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Abstract 

The edge of chaos (EoC) refers to a dynamical regime near the boundary between ordered and 
chaotic states, optimizing information processing in nonlinear dynamical systems. In physical 
reservoir computing (PRC), the EoC is crucial for high computational performance. Spin-wave 
interference–based PRC (SWI-PRC) demonstrated high performance, but the EoC's role hasn't 
been experimentally clarified. This study investigates a SWI-PRC system on a YIG single crystal, 
tuned by external magnetic field and input pulse interval adjustments. Using phase-space 
reconstruction and Lyapunov analysis, we evaluate the maximum Lyapunov exponent (𝜆!"#) and 
identify the EoC operating point. Additionally, we find an additional optimal regime on the 
chaotic side of the transition (the edge of chaos on the chaotic side). Performance evaluation 
through nonlinear waveform transformation tasks reveals up to 97% accuracy near the EoC, 
linking the 𝜆!"# to computational performance. These findings suggest that high performance 
in SWI-PRC stems from dynamically optimized points, offering design insights to enhance 
information-processing capabilities in edge computing applications. 

 

 



 2 

Reservoir computing (RC) is a computational framework that exploits dynamical 
systems to project input signals into a high-dimensional state space, where the computational 
capability strongly depends on the underlying system dynamics. In RC, complex temporal tasks 
can be executed training only an output weight when the reservoir dynamics possess nonlinearity, 
high dimensionality, and short-term memory.1-5) Because RC is inherently described as a 
dynamical system, its behavior can be characterized by various indicators, such as fixed-point 
structures, periodic orbits, correlation times, and spectral properties. However, these indicators 
do not necessarily capture how small input perturbations are amplified or attenuated over time, 
nor do they directly reflect the state separation capability essential for computation. In contrast, 
chaoticity quantified by the Lyapunov exponent provides a direct measure of dynamical stability, 
simultaneously characterizing two core requirements of RC: input separation and fading memory. 

In RC systems with history, under conditions were sufficiently fast and continuous input 
is applied relative to the relaxation time, if the system is in an ordered state, differences in the 
initial input signal rapidly decay. Conversely, in a chaotic state, the system is sensitive to minute 
differences, which are amplified exponentially. At the boundary between these regimes, known 
as the edge of chaos (EoC), input differences are moderately amplified while past information is 
retained. This balance leads to an optimal trade-off between nonlinear transformation capability 
and memory retention. Previous theoretical studies, numerical simulations, and selected 
experimental systems have demonstrated that computational performance is maximized near the 
EoC.6-15) Indeed, nanowire network reservoirs have been reported to exhibit peak task 
performance at the EoC.10) More recently, the existence of a secondary performance peak on the 
chaotic side of the transition, has also been suggested in theoretical works.16,17) Despite these 
advances, systematic experimental verification of the correlation between chaos and 
computational performance in real-device RC remains limited.  

To address this challenge, an experimental platform is required in which nonlinearity 
and stability can be continuously controlled by experimental parameters, enabling the dynamical 
state to be swept from ordered to chaotic regimes within a single device. Physical reservoir 
computing (PRC), which implements RC using physical dynamics, provides a promising 
framework for this purpose by offering direct experimental access to the reservoir’s dynamical 
states. A wide variety of physical systems have been explored for PRC, including electronic 
circuits,18-20) electrochemical devices,21-26) spintronic systems,27-32) optical systems,33-37) and ion-
gating reservoirs.38-45) Among these platforms, spin waves— collective spin excitations 
propagating in magnetic materials—are particularly attractive for experimentally investigating 
the relationship between chaos and computation, because their dynamics can be precisely 
controlled via external magnetic fields and input pulse conditions. In particular, the ferrimagnetic 
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material yttrium iron garnet (YIG) exhibits extremely low damping, enabling long-distance spin-
wave propagation and rich interference effects. Spin-wave interference–based physical reservoir 
computing (SWI-PRC) implemented on YIG has been theoretically proposed and experimentally 
demonstrated to exhibit strong nonlinearity and short-term memory, properties well-suited for 
reservoir computing.46-53) Spin-wave-based systems are also compatible with gigahertz-frequency 
operation and low power consumption when integrated with spintronic devices.32) Furthermore, 
recent studies on spin systems using spin-torque oscillators have shown controlled transitions 
from ordered to chaotic dynamics, with chaos quantitatively evaluated using Lyapunov 
exponents,28) highlighting the suitability of spin systems as experimental platforms for chaos 
analysis. Despite these advantages, although high computational performance has been reported 
in SWI-PRC implemented on YIG single crystals, the relationship between chaos and 
computational performance—particularly the experimental identification of the EoC—has not yet 
been systematically clarified. 

In this study, we explore the EoC in SWI-PRC by controlling two external parameters: 
the applied static magnetic field and the input pulse interval to achieve high computational 
capability. The chaotic properties of the system are evaluated by calculating the Lyapunov 
spectrum from discrete-time series using a Jacobian matrix estimation method based on phase-
space reconstruction, with the 𝜆!"# serving as a quantitative indicator of chaos. Furthermore, we 
elucidate the correlation between dynamical states and computational performance through 
nonlinear waveform transformation tasks and information processing capacity (IPC) analysis. 

