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1.	 Introduction

The yield-point phenomenon characterizes a material 
behavior marked by a distinct yield strength and subsequent 
stress-drop following the initiation of plastic deformation. It 
is observed across various materials.1) The aforementioned 
phenomenon is particularly prominent in carbon steels, and 
the mechanism is believed to be the inhibition of dislocation 
motion by interstitial atoms such as carbon.2–4) During tensile 
tests, the entire gauge length of the specimen is assumed to 
be in a uniform uniaxial stress state. However, when a stress-
drop is accompanied by the yield-point phenomenon, local 
deformation occurs and propagates within the gauge length, 
forming a unique yield plateau in the stress–strain curve.5) 
The stress–strain relationship evaluated by tensile tests 
included the effects of the specimen shape and size because 
the yield plateau was caused by non-uniform deformation in 
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the specimen. Thus, the evaluated stress–strain relationship 
was not a true material response. To address this, numerical 
methods, such as the finite element method, offer a means 
to reproduce the stress–strain relationship, considering local 
deformation due to stress-drop and yield plateau, thereby 
allowing examination of the true material properties.6–9)

Setoyama et al.10,11) focused on the connectivity of high-
strength pearlite microstructures in ferrite–pearlite duplex 
steels and compared experimental and numerical simulation 
results. While the yield-point phenomenon manifested in the 
tensile tests of ferrite–pearlite duplex steel, the stress–strain 
response of the ferrite single-phase steel, excluding the 
stress-drop, was employed to establish the stress–strain rela-
tionship of the ferrite phase. Watanabe et al.12) evaluated the 
mechanical behavior of a multiscale ferrite–pearlite duplex 
structure using first-principles calculations for cementite. 
They also utilized a crystal plastic constitutive model based 
on dislocation density13) to characterize the stress–strain 
relationship for the ferrite phase, encompassing the yield 
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plateau but omitting the stress-drop. The occurrence of a 
stress-drop in the ferrite phase of a duplex microstructure, 
potentially leading to the initiation and propagation of local 
deformation, has been infrequently discussed in prior studies 
on numerical simulations.

Watanabe and Iwata14) proposed an elastoplastic constitu-
tive model that incorporates the yield-point phenomenon to 
describe the stress-drop. This model features a mathematical 
structure in which a function describing the general stress–
plastic strain relationship is multiplied by an asymptotic 
function expressing the stress-drop after the onset of yield-
ing. Notably, this allows for a discussion of the steepness of 
the stress-drop, which has been a facet often overlooked in 
existing studies. While applying such a constitutive model 
with a stress-drop to finite element analysis reproduces 
unstable phenomena with local deformation, numerical sim-
ulations can be conducted using the static implicit method, 
provided that a proper treatment is performed to obtain a 
stable convergent solution.

Based on the above, in this study, a numerical simulation 
of tensile tests considering the yield-point phenomena in 
the elastoplastic constitutive model proposed by one of the 
authors was performed with simplifications to improve the 
computational stability and extract the inherent stress–strain 
relationship of ferrite steel by comparing it with experimen-
tal results. Using the stress–strain relationship of the ferrite 
phase, a deformation simulation of a ferrite–pearlite duplex 
microstructure was performed to evaluate the deformation 
state of the microstructure of metallic materials, and the cor-
responding macroscopic stress–strain relationship and defor-
mation mechanism were discussed. Furthermore, a multiscale 
analysis was performed to simulate the tensile tests using the 
macroscopic responses obtained from the numerical simula-
tion of the microstructures of the metallic materials.

2.	 Constitutive Model

To replicate the yield-point phenomenon through finite 
element analysis, it is essential to employ an elastoplastic 
constitutive model that incorporates a stress-drop post the 
initiation of plastic deformation in the ferrite phase. In 
this study, a simplified version of the constitutive model 
proposed by Watanabe and Iwata14) was utilized. The stress 
integration algorithm and derivation of the elastoplastic 
tangential coefficients were formulated in accordance with 
Watanabe et al.15) The yield-point phenomenon caused a 
sudden change in the plastic strain along with local defor-
mation. The effect of the strain-rate dependence should be 
considered; however, for the sake of simplicity, a strain-
rate-independent plasticity model was employed.

