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Avenida Pellegrini 250, 2000 Rosario, Argentina

3Facultad de Ciencias Exactas, Ingenieŕıa y Agrimensura
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Abstract

Recently plasmon excitations in bilayer lattice systems were studied extensively in the weak-

coupling regime. Unlike single-layer systems, these bilayers exhibit two distinct modes, ω±, which

show characteristic dependences upon the momentum and hopping integrals along the z direction.

To apply them to cuprates, strong correlation effects should be considered, but a comprehensive

analysis has not yet been investigated. In this work, we present a strong-coupling theory to analyze

the charge dynamics of a bilayer system, utilizing the t-J-V model, which includes the long-range

Coulomb interaction, V , on a lattice. Although our theoretical framework is fundamentally different

from the weak-coupling approach, we find that resulting plasmon excitations are similar to those

of a weak-coupling theory. A key distinction is that our strong-coupling framework reveals a

noticeable suppression of particle-hole excitations, which allows the plasmon modes to remain

well-defined over a wider region of momentum. We suggest that the experimentally reported

plasmon excitations in Y-based cuprates can be described by the ω− mode, although we call for

more systematic experiments to verify this.
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I. INTRODUCTION

The parent compounds of cuprate superconductors are widely known to be antiferromag-

netic Mott insulators. Upon carrier doping, the charge degrees of freedom become active and

the system transitions into a metallic state, which suppresses the antiferromagnetic order. A

high-temperature superconducting state emerges at a carrier doping level of approximately

5 % for hole-doped and 10–15 % for electron-doped materials, reaching a maximal Tc around

16 % doping [1].

It is well established that electrons within the CuO2 layers play a central role in high-

temperature superconductivity. For this reason, the two-dimensional t-J and Hubbard mod-

els are considered the minimal theoretical framework [2]. While the importance of spin-spin

interaction is frequently emphasized, the charge degrees of freedom should be equally crucial

to understanding the cuprate physics. The full charge dynamics in momentum-energy space

has recently been revealed comprehensively through the advent of the resonant inelastic

x-ray scattering (RIXS) technique [3, 4].

In the charge excitation spectrum, two distinct features have been observed. The first

feature is low-energy excitations around in-plane momentum q∥ = (0.6π, 0) in hole-doped

cuprates [5–21] and around (0.5π, 0) in electron-doped cuprates [22–24]. The second feature

is a distinct V-shaped dispersion centered at q∥ = (0, 0). While its origin was initially

debated [25–30], it is now consistently understood as an acousticlike plasmon, which is

a characteristic feature of layered systems [28, 31]. A particular important feature of the

plasmon is the rapid decrease of its energy with increasing momentum transfer perpendicular

to the layers, qz [31, 32]. Additionally, a gap at q∥ = (0, 0) has been observed [33], which is

proportional to the interlayer hopping tz [28]. This dependence provides a valuable way to

extract the value of tz, a parameter that is difficult to determine through other experimental

techniques.

The present paper focuses on the plasmon excitations in cuprate superconductors. While

most experimental studies have been limited to single- and infinite-layer systems, where

the unit cell contains one CuO2 plane, a theoretical description requires two additional

factors beyond the standard t-J and Hubbard models: the long-range Coulomb interaction

(LRC)—which in continuum space has a 1/r dependence—and the interlayer hopping, both

of which are essential to correctly capture the observed qz dependence of the plasmon energy
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[28, 32, 34].

A crucial theoretical question arises regarding how plasmon excitations change with an

increasing number of layers per unit cell. Pioneering studies by Fetter [35] and Griffin

and Pindor [36] for a layered electron gas model showed the existence of two modes, one

of which has very low energy. Concurrently, the superconducting onset temperature Tc

increases substantially when the number of CuO2 planes is increased to two or three, up to

140 K; for four or more layers, Tc plateaus around 110 K [37].

Experimental studies of low-energy plasmon modes for multilayer cuprates remain limited,

with a single report in bilayer Y-based compounds [38]—which has been extensively analyzed

within the weak-coupling random phase approximation (RPA) [38–40]—and a subsequent

observation in trilayer Bi-based cuprates [41].

The aim of the present work is to formulate a strong-coupling theory for the bilayer sys-

tem. This work complements the very recent weak-coupling analysis in Ref. [39], allowing

us to systematically clarify the similarities and differences between the two theoretical ap-

proaches. This point is important because some argue that weak-coupling approaches are

inadequate for cuprates, given their strongly correlated nature. In fact, alternative frame-

works have been proposed, including holographic descriptions of charge dynamics [42–44].

Furthermore, the formalism developed here acquires renewed relevance following the recent

discovery of high-Tc superconductivity in bilayer nickelates [45, 46].

The remainder of this paper is organized as follows. In Sec. II, we formulate a large-N

theory of the layered t-J-V model. The LRC is treated on a lattice, respecting the bilayer

structure [39], rather than a continuum form used in a layered electron gas model [35, 36].