 

 Figure 1(a) shows a schematic of the SWI-PRC system. A reservoir computing system 
consists of an input layer, a reservoir layer, and an output layer, where information processing is 
achieved by projecting input signals into a high-dimensional dynamical state space. In the echo 
state network (ESN) framework, only the output weights are trained, while the internal 
connections remain fixed.1) The reservoir dynamics retain past input information and nonlinearly 
transform it into a high-dimensional feature space, enabling complex temporal processing using 
a simple linear readout. In PRC, the reservoir layer is implemented using physical dynamics and 
must satisfy three essential properties: short-term memory, nonlinearity, and high 
dimensionality.1) For such dynamical systems, analyzing the underlying dynamics provides 
crucial insight into the stability and nonlinear characteristics of the time-series responses, which 
directly relate to their computational capability. Figure 1(b) shows an optical micrograph of the 
SWI-PRC device fabricated on a Y3Fe5O12 (YIG) single crystal. Multiple coplanar waveguide 
antennas are patterned on the YIG surface to excite and detect propagating spin waves. In this 
study, the output from a single detector is analyzed to focus on the fundamental dynamical 
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behavior of the system. An external static magnetic field is applied perpendicular to the YIG 
surface (i.e., along the 111 direction of the YIG single crystal) to define the spin-wave propagation 
conditions, while pulsed electrical signals are used to excite spin waves through the input antenna. 
Two experimental parameters—the applied static magnetic field and the input pulse interval—are 
systematically varied to control the spin-wave dynamics. By tuning these parameters, the 
dynamical state of the SWI-PRC can be continuously modulated, providing an experimental 
platform for exploring the relationship between dynamical states and computational performance. 
Details of the device fabrication, measurement setup, electrical excitation and detection 
conditions, and vector network analyzer (VNA) characterization of the spin-wave propagation 
properties are provided in S1-S3 of the supplementary information. 

 

 

FIG.1 (a) Schematic of the SWI-PRC. (b) Optical microscope image of the YIG single crystal with 

the external magnetic field applied parallel to the 111 direction (top) and an enlarged view of the 

antenna structure (bottom). 

 

To quantitatively evaluate the dynamical states of spin waves in the SWI-PRC, we 
calculated the Lyapunov spectrum using a Jacobian matrix estimation method based on phase-
space reconstruction, and adopted its maximum value as the maximum Lyapunov exponent (𝜆!"#). 
This approach enables identification of transitions from ordered to chaotic dynamics and provides 
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a quantitative indicator of the system’s dynamical state.10) 

Figure 2(a) shows representative time-domain responses of the SWI-PRC measured 

under identical input conditions while varying the applied static magnetic field. The temporal 

waveforms are strongly modulated by the magnetic field, demonstrating that it serves as an 

effective control parameter for the underlying spin-wave dynamics. Figure 2(b) shows output 

responses measured at a fixed magnetic field of 178 mT with different input pulse intervals of 10 

ns and 20 ns. Changing the pulse interval alters the decay and overlap of spin-wave responses to 

successive pulses, resulting in time series with different temporal correlation structures. These 

observations indicate that both the magnetic field and the pulse interval play crucial roles in 

controlling the system dynamics. In this study, a periodic triangular-wave signal is discretized to 

generate an input sequence u(k), where k denotes discrete time, and each u(k) is encoded into a 

pulse sequence that excites the spin-wave dynamics of the device. Using a virtual-node 

approach,38,48) the resulting continuous-time spin-wave responses within each pulse interval are 

uniformly sampled to construct reservoir states, allowing the system to be regarded as a discrete-

time dynamical reservoir with states Xi(k) (i = 1, 2, …, 50). Figure 2(c) shows a representative 

three-dimensional reconstructed phase-space map using the specific virtual node Xi(k) and Xi(k+1) 

together with the input signal. Sensitivity to initial conditions in dynamical systems can be 

quantified by tracking the temporal evolution of distances between nearby trajectories in 

reconstructed phase space. In chaotic systems, this sensitivity appears as exponential divergence, 

characterized by a positive maximum Lyapunov exponent 𝜆!"#. Here, 𝜆!"#	was evaluated from 

the reconstructed time series using a Jacobian-based Lyapunov spectrum estimation 

method.12,38,54,55) Details of the analysis procedure are provided in S4 of the supplementary 

information. For the phase-space reconstruction, an embedding dimension of D = 50 was used. 

To assess the validity of this choice, we evaluated the correlation dimension of the measured time 

series and estimated that an embedding dimension of approximately 11 or higher is sufficient to 

reconstruct the underlying dynamics. Since the embedding dimension used in this study is 

sufficiently larger than this estimated minimum, the reconstruction setting is considered 

appropriate for the estimation of the maximum Lyapunov exponent. Figures 2(d) and 2(e) show 

representative Lyapunov spectra corresponding to ordered (190 mT, 10 ns) and chaotic regimes 