Based on the finite-strain-elastoplastic theory, elastic-
plastic multiplicative decomposition was employed, which 
is expressed as follows:

	 F = F Fe p .................................. (1)

where F is the total deformation gradient tensor and F e 
and F p are the elastic and plastic parts of the total deforma-
tion gradient, respectively. Using Eq. (1), three bases were 
defined: reference, intermediate, and current configurations. 
The St. Venant elastic constitutive model was utilized, 
which is expressed as follows:

	 Ŝ C� �� �e e1

2
1 ............................ (2)

where Ŝ  is the second Piola–Kirchhoff stress in the inter-
mediate configuration, e is the elastic tangent coefficient in 
the intermediate configuration, and C e=F eTF e is the elastic 
right Cauchy–Green deformation tensor.

In the rate-independent plastic constitutive model, the 
yield function is defined as

	 � � � �� � 0 ................................ (3)

where Σ and Γ are the stress norm and yield stress, respec-
tively. The stress norm Σ corresponding to von Mises stress 
is defined as follows:

	 � � �� �� �� ��
3

2
dev dev

Tˆ ˆ:T T ..................... (4)

where ˆ ˆT C S= e  denotes the Mandel stress in the intermedi-
ate configuration. Based on the phenomenological constitu-
tive model proposed by Watanabe and Iwata,14) yield stress 
Γ is defined as follows:

	 � � �� �q r1 ................................. (5)

where q is a function of internal variables ξ of the plastic 
deformation history and defines the approximate form of the 
stress–strain relationship for the plastic loading state includ-
ing plastic hardening; and r is a function of the internal vari-
able ζ introduced to represent the yield-point phenomenon. 
In this study, q is defined by the following equation using 
the Voce-type nonlinear hardening law:16)

	 q h H� � �� � � �� �� � �� � � � �Y sat Y exp1 ........... (6)

where τY is the initial yield stress of the master curve, τsat is 
the convergence yield stress when the plastic history variable 
becomes sufficiently large, h is the sensitivity to nonlinear 
work hardening, and H is the linear hardening coefficient.

Here, r is defined as a function in which the initial 
value of Γ is the upper yield stress τY and asymptotically 
approaches zero.

	 r k:� ��
�
�

�
�
� �� ��

�
�up

Y

1 0exp ....................... (7)

where k0 is the sensitivity of the asymptotic function and ζ 
is an internal variable describing the variations in the func-
tion. Watanabe and Iwata14) derived an evolution equation 
for the two internal variables using a formulation based on 
thermodynamics as follows:

	 � �
�

�� �
�
�
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q

r1 .......................... (8)
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r

q .............................. (9)

According to Eq. (7), it is obvious that r has a positive value 
immediately after yielding. However, it rapidly approaches 
zero when plastic deformation occurs. Moreover, upon nor-
malizing both sides of Eq. (9) by the initial yield stress τY, 
these are written as:

	 


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.............................. (10)
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Considering the initial values of both variables to be zero, ζ 
is approximately written as ζ=τYξ and r can be considered 
as a function of ξ. The sensitivity of the asymptotic func-
tion is redefined as k=τYk0, and the yield stress Γ can be 
simplified as follows:

	
� �

� �� � � �� �� ��� � � ��
�
�
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�
� �� ��
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......................................... (11)
The above simplification allows for a single internal variable 
in the constitutive model and facilitates implementation in 
the finite element analysis. Thus, it enables robust numeri-
cal analysis.

3.	 Simulation of the Yield-point Phenomenon in Ferrite 
Steel

Within the yield-point phenomenon, the stress-drop 
induces the propagation of local deformation, and the 
stress–strain relationship is influenced by the shape and size 
of the tensile test. In this study, we conducted numerical 
simulations of tensile tests, taking into account the yield-
point phenomenon observed in experiments. The objective 
was to determine the plastic properties of the ferrite phase, 
characterized by a stress-drop.