In Sec. III, we present our results for charge excitation spectra, which may be compared

to those obtained in the weak-coupling theory [39]. We also investigate the dependence

of these excitation on the LRC, V . Discussions and conclusions are given in Sec. IV and

V, respectively. In Appendix A, the complete formalism of our strong coupling theory is

presented. In Appendix B, we discuss whether the collective modes obtained within the t-J

model without LRC can account for the experimental data.
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II. FORMALISM

We begin with our theoretical analysis by defining the bilayer t-J-V model on a square

lattice. The Hamiltonian is given by:

H =−
∑

i,j,σ,α,β

tαβij c̃
†
iσ,αc̃jσ,β − µ

∑
i,α

ni,α + J
∑
⟨i,j⟩,α

(
S⃗i,α · S⃗j,α − 1

4
ni,αnj,α

)

+
J⊥
2

∑
i,α̸=β

(
S⃗i,α · S⃗i,β −

1

4
ni,αni,β

)
+

1

2

∑
i̸=j,α,β

V αβ
ij ni,αnj,β , (1)

where i and j run over the three-dimensional lattice sites, α, β = 1, 2 denote the plane

within a unit cell, and c̃†iσ,α (c̃iσ,α) is the creation (annihilation) operator of an electron with

spin σ(=↑, ↓) at site i in layer α. The hopping integrals tαβij extend up to third-nearest

neighbors on the square lattice of each layer, denoted as t, t′ and t′′, respectively. Along

the z direction, the hopping within a bilayer is denoted as tz (intrabilayer hopping), and

the hopping between bilayers is given by t
′
z (interbilayer hopping)—see Fig. 1. J is the

strength of the in-plane spin exchange interaction between nearest-neighbor site ⟨i, j⟩; J⊥
is the out-of-plane spin exchange and considered only within the intrabilayer; V αβ

ij is the

three-dimensional LRC. ni,α =
∑

σ c̃
†
iσ,αc̃iσ,α is the electron density operator at site i in layer

α, S⃗i,α is the spin operator, and µ is the chemical potential. In the t-J-V model, all operators

are defined in the Fock space without double occupancy, which yields the local constraint:∑
σ

c̃†iσ,αc̃iσ,α ≤ 1 (2)

for any site i and layer α.

Here we employ a large-N technique in a path integral formalism in terms of the Hubbard

operators [47]. In this scheme, the number of spin component is extended from 2 to N and

physical quantities are computed by the power of 1/N systematically.

Setting tz = t
′
z = J⊥ = V αβ

ij = 0 (α ̸= β) in Eq. (1) reduces the system to two decoupled

t-J-V models. Such a model was successfully applied to analyzing the charge dynamics in

cuprates [28, 32–34, 48–51]. We extend this formalism to the bilayer lattice shown in Fig. 1,

which was originally introduced to analyze bilayer nickelates [52]. Our interest lies in bilayer

plasmon excitations and we now summarize the key steps of this formalism. The complete

formalism is given in Appendix A.

At leading order in the bilayer system, the electron Green’s function is obtained as 2× 2
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FIG. 1. Schematic of the bilayer lattice and corresponding hopping integrals. Each layer forms a

square lattice with lattice constant a; d is the intrabilayer distance and c is the lattice constant

along the z direction.

matrix:

G
(0)
αβ(k, iνn) =

 iνn − ε
∥
k −ε⊥k e

ikz
d
c

−ε⊥∗
k e−ikz

d
c iνn − ε

∥
k

−1

, (3)

where νn is a fermionic Matsubara frequency, and the electron dispersions are obtained as

ε
∥
k = −2

(
t
δ

2
+ χ

)
(cos kx + cos ky)− 4t′

δ

2
cos kx cos ky − 2t′′

δ

2
(cos 2kx + cos 2ky)− µ , (4)

ε⊥k = −
[
tz
δ

2
(cos kx − cos ky)

2 + χ′
]
− t

′

z

δ

2
(cos kx − cos ky)

2 e−ikz . (5)

Here kx, ky and kz are in units of the inverse of the lattice constant a, a, and c, respectively.

For a given doping δ, the chemical potential µ and the values χ and χ′ are determined

self-consistently by solving:

χ =
J

8Ns

∑
k

(cos kx + cos ky)
[
nF (ε

1
k) + nF (ε

2
k)
]
, (6)

χ′ = − J⊥
4Ns

∑
k

ε⊥k e
ikz

d
c

|ε⊥k |
[
nF (ε

1
k)− nF (ε

2
k)
]
, (7)

and

1− δ =
1

Ns

∑
k

[
nF (ε

1
k) + nF (ε

2
k)
]
, (8)

where Ns is the number of lattice sites; nF is the Fermi distribution function; from the

determinant of Eq. (3), the bonding and antibonding bands (α = 1, 2, respectively) can be

obtained as

εαk = ε
∥
k − (−1)α|ε⊥k | . (9)
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Charge fluctuations are described by the 14 × 14 matrix of the boson propagator at

the order of the 1/N in the bilayer system. But the on-site charge fluctuations including

plasmons that we are interested in are described by a 4× 4 reduced matrix,

D−1
ab (q, iωn) =

[
D

(0)
ab (q, iωn)

]−1

− Πab(q, iωn) , (10)

where a and b run from 1 to 4; q is a three-dimensional vector; ωn is a bosonic Matsubara

frequency. D
(0)
ab (q, iωn) is the bare bosonic propagator and is obtained as

[
D

(0)
ab (q, iωn)

]−1

= N


δ2

2

[
V (q)
2

− J(q)
]