(190 mT, 35 ns), respectively. The contrast results for the two conditions support that different 

temporal correlation structures of spin waves discussed in Fig. 2(b) give a strong impact on the 

dynamical state. Figure 2(f) summarizes the 𝜆!"# as a heat map as functions of the applied 

magnetic field and the input pulse interval. Blue regions indicate ordered dynamics with 
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negative	𝜆max, whereas red regions correspond to chaotic dynamics with positive values. Ordered 

dynamics dominate for pulse intervals of 5–15 ns, while pronounced chaotic behavior emerges 

for pulse intervals of 20–40 ns. These results demonstrate that the dynamical state of the SWI-

PRC can be continuously swept from ordered to chaotic regimes by controlling the applied 

magnetic field and the input pulse interval. The variation of the 	𝜆!"#  reflects the interplay 

between spin-wave relaxation time and the input pulse interval. The variation of 𝜆!"# can be 

attributed to differences in the excitation and relaxation processes of spin waves induced by 

periodic inputs. Specifically, as shown in Fig. 2(b), near the timing of the input pulses, the spin 

wave response is predominantly governed by spin waves directly excited by the input microwave 

field. In contrast, during the relaxation process, away from the input pulse timing, more diverse 

responses emerge due to interaction with persistent spin waves generated by previous inputs via 

nonlinear interactions. Therefore, under the condition of a fixed number of virtual nodes, when 

the pulse interval is short, the system dynamics are mainly governed by responses synchronized 

with the input signals, resulting in ordered behavior. As the interval becomes longer, components 

originating from the relaxation process become dominant in the node information, and the 

instability of the system becomes pronounced through the complex relaxation processes of the 

spin waves, leading to a transition to chaos. Generally, in the analysis of experimental data with 

significant noise, a positive 𝜆!"# can sometimes be erroneously observed, leading to a false 

identification of chaos. However, our results suggest that the observed 𝜆!"#  trends are not 

primarily driven by noise. As seen in Fig. 2(b), longer pulse intervals result in lower signal 

amplitudes, where the relative contribution of noise to the reservoir states would theoretically be 

higher. If noise were the dominant factor for the positive 𝜆!"# , 𝜆!"#  would be expected to 

increase monotonically with the pulse interval. Contrary to this hypothesis, as shown in Fig. 2(f), 

the highest 𝜆!"# values occur at intermediate pulse intervals (e.g., ~20 ns at 178 mT and 198 

mT) rather than at the longest intervals. This non-monotonic dependence contradicts the trend 

expected from noise-induced artifacts. Therefore, we conclude that the condition dependence of 

𝜆!"# originates from the intrinsic differences in the excitation and relaxation processes induced 

by periodic inputs. As a result, the boundaries of these dynamic regions changed with the input 

pulse interval and magnetic field due to alterations in spin wave dispersion and damping, 

corresponding to the EoC. 
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FIG. 2 (a) Time-domain responses of the SWI-PRC measured under identical triangular pulse input 

while varying the external magnetic field, demonstrating magnetic-field-induced modulation of the 

system dynamics. (b) Time-domain responses measured at different input pulse intervals (10 ns and 

20 ns) under a fixed magnetic field of 178 mT, showing pulse-interval-dependent relaxation and 

temporal overlap of spin-wave responses. (c) Three-dimensional reconstructed phase-space map using 

virtual nodes X(k) and X(k+1) at an input pulse interval of 10 ns and a magnetic field of 170 mT (the 

green line). The projection of the trajectory onto the X(k)–X(k+1) plane is shown by the black line on 

the base plane.  (d,e) Representative Lyapunov spectra calculated by the Jacobian matrix estimation 
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method for (d) ordered and (e) chaotic dynamical regimes. (f) Heat map of the	𝜆!"# as functions of 

the external magnetic field and input pulse interval. Blue and red regions correspond to ordered 

(negative exponent) and chaotic (positive exponent) dynamics, respectively, revealing an edge-of-

chaos regime in the SWI-PRC. 

 

To directly examine the relationship between the dynamical state of a reservoir and its 
computational performance, it is advantageous to employ tasks whose performance optimization 
near the EoC has been established through both theoretical and experimental studies. In this work, 
we therefore adopt the nonlinear waveform transformation task as a representative benchmark.10) 
The nonlinear waveform transformation task evaluates the linear and nonlinear transformation 
capabilities of a reservoir by measuring how accurately a desired target waveform can be 
generated from a triangular input waveform.10,40,57) In this study, four target waveforms were 
considered: a sinusoidal wave, a square wave, a 𝜋/2 phase-shifted wave, and a second-harmonic 
(2f) wave. Previous studies have shown that the overall transformation accuracy for these tasks is 
maximized near the EoC.10) A schematic of the task is shown in Fig. 3(a). The reservoir output 
Y(k) is obtained as a linear combination of the reservoir state X(k)=[X1(k), X2(k),…, X50(k)] with 
the readout weight vector W, given by 

𝒀(𝑘) = 𝑾𝑿(𝑘)	 (1) 

