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Abstract
[bookmark: _Hlk169880199]Gate-voltage dependent quantum oscillations in topological insulator Sn0.02Bi1.08Sb0.9Te2S (Sn-BSTS) are analyzed on the basis of the Lifshitz−Kosevich theory. The angular dependence of the quantum oscillations and Landau-level fan diagram analysis show that the quantum oscillations originate from topological surface states with the Berry phase of . Gate voltage control allows precise control of the Fermi energy, and a very weak energy dependence of the relaxation time  of the topological surface states is revealed. By a simple algebraic argument using the linear response theory, it is shown that the weak energy dependence of  validates the constant relaxation time approximation () in the calculation of the Seebeck coefficient  and .




[bookmark: _Hlk172388773]Recently, thermoelectric (TE) materials have attracted significant interest to achieve a sustainable society with diversified energy sources. TE conversion makes it possible to generate electricity from waste heat, which amounts to approximately 60 % of the primary energy. The efficiency of TE materials is represented by the dimensionless TE figure of merit , where , and  are the electrical conductivity, Seebeck coefficient, absolute temperature, and thermal conductivity, respectively. Before the 1990s, TE conversion was a niche technology and the  values of most bulk TE materials were below . However, the  values in cutting-edge TE materials now exceed  in several classes of materials [1–3]. The recent drastic leap in TE performance can be attributed to new concepts in materials design such as band convergence [4–6] and all-scale hierarchical structures [1,7,8]. Theoretically, exhaustive material searches based on first-principles calculations have made significant contributions to the development of TE materials [9–11].
[bookmark: _Hlk172213534]In the calculation of the Seebeck coefficient  and conductivity  from the linear response theory, the most important information is the energy dependence of the density of states , group velocity , and the relaxation time  [12–14]. Recent experimental studies of the electronic structure using angle-resolved photoemission spectroscopy (ARPES) [15,16] and scanning tunneling microscopy (STM) [17,18] have shown that first-principles calculations can predict the density of states  and group velocity  with sufficient accuracy. However, the calculation of  is rather complicated because several scattering mechanisms including impurity and numerous phonon modes should be considered [9,19]. Therefore, the constant relaxation time approximation is often postulated [20–22] to calculate the physical properties of TE materials. Historically, studies on semiconductors [23,24] discussed  by measuring the temperature dependence of the mobility . Still, there is no unified theory that includes all the scattering mechanisms, and experimental evaluation of  is challenging. Accordingly, the energy dependence  remains unknown for most materials, being the missing link in ab initio calculations of TE properties. 
[bookmark: _Hlk161841681][bookmark: _Hlk172388915]One of the exceptions, where  can be experimentally determined, is in two-dimensional (2D) electron systems. By applying a gate voltage to 2D electrons, one can change the Fermi energy  without changing the dopant/defect concentration. If the system is clean enough to exhibit quantum oscillations, the energy dependence of  can be directly determined from the analysis based on the Lifshitz−Kosevich (LK) theory [25]. In contrast to conventional measurements of the mobility  (where  and  are the elementary charge and effective mass, respectively), the analyses of quantum oscillations allow the separate determination of  and . Topological insulators are a class of materials characterized by high-mobility 2D electrons on their surfaces [26]. The peculiar electronic properties of topological insulators, such as the prohibition of complete backscattering and helical spin texture, guarantee new designs of TE devices [27–30]. These properties are completely different from those of conventional bulk TE materials, and some theoretical studies predict extraordinarily high  values such as  [29] and  [31] in films with thicknesses of several nanometers. However, the lack of information on  hinders valid predictions of the TE performance of topological insulators.
[bookmark: _Hlk163038566]Here, we experimentally investigate the gate-voltage dependent quantum oscillations of the topological surface states (TSS) in topological insulator Sn0.02Bi1.08Sb0.9Te2S (Sn-BSTS). We determine the energy dependence of the relaxation time  by the analyses based on the LK theory, and find that the relaxation time of the TSS can be regarded as practically energy independent. By a simple algebraic argument using the linear response theory, it is shown that the weak energy dependence of  validates the constant relaxation time approximation in the calculation of the Seebeck coefficient  and , where  is the electron part of the thermal conductivity.
[bookmark: _Hlk163038600]Single crystals of Sn-BSTS were synthesized by the vertical Bridgman technique [32]. Its crystal structure was investigated by powder X-ray diffraction (XRD), and the XRD spectrum matched those of the tetradymite compound Bi2Te2S (see the supplementary material). Electrical resistivity measurements were performed on a micro-flake with a size of about  (Fig. 1 (a)), which was transferred to a SiO2/Si substrate in air atmosphere using the scotch-tape method. Figure 1(b) is a schematic of the device. The electrical contact for gate bias control was attached to the Si side of the substrate. Electrical contacts to the sample were made with a conductive carbon paste (XC-12, Fujikura Kasei Co. Ltd.). This setup allowed us to measure both the resistance  (current: probes 1 to 2, voltage: probes 3 and 4) and Hall resistance  (current: 1 to 4, voltage: 2 and 3). The measurements were performed from  to , and the magnetic field was applied up to . The top surface of our sample was intentionally oxidized to degrade the top TSS. Therefore, the Shubnikov–de Haas (SdH) oscillations arise only from the bottom TSS, simplifying the LK analyses.
[bookmark: _Hlk163038650]Figure 2 (a) shows the temperature dependence of the resistivity. The Fermi energy of the bulk states of Sn-BSTS is located in the band gap, and the resistivity of thick samples increases with decreasing the temperature [32]. In contrast, the total electrical conduction in thin Sn-BSTS samples is dominated by the TSS, and the temperature dependence of the resistivity shows metallic behavior [33]. In Fig. 2(a), the resistivity increases from 300 to 230 K, and then decreases to 1.4 K. This result indicates that the electrical conductivity is contributed by both bulk states and surface states, and is dominated by the surface states at low temperatures. 
Figure 2 (b) shows the magnetoresistance at different magnetic field angles , defined as the angles between the magnetic field and the normal to the sample. The measurements were performed at  and a gate bias of . At high fields (), clear SdH oscillations are observed. In general, the angular dependence of quantum oscillations provides information on the Fermi surface [34,35]. In 2D electron systems, only the perpendicular part of  to the 2D electrons contributes to the Landau quantization, and the angular dependence of the SdH frequency  should follow  [26]. Figure 2 (c) shows the Fourier transform spectra of the oscillations, and the inset shows the angular dependence of . It shows that the experimental values of  are well fitted by . Thus, we can conclude that the SdH oscillations in Fig. 2 (b) stem from 2D electrons. 
Figure 2 (d) shows the magnetic field dependences of  and the oscillatory part of the resistance (). The  plateaus at high fields can be ascribed to the integer quantum Hall effect occurring on the bottom TSS. Note that  at the plateaus does not match , where  is an integer, because carriers on the bottom TSS coexist with other carriers. The integer quantum Hall effect in Sn-BSTS has been previously reported in [33,36,37]. In the LK theory [25,26], the oscillatory part of  in 2D (spinless) electron systems under a magnetic field is expressed as:

where  is a factor originating from the Berry phase. In 2D Schrödinger electrons, , and  for 2D Dirac electrons with the Berry phase  [26]. The value of  is minimized when

[bookmark: _Hlk163038810][bookmark: _Hlk153274075]where  is the Landau index. Then, if we plot  versus  at each minimum of , the value of  is obtained at the -intercept of the linear fit (Landau-level fan diagram analysis). Because of the irregular sample shape and differing current distribution between  and  measurements, we cannot calculate  from the measured  and  in the present case. However, we observe in Fig. 2(d) that  peaks when  transitions from one plateau to another, as is usual for 2D electron systems exhibiting the integer quantum Hall effect [38,39]. This allows us to identify the  minimums as the  minimums. In Fig. 2 (e), we plot the  values at the minimums of  (minimums of ) versus the Landau index . Linear fitting of the plot shows that the  values in this sample are determined as  for , respectively. These values are close enough to  expected in electron systems with the Berry phase of . Thus, we can safely conclude that the quantum oscillations in Fig. 2 (d) originate from the bottom TSS with the Berry phase of .
Figure 2 (f) shows the temperature dependence of the SdH amplitude (red points), and its fitting with the LK formula. According to the LK formula, the temperature dependence of the SdH amplitude () is expressed by the temperature reduction factor of the quantum oscillations  [25,40]:

where  is the non-oscillating component of the resistivity, and  with  and  being the cyclotron mass and free electron mass, respectively.  is a constant value and . As shown in Fig. 2 (f), the cyclotron mass of  is determined from the fit with Eq. (3), represented by the blue curve. The cyclotron mass  is related to the cross section of the Fermi surface  perpendicular to the magnetic field:

[bookmark: _Hlk161841864]In the TSS with the linear dispersion,  and , where  is the group velocity of the 2D Dirac electrons. Judging from previous ARPES measurements on Sn-BSTS [32], the band dispersion of the TSS can be judged as approximately linear. Then, the group velocity  can be calculated as  Using  and  at , we obtain . This value is close to that of Sn-BSTS in the previous ARPES measurement [32] (). In the following analyses, we use the group velocity from our SdH analyses ().
[bookmark: _Hlk163038930]	Figure 3 (a) shows the oscillatory part of the resistance  at different gate voltages from  to . It clearly shows that the Fermi energy is successfully tuned by the gate voltage. In Fig. 3 (b), the gate bias dependence of the frequency of the quantum oscillations  is plotted.  increases from  (corresponding to ) to  (). Since the frequency of quantum oscillations  increases with electron doping, the bottom TSS in our sample have n-type carriers ( decreases if they have p-type carriers).
[bookmark: _Hlk163038968]	Fine control of the Fermi energy allows a precise analysis of the quantum oscillations. The relaxation time  can be determined from the magnetic field dependence of quantum oscillations. From the LK theory [25,40], the magnetic field dependence of the oscillation amplitude is given by:

where  is the Dingle reduction factor. Then, 

[bookmark: _Hlk161841946][bookmark: _Hlk172213617][bookmark: _Hlk172214013][bookmark: _Hlk160104411]Therefore, the Dingle temperature , can be determined by plotting  versus  (Dingle plot) as shown in Fig. 3 (c). The corresponding value of the relaxation time is  at , and it is slightly smaller or of the same order as those observed in other topological insulators such as Bi2Te2Se ( [41]) and Bi1.5Sb0.5Te1.7Se1.3 ( [42]). The same analyses were performed at other biases, and the Fermi energy dependence of  is shown in Fig. 3 (d). The relaxation time  is practically constant in this energy range. 
The weak energy dependence of the relaxation time is also reported for the TSS of Bi2Se3 from the band-width analysis in an ARPES measurement [43], although it is unclear whether the relaxation time estimated from ARPES measurements is the same as that from quantum oscillations. We note that the previous analyses of  in Sn-BSTS using the Mott formula suggested the energy dependence  [33], using the simplified Mott formula for the TSS:

[bookmark: _Hlk169880708][bookmark: _Hlk169882682][bookmark: _Hlk169803265][bookmark: _Hlk170225605]Eq. (7) is derived from the Mott formula postulating that the TSS have a perfectly linear dispersion, and the energy dependence of  is assumed to be  [33]. In addition, the determination of  from the temperature dependence of the Seebeck coefficient  in experiments is sensitive to the estimation of the Fermi energy . In contrast, our LK analyses of the SdH oscillations directly give  as a function of . We therefore ascribe the small difference between their results and ours to the uncertainty of  in Eq. (7). 
[bookmark: _Hlk163039270][bookmark: _Hlk169881329][bookmark: _Hlk170225565][bookmark: _Hlk169881342]We note that theoretical studies on 2D Dirac electrons assume an isolated scattering center, and calculate the energy dependence of the relaxation time as  for Coulomb scattering from ionized impurities, and  for short-range scattering [44,45]. In contrast, an experiment on graphene showed that the energy dependence of the relaxation time becomes weak in the presence of potential fluctuations [46]. We speculate that charge puddles from crystal defects in Sn-BSTS are the source of the nearly energy-independent relaxation time. Indeed, STM studies have shown that topological insulators in general have a high defect density [47,48]. Defects form charge puddles with typical diameters of  and fluctuations of the Fermi energy  [47,48]. This situation is quite different from that of an isolated scattering center [44,45], and instead resembles the situation of graphene containing a high density of charge puddles from substrates [46].
[bookmark: _Hlk172214048][bookmark: _Hlk172213291][bookmark: _Hlk169880997]	The validity of the constant relaxation time approximation, where  is assumed, has always been a subject of debate in condensed matter physics. For instance, ARPES studies on cuprate superconductors show the linear energy dependence of the relaxation time [49,50], which is a hallmark of non-Fermi liquid. Also, the energy/temperature dependence of the relaxation time plays a key role in the TE properties of some materials such as superconductors [49,50], valence fluctuating materials [51], and ferromagnetic materials [52]. However, in most materials, the energy dependence of the relaxation time is not strong [13,53] as compared to that of the density of states and group velocity. Accordingly, the use of the constant relaxation time approximation has played a key role in discovering new TE materials [54,55] and understanding TE properties [56,57]. It is noteworthy that BoltzTraP [58], which is a widely used software for the calculation of the TE properties (i.e.: ), takes the constant relaxation time approximation as the default setting. 
[bookmark: _Hlk161842129][bookmark: _Hlk172213914]We note the effect of the temperature dependence of  on the TE properties. Generally,  is a function of the energy, temperature, and the wavenumber: , but now we neglect the  dependence of  for simplicity. From the linear response theory, the electrical conductivity , Seebeck coefficient , and the electron part of the thermal conductivity  are expressed as [13]:



[bookmark: _Hlk172213506]where  and  are the chemical potential and energy derivative of the Fermi-Dirac distribution. Since  in 2D systems ( in three-dimensional systems),  would be taken out of the integrals in Eq. (9), and be canceled out if the energy dependence of  is negligible. Accordingly,  has no significant effect on the Seebeck coefficient  [59]. In contrast, the values of  and  are both proportional to . Therefore, , which is often calculated to estimate the maximum value of  in a material system [13,54], is independent of . In summary, if the system has a very weak energy dependence of , the constant relaxation time approximation with  predicts the values of  and  with sufficient accuracy, while the values of  and , both of which depend on , cannot be accurately obtained by the constant relaxation time approximation.
[bookmark: _Hlk172213477]	Lastly, we note on the limitation of our method for measuring . Since we change the carrier density by tuning the gate voltage, it can be applied only to 2D electron systems. In addition, since quantum oscillations can be observed only at low temperatures, our scheme for measuring the relaxation time  is applicable when impurity (not electron-phonon) scattering is dominant. 
[bookmark: _Hlk163039404][bookmark: _Hlk169881507]In conclusion, we have performed measurements of gate-voltage dependent quantum oscillations in the topological insulator Sn-BSTS, and analyzed them using the LK theory. The angular dependence of the quantum oscillations and Landau-level fan diagram analysis show that the quantum oscillations originate from the bottom TSS with the Berry phase of . The energy dependence of the relaxation time  of the TSS is shown to be very weak. The weak energy dependence of  validates the constant relaxation time approximation in the calculation of the Seebeck coefficient  and . Information on the energy dependence of the relaxation time  is as important as that of the density of states when predicting TE properties from first-principles calculations. We hope that our scheme will be used to investigate  in other topological insulators, and will stimulate the design of TE materials utilizing the TSS.
See the supplementary material for detailed information about the powder XRD result on the Sn-BSTS sample.
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Figures and captions
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自動的に生成された説明]
FIG. 1 (a): Picture of Sn-BSTS device on the SiO2/Si substrate. (b): Schematic diagram of Sn-BSTS device on the SiO2/Si substrate with probes 1-4. The gate voltage probe is attached to the bottom of the Si substrate. 
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自動的に生成された説明]
FIG. 2 (a): Temperature dependence of the resistance , normalized to  at . (b): Magnetoresistance at different magnetic field directions. The measurement was performed at  and at . The definition of the field angle  is shown in the inset. (c): Fourier transform spectra of SdH oscillations at different angles. The inset shows the angular dependence of the experimental SdH frequencies  (red points) together with the fitted curve with  (blue curve). (d): Magnetic field dependence of  and . (e): Landau-level fan diagram for SdH oscillations at different sample biases. The inset shows a magnified view. (f): Temperature dependence of the amplitude of the SdH oscillations (red points) and its fitting to the LK formula (blue curve).
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自動的に生成された説明]
FIG. 3 (a): Bias dependence of the oscillatory part of the magnetoresistance (), together with schematics of the Fermi level of the TSS. (b): Bias dependence of the SdH frequency . (c): Dingle plot of the oscillations for  at . (d): Fermi energy dependence of the relaxation time . 
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