv) = 0*(qv), we obtain

Ulko = \/%mﬁ { qgu 0(qv)Re[uy.a (qv)]

55 3 @ @) i)

qu v

(M (av) iQ’(qu))urmmu)] } (121)

\/m { q;:u Q q’/ Re[ulma (qy)]

+V2 Y

qEB,v

- Q’<qu>lm[uzm<qu>]} }

{ (qv)Re[uisa(qr)]

(122)

Here, A is a set of q points commensurate with the supercell,
where Q(qv) becomes real (e.g. I" point) or ¢ = —q + G, and
B includes other commensurate q points in the one side of the
BZ and q # —q + G. Namely, only one of q or —q should be
included in the summation over q € B [34].

Finally, generating random numbers following
equation (119) and using them for Qf(qv) and Q'(qv) in
equation (122), random displacements {u;.,} in a supercell
can be generated systematically at a given temperature.

The random structures generated in this way can be used to
investigate the impact of phonon excitation on various phys-
ical properties, such as electronic structure and magnetism, at
finite temperatures. Indeed, the investigated quantity is com-
puted for each random structure generated, and the average
of values obtained for those random structures is computed to
mimic the effect of temperature.

We note that this approach is physically valid only when
all phonon modes are dynamically stable (wfw >0) at all
commensurate q points. This condition is usually satisfied
in many compounds where lattice anharmonicity is not very
strong. However, in some anharmonic systems, including
high-temperature metastable phases, the harmonic approxim-
ation may yield unstable phonon modes.

Even when all phonons are stable, their frequencies may
deviate from experimental values significantly. In such cases,
it is recommended to use anharmonic phonon frequencies
and eigenvectors at finite temperatures for equations (120)
and (122). The anharmonic frequencies and eigenvectors
renormalized at finite temperatures can be obtained, for
example, by performing a self-consistent phonon calculation
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using either the real-space stochastic approaches, [35-40]
which are often termed the stochastic self-consistent harmonic
approximation (SSCHA), or the momentum-space implement-
ation which uses anharmonic force constants [41, 42]. An
application of SSCHA performed with random displacements
generated by the phonopy code coupled with the ALM force
constants calculation code [43] is found in [20].

9. Phonon band unfolding

To draw a phonon band structure for a system with defects
computed in a supercell approach, band unfolding technique
may be useful. Since even one point defect breaks the peri-
odicity of a crystal, a certain approximation is necessary to
achieve this representation. In this section, an implementation
of the method proposed by Allen et al [4] is explained.

In figure 15, a 2D schematic illustration of a supercell with
a vacancy is presented. It is analyzed by presuming the cor-
responding perfect supercell with the same lattice vectors.
Equation (30) gives the relationship between the basis vectors
of the primitive cell and those of the supercell, which indicates
that the perfect supercell contains N = det(M,_,,) primitive
cells. The reciprocal basis vectors are given by equation (46).
The BZ volume of the primitive cell is N times larger than that
of the supercell as shown in figure 16.

For this analysis to be possible, we assume there exists a
one-to-one correspondence between the atoms and vacancy
sites in the defective supercell and the atoms in the perfect
supercell. The atoms and vacancies in the defective supercell
can therefore be labelled by the composite index I« in the same
way as in the perfect supercell. It means that vacancy sites in
the defective supercell must have respective atoms in the per-
fect supercell. The atoms in the defective supercell can nev-
ertheless have slightly different positions than in the perfect
supercell. The 2D schematic illustration we obtain is shown in
figure 15.

We write the coordinates of lattice points in the supercell
as

R; = (ap, by, )l = (ag, b, ¢)l, (123)
where lA are integers, while 1 may not be.

Let 7; be the jth lattice translation operator which is defined
on a function as follows

T(R) = fR - R,).

