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ABSTRACT
In the search for new high-performance materials in materials science, especially in polynomial 
science, it is important to use physicochemical laws linking materials structure and physical 
properties, and predict the physical properties required for the design. Recently, machine 
learning (ML) has enabled us to extract patterns from large datasets and construct the data- 
driven model to predict physical properties. However, ML approach faces challenges such as 
interpretability and systematic errors of the data-driven model with limited data. Here, we 
propose a method for extracting an interpretable law from limited data, by combining 
a symbolic regression method and Bayesian information criterion. We focus on extracting 
a physicochemical law for the refractive index of polymer materials. The goal is to correct 
systematic errors and capture physicochemical laws more accurately. Combining explanatory 
variables from experiments, property calculations, and neural potential approximations, our 
method involves arithmetic operations on explanatory variables and selection through 
Bayesian information criterion. The results show that the proposed method is able to correct 
the results of the neural potential approximation and obtain interpretable and concise expres
sions for the physicochemical laws linking material structure and physical properties.

IMPACT STATEMENT
This paper introduces a method combining symbolic regression and Bayesian information 
criterion to extract interpretable physicochemical laws from limited data, improving material 
property predictions in polymer refractive index analysis.
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1. Introduction

Machine learning (ML) has gained attention as an 
effective approach for extracting patterns from large 
datasets and constructing predictive models for phy
sical properties. In particular, neural potentials based 
on deep learning, such as Matlantis developed by PFN 
[1], have been used to predict general properties like 

band structures and densities, contributing to the 
exploration and development of various materials 
[2]. However, a key challenge moving forward is how 
to predict more specific properties from limited data 
since ML-based models face challenges such as the 
interpretability of data-driven models and systematic 
errors, particularly when dealing with limited datasets.
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Building on this, one promising approach to over
come the challenges associated with predicting specific 
properties from limited data is leveraging physicochem
ical laws. These laws provide a foundational framework 
that links general properties to key material properties, 
such as refractiveness [3]. By uncovering such relation
ships, researchers can bridge the gap between general 
material characteristics and those properties that are 
crucial for solving particular problems in materials 
science. The discovery of these underlying laws not 
only enhances the interpretability of machine learning 
models but also reduces systematic errors, ultimately 
enabling more accurate predictions of specific proper
ties from limited datasets.

This is where techniques like symbolic regression [4– 
6] come into play. By using symbolic regression, it is 
possible not only to predict the target variable using 
explanatory variables but also to obtain the relationships 
that connect them. The obtained relationships enable us 
to understand the regression results, thereby enhancing 
interpretability. In previous studies, methods like those 
of Cava et al. [7] and Stephens [8], which incorporate 
genetic algorithms, as well as Udrescu et al.’s [9] 
approach using properties inherent in physical functions 
demonstrate the potential of symbolic to reveal unknown 
relationships from the given data. Iwasaki et al. [10] 
enhanced this by introducing recursive symbolic regres
sion with cross-validation for optimization, while Weng 
et al. [11] discovered key relationships in perovskite 
catalysts using these techniques. However, these sym
bolic regression methods often suffer from limitations 
such as insufficient initial features and challenges in 
exploring synthetic features from limited data, highlight
ing the need for further improvements.

In this study, we focus on extracting these physico
chemical laws using symbolic regression, which allows 
for the creation of interpretable and concise models 
from limited data. We propose a symbolic regression 
method that combines symbolic regression with the 
Bayesian information criterion to address these chal
lenges. This approach focuses on extracting physico
chemical laws related to the refractive index of 
polymer materials, with the goal of correcting sys
tematic errors in neural potential approximations 
derived from Matlantis [1]. Our method aims to bal
ance the complexity of nonlinear regression with the 
need for interpretability. Moreover, we evaluate both 
the interpolation and extrapolation performance of 
the model, placing special emphasis on the extrapola
tion performance, which is the target of this study. By 
evaluating the model’s extrapolation capability, we 
seek to improve the accuracy of neural potential 
approximations. This approach not only corrects 
neural potential predictions but also allows the deriva
tion of concise and interpretable laws that link mate
rial structure with physical properties. Our results 

demonstrate that accurate property predictions can 
be achieved, even with limited data.

2. Formulation

First, we define the regression problem. Define 
xi 2 R M as the M-dimensional explanatory variable 
and yi 2 R as the objective variable. As the dataset, 
we analyzed data D ¼ xi; yif g

N
i¼1 consisting of N sam

ples. The planning matrix of the explanatory variables 
was X 2 R N�M .

The objective variable was centralized. Explanatory 
variables were standardized in the selection of sym
bolic regressions and not in their generation. In the 
selection of symbolic regression, the explanatory vari
ables were standardized and non-dimensionalized to 
unify the dimensions of the explanatory variables in 
the Bayesian linear regression and LASSO 
sparsification.