As in the Lyapunov analysis, the triangular input waveform was converted into a pulse sequence, 
and reservoir states were constructed using the same virtual-node approach. The readout weights 
W were trained using ridge regression to minimize the error between the reservoir output Y(k) and 
the target waveform T(k). Details of the training procedure are provided in S5. Figure 3(b) shows 
representative target waveforms and the corresponding outputs obtained from the SWI-PRC at an 
applied magnetic field of 190 mT and an input pulse interval of 10 ns. For all transformation tasks, 
the reservoir outputs show good agreement with the target waveforms. To clarify the relationship 
between the dynamical state and computational performance, the nonlinear waveform 
transformation task was performed for all measurement conditions, and the resulting accuracies 
are plotted as a function of the 𝜆!"# in Fig. 3(c). High accuracy is obtained for all tasks in the 
boundary region on the ordered side, where the 𝜆!"# is negative but close to zero. This result 
demonstrates that computational performance in the SWI-PRC is optimized near the EoC, 
consistent with previous reports.10) Furthermore, after an initial degradation of performance in the 
chaotic regime, a secondary region of enhanced accuracy appears near the boundary on the chaotic 
side. In general, reservoir computing performance is governed by a balance between short-term 
memory and nonlinearity. In the ordered regime, the system tends to preserve memory but 
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provides limited nonlinear transformation, whereas in a strongly chaotic regime, nonlinear 
responses are enhanced but memory retention is degraded. The present results suggest that the 
regime near the edge of chaos on the chaotic side provides a balance between these two properties, 
allowing both sufficient memory and enhanced nonlinearity. This balance is advantageous for 
tasks requiring both temporal memory and nonlinear processing, leading to the observed 
improvement in computational performance. This behavior indicates the presence of a second 
optimal operating regime, originating from a dynamical state distinct from the primary order–
chaos transition. Figure 3(d) compares the nonlinear waveform transformation accuracy at the 
EoC with those reported for other physical reservoir computing systems., which are few 
molecules reservoir,57) all-solid-state electric double-layer transistors based on yttria-stabilized 
zirconia proton conductors (ASS-EDLTs),40) and nanowire networks (NWNs) reservoirs with 
memristive junctions.10) The performance of the present SWI-PRC is comparable to, or exceeds, 
that of previously reported physical reservoirs, demonstrating the effectiveness of dynamically 
optimized operation in SWI-PRC. 
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FIG.3 (a) Flow diagram of the nonlinear waveform transformation task in the SWI-PRC. (b) 

Comparison between the target waveforms and the waveforms predicted by the reservoir for sin, 

square, 	𝜋/2 phase-shifted (Shift), and doubled-frequency (2f) waveforms, together with their 

corresponding accuracy. (c) Accuracy of transforming an input triangular waveform into different 

target waveforms as a function of the 𝜆!"#. The results for the sin,	𝜋/2 phase-shifted (Shift), square, 

and doubled-frequency (2f) waveforms are shown in yellow, green, red, and blue, respectively. The 

upper panel shows the results over all measurement conditions, while the lower panel presents a 

magnified view around the 𝜆!"# of zero, corresponding to the boundary between ordered and chaotic 

regimes. The vertical line indicates 𝜆!"# = 0. The vertical blue band on the ordered side represents 
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the edge of chaos, whereas the vertical red band on the chaotic side represents the edge of chaos on 

the chaotic side. (d) Comparison of the accuracies for the nonlinear waveform transformation task 

among various physical reservoir computing systems and the present study. From left to right, the 

results for the sin, 	𝜋/2 phase-shifted (Shift), square, and doubled-frequency (2f) waveforms are 

shown. The green, yellow, blue, and red bars correspond to few-molecule reservoir computing,57) all-

solid-state electric double layer transistors (ASS-EDLTs),40) memristor-junction nanowire networks 

(NWNs),10) and this work, respectively. 

 

In RC systems, both linear memory and nonlinear information processing coexist, 
enabling complex temporal computations. While linear memory represents the ability to retain 
past inputs, nonlinear information-processing capability is essential for performing higher-order 
transformations required for complex tasks.58) To evaluate the computational capability of the 
SWI-PRC in a task-independent manner, we employed IPC analysis.11,27,33,39,58) In IPC analysis, 
random input signals are applied to the reservoir, and the resulting time-series responses are used 
to quantify how many independent functions of the input can be reconstructed by a linear readout. 
The total IPC Ctot is defined as the sum of the capacities Cn associated with polynomial target 
functions of different orders, 

𝐶$%$ =/𝐶&
&

(2) 

A larger Ctot indicates a higher computational capability across a broad class of tasks. Details of 
the IPC calculation procedure are provided in S6 of the supplementary information. Figure 4 
compares the accuracy of the nonlinear waveform transformation task (Fig. 3(c), top) with the 
total IPC plotted as a function of the 𝜆!"# (bottom). As the 𝜆!"#	approaches zero from the 
ordered side, the total capacity increases and reaches its maximum near the EoC regime. This 
behavior demonstrates that the enhancement of task performance near the EoC originates from an 
increase in the intrinsic information processing capability of the reservoir. Furthermore, when 
focusing on the vicinity of the zero	𝜆!"#, Ctot exhibits a secondary increase on the chaotic side 
beyond a valley (decrease) at the order–chaos boundary. This trend coincides with the re-
emergence of high accuracy observed in the nonlinear waveform transformation tasks and 
provides quantitative evidence for the existence of an additional optimal operating regime (the 
edge of chaos on the chaotic side). These results confirm that both the EoC and the edge of chaos 
on the chaotic side correspond to dynamically optimized states in which the SWI-PRC achieves 
enhanced information processing capability. 
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FIG.4 Accuracy of the nonlinear waveform transformation task (top) and the total IPC (bottom) as 

functions of the	𝜆!"#. The right panel shows a rescaled view focusing on the boundary region between 

the ordered and chaotic states near a zero	𝜆!"#. The vertical line indicates 𝜆!"# = 0, corresponding 

to the boundary between ordered and chaotic states. The blue band on the ordered side represents the 

edge of chaos, while the red band on the chaotic side represents the edge of chaos on the chaotic side.  