In this section, / correspond to lattice vectors within the per-
fect supercell. There are N such lattice vectors and therefore
N lattice translation operations. T, maps a lattice vector with
index /; in the perfect supercell to a lattice vector with index
Ir. The mapping between indices is determined from

(124)

T,
AN

L=1 +1I; (mod 1), (125)
where (mod 1) means that the lattice points translated outside
the supercell are brought back inside the supercell by a super-
cell lattice translation. The mapping obtained this way is stored

Supercell with a vacancy Perfect supercell
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Figure 15. 2D schematic illustration of a supercell with a vacancy
(left) and the corresponding perfect supercell (right). The atoms are
depicted by open circle symbols. The vacancy is marked by “V”.
The perfect supercell contains 2 x 2 primitive cells whose lattice
points (I1,1>,13,14) are indicated by filled circle symbols. Positions
of all atoms in the defective supercell can deviate slightly from the
equilibrium positions of the perfect supercell. At unfolding, the
phase shift of q* - R, is multiplied to the phonon eigenvector of the
defective supercell at each primitive lattice translation as given in
equation (135).

Figure 16. Unfolding of 2D Brillouin zone (BZ) of the supercell
(q}) to 2 x 2 BZs of the supercell (q,q5,93,q3). Gray levels of
shaded backgrounds indicate BZs of the supercell which belong to
different q* points.

in an N X N permutation matrix. In figure 15, the 2D supercell
model is made of 2 x 2 primitive cells. For example, the trans-
lation by a,, brings /; to [;. One more translation by aj, brings
I to I} due to the periodicity of the supercell. In the following,

the mapping /; i) I is written compactly as [, = T;(l;).

The first step of this method is to compute the phonon
eigenvectors of the defective supercell. The Bloch wave of an
eigenvector given by equations (19) and (20) is written as

Uy (q7) = 4R W, (q0), (126)
where W,,.(qr) is the phonon eigenvector of the defective
supercell, with band index o, and at the wave vector q in the
BZ of the supercell. Eigenvector elements corresponding to
vacancies are treated as zeros.

We consider that T] is applied to the Bloch wave as

1,01 (@7) = Uy, (69)

_ eiﬁ'(Rm—sz)WTfl(Z)K(q,;). (127)
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The first line of equation (127) may not be consistent with
equation (124) since positions of atoms in the defective
supercell can be displaced slightly from those in the perfect
supercell.

The next step is to unfold the q point from the BZ of the
supercell to the N q points in the BZ of the primitive cell which
are equivalent up to vectors of the reciprocal supercell lattice.
This is written as

qQ=q"+q, (128)

where q* is an integer linear combination of (af,b},¢}). The
schematic illustration for the BZ of the 2D supercell is shown
in figure 16. The q points in the BZ of the supercell are shifted
by q* inside the BZ of the primitive cell.

Applying periodic boundary conditions on the supercell,
the translation operations {TJ} form an Abelian group of order
N with irreducible representations e 'Ry The great ortho-
gonality theorem then gives the relation

N

§ /‘ iq*-R; _
— (] 1= 5(]*,0'

1
12
N 4 (129)
j=1
This result is also proved algebraically in appendix B, together
with the dual relation

N
—iq* -(R;.—R,
SN e TR

1
130
P (130)
i=1
where q are the N vectors q* within the BZ of the primitive
cell. We define the operator

1 N

e,
=1

(131)

It can easily be shown that it is a projection operator, which
selects the part of U, (qr) that is also a Bloch function of
the primitive lattice with wave vector q = q* + q. Indeed, in
appendix C we obtain

T:P(a,q7)is(q) = e~ @900 P(q,q") Wie(qD). (132)
Moreover, because from equation (130), ny:l P(q,qF) =1,
the decomposition of W¥;,(q7) into the N functions
P(q,q7) ¥, (qP),i =1,...,Nis unique,

> i

i=1

(@) =Y [P@a)vn@)|. 133

The projection by equation (131) and the decomposition
by equation (133) indicate that the weight of state having
the Bloch symmetry q = q* + q of the primitive lattice in the
supercell Bloch state U, (q?) is therefore defined as

10 2.00
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Figure 17. Phonon band unfolding of Al with a vacancy. Color scale
indicates unfolding weights of phonon modes depicted by filled
circle symbols, where those of the degenerated modes are summed.
Phonon modes calculated for the defective supercell are presented
by + (plus) symbols. Unshaded and shaded backgrounds show
Brillouin zones of the supercell that belong to q* of I" and L,
respectively. Only a part of the weights are unfolded into these two
commensurate points among 32 commensurate points. Although
this unfolding technique requires no reference states, for the
comparison, the phonon band structure of the perfect supercell is
shown by solid curves.