3.1.	 Finite Element Model of Tensile Test
A finite-element model of the tensile specimen was pre-

pared based on the tensile test conducted by Setoyama et 
al.10) (Fig. 1). Numerical simulations were performed to 
apply displacements to the end face of the tensile specimen 
using the static implicit method, as shown in Fig. 1. In this 
study, elastic isotropy is assumed and elastic constants are 
set to be Young’s modulus E=200 GPa and Poisson’s ratio 
ν=0.296 based on the study of Watanabe et al.12) The mate-
rial constants describing the master curves τY, τsat, h, and H 
are set from the latter part of the stress–strain relationship 
obtained from the tensile test as follows:

� �Y sat� � � �0 095 0 305 40 0 33. , . , , .GPa GPa GPah H

The upper yield stress was set to be τY=0.354 GPa based on 
the experimental data of Setoyama et al.10) The parameter k 

was determined to minimize the differences in the stress–
strain curves obtained from the experiments and simulations.

3.2.	 Simulation Results and Parametric Study
Owing to the propagation of local deformation throughout 

the entire specimen during the yield-point phenomenon, the 
strain range of the yield plateau in the stress–strain relation-
ship is not solely dependent on material constants but also 
influenced by the size of the specimen. Consequently, evalu-
ating the true mechanical properties of ferrite steels involves 
performing numerical simulations of tensile tests using a 
finite element model that aligns with experimental results 
and determines the material constants. In line with the 
experiment, the stress–strain relationship in the numerical 
simulation was converted to the true stress–strain relation-
ship by deriving the nominal stress-nominal strain relation-
ship from the load–displacement relationship and specimen 
dimensions. The responses of the constitutive model (11) to 
changes in the material constant k are illustrated in Fig. 2(a). 
The stress–strain relationship calculated from the numerical 
simulation of the tensile test, alongside the corresponding 
experimental results, is shown in Fig. 2(b). In addition, 
the stress–strain relationship evaluated from the results of 
numerical simulations of the tensile tests using this constitu-
tive model showed a distinct yield plateau. In other words, 
the stress–strain relationship shown in Fig. 3(b), calculated 
from the numerical simulation of the tensile test, gives a 
completely different response from that of the constitutive 
equation (Eq. (11)). To determine the appropriate material 
constant k corresponding to the experimental results, a resid-
ual error between the experimental and constitutive model 
responses was defined and minimized using the equation:

	 � � �� ��
1

�
�� �

�
Y

exp sim d ..................... (12)

where �exp
�  and �sim

�  are the stress norm values of experi-
ments and numerical simulations at axial strain ε, in which 
von Mises stress norm corresponds to the axial stress 
value in a tensile test. In this study, the residual norm was 
evaluated by numerical integration in the axial strain range 
ε∈[0.01, 0.05] where a yield plateau appeared. The rela-
tionship between the evaluated material constant k and the 
residual norm is illustrated in Fig. 3, aiding in determining 
the appropriate parameters.

It is evident that the numerical simulation, utilizing the 
determined material constants, reproduces the experimental 
stress–strain relationship as shown in Fig. 2(b). The distri-
butions of equivalent plastic strain and equivalent stress in 
the strain region of ε∈[0.01, 0.05] are shown in Fig. 4. It 
can be seen that the stress-drop after the upper yield point 
causes local deformation which propagates through the 
region. In this study, any imperfections were given to the 
finite element model for controlling the initiation area of 
yielding; therefore, yielding occurs at a point in the tensile 
specimen where the stress is slightly higher at a numerical 
precision level. In the region of yield plateau, the speci-
men is non-uniformly deformed, but when the entire gauge 
length undergoes plastic deformation with stress-drop, the 
entire specimen becomes uniformly deformed.