In a regression problem with a dataset D and 
regression coefficients w ¼ ðw1; . . . ;wMÞ

T , sparsifica
tion by LASSO [12] is based on the assumption that 
the number of explanatory variables contributing to 
the objective variable is small, and the penalty term is 
PM

j¼1 jjwjjjj1. The objective is to find the w that mini
mizes the right side of Equation 1. 

The parameter λ controls the strength of sparsity. 
In general, the optimal λ and β from the cross- 
validation error of Equation 1 when the parameter λ 
is varied.

Defining symbolic regression based on the defini
tion of Virgolin et al. [13], the function space F is the 
set of explanatory variables and operations, and the 
constant β 2 R . The function f : R M ! R is com
posed of a function f : R M ! R that is composited 
by the original set P of β 2 R .

For example, given a source set P, the following 
functions are contained in the function space. 
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The regression error of a function f 2 F for 
a dataset D ¼ ðxi; yiÞ

N
i¼1, with a hypothesis space P

and an error function l, is measured using the root 
mean squared error (RMSE). 

In symbolic regression, we seek to find a function 
f̂ ¼ arg minf2F l f Xð Þ;Yð Þ that minimizes the error. 
The complexity is defined as the number of initial 
explanatory variables included in the function f and 
is denoted as τ.

The process involves generating and selecting func
tions through L iterations. Figure 1(a) illustrates the 
data provided for the symbolic regression, while 
Figure 1(b) shows a single recursive step. Symbolic 
regression, governed by the primitive set P, constructs 
complex functions f , and in recursive symbolic regres
sion, these are treated as new explanatory variables. 
The explanatory variables at the l-th iteration, denoted 
as X lð Þ 2 RM lð Þ�N (M lð Þ being the number of explana
tory variables at the l-th iteration), are defined. The set 
is represented as X ¼ � � � ; xj; � � �

� �
¼ � � � ; xj; � � �
� �

.
The generation phase as shown in Figure 1(c) we 

perform operations for all combinations of l � 1 itera
tions and initial sets of explanatory variables to gen
erate composite features. Then, in the selection phase, 
as illustrated in Figure 1(d), we determine the set of 

explanatory variables for each regularization para
meter λ, calculate the information content, and select 
the best set of explanatory variables. AmðτÞ is 
a function that controls complexity, and weights are 
assigned using the following function based on 
complexity.

Iwasaki’s proposed method, Recursive LASSO- 
based Symbolic Regression with Cross Validation 
Error (RL-Symbolic Reg. (Cross Validation Error)), 
used cross-validation error as the information criter
ion. This error is given by 

Our use of the Bayesian Free Energy as the informa
tion criterion in the selection step of our study deviated 
from Iwasaki et al.’s choice of cross-validation error. 
This difference is consistent with the work by Igarashi 
et al. [14], where the Bayesian Free Energy is expected to 
generate simpler models with high interpretability. The 
features generated by symbolic regression are synthetic 
features, and their validity significantly influences the 
interpretability of physicochemical laws. Bayesian infer
ence [14,15] is necessary for estimation in order to use 
symbolic regression effectively. Igarashi et al. [14] have 
proposed a sparsification method that calculates the 
Bayesian free energy and cross-validation error for all 
possible combinations of feature selections and selects 
the smallest one. By graphically representing the 

Figure 1. This figure illustrates the process of Recursive Symbolic Regression (RL-Symbolic Reg.), highlighting key steps in the flow. 
(a) Depicts the format of regression data, consisting of M explanatory variables and a target variable. (b) Provides an overview of 
one iteration in the recursive operation, involving both the exploration of explanatory variables through the generation and 
pruning of variables through selection. (c) Demonstrates the process of explanatory variable generation, where all combinations of 
variables from iteration (i) undergo arithmetic operations to introduce new explanatory variables. (d) Highlights the pruning of 
explanatory variables and showcases that compared to using cross valid error. Bayesian free energy enables the derivation of more 
concise expressions.
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Bayesian free energy and cross-validation error for all 
possible combinations, they have demonstrated that the 
distribution is independents of whether specific are 
included or not. In addition, they have shown that 
when the number of explanatory variables is known, 
LASSO cannot search for better solutions, but when the 
number is unknown and there are many data, it pro
vides better solutions. Obinata et al. [16] have used 
Bayesian information criteria to determine the binary 
inclusion of features and have revealed confident rela
tionships through Bayesian Model Averaging (BMA) of 
feature means.

Bayesian Free Energy is a Bayesian information cri
terion that represents the certainty of the target variable 
given a specific model. Considering a regression problem 
with a dataset D, assuming the relationship between Xi 

and yi is modeled by parameters w 2 R M , basis function 
ϕðxÞ ¼ x, and Gaussian noise noise,Nð0; β� 1Þ with 
β 2 R , the model M is assumed with Equation 2. 