=2 1P@a) ¥ @)

2
PWZEE: j{:\v e (@) (134)
1 N
= v 2 2 Wil @) Wop i (@) .
ik j=1
(135)

It can easily be checked that Z?/:Iw((lﬂ,qi*) =1 from
equation (130) and the unit normalization of the phonon eigen-
vectors. Interestingly, this result does not require phonon
eigenvectors of the perfect crystal. The second equation is
implemented in the phonopy code though the third equation
may be more intuitive. W 71(1)5((]17) is the phonon eigen-

vector elements belonging to the lattice point T (I;). The
unfolding weight indicates its correlation with W, H(qu) after
the phase shift "Ry In the example of figure 15, the phase
shifts are integer multiples of 7, since the 2D supercell model
is made of 2 x 2 primitive cells.

An example of the phonon band unfolding technique
applied to Al with a vacancy is shown in figure 17. The
corresponding perfect supercell (32 atoms) is constructed by
2 x 2 x 2 of the conventional unit cell (4 atoms). The primitive
cell contains one atom and
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2 2 2
My, =2 —2 2 (136)
2 2 -2

Under fixed basis vectors of the supercell with a vacancy,
internal atomic positions are relaxed. For the unfolding, q
points are sampled along the BZ path L-I'-L of the primitive
cell (see figure 17). Those points can be uniquely decomposed
as q = q + q*, where q belongs to the BZ of the supercell, and
q”* is a reciprocal lattice vector of the supercell. For the above
example, q* is found to be I' or L, depending on the position
of q along the path L-I'-L.. Those two possibilities are repres-
ented using unshaded and shaded backgrounds in figure 17.

The phonon modes of the defective supercell are calculated
at those q points. The projection operator of equation (131)
is q* dependent and only a fraction of the phonon modes are
unfolded along the L-I'-L path, because the selected q* points
are only a subset of the commensurate q* points in the summa-
tion of equation (133). In figure 17, though we can see phonon
frequencies are perturbed by the vacancy, the unfolded phonon
band structure roughly follows the phonon band structure of
the perfect supercell.

Substitutional defects can be managed straightforwardly.
Interstitial defects can be handled in the same way as
the vacancy case by defining the corresponding supercell
differently [44]. Suppose we have one interstitial defect in the
supercell model. It is treated as a usual atom in the primit-
ive cell of the corresponding perfect supercell. In the defective
supercell, the interstitial atom is located in one primitive cell,
and in the other primitive cells, the interstitial sites are treated
as vacancies.

10. Conclusion

A scientific simulation code implements mathematical mod-
els that are described with formulae. In those formulae, the
information is often not detailed enough for direct computer
implementation, and the detailed knowledge can be implicit.
Scientific software developers may have to learn it from skilled
people around, otherwise find it independently. To ease the lat-
ter situation in the modern era of distributed software develop-
ment, we aimed to provide details of the computational meth-
ods employed in the phonopy and phono3py codes, keeping
the formalism as close as possible to the implementations.

Not all of the computational methods described in this
review are specific to the phonon calculation or the super-
cell approach. For example, the handling of the regular grids
and the linear tetrahedron method presented are applicable to
electronic structure calculations. We therefore hope that this
review will be a useful source of information for software
developers in condensed matter science.
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Appendix A. Functions used in the linear
tetrahedron method

In this section we give explicit formulae for g, n', I}, and J{ [2].
They assume different forms depending on the position of w
in the sequence w| < wh < wi < w!. Also, they are expressed
using f and A, which are defined as

frme (w—wf#)/(wﬁl _win)v fnlm +fr£m: 1) (Al)
AL =wh —dl (A2)
g', n', I', and J' satisfy the following relations:
dn! -
— =g A3
w % (A3)
d(niJ,i) .
— =g'I. A4
dw 8 1y (A4)
It may be useful to remember
I{’I?I/Af‘lm = nim/AiL’mv (AS)
dfow 1
= — A6
dw AL, (46)
Al w< W)
g =0 (AT)
n' =0. (A8)
I, =0. (A9)
Ji=0. (A10)