For problems involving local deformation, such as yield-
point phenomena, the dependence on finite element mesh Fig. 1.  Finite element model of the tensile specimen.
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resolutions becomes significant. Figure 5 demonstrates 
the change in the stress–strain relationship when varying 
the size of finite element discretization for the determined 
material constants. When the mesh is coarse, the material 
response after the yield plateau is different. The finite ele-
ment model with a mesh size of 1.5 mm was adopted in this 
study, as models with a mesh size of 1.0 mm and 1.5 mm 
exhibited nearly identical responses.

In conclusion, by determining the material constants 
in the constitutive model (11) to minimize the difference 

Fig. 2.  Sensitivity of parameter k on stress–strain curves.

(a) Constitutive model

(b) Finite element analysis

Fig. 4.  Numerical results: finite element analyses of the tensile test.

(a) Equivalent plastic strain

(b) Equivalent stress

Fig. 3.	 Residual error in finite element analyses changing param-
eter k.

Fig. 5.  Mesh sensitivity of finite element analyses in tensile test.

between experimental and numerical simulations, the mate-
rial response, including the stress-drop leading to the yield 
plateau, can be accurately extracted.

4.	 Multiscale Simulation of Ferrite–Pearlite Duplex 
Structure

Using the stress–strain relationship of the ferrite phase, 
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including the stress-drop determined in the previous sec-
tion, finite element analyses of the ferrite–pearlite duplex 
structure were performed to determine the effect of the 
stress-drop of the ferrite phase on the macroscopic stress–
strain relationship. Numerical simulations of the tensile tests 
were performed using the obtained macroscopic stress–
strain relationships, and the results were compared with the 
experimental results. Samples with pearlite volume fractions 
of 21.5% and 40.3% in the experimental results of Setoyama 
et al.10) were considered for the analysis.

4.1.	 Finite Element Models of Duplex Microstructure
Finite element models of the ferrite–pearlite duplex 

microstructure, aligning with the experimental setup, were 
created, as depicted in Fig. 6. The overall region in Fig. 6 
comprises 54 truncated octahedra under a periodic boundary 
condition. Each truncated octahedron is subdivided into 48 
units of the same shape for symmetry, resulting in a total of 
2 592 units. Additionally, each unit is further divided into six 
eight-node hexahedral elements. This finite element model 
enables a more random distribution of the ferrite phase and 
pearlite constituent, offering more precise control over the 
volume fraction compared to the model by Setoyama et 
al.10) Deformation analyses were conducted by imposing a 
macroscopic displacement gradient based on finite element 
analysis for a representative volume element.12)

The stress–strain relationship derived in the preceding 
section was utilized to determine the mechanical properties 
of the ferrite phase. Regarding the elastic properties of the 
pearlite constituent, specifically Young’s modulus EP and 
Poisson’s ratio νP, the values obtained from the multiscale 
analysis in Watanabe et al.12) were employed.

	 EP P� �216 0 288GPa, .� ................... (13)

The plastic properties of the pearlitic microstructure were 
based on the stress–plastic strain relationship derived from 
the experimental data used by Setoyama et al.10)

4.2.	 Results and Discussion
Initially, the finite element model illustrated in Fig. 6 

underwent the imposition of macroscopic strain modes cor-
responding to the six strain components. This step aimed to 
validate its status as a representative volume element, and 
the resulting elastic tangent coefficients were assessed. The 
numerical outcomes are detailed in Table 1. The attain-
ment of isotropic elastic tangent coefficients for both finite 
element models suggests that the model in Fig. 6 exhibits 

adequate random heterogeneity, affirming its suitability as 
a representative volume element. To ensure robustness, 
the macroscopic displacement gradient was manipulated 
to achieve a macroscopic uniaxial stress state in the Y1, Y2 
and Y3 axial directions, and this condition was sustained up 
to a high strain. The macroscopic equivalent stress–strain 
relationship obtained from the numerical analysis is shown 
in Fig. 7(a). The equivalent strain is defined as