 

In this study, we explored the EoC in SWI-PRC with a YIG single crystal, using 
experimental parameters to investigate the relationship between chaoticity and computational 
performance. We identified an EoC operating point at the boundary between ordered and chaotic 
dynamics, occurring at an input pulse interval of approximately 10 ns. In addition, we 
demonstrated that an additional optimal operating regime exists on the chaotic side of the 
transition. This regime, located near the edge of chaos on the chaotic side, represents a 
dynamically favorable state distinct from the primary order–chaos boundary and is likely 
characterized by the relaxation and interference properties of spin waves. Through computational 
performance evaluation on nonlinear waveform transformation tasks, we experimentally 
demonstrated a clear correlation between the dynamical states characterized by the 𝜆!"#	and the 
computational performance of the SWI-PRC. In particular, high transformation accuracy was 
achieved near the EoC, indicating that the superior information processing capability of the SWI-
PRC arises from dynamically optimized operating points. Furthermore, this work experimentally 
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reveals a clear correlation between the𝜆!"# , which characterizes the dynamical state, and 
computational performance in a SWI-PRC operating with gigahertz spin-wave dynamics, by 
controlling experimental parameters such as the input pulse interval and the applied magnetic 
field. These results demonstrate that optimal operating points for achieving high-speed and low-
power information processing can be identified through dynamical-state control. Our findings 
provide practical design guidelines for spin-wave reservoir computing and highlight its potential 
for next-generation high-efficiency edge computing devices. 
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Supplementary section S1 
YIG fabrication and material properties 
 The Y!Fe"O#$ (YIG) single crystal used in this study was a commercially available 
sample (Twoleads Co., Ltd.) oriented along the 111 plane and polished on both sides. The 
dimensions of the crystal were 7 mm × 7 mm × 0.5 mm. YIG is a ferrimagnetic material in which 
iron ions occupy two inequivalent crystallographic sites, Fe3+ at the 16a and 24d sites, with a 
population ratio of 2:3. Because the magnetic moments at these sites are oppositely aligned, the 
net magnetization originates from the excess magnetic moments at the Fe3+ 24d sites, giving rise 
to the spontaneous magnetization of YIG. The magnetization dynamics are described by the 
Landau–Lifshitz–Gilbert (LLG) equation, given by Eq. (S1). 

𝑑𝑴
𝑑𝑡

= −𝛾𝜇%(𝑴 ×𝑯&'') +
𝛼
𝑀(

3𝑴 ×
𝑑𝑴
𝑑𝑡 4

(S1) 

In the equation S1, 𝛾denotes the absolute value of the gyromagnetic ratio, 𝜇% is the vacuum 
permeability, 𝛼is the Gilbert damping constant, and 𝐻&'' represents the effective magnetic field, 
defined as the sum of all effective fields arising from magnetic interactions and the externally 
applied magnetic field. The left-hand side of the equation describes the temporal evolution of the 
magnetization vector. The first term on the right-hand side represents the precessional motion of 
the magnetization around the magnetic field, while the second term corresponds to the damping 
of the precession. The combination of these two terms causes magnetization to spiral toward an 
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equilibrium state around the effective magnetic field. YIG is characterized by an exceptionally 
small Gilbert damping constant compared with other ferromagnetic materials, resulting in low 
spin-wave attenuation and a long spin-wave propagation length. For example, the spin-wave 
propagation length in Fe is approximately 0.5 µm, whereas that in a YIG single crystal reaches 
approximately 25,000 µm.S1) Owing to this long propagation length, spin-wave histories are 
readily preserved in YIG, leading to successive interference processes and the emergence of 
nonlinear spin-wave interference. Coplanar waveguide (CPW) antennas consisting of a 10-µm-
wide signal line and two 20-µm-wide ground lines were fabricated using standard lithography 
techniques. Ti and Au were sequentially deposited as the antenna electrodes using an electron-
beam evaporator. The edge-to-edge spacing between antennas was randomly arranged as either 5 
µm or 15 µm, except for the edge antennas, for which the spacing was fixed at 10 µm. Although 
this device configuration is suitable for multidetectors experiments aimed at increasing reservoir 
dimensionality, in this study we used only the signal obtained from a single detection antenna in 
order to clarify the intrinsic dynamical behavior of spin-wave interference–based reservoir 
computing (SWI-PRC). 
 