δ
2

δ2

2

[
V ′(q)

2
− J ′(q)

]
0

δ
2

0 0 0

δ2

2

[
V ′∗(q)

2
− J ′∗(q)

]
0 δ2

2

[
V (q)
2

− J(q)
]

δ
2

0 0 δ
2

0

 , (11)

where J(q) = (J/2)(cos qx + cos qy) (qx and qy are in units of the inverse of the lattice

constant a) and J ′(q) = (J⊥/4)e
−iqz

d
c (qz is in units of the inverse of the lattice constant

c). V (q) and V ′(q) are the intralayer and interlayer Fourier components of the LRC in the

bilayer lattice, respectively, which are given by

V (q) =
Vc

detṼ

[
α (2− cos qx − cos qy)−

1

2
h3 −

1

2
h1 cos qz

]
, (12)

V ′(q) =
1

2

Vc

detṼ

{
h2 cos

(
qz
d

c

)
+ h4 cos

[
qz

(
1− d

c

)]
− ih2 sin

(
qz
d

c

)
+ih4 sin

[
qz

(
1− d

c

)]}
, (13)

detṼ = [α (2− cos qx − cos qy)]
2 − α (2− cos qx − cos qy) (h1 cos qz + h3)

+
6c2

(c− d)(2c− d)
(1− cos qz) . (14)

Here Vc =
e2c

2a2ε⊥
, α =

c2ε∥
a2ε⊥

(ε∥ and ε⊥ are the parallel and perpendicular dielectric constants,

respectively; e is the electric charge of electron), and h1 =
2c(c−2d)

(2c−d)(c−d)
, h2 =

2c
c−d

, h3 = − 4c
c−d

,

and h4 = 2c(c+d)
(2c−d)(c−d)

. Equations (12) and (13) were first derived in Ref. [39] and they

represent the only known analytical expressions for the LRC in the bilayer structure. The

self-energy components Πab(q, iωn) in Eq. (10) are calculated in Appendix A.

In the large-N formalism for bilayer systems, the charge-charge correlation function χ(ri−

rj, τ) = ⟨Tτni(τ)nj(0)⟩ is related in q-ω space to the dressed bosonic propagator Dab(q, iωn)

as

χ (q, iωn) =
N

2

(
δ

2

)2

[D11 (q, iωn) +D33 (q, iωn) +D13 (q, iωn) +D31 (q, iωn)] . (15)
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The elements D11 and D33 (D13 and D31) give the intralayer (interlayer) contributions to

χ (q, iωn).

After performing the analytical continuation iωn → ω+iΓ and adopting the physical value

N = 2, we obtain the imaginary part of the charge-charge correlation function, Imχ(q, ω),

which can be directly compared with RIXS measurements. The parameter Γ may account

for both experimental resolution and spectral broadening from electron correlations [53].

III. RESULTS

We present our results organized into three subsection. Focusing on cuprates, we adopt

the following parameter set without losing generality: t′ = −0.3t, t′′ = 0.15t, J = 0.3t,

J⊥ = 0 [54]. The lattice parameters are set to a = 3.88 Å, c = 11.68 Å, d = 3.36 Å[38]. The

dielectric constants are chosen as ϵ∥ = 6ϵ0, ϵ⊥ = 2.25ϵ0. These values yield Vc = 38.75t and

α = 24. We take hole doping rate δ = 0.21, corresponding to the electron density n = 0.79.

The broadening parameter Γ is set to 0.01t except for Fig. 12. We take a temperature of

T = 0.04t to avoid bond-charge instabilities [55, 56]. Our analysis first focuses on the case

of t
′
z = 0 before examining its effect. Unless stated otherwise, t is the unit of energy.

A. Charge excitation spectra with t
′
z = 0

1. Overall spectrum

Figure 2(a) presents the charge excitations spectrum across a broad range of in-plane

momentum q∥ and energy transfer ω. The white dotted curve shows the upper boundary

of the particle-hole continuum. While weak signals are visible below this boundary, the

most significant spectral weight is found above it, corresponding to plasmon excitations.

These features are qualitatively similar to those observed in a single-layer system (see Fig. 1

in Ref. [28]). A crucial distinction emerges at low energy (ω < 0.3t) and small in-plane

momentum, specifically around q∥ = (0, 0), where two distinct plasmon modes are present

for a fixed qz = π. Upon closer inspection, the lower branch is found to be a gapless

plasmon mode that extends into the continuum, a feature characteristic of bilayer systems

[39]. Following the nomenclature of Griffin and Pindor [36], we refer to the higher-energy

and lower-energy branches as ω+ and ω− modes, respectively.
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χ

(q
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(b) Weak−coupling RPA

FIG. 2. (a) Intensity map of charge excitation spectrum log10 |Imχ(q, ω)| in the plane of in-plane

momentum q∥ and energy transfer ω. The white dotted curve represents the upper boundary of

the particle-hole continuum excitations. The strong intensity corresponds to plasmon modes. (b)

The corresponding map in a weak-coupling analysis [39] for the same parameters as (a) except that

Vc = 130 is taken.