At this point, the Bayesian Free Energy is defined as 
the negative logarithm of the marginal likelihood 
pðyjX;MÞ, which is expressed in Equation 3. 

In summary, both approaches involve the recursive 
generation of explanatory variable sets through opera
tions and the selection of explanatory variables through 
LASSO sparsification. These symbolic regression meth
ods offer an intuitive way to formulate physicochemical 
phenomena into mathematical expressions.

3. Results and discussion

3.1. Dataset

The experimental dataset used for predicting refrac
tive indices in this study comprised polymer data from 
the Polymer Properties Database (CROW) [17] and 
consisted of 47 polymer samples, which represents 
a limited dataset. Traditionally, the refractive index n 
is approximated using the Lorentz-Lorenz Equation 4. 

Here, N represents the number of molecules per unit 
volume, and α denotes the polarizability. By rearran
ging the expression using N ¼ 6:02ρ

10MW, we obtain the 
following result. 

where ρ is the density, α is the polarization factor, MW 
is the molecular weight, and k is a constant.

Equation 5 shows that the refractive index can be 
calculated from the density ρ and the polarization 
factor α. The density ρ and the polarization factor α 
were therefore used as the objective variables.

The explanatory variables in our predictions con
sisted of relevant features calculated by various meth
ods, as detailed in Table 1. Matlantis [1] employs an 
AI-driven molecular simulation approach that 
leverages the neural potential approximation. 
Gaussian [18], another simulator, specializes in deter
mining the electronic structure of molecules. RDKit 
[19], an open-source toolkit for chemoinformatics, 
generates descriptors crucial for our analysis. Group 
Contribution [20], which also used RDKit descriptors, 
predicts physical properties based on molecular struc
ture through a linear model. This method, notably 
used by Shi et al. [20], forms a significant component 
of our predictive framework.

The explanatory variables were calculated in the 
same way as a previously published paper [21]. For 
details of the meanings and methods of calculating the 
explanatory variables, see [21].

The density ρ and polarization factor α can be 
calculated directly using Matlantis and Gaussian, 
respectively, but because systematic errors occur, sym
bolic regression was used to extract the physicochem
ical laws.

3.2. Experimental setting

The refractive index was then calculated using the 
predicted ρ and α in Equation 5. The top five refractive 
indices were used for the test data for extrapolation, 
and the training data and interpolation predictions 
were randomly split 8:2.

For comparison methods, we used five techni
ques: Symbolic Regression (gplearn) [8], LASSO 
(Cross Valid Error), LASSO (Bayesian Free 
Energy), RL-Symbolic Reg. (Cross Valid Error), 
and RL-Symbolic Reg. (Bayesian Free Energy). 
The parameters for Symbolic Regression (gplearn) 
were set with 3 iterations, and regression was per
formed using a genetic algorithm. LASSO (Cross 
Valid Error) performed the regression and feature 
selection using cross-validation error with 10 splits. 

Table 1. The explanatory variables for refractive index.
Calculation Method Number of Variables

Matlantis [1] 1
Gaussian [18] 3
RDKit [19] 50
Group Contribution [20] 15
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LASSO (Bayesian Free Energy) performed the 
regression and feature selection with estimated 
noise parameters of ρ : σ ¼ 1:0� 10� 3 and 
α : σ ¼ 5 based on Bayesian Free energy. For RL- 
Symbolic Reg. (Cross Valid Error) and RL- 
Symbolic Reg. (Bayesian Free Energy), the number 
of iterations was set to 2, and the set of operators 
was defined asoperations ¼ � �; �ð Þ; div �; �ð Þf g. The 
number of splits for cross-validation error was set 
to 10. The estimated noise parameters for Bayesian 
Free energy were ρ : σ ¼ 1:0� 10� 3 and α : σ ¼ 5.

RL-Symbolic Reg. (Cross Valid Error) and RL- 
Symbolic Reg. (Bayesian Free Energy) were used to 
predict the density,ρ, and polarizability, α. The refrac
tive index was then calculated using the predicted ρ 
and α in Equation 5. Other methods were employed to 
directly predict the refractive index.

3.3. Application of symbolic regression

Table 2 shows the complexity and error results as well 
as the true values, and Figure 2 the comparison of the 
predicted refractive index n versus the experimental   

refractive index. The functions obtained by RL- 
Symbolic Reg. (Bayesian Free Energy) are given in 
Equations 6 and 7. 