 
Supplementary section S2 
Experimental setup 

All experiments were performed using a high-frequency signal measurement system 
(RF probes and electromagnet) manufactured by Toei Scientific Industrial Co., Ltd. An external 
static magnetic field was applied perpendicular to the surface of the	YIG single crystal, i.e., along 
the 111 crystallographic direction of the YIG. The sample temperature was maintained at room 
temperature (295 ± 1 K) throughout all measurements. The excitation antennas were connected 
via RF probes to an arbitrary waveform generator (Tektronix AWG5202), while the detection 
antenna was connected via RF probes to a mixed-signal digital oscilloscope (Tektronix MSO68B). 
Pulsed currents were applied using the arbitrary waveform generator to excite spin waves. Spin 
waves were excited by pulsed currents injected into the CPW antennas, generating radio-
frequency magnetic fields, and detected as induced voltages via electromagnetic induction.S2)  
The rise time, fall time, and on-time of the input pulses were all 320 ps. The maximum pulse 
voltage amplitude was set to 700 mV at the waveform generator output. During excitation, the 
input pulse signals were amplified by 21 dB using a radio-frequency amplifier before being 
applied to the CPW antenna. The induced voltage signals detected at the output antenna were 
further amplified by 38 dB prior to acquisition by the oscilloscope. To reduce noise components 
in the detected signals, signal averaging over 500 repetitions was performed. For the nonlinear 
waveform transformation task, the original triangular waveform u(k) ∈ [0, 1] was encoded into 
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step voltage waveforms by converting each discrete input value into a pulse with a corresponding 
duration, ranging from 5 to 40 ns.  Similarly, for IPC analysis, the original random waveform 
u(k) ∈	[0, 0.5] was encoded into step voltage waveforms with pulse durations between 5 and 40 
ns.  Figure S1 illustrates the encoding process by comparing the original input waveforms and 
the corresponding pulse-encoded voltage waveforms used in the experiments. The converted 
random waveform consisted of 5,000 discrete time steps 𝑘. To eliminate residual effects from 
previously excited spin waves, a long interval of 4 µs was inserted between successive waveform 
sequences. The converted triangular and random waveforms were then applied to the SWI-PRC. 
The voltage signals obtained after propagation through the reservoir were recorded as time-series 
data and used to perform each computational task. 
 

 
FIG. S1 Encoding of input waveforms into pulse voltage signals. (upper) Original triangular 
waveform u(k) ∈	 [0, 1] and the corresponding pulse-encoded voltage waveform used for the 
nonlinear waveform transformation task (upper). Original random waveform u(k) ∈ [0, 1] and 
the corresponding pulse-encoded voltage waveform used for IPC analysis (bottom). 
 
 
Supplementary section S3 
VNA analysis 

Spin waves are excited by the injected pulsed current; therefore, the spin-wave wave 
number 𝑘 is determined by the geometrical configuration of the antennas.S3) To characterize the 
spin-wave propagation properties in the present device, vector network analyzer (VNA) 
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measurements were performed. Figure S2 shows the frequency–magnetic-field dependence of the 
excited spin waves obtained from the VNA measurements. Regions with strong spin-wave 
intensity are indicated in white, while horizontal lines originate from signals unrelated to spin-
wave excitation. Owing to the antenna geometry, multiple wave-number peaks appear in the 
current spectrum; accordingly, three representative wave numbers are considered in this study. 
When a magnetic field is applied perpendicular to the film plane, the spin-wave frequency can be 
described by the spin-wave dispersion relation, given as follows :S4) 

𝑓 = 𝛾𝜇%<(𝐻 − 𝐻)){(𝐻 − 𝐻)) + 𝑀(1 −
1 − 𝑒*+,

𝑘𝑑
)} (S2) 

Here, 𝑓 , 𝛾 , 𝜇% , 𝐻 , 𝐻) , 𝑀 , 𝑘 , and 𝑑  denote the frequency, gyromagnetic ratio, vacuum 
permeability, applied external magnetic field, magnetic anisotropy field, saturation magnetization, 
wave number, and thickness of the YIG single crystal, respectively. Except for 𝐻 , these 
parameters are determined by the antenna geometry and the magnetic material properties. The 
gyromagnetic ratio was fixed at 𝛾 = 28 GHz/T. As shown in Fig. S2, three bright dispersion 
branches are observed, indicated by the blue, red, and green dashed lines. By fitting these branches 
using Eq. (S2), the values of 𝜇%𝑀  and 𝜇%𝐻)  were determined to be (189 ± 2.5) mT and 
(153 ± 3.9) mT, respectively. Using these parameters, the corresponding wave numbers were 
calculated to be 𝑘# = 0.104	µm*# , 𝑘$ = 0.307	µm*# , and 𝑘! = 0.631	µm*# . These values 
are in good agreement with those reported in previous studies, confirming the validity of the 
fitting procedure. In the present experiments, the input waveform generated by the arbitrary 
waveform generator has a characteristic frequency of approximately 1.1 GHz. From Fig. S2, the 
corresponding resonance condition is therefore identified to be around an external magnetic field 
of approximately 180 mT. 
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FIG. S2 Magnetic-field dependence of the resonance frequency of spin waves. The blue, red, and 
green dashed lines represent the fitting curves. 
 