The corresponding weak-coupling RPA result [39] is shown in Fig. 2(b) for exactly the

same parameters as Fig. 2(a) except for a value of Vc so that two plasmon branches are well

visible. A comparison between Fig. 2(a) and (b) reveals that strong electronic correlations

suppress the particle-hole continuum substantially, allowing the plasmon branches to remain

well defined along the entire Brillouin-zone path, whereas in the weak-coupling scheme

they are confined to the vicinity of q∥ = (0, 0) and merge into the continuum away from

q∥ = (0, 0).

The remainder of this section will focus on the detailed properties of ω+ and ω− modes.

2. Plasmon excitations

To investigate the plasmon excitations in more detail, we analyze the q-ω map around

q∥ = (0, 0) for a sequence of qz values as shown in Figs. 3(a)–(e). At qz = 0 [Fig. 3(a)],

only the ω+ mode is present. The charge conservation makes the spectral weight vanish at

q∥ = (0, 0) because charge fluctuations between the two layers are in-phase. This confirms

that the ω+ mode corresponds to the well-known optical plasmon. By symmetry, the ω−

mode corresponds to out-of-phase fluctuations and is not present for qz = 0, a feature

that has the following physical interpretation: When applying infinitesimally small external
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(e) qz = 2π

FIG. 3. Intensity maps of log10 |Imχ(q, ω)| for a sequence of qz around a region of q∥ = (0, 0) for

tz = 0.1t: (a) qz = 0, (b) qz = 0.5π, (c) qz = π, (d) qz = 1.5π, and (e) qz = 2π. The white dotted

curve denotes the upper boundary of the particle-hole continuum. It goes to zero at q∥ = (0, 0)

and qz = 0 in (a).

electric field with qz = 0, this external field is strictly uniform along the out-of-plane direction
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(b) q|| = (0.05π, 0)

FIG. 4. qz dependence of ω+ mode (higher energy) and ω− mode (lower energy) at (a) q∥ =

(0.02π, 0) and (b) q∥ = (0.05π, 0) for tz = 0.1t. The white dotted line is the upper boundary of

the continuum spectrum and exhibits a sharp drop at qz = 0 because of the vanishing of the ω−

mode there.

and thus cannot couple to the out-of-phase charge oscillation, i.e., ω− mode.

Although the spectral weight at q∥ = (0, 0) vanishes for qz = 0, a finite intrabilayer

hopping tz results in a finite energy for the upper boundary of the continuum at q∥ = (0, 0)

for qz ̸= 0. This allows for the presence of two plasmon modes, the ω+ and ω− modes, as seen

in Figs. 3(b)–(d). These modes should not be confused with the even and odd modes, since

the LRC couples fluctuations across all layers. Notably, the ω− mode exhibits a gapless

dispersion, which is particularly evident as it enters the continuum around q∥ = (0, 0).

However, a significant change occurs at qz = 2nπ where n ̸= 0 [Fig. 3(e)], as the ω−

mode becomes gapped. A comparison between Figs. 3(a) and (e) reveals that the plasmon

excitations at qz = 0 are not generic. Instead, the behavior at qz = 2nπ with n ̸= 0 is more

representative: both ω± modes are present and gapped, but the intensity of the ω+ mode

vanishes at q∥ = (0, 0) while it does not for the ω− mode.

We next examine the qz dependence of the ω± modes more closely. Figure 4(a) shows

results at a fixed in-plane momentum of q∥ = (0.02π, 0) for tz = 0.1t. The white dotted line

indicates the upper boundary of the particle-hole continuum. The ω+ mode is always present

above the continuum. Its energy sharply peaks at qz = 2nπ (corresponding to the optical

plasmon) and quickly decreases as qz moves away from these values, remaining largely qz

independent until the next peak. The ω− mode, which is absent at qz = 0, gains intensity

immediately as qz increases. It shows a dispersive feature between ω = 0.06–0.21t with a

peak at qz = 2nπ where n ̸= 0. This dispersion is particularly interesting since it occurs by
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crossing the boundary of the continuum.

Figure 4(b) presents the same plot but for slightly larger in-plane momentum q∥ =

(0.05π, 0). The ω+ mode exhibits a qz dependence similar to that in Fig. 4(a). The ω−

mode, however, shows a clear cosinelike dispersion along the qz direction and is situated

entirely above the continuum.

In both Figs. 4(a) and (b), the intensity of the ω± modes displays a characteristic qz

dependence, with “nodes” where the spectral weight almost vanishes at specific qz values.

For example, the ω+ mode loses intensity around qz = 7π. These positions are parameter

dependent, especially on the ratio of d/c, though the vanishing intensity of the ω− mode at

qz = 0 is a robust feature. It is also important to note that the intensity of both ω± modes

does not have 2π periodicity along the qz direction.

For completeness, we also investigate the case of a large intrabilayer hopping tz = 0.3t.

The spectral maps for various qz are shown in Fig. 5. Similar to the tz = 0.1t case, only a

single mode is present at qz = 0 [Fig. 5(a)], and its vanishing spectral weight at q∥ = (0, 0)

identifies it as the ω+ mode. For qz ̸= 0 [Figs. 5(b)–(d)], two modes appear. A remarkable

feature in this large tz case is that the upper mode forms an upward-convex shape around

q∥ = (0, 0) whereas the other mode is gapless and sharply defined even inside the continuum.