	
� � � � � � �2

3
dev dev�� ��: ..................... (14)

where εε is defined as εε = 1

2
ln FF T�� �� . As in the elastic 

response, the macroscopic stress–strain relationships in each 
triaxial direction were almost identical; thus, only the results 
in the Y1 axis direction are shown, as in the evaluation of 
Setoyama et al.10) In the macroscopic stress–strain relation-
ship of both finite element models with different volume 
fractions of pearlite constituent, a stress-drop is observed 
after yielding; however, as shown in Table 2, the increment 
in the upper yield stress due to compositing is relatively 
small considering the strength difference between the fer-
rite phase and pearlite constituent. This is because after 
the yield of the ferrite phase, plastic deformation rapidly 
progresses with local deformation, and the yield strength of 
the entire duplex structure is determined by the upper yield 
stress of the ferrite phase. In other words, assuming that the 
elastic strains ε e of the ferrite phase and pearlite constituent 
coincide because the deformation is almost uniform in the 
elastic range, the yield stress of the ferrite–pearlite duplex 
microstructure when the ferrite phase reaches the stress 
value at the upper yield-point can be expressed by the fol-
lowing equation using the mean field theory:

	 � � � �

�

Y up P F P up
e

P

F
up

� �� � � � �� � �� �
� �� � ��
�
�

�
�
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1 1

1

f f f E fE

f f
E

E

� �

�

�

... (15)

where f is the volume fraction of pearlite constituent, σP is 
the equivalent stress value when the ferrite phase reaches 
the upper yield stress, and EF

∗  and EP
∗  are the equivalent 

elastic stiffness of the ferrite phase and pearlite constituent 
calculated as follows:

E
E

EF
F

F
P

� ��
�� �

� �
3

2 1
231 48 251 55

�
. , .GPa GPa .... (16)

Therefore, the yield stress of the ferrite–pearlite duplex 
microstructure was estimated using the following equation:

	 � �Y up� �� �1 0 0867. f ...................... (17)

The estimated values of the upper yield stress correspond-

Table 1.	 Elastic constants estimated with finite element analyses 
of the ferrite–pearlite duplex microstructure.

Pearlite volume  
fraction iiii

e iijj
e � � ijij

e � � E ν

21.5% 269.49 112.38 78.56 203.4 0.2943

40.3% 272.34 112.75 79.80 206.3 0.2928Fig. 6.	 Finite element models of the ferrite–pearlite duplex micro-
structure.
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Table 2.	 Yield strength calculated with finite element analyses of 
the ferrite–pearlite duplex microstructure.

Pearlite volume fraction Numerical result Estimation

0% 0.354 GPa 0.354 GPa

21.5% 0.357 GPa 0.361 GPa

40.3% 0.364 GPa 0.366 GPa

Fig. 8.  Numerical results: distribution of the equivalent plastic strain in the ferrite–pearlite duplex steels.

(a) Pearlite volume 21.5%

(b) Pearlite volume 40.3%

Fig. 7.	 Numerical results: stress–strain curves of the ferrite–
pearlite duplex steels.

(a) Microstructure

(b) Tensile test

ing to the finite element model are presented in Fig. 6 and 
summarized in Table 2. The stress-drop after yielding in 
the stress–strain relationship became more gradual as the 
volume fraction of pearlite constituent increased, and the 
stress-drop could not be confirmed in the region where the 
volume fraction of pearlite constituent exceeded 50%.