 
Supplementary section S4 
S4.1 Virtual-node construction 

The detected voltage waveform contains two distinct components: (i) a fast spike-like 
response originating from electromagnetic induction associated with the rising and falling edges 
of the input pulses, and (ii) a slower relaxation response arising from spin-wave propagation and 
interference in the YIG medium. Because the former directly reflects the input pulse waveform 
and does not represent intrinsic spin-wave dynamics, it was excluded from the reservoir-state 
construction. After removing the electromagnetic spike components, a time window dominated 
by the spin-wave response was identified for each input pulse step. From this window, 50 
sampling points were uniformly extracted at equal time intervals and treated as independent 
virtual nodes, following established approaches in physical reservoir computing.S5,S6) This 
procedure ensures that the reservoir states predominantly reflect nonlinear and history-dependent 
spin-wave dynamics rather than direct electromagnetic coupling. As a result, the reservoir state at 
discrete time step k is represented as a 50-dimensional vector composed of the sampled spin-wave 
responses within one input pulse step. 

In this study, the original triangular waveform was encoded into a pulse sequence 
consisting of 20 discrete steps per period, and a total of 1,100 periods of the triangular pulse 
waveform were applied to the device. To ensure stationary dynamical behavior, the initial 100 
periods were discarded, and the remaining 1,000 periods were used for subsequent analysis. At 
each discrete time step, the reservoir state constructed from the 50 virtual nodes enabled the 
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formulation of the system as a discrete-time dynamical system. The dynamical behavior of the 
reservoir was evaluated by quantifying the evolution of infinitesimal differences between nearby 
states using the maximum Lyapunov exponent calculated via the Jacobian matrix estimation 
method, which provides a quantitative measure of sensitivity to initial conditions and transitions 
between ordered and chaotic regimes. 

 
S4.2 Jacobian matrix estimation method for Lyapunov exponent analysis 

To evaluate the chaoticity of the reservoir computing system investigated in this study, 
we employed the Lyapunov spectrum, which serves as a quantitative measure of orbital instability. 
The SWI-PRC was treated as a discrete-time dynamical system for the purpose of this analysis 
The Lyapunov exponents are defined as quantities calculated from the Jacobian matrix of the 
system and can be expressed as follows :S5-S7) 

𝜆 = lim
-→/

1
𝑇
QlnS𝑔0U𝑥(𝑡)WS
-

12#

(S3) 

Here, 𝑡 and 𝑔0(∗) denote the iteration time and the derivative of the mapping function 𝑔(∗), 
respectively. The quantity 𝜆 is referred to as the Lyapunov exponent: a positive value of 𝜆 
indicates that nearby trajectories diverge exponentially, whereas a negative value indicates that 
nearby trajectories converge asymptotically. Although Lyapunov exponents can be formally 
defined using an explicit mapping function, such an approach is not suitable for experimental 
systems in which the governing equations are unknown. Therefore, in this study, the Lyapunov 
exponents were evaluated using the Jacobian matrix estimation method. In this method, the 
Jacobian matrix is estimated from time-series data by analyzing the local structure of the attractor 
reconstructed in an 𝑚-dimensional phase space. Specifically, we consider an 𝑚-dimensional 
hypersphere of radius 𝜀  centered at a point 𝐯(𝑡) on the attractor at time 𝑡 . Let 𝐯(𝑘3)(𝑖 =
1,2, … ,𝑀 ) denote neighboring points on the attractor located within this hypersphere. The 
displacement vectors 𝝁3 from 𝐯(𝑡) to 𝐯(𝑘3) are defined as 

𝝁3 = 𝒗(𝑘3) − 𝒗(𝑡) (S4) 
Furthermore, the displacement vector 𝐳3 after a time interval 𝑠is obtained as follows. When the 
radius 𝜀 of the neighborhood and the time interval 𝑠 are sufficiently small, the time evolution 
of the displacement vector can be approximated by a linear mapping, as shown on the right-hand 
side: 

𝒛3 = 𝒗(𝑘3 + 𝑠) − 𝒗(𝑡 + 𝑠) ≈ 𝑱f(𝑡)𝝁3 (S5) 
From this relation, the Jacobian matrix can be estimated as follows: 

𝑱f(𝑡) = 𝒛3𝝁3-(𝝁3𝝁3-)*# (S6) 
By performing QR decomposition of the Jacobian matrix at time 𝑡, we obtain 
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𝑱f(𝑡)𝑸1 = 𝑸14#𝑹14# (S7) 
As a result, the Lyapunov exponent 𝜆3(𝑖 = 1,2, … ,𝑚) is calculated as 

𝜆3 = lim
-→/

1
2𝑇

Q logS𝑹+33S
$-

+2#

(S8) 

Here, 𝑅+33 denotes the 𝑖-th diagonal element of the upper triangular matrix 𝐑+. The Lyapunov 
exponents 𝜆3 obtained in this manner are calculated for each dimension of the reconstructed state 
space to form the Lyapunov spectrum. By examining the maximum Lyapunov exponent after 
sufficiently long-time evolution, the degree of nonlinearity and chaoticity of the system can be 
quantitatively evaluated. 
 