At qz = 2π [Fig. 5(e)], two gapped modes are present. However, a key difference from the

tz = 0.1t case is that the lower-energy mode in Fig. 5(e) is the one with zero spectral weight

at q∥ = (0, 0), identifying it as the ω+ mode. Given the continuity of the modes with varying

qz, this suggests a reversal in the energy hierarchy of the ω± modes for a large tz. Specifically

the ω+ mode becomes gapless for qz ̸= 2nπ, while ω− mode is always gapped except for its

vanishing at qz = 0. This inversion can be traced back to the competing energy scales set

by the LRC—through Vc and α—and by the intrabilayer hopping tz. When tz becomes

sufficiently large, the energy scale of the ω− mode can exceed the optical plasmon energy at

qz = 2nπ, producing the observed reversal between the ω+ and ω− modes. This situation

can be realized for a system with a smaller intrabilayer distance. Designing materials in this

way would be highly interesting.

As we observed in Fig. 5, the ω− mode has higher energy than the ω+ mode for large

tz. This is confirmed by the results in Figs. 6(a) and (b), where the higher-energy mode

shows zero spectral weight at qz = 0, characteristic of the ω− mode. The qz dependence of

the ω− mode for large tz is markedly different from the tz = 0.1t case, showing a dip rather
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FIG. 5. Intensity maps of log10 |Imχ(q, ω)| for a sequence of qz around a region of q∥ = (0, 0) for

tz = 0.3t: (a) qz = 0, (b) qz = 0.5π, (c) qz = π, (d) qz = 1.5π, and (e) qz = 2π. The white dotted

curve denotes the upper boundary of the particle-hole continuum. It becomes zero at q∥ = (0, 0)

and qz = 0 in (a).
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FIG. 6. qz dependence of ω+ mode (lower energy) and ω− mode (higher energy) at (a) q∥ =

(0.02π, 0) and (b) q∥ = (0.05π, 0) for tz = 0.3t. The corresponding results of tz = 0.1t are shown

in Fig. 4. The white dotted line is the upper boundary of the continuum spectrum and exhibits a

sharp drop at qz = 0 because of the vanishing of the ω− mode there.

than a peak at qz = 2nπ. In contrast, the low-energy ω+ mode exhibits a significant disper-

sive feature, particularly at q∥ = (0.02π, 0), where its energy spans a wide range between

ω = 0.06–0.44t. This mode is sharply defined even when it lies within the continuum, a

consequence of the very low spectral weight of the continuum itself near q∥ = (0, 0). At

q∥ = (0.05π, 0) shown in Fig. 6(b), the ω+ mode is less dispersive, but shows a similar overall

feature.

B. Charge excitation spectra with t
′
z ̸= 0

The previous analysis has focused on the case of zero interbilayer hopping (t
′
z = 0),

though the LRC is included. Here, we extend our study to investigate the effect of a finite

t
′
z. We begin by assuming a moderate value of t

′
z = tz/2 = 0.05t and later present results

for a larger t
′
z to capture the behavior observed for a large tz in the previous subsection.

We present results in a manner consistent with Figs. 3(a)–(e), as shown in Figs. 7(a)–(e).

At qz = 0 [Fig. 7(a)], the spectrum is nearly identical to the t
′
z = 0 case in Fig. 3(a), with

only the ω+ mode present. This indicates that the effect of t
′
z is negligible at qz = 0. A

similar minor effect is seen at qz = 2π [Fig. 7(e)], where the ω− mode exists and is shifted to

a slightly higher energy due to the inclusion of t
′
z. The most significant change induced by

a finite t
′
z is observed at qz ̸= 2nπ, where the ω− mode, which was gapless for t

′
z = 0, now

becomes gapped at q∥ = (0, 0). Consequently, for any qz ̸= 0, we have two gapped plasmon
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FIG. 7. Intensity maps of log10 |Imχ(q, ω)| for a sequence of qz around a region of q∥ = (0, 0) for

tz = 0.1t and t
′
z = tz/2: (a) qz = 0, (b) qz = 0.5π, (c) qz = π, (d) qz = 1.5π, and (e) qz = 2π.

The white dotted curve denotes the upper boundary of the particle-hole continuum. There is no

continuum spectrum at q∥ = (0, 0) and qz = 0.
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FIG. 8. qz dependence of ω+ mode (higher energy) and ω− mode (lower energy) at (a) q∥ =

(0.02π, 0) and (b) q∥ = (0.05π, 0) for tz = 0.1t and t
′
z = tz/2. The white dotted curve denotes the

upper boundary of the particle-hole continuum. There is a sharp drop at qz = 0 because of the

disappearance of the ω− mode there.

modes in the presence of t
′
z.

The qz dependence of the ω± modes is presented in Figs. 8(a) and (b) for q∥ = (0.02π, 0)

and (0.05π, 0), respectively. A comparison with Figs. 4(a) and (b) shows that the overall

behavior is preserved, with the primary difference being a shift of the ω− mode to higher

energy due to the finite t
′
z. While the spectral intensity does not exhibit 2π periodicity, the

location of the “nodes”, where the intensity is strongly suppressed, remain largely unaffected

by the inclusion of t
′
z. This suggests that the effect of t

′
z is relatively weak on the intensity

dependence of the plasmon modes.