The variables here are as follows: ρRDKit is the 
RDKit density, ρMatlantis is the Matlantis density, 
Mheavy is the RDKit HeavyAtomMolWt, Mtotal is the 
RDKit MolWt, MRtotal is the RDKit MolMR, Tc is the 
JR CriticalTemp, Pc is the JR CriticalPress, Vc is the JR 
CriticalVolume, famide is the RDKit fr amide, MlogP is 
the RDKit MolLogP, and Nrot is the RDKit 
NumRotatableBonds.

Table 2. Result of refractive index n.undefined. The complexity of the equations and the root mean square error 
(RMSE) for the training error, interpolation test error, and extrapolation test error.

Complex Train Inter Test Extra Test

Symbolic Regression (gplearn) 7 8:20� 10� 2 1:07� 10� 1 2:10� 10� 1

LASSO (Cross Valid Error) 8 3:58� 10� 2 3:02� 10� 2 1:14� 10� 1

LASSO (Bayesian Free Energy) 6 3:53� 10� 2 3:07� 10� 2 1:12� 10� 1

RL-Symbolic Reg. (Cross Valid Error) 43 2:35� 10� 2 3:79� 10� 2 1:34� 10� 1

RL-Symbolic Reg. (Bayesian Free Energy) 19 2:01� 10� 2 2:99� 10� 2 1:06� 10� 1

Figure 2. Comparison of Predicted Refractive Index n versus Experimental Refractive Index. The horizontal axis represents the 
experimental values, and the vertical axis represents the predicted values. A good regression is indicated when the data points are 
distributed along the diagonal line. The results for test data, interpolation tests, and extrapolation tests are distinguished by 
different markers.
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4. Discussions

From the result with a highly refractive index where 
the observation noise was unknown, we could deduce 
the following about hierarchical regression using 
Bayesian free energy in symbolic regression (RL- 
Symbolic Reg. (Bayesian Free Energy)):

From Figure 2, which shows the true values and 
predicted values of the test data, it is apparent that RL- 
Symbolic Reg. (Bayesian Free Energy) performs 
regressions that are more accurate in the extrapolation 
region compared to the results of Symbolic Regression 
(gplearn).

Let us next consider the relationship expressions for 
density, ρ, and polarizability, α, obtained using RL- 
Symbolic Reg. (Bayesian Free Energy).

Equation 6 is the expression for density. The first 
term involves the neural potential approximation of 
density (the Matrantis density) multiplied by the 
molecular weight calculated by RDKit. The second 
and third terms involve the molecular weight of 
heavy atom,Mheavy, calculated by RDKit. These terms 
account for the fact that the density increases with the 
inclusion of heavy atoms and adjusts the density pre
diction accordingly.

Equation 7 is the expression for polarizability. 
The second and third terms involve parameters related 
to the critical temperature, Tc, and the JR critical 
volume, Vc. The correlation between polarizability and 
critical temperature has already been reported [22]. 
These terms represent physicochemical laws that indi
cate how the critical temperature affects polarizability. 
The prediction of polarizability, α, is corrected by 
extracting physicochemical laws solely from data with
out prior knowledge in a manner similar to how the 
prediction of density, ρ, is corrected by heavy elements.

When considering the predictive equations, it is 
important to note their data dependence. If the dataset 
changes, the coefficients and signs of the parameters 
may also change, which is an area for future work.

The proposed method was able to achieve an error 
smaller than the error associated with Symbolic 
Regression (gplearn). This improvement could be 
attributed to the regularization effect of using 
Bayesian free energy with an error model.

It is evident from the results of calculating 
refractive index based on these predicted densities 
and polarizabilities that regression can be achieved 
with concise equations. However, there is an issue 
with the units in Equation 6 representing the 
relationship for density, ρ. The calculation of den
sity multiplied by density, ρRDKit � ρ2

Matlantis, can
not be interpreted in terms of units. One future 
work to resolve this issue is to provide the input 
unit table proposed by Udrescu et al. [9]. By using 
this unit table, the method can be improved to 
ensure that the output relationships are 

dimensionally consistent by restricting the syn
thetic features being explored.

5. Conclusions

In this study, we proposed a method that combines sym
bolic regression with the Bayesian Information Criterion 
(BIC) to derive interpretable physicochemical laws from 
limited data. Validation using experimentally measured 
refractive index data demonstrated that the proposed 
method can predict outcomes with a simple equation 
based on interpretable explanatory variables. This under
scores the method’s ability to balance interpretability and 
accuracy, providing a promising approach for predicting 
material properties from small datasets. The predictive 
equations obtained by the method correct the results of 
the neural potential approximation; in other words, they 
connect general variables to key material properties, ser
ving as correction relationships based on the given data. 
Looking ahead, as methods like Matlantis and neural 
network potential approximations continue to replace 
calculations of physicochemical laws with machine learn
ing in material exploration, the applicability of symbolic 
regression in extracting physicochemical phenomena 
using intermediate representations from features 
obtained by different methods is likely to expand and 
become widely used.
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