J. Phys.: Condens. Matter 35 (2023) 353001

Topical Review

A2, Wy <w<uh

As shown in figure 12(a), the volume to consider is a tetra-
hedron with vertices located at qi, 9o =f3,q2 + /41, 45 =
F193 +1341, 4y = /4,94 +f1441, and

n' Zlelfﬁlfil-

Inside this volume, F(q) is linearly interpolated, i.e. F(q,) =~
£ F(q2) +fi,F(q1), ..., and the contribution of ith tetrahed-
ron to J(w) is approximated as Vin' [F(q;) + F(qa) + F(qp) +
F(q4)]/4. By substituting it in equation (103), we obtain

(Al1)

Ty = (V+fL+fh+1fl) /4. (A12)
Ji=fl/4, k=234 (A13)
Using equations (A3) and (A4),
g =3n"[(w—wi)=3ffi i/ (w—w))
=35 f31/ Q4 (A14)
I = (fl +fis +£ia) /3. (A15)
L=fi/3, k=2,3,4. (A16)

A3. wh<w<wh

In this case, the occupied part of the tetrahedron is the sum
of the following three tetrahedra. Vertices of the first tetrahed-
ron are g1, o, Qo = [0 + £y, Q5 = Qs + fisa, and its
volume is Vi,, 5 = Vify, f3,. The vertices of the second tet-
rahedron are qi, qa, 43, 5 =/};94 +/i,q1, and its volume
is V1,5 = Vifi1 f3afip- The vertices of the third tetrahed-
ron are qi, 4, 45, 4y =/fi 43 +f3q1, and its volume is
Vg5, = Vifi fi1 f35- The locations of the vertices are depicted
in figure 12(b). We obtain

n' = (Vlizaﬁ + Vfaﬁé + Viﬁéw)/vl

=firFiy +Fi Foafiy +Fir fi1 Fos- (A17)
Ji = [Vi12aﬂ + Vfaﬁa(l +1is)
+Vigsy (L+fia+f3)]/(4n' V). (A18)
Ty = [VilZaB (1434 +F33) + V{aﬁé (f3s +133)
+ Vigsaf33)/ (4n V7). (A19)

Js = [Vi12a5f3i2 + V{a55f3i2 + Vim&«, (f, )]/ (4n' V7).
(A20)

Ty = [Vigapfia + Viags (fl 1) + Vigso S/ (4n' V7).
(A21)

g =3(fufi +iaf)/ Dy (A22)
L =fis/3+fiafiifas/ (8 Ay). (A23)
L =F3/3+ (f2)* fi2/ (&' Aly)- (A24)
I =f0/3+ (131)f/(8' Aly)- (A25)
Iy = fi1 /3 + fiofaafia/ (8 Bly)- (A26)

Ad Wb <w<

As shown in figure 12(c), the occupied part of the tet-
rahedron is the full tetrahedron minus the tetrahedron
with vertices at qa, qp =fiqs +,92, Q5 =1£i1q4 +flq
and ¢, =f;394 +f3,q3. Its volume is Vigsy = Vifiafoulas-
Therefore, the contribution of i-th tetrahedron to J(w)
is approximated as {Vi[F(qi)+ F(q2) + F(q3) + F(qa)] —
Vigs [F(aa) +F(ag) + F(ay) + F(gs)]} /4. We obtain

n' = (1= flafssfia)- (A27)
1= (1= (fla)* foafial / (4n). (A28)
Ty = (1= fia(f24)* fia] / (4n"). (A29)
Iy = [1—fiafaa(f3a)’]/ (4n"). (A30)
b= (V= flafsafia(1 + iy +fir +£i)]/ (4n'). (A31)
g =3(1—n')/(wy —w) =3ffis/ Al (A32)
II=fL/3, k=1,2,3. (A33)
L= (fiy +fia +1i3) /3 (A34)
A5 Wy <w
The tetrahedron is fully occupied, therefore,
g =0 (A35)
n=1 (A36)
II=0 (A37)
Ji=1/4 (A38)
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Appendix B. Summation formulae

When the supercell lattice vectors are collinear to those of the
primitive cell,

(357b3acs) (apabp7cp)Mp—>S' (B1)

With M,,_,; = diag(n;,n,n3), it is proved in most textbooks
that the set of lattice vectors

I
R, = (ap,bp,¢,) | 2|, 6i=0,....mi—1 (B2)
5]
= (apvbpvcp)l (B3)
and their conjugated wave vectors
p1/m
q:(a;7b;’cs) Pz/nz ) Pi:07-~->ni_1 (B4)
p3/n3
P1
= (ag,bg,¢]) | 2 (B5)
P3
= (ag,b{,cl)p, (B6)
fulfil the summation formulae
1 .
)y R =46, (B7)
det(My—s) w0
1 —iq-Ry
_ = B8
det(Mp—>s) % ¢ KR ( )

where G is any reciprocal lattice vector, and R, any supercell
lattice vector.