For completeness, we also study the case of a large hopping tz = 0.3t with t
′
z = 0.15t. As

we have previously established, the energy hierarchy of the ω± modes is interchanged for a

large tz, and this behavior persists in the presence of t
′
z.

q-ω maps for this case are shown in Figs. 9(a)–(e). At qz = 0 [Fig. 9(a)], only the

ω+ mode is present, with its spectral weight vanishing at q∥ = (0, 0) as a consequence of

charge conservation. For qz ̸= 0, the particle-hole continuum gains spectral weight even at

q∥ = (0, 0), and the ω+ mode is realized close to this upper boundary around q∥ = (0, 0).

In contrast, the ω− mode has a higher energy and is located above the continuum. As seen

in Fig. 9(b), the ω− mode has a relatively low-spectral weight near qz = 0 and forms an

upward-convex shape centered at q∥ = (0, 0) and ω ≈ 0.65t. This mode gains more spectral

weight as qz increases as shown in Figs. 9(c)–(e), and its dispersion shows a small dependence

on qz. The low-energy ω+ mode enters slightly the continuum around q = (0, 0) in Figs. 9(b)
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FIG. 9. Intensity maps of log10 |Imχ(q, ω)| in the presence of a large tz = 0.3t and t
′
z = tz/2. (a)–

(e) q∥ dependence for a sequence of qz around a region of q∥ = (0, 0): (a) qz = 0, (b) qz = 0.5π,

(c) qz = π, (d) qz = 1.5π, and (e) qz = 2π. The white dotted curve denotes the upper boundary of

the particle-hole continuum—there is no continuum spectrum at q∥ = (0, 0) and qz = 0 in (a).
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FIG. 10. qz dependence of ω+ mode (lower energy) and ω− mode (higher energy) at (a) q∥ =

(0.02π, 0) and (b) q∥ = (0.05π, 0) for tz = 0.3t and t
′
z = tz/2. The white dotted curve denotes the

upper boundary of the particle-hole continuum. There is a sharp drop at qz = 0 because of the

disappearance of the ω− mode there.

and (d). Its presence, despite being within the continuum, is due to the low-spectral weight

of the continuum around q∥ = (0, 0). At qz = 2π [Fig. 9(e)], the ω+ mode is pushed up

slightly above the continuum and its spectral intensity at q∥ = (0, 0) vanishes.

Finally, we examine the qz dependence of the spectral intensity at fixed in-plane momenta

in Figs. 10(a) and (b) for q∥ = (0.02π, 0) and (0.05π, 0), respectively. The ω+ mode is

well defined when it is located above the continuum, and is somewhat blurred within the

continuum, but a sharp peak is discernible at qz = 2nπ, particularly in Fig. 10(b). The ω−

mode, which vanishes at qz = 0, exhibits a less dispersive feature along the qz direction, with

a small dip at qz = 2nπ (n ̸= 0). The strong suppression of the ω− mode around qz = 7π is

a feature also observed in the previous subsection.

C. Vc dependence of dispersive modes

The t-J-V model contains a short-range interaction of the J-term as well as from the

local constraint, and thus we can study the interplay with the long-range interaction V .

In the case of qz = 0, we have only the ω+ mode with a gap [Fig. 3(a)]. This mode

eventually becomes a gapless mode in the limit of Vc → 0, forming the zero-sound mode,

as shown in Fig. 11, although the mode along the qx direction is realized very close to the

upper boundary of the continuum in Fig. 11(b).

At qz = π, both ω+ and ω− modes are present, with the ω− mode being gapless as shown
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FIG. 11. Forming the zero-sound mode in the limit of Vc → 0: (a) Vc = t and (b) Vc = 0. It is the

ω+ mode that changes into the zero-sound mode.

in Fig. 12(a). As the interaction strength Vc is reduced, the energy of the ω+ mode decreases,

but it remains a gapped mode in the limit of Vc → 0. In contrast, the ω− mode retains its

gapless character, though the velocity is reduced as Vc decreases. While it might appear

that plasmon modes persist in the Vc = 0 limit, they are no longer plasmons. In particular,

the ω− mode is realized inside the continuum as a peak of the continuum. On the other

hand, if we include t
′
z, both ω± modes are gapped even in the limit of Vc → 0.

A unique feature is observed at qz = 2nπ. As previously shown in Fig. 3(e) both ω±

modes are gapped when n ̸= 0. As Vc decreases [Fig. 12(b)], this gap is reduced. In contrast

to the case of qz = 0 [Fig. 11(b)], the ω+ mode retains a gap in the limit of Vc → 0. In

this limit, it is the ω− mode that changes into a gapless mode, namely evolves into the

zero-sound-wavelike mode. This feature is the same even if there is a finite t′z.