To examine the deformation state of the ferrite–pearlite 
duplex microstructure during the stress-drop, the distribu-
tion of equivalent plastic strain in the macroscopic equiva-
lent strain range ε *∈[0.003, 0.01] is illustrated in Fig. 8. 
In the finite-element model with a pearlite volume fraction 
of 21.5%, local deformation propagated in the ferrite phase 
and extended across the microstructure, transitioning to 
deformation of the entire region. In contrast, in the finite 
element model with a pearlite volume fraction of 40.3%, 
local deformation occurred, but the propagation of this 
local deformation was hindered by the pearlite constituent. 
Consequently, the impact of the stress-drop on the macro-
scopic stress–strain relationship diminished with an increas-
ing pearlite volume fraction. Leveraging the macroscopic 
stress–strain relationship of the ferrite–pearlite duplex 
microstructure obtained through numerical analysis, finite 
element analyses of the tensile test were executed using the 
finite element model depicted in Fig. 1. The results of the 
numerical simulation of the tensile test and the correspond-
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ing experimental results are displayed in Fig. 7(b). The 
yield-point phenomenon was successfully reproduced based 
on the macroscopic stress–strain relationship derived from 
the ferrite–pearlite duplex microstructure. This multiscale 
numerical simulation elucidated the mechanism whereby the 
yield-point phenomenon was less likely to occur in tensile 
tests owing to the constraint of local deformation in the fer-
rite phase within the microstructure as the volume fraction 
of the pearlite constituent increased.

Using the macroscopic stress–strain relationship of the 
ferrite–pearlite duplex microstructure obtained by numerical 
analysis, finite element analyses of the tensile test were per-
formed using the finite element model shown in Fig. 1. The 
results of the numerical simulation of the tensile test and the 
corresponding experimental results are shown in Fig. 7(b). 
The yield-point phenomenon was reproduced based on the 
macroscopic stress–strain relationship evaluated from the 
ferrite–pearlite duplex microstructure. In this study, a mul-
tiscale numerical simulation reproduced the mechanism by 
which the yield-point phenomenon was less likely to appear 
in tensile tests by constraining the local deformation in the 
ferrite phase in the microstructure as the volume fraction of 
the pearlite constituent increased.

The experimental stress–strain relationship showed higher 
stress values than the numerical simulation and did not repro-
duce the phenomenon quantitatively. This discrepancy can be 
attributed to the inherent differences in properties between 
each phase and the microstructure of the target ferrite–pearlite 
duplex microstructure compared to the ferritic single-phase 
and pearlite steels used to define the material properties in 
the numerical simulation. Equation (17) highlights the neces-
sity for an increase in the upper yield stress of the ferrite 
phase to align with the experimental yield stress. For duplex 
steel with a volume fraction of pearlite constituent of 40.3%, 
the estimated increase in the yield stress is approximately 
0.5 GPa to match the reference yield stress. This suggests 
that the mechanical properties of the ferrite phase in duplex 
steel significantly differ from those of the ferrite single-
phase steel used in this study. Consequently, to model the 
ferrite–pearlite duplex structure accurately, it is imperative 
to assess local mechanical properties through microscopic 
material tests.17–19) For example, a method for evaluating local 
mechanical properties by coupling microindentation tests with 
numerical simulations have been proposed.20,21) It is expected 
that extending the method to stress–strain relationships with 
stress-drop will be useful for addressing this problem.

5.	 Conclusion

In this study, we investigated the yield-point phenom-
enon observed in the tensile tests of ferrite–pearlite duplex 
steel through multiscale numerical simulations, accounting 
for nonuniform deformation of the specimen and material 
microstructure. The true stress–strain relationship of the 
ferrite phase was discerned by replicating the yield-point 
phenomenon using numerical simulations. We exam-
ined the deformation mechanism of the ferrite–pearlite 
duplex microstructure, which exhibited the yield-point 
phenomenon, based on the mechanical properties of the 

ferrite phase. Furthermore, a numerical simulation of the 
microstructure of the material successfully reproduced the 
yield-point phenomenon observed in the tensile tests of fer-
rite–pearlite duplex steel. The numerical analyses conducted 
on the duplex microstructure provided the macroscopic 
stress–strain relationship, effectively capturing the yield-
point phenomenon in the tensile tests. Despite the inherent 
challenges associated with numerically simulating unstable 
phenomena characterized by local deformation, such as the 
yield-point phenomenon, recent advancements in numerical 
analysis techniques have made it feasible. An evaluation 
method that integrates experimental data with numerical 
simulations proves valuable for comprehending the mecha-
nisms underlying material instability phenomena.
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