 
Supplementary section S5 
Nonlinear waveform transformation task 

Here, we describe the nonlinear waveform transformation task performed to evaluate 
the nonlinear transformation capability of the SWI-PRC system. In this task, a triangular 
waveform is used as the input, and four types of target waveforms 𝑇(𝑘) are considered: a 
sinusoidal waveform (Sin), a square waveform (Square), a 𝜋/2  phase-shifted triangular 
waveform (Shift), and a second-harmonic triangular waveform (2f). The input triangular 
waveform was converted into a voltage pulse sequence and applied to the SWI-PRC. The pulse 
interval for each step was varied from 5 to 40 ns, and one period of the triangular waveform 
consisted of 20 steps. A total of 1,100 periods of the triangular waveform were input to the 
reservoir; the initial 100 periods corresponding to transient dynamics were discarded, and the 
remaining 1,000 periods were used for computation. Previous studies have reported that, in SWI-
PRC using YIG single crystals, 50 virtual nodes are extracted per pulse step for task evaluation. 
Following this approach, in the present study, 50 virtual nodes were extracted at each step to 
construct the reservoir state vector 𝒙(𝑘). The reservoir output 𝑦(𝑘) was obtained by a linear 
combination of the reservoir state vector weighted by the readout weight matrix 𝑾, as described 
by Eq. (1) in the main text. Here, 𝑘 denotes the discrete time step. The weight matrix 𝑾 was 
trained using ridge regression such that the reservoir output 𝑦(𝑘)  reproduces the target 
waveform 𝑇(𝑘). The cost function 𝐽used for ridge regression is given by Eq. (S9) below. 

𝐽(𝑊) =
1
2
Q[𝑇(𝑘) − 𝑌(𝑘)]$
5

+2#

+
𝜆
2
Q𝑤3$
6

32#

(S9) 

Here, 𝐿(= 40) and 𝜆(= 10*7) denote the data length and the regularization parameter, 
respectively. The weight vector 𝑾 that minimizes the cost function 𝐽 is given by Eq. (S10) as 
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follows: 

𝑾y = 𝒀𝑿-(𝑿𝑿- + 𝜆𝑰)*# (S10) 
Here, 𝐓 = [𝑇(1), 𝑇(2), … , 𝑇(𝐿)], 𝐗 = [𝐱(1), 𝐱(2), … , 𝐱(𝐿)], and 𝐈 ∈ ℝ6×6  denote the target 
output matrix, the reservoir state matrix, and the identity matrix, respectively. The readout 
network and the trained weights were stored and executed on a personal computer. By training 
the readout weights, the output data 𝑇(𝑘) can be obtained from the reservoir states. For all 
transformation tasks, the length of the training data was set to 800 periods × 20 steps. The 
computational performance of the reservoir was evaluated using the prediction accuracy 
calculated from the normalized mean square error (NMSE) between the output waveform and the 
target waveform.S8-S11) 

Accuracy = 1 − √NMSE (S11) 

NMSE =
∑ [𝑇(𝑘) − 𝑦(𝑘)]$5
+2#
∑ 𝑇$(𝑘)5
+2#

(S12) 

 
 
Supplementary section S6 
Information Processing Capability 

Here, we describe the method used to calculate the information processing capability 
(IPC). IPC quantifies the nonlinearity and memory capacity of a reservoir computing (RC) system 
by evaluating the reconstruction accuracy of target signals from the reservoir states. The target 
data 𝑦9(𝑘)  are defined as orthogonal polynomials that span all linear and nonlinear 
combinations of the input signals. 

𝑦9(𝑘) =�𝑃:!,#[𝑢(𝑘 − 𝑑)]
;

,2%

(S13) 

Here, 𝑃:$  denotes an orthogonal polynomial of order 𝑛0 = 1,2,3, … . Although Legendre 
polynomials are commonly used for IPC analysis, in this study we employed polynomials 
generated by the Gram–Schmidt orthogonalization method in order to minimize the influence of 
the limited data size.S12, S13) In this formulation, 𝑚, 𝑑, and 𝐷 represent the polynomial index, 
the delay, and the maximum delay, respectively. The input signal 𝑢(𝑘) is a uniformly distributed 
random sequence. Equation (S14) defines the mean square error (MSE). The component-wise 
capacity 𝐶9  for a given index 𝑚 is calculated based on the MSE for reconstructing 𝑦9(𝑘) 
from the reservoir states 𝐗(𝑘)  obtained by driving the reservoir with the input 𝑢(𝑘) , as 
expressed in Eq. (S15). 

MSE =
1
𝐿
Q[𝑦9(𝑘) − 𝑦(𝑘)]$
5

+2#

(S14) 
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𝐶9 = 1 −
MSE
〈𝑦9$ 〉

(S15) 

Here, ⟨𝑦9$ ⟩ is defined as 〈𝑦9$ 〉 =
#
5
∑ 𝑦9$ (𝑘)5
+2# . The total information processing capacity 𝐶<=< 

is defined as the sum of the individual capacities 𝐶:. 

𝐶<=< = Q 𝐶9

>

92#

(S16) 

Here, 𝑀 denotes the total number of indices determined by all combinations of polynomial order 
and delay. In addition, the capacity for each order is calculated as the sum of the capacities of all 
target functions having the same total order 𝑛. 

𝐶: =Q 𝐶9
9(:)

(S17) 

Here, 𝑚(𝑛) denotes the set of all indices corresponding to the total order 𝑛. Accordingly, the 
total capacity 𝐶<=< can also be expressed as in Eq. (2) of the main text. 
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