Corresponding spectra showing the qz dependence at q∥ = (0.05π, 0) are presented in

Fig. 13 in the limit of Vc = 0, where there are two branches. The analysis of this figure

provides three important insights. First, while the lower-energy branch at qz = 0 is the zero-

sound mode, it smoothly connects to a branch at a finite qz. Second, because the V -term

is the primary source of three-dimensional coupling, the system effectively reduces to being

two-dimensional in the Vc = 0 limit, resulting in a very weak dependence on qz. Third,
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FIG. 12. Dispersive modes along the (0,0)-(0.3π, 0) direction for a sequence of values of Vc. We

here employed a smaller broadening Γ = 10−3t to trace the dispersion precisely.
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FIG. 13. qz dependence of spectral weight for Vc = 0. While the zero-sound mode is well defined

at qz = 0, it evolves smoothly into a lower-energy branch at qz ̸= 0. The higher-energy mode is

absent at qz = 0, but is realized at a finite qz.

interestingly, the spectral intensity still exhibits a strong qz dependence due to the kinetic

hopping term along the z direction. Therefore, depending on the value of qz, the modes may

be detected as only one branch, although in principle two branches exist.
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IV. DISCUSSIONS

Despite the fundamental difference between our large-N theoretical framework and the

RPA [39], we have found that our results for charge dynamics are strikingly similar in many

respects, with a few notable differences.

We have used a parameter set closely matching that of Ref. [39], with the exception of the

Coulomb potential Vc and the anisotropic parameter α, and temperature. A key difference

lies in our use of a significantly smaller value of Vc (in units of t). This disparity reflects the

strong correlation effects inherent in the t-J model, which lead to a notable band narrowing

effect. This strong correlation is a predominant factor, enabling the plasmon modes to exist

across a wide range of momentum space as shown in Fig. 2(a). This sharply contrasts with

the RPA results [Fig. 2(b)], where plasmon modes are typically confined to the vicinity of

q∥ = (0, 0) and becomes heavily damped into the particle-hole continuum as they move

further away.

So far there is only one experimental RIXS report [38] in bilayer cuprates where a single

qy-scan was presented. Similar to weak-coupling calculations [39, 40], the present theory—a

more adequate theory for cuprates—also suggests that the observed mode is the ω− mode

as shown in Fig. 14. Because of a finite t
′
z, the ω− mode will be gapped at q∥ = (0, 0). To
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FIG. 14. Comparison with the plasmon energy (solid squares) reported in Y-based cuprate su-

perconductors in Ref. [38]. The experimental data are superimposed on the intensity map of

log10 |Imχ(q, ω)| computed at qz = 1.8π by using tz = 0.2t, t
′
z = 0.05t, Vc = 60 eV, and α = 13

(corresponding to ϵ∥ = 1.68ϵ0 and ϵ⊥ = 1.16ϵ0), keeping the other parameters unchanged; t/2 is

assumed to be 400 meV. The white dotted curve denotes the upper boundary of the particle-hole

continuum.
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reinforce this conclusion, we call for more comprehensive data such as qx-, qy-, and qz-scans.

In the bilayer t-J model two collective modes (zero-sound-wavelike modes) remain due

to electron correlations. In Appendix B we investigate whether these modes alone could

account for the experimental dispersion. Our analysis indicates that this scenario is less

consistent with the data, especially regarding the slope of the measured dispersion, and that

the plasmon interpretation offers a more coherent description of the observed features.

V. CONCLUSIONS

In this work, we have constructed a strong-coupling theory of bilayer plasmons by em-

ploying a large-N formalism for the t-J-V model. Our computational approach of charge

excitation spectra was conducted in a matter that allows for a direct comparison with a

recent RPA study [39]. Despite the fundamental differences in the theoretical framework,

we have found a striking similarity in the plasmon dispersion and intensity maps. This

agreement, however, is not without crucial distinctions. In our theory, the strong correla-

tion effects inherent in the t-J model lead to a significant band narrowing, which in turn

allows plasmon modes to remain well-defined across the entire Brillouin zone. This stands

in sharp contrast to weak-coupling RPA calculations, where plasmons are typically heavily

damped away from the zone center.

A unique contribution of our model is the insight gained by systematically varying the

Coulomb interaction Vc. We have shown that as Vc is decreased, the plasmon modes change

into two distinct modes. When qz = 2nπ (n ̸= 0), one of these modes remains gapped

while the other becomes a gapless mode. When qz = 0, only the gapless mode—zero-sound

mode—is present. We have also found that while the spectral intensity of these modes shows

a strong dependence on qz, the mode energy itself is remarkably independent of qz.

The ability of our strong-coupling theory to reproduce plasmon modes provides a compre-

hensive framework for interpreting experimental data. Our results may offer an explanation

for the RIXS data recently obtained in Y-based cuprate superconductors. The ultimate test

of the present strong-coupling theory will be the acquisition of more comprehensive RIXS

data in bilayer cuprates. If our model provides a coherent explanation for these future re-

sults, it would offer compelling evidence that a strong-coupling approach is necessary for

describing charge dynamics in these correlated systems.
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Appendix A: Large-N formalism of the bilayer t-J-V model

A major challenge in handling the t-J model arises from the non-double-occupancy con-

straint. To rigorously enforce the local constraint [Eq. (2)], we express the Hamiltonian in

terms of the Hubbard operators X̂[57]. The constraint is then implicitly described by the al-

gebra of these operators: c̃†iσ,α = X̂σ0
iα , c̃iσ,α = X̂0σ

iα , S
+
i,α = X̂↑↓

iα , S
−
i,α = X̂↓↑

iα , ni,α = X̂↑↑
iα +X̂↓↓

iα ,

and X̂00
iα describes the number of doped holes. The z component of the spin operator is

Sz
i,α = 1

2
(X̂↑↑

iα − X̂↓↓
iα ). The operators X̂σ0

iα and X̂0σ
iα are called fermionlike, whereas the

operators X̂σσ′
iα and X̂00

iα are bosonlike.