When the supercell is not collinear to the primitive cell, the
set of lattice vectors, {R;}, are those integer linear combin-
ations of (a,, by, ¢,) located within the supercell (ag,bs,c;),
and the set of wave vectors, {q}, are those integer linear
combinations of (a,b¥, ¢}) located within the reciprocal cell

R Rt A

(a5, by, ¢;). Since the above summations can not easily be split

into the product of three geometric series, it is not obvious
whether the above results are still valid.

However, we have seen in section 3.1 that SNF like trans-

formations can always be used to obtain primitive cell and

supercell which are collinear, and for which the summation

formulae (B7) and (B8) are obviously valid. We have

(ﬁp76p7ép) = (ap’bpacp)P_la (B9)
(a,,by, &) = (as,bs,¢)0Q, (B10)

and therefore
(as,b5,¢;) = (a3, by, c;)PT, (B11)

21

(a}, b7, €)) = (a},b},e;)QT (B12)
_(x* ek XK —1
= (ay,b,,¢;)D™, (B13)
while the set of lattice vectors and wave vectors,
R, = (,,b,, &), (B14)
q= (ay,b},¢)p, (B15)
with; =0,...,D;— land p; =0,...,D; — 1, fulfils,
TR =y (B16)
det(D) & Lo
{Ri}
1 —
7zqR o .
o T @)

{a}
Since the same lattices are generated by the unimodular
transformations (B11) and (B12), we can write

R, =R, + Ry, (B18)

q=q+G (B19)
where Ry is a supercell lattice vector used to bring R, within
the original supercell (aq,bs,¢s), and G a reciprocal lat-
tice vector used to bring q to the original reciprocal cell
(a;,‘ by, cg). Since q- Ry, G - Ry, G - R; are multiple of 27, and
det(M,_,;) = det(D), we obtain equations (B7) and (B8) for
arbitrary supercell and primitive cell related by an integer mat-
rix M,,_,;. Notice however that the definition of the set of lat-
tice vectors and wave vectors for which those summation for-
mulae hold is now more general. The wave vectors are along
the reciprocal vectors of the supercell and located within the
reciprocal cell of the primitive lattice, while the lattice vectors
are along the primitive lattice vectors and located within the
supercell.

Appendix C. Projection into primitive cell Bloch
states

From the definition of the projection operator,

N

1 (e a* A -
S TR T, (G9) ()

T,P(a.q") Vi (a7) = T;

j=1
1 N

=i R S o (@+0")-(Ry+R;)
=1

x Ti 170, (G0) (C2)
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N
— ¢~ (@+9") R, 1 Zei(qm*)-(nlﬁnh)

j=1
x e R Ry RN s (@)
(C3)

N

Zeiq*'(R{f'*'R’i)

Jj=1

— e~ i(@+q") Ry l
N

X eiﬁ'RINW(TJ}_)—l(I)K“iD). (C4)
R, + R, may be outside the supercell, therefore we write R, +
R, = R, + Ry, where R; is a supercell lattice vector. Because
W,,.(q?) has the periodicity of the supercell, and ¢4 Rt =1,
we obtain

T,P((], q*)lpln(q[))

N
:eii<(~]+q*).Ru%Zeiq*.R/kei(TRmWT;l(l)K((l;}) (C5)
k=1
|
—i(@+q) R, 1(@+4") Ry oG- (Rin —R qv
— o—ilata") /,Nk:zle(qﬂ) 1 il (R zk)WTk_I(Z)H(qu)
(Co)
i 1= G
= eii(q{kq*).Rll N Zei (quq*)Ale ik\plﬁ (qﬂ) (C7)
k=1
= e (@R p(, ") Uy (@D). (C8)
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