The Hamiltonian in Eq. (1) can be expressed in terms of the Hubbard operators as:

H =−
∑

i,j,σ,α,β

tαβij X
σ0
iαX

0σ
jβ − µ

∑
i,σ,α

Xσσ
iα +

J

2

∑
⟨i,j⟩,σ,σ′,α

(
Xσσ′

iα Xσ′σ
jα −Xσσ

iα Xσ′σ′

jα

)
+

J⊥
4

∑
i,σ,σ′,α̸=β

(
Xσσ′

iα Xσ′σ
iβ −Xσσ

iα Xσ′σ′

iβ

)
+

1

2

∑
i̸=j,σ,σ′,α,β

V αβ
ij Xσσ

iα Xσ′σ′

jβ . (A1)

The formalism starts with the construction of a first-order classical Lagrangian using the

Faddeev-Jackiw and Dirac methods [58–60]. In this representation, the fermionlike (boson-

like) Hubbard operators are associated with Grassmann (usual bosonic) variables. Next, a

large-N expansion is applied to the spin projection, extending it from σ =↑, ↓ to p = 1, ..., N

and rescaling the amplitude as tαβij /N , J/N , J⊥/N , and V αβ
ij /N to ensure a finite theory in

the limit of N → ∞. Using the condition

Xpp′

iα =
Xp0

iαX
0p′

iα

X00
iα

(A2)
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for J- and J⊥-terms, we write the fermionlike fields as

f †
ip,α =

1√
Nδ/2

Xp0
iα , (A3)

fip,α =
1√
Nδ/2

X0p
iα , (A4)

where δ is the hole doping away from half-filling. Xσσ
iα in J-, J⊥- and V αβ

ij -terms are, on the

other hand, treated by utilizing the local constraint X00
iα +

∑
p X

pp
iα = N/2 and this constraint

is imposed by introducing the Lagrange multiplier λiα.

The fields X00
iα and λiα are expressed in terms of their static mean-field components and

dynamic fluctuations:

X00
iα = N

δ

2
(1 + δRiα) , (A5)

λiα = λ0 + δλiα , (A6)

where δRiα denotes the fluctuation of the hole density at site i in layer α; δλiα is the

fluctuation of the Lagrange multiplier to enforce the constraint against double occupancy.

The resulting effective Lagrangian includes two distinct four-fermion interaction terms,

one from the in-plane exchange interaction J , and the other from the out-of-plane interaction

J⊥. To decouple these terms, we introduce Hubbard-Stratonovich fields ∆ij,α and ∆′
i:

∆ij,α =
J

2

∑
p

f †
jp,αfip,α√

(1 + δRiα)(1 + δRjα)
, (A7)

∆′
i =

J⊥
4

∑
p

f †
ip,1fip,2√

(1 + δRi1)(1 + δRi2)
. (A8)

The fields ∆ij,α and ∆′
i describe bond-charge fluctuations in the intralayer and intrabilayer,

respectively. Since i and j are nearest-neighbor sites on the square lattice, we may write

∆ij,α = ∆η
iα where η = x or y. We parametrize those fields as:

∆η
iα = χ (1 + rηiα + iAη

iα) , (A9)

∆′
i = χ′ (1 + r⊥,i + iA⊥,i) , (A10)

where rηiα and Aη
iα (r⊥,i and A⊥,i) represent the real and imaginary parts of the in-plane

(out-of-plane) bond-field fluctuations, respectively, and χ (χ′) is the corresponding static

mean-field value.
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Finally, the terms involving 1/
√
1 + δRiα are expanded perturbatively in powers of δRiα.

This expansion systematically organizes the interactions in powers of 1/N , thus controlling

the hierarchy of contributions in the large-N formalism. The effective theory of Eq. (1) is

then described in terms of fermions, bosons, and their interactions.

In the large-N formalism for bilayer systems, we introduce a 14-component bosonic field

as a basis:

δXa = (δR1, δλ1, δR2, δλ2, r
x
1 , r

y
1 , A

x
1 , A

y
1, r

x
2 , r

y
2 , A

x
2 , A

y
2, r⊥, A⊥) , (A11)

where the site index is omitted for clarity.

Following Refs. [52, 61, 62], the Feynman rules applied to the effective theory give a

14× 14 bare bosonic propagator D
(0)
ab (q, iωn) that is O(1/N):

[
D

(0)
ab (q, iωn)

]−1

= N



D
(0)
A D

(0)
B 0 0 0

D
(0)∗
B D

(0)
A 0 0 0

0 0 D
(0)
C 0 0

0 0 0 D
(0)
C 0

0 0 0 0 D
(0)
D


, (A12)

where ωn is a bosonic Matsubara frequency and the matrices D
(0)
A-D are:

D
(0)
A =

 δ2

2

[
V (q)
2

− J(q)
]

δ
2

δ
2

0

 , (A13)

D
(0)
B =

 δ2

2

[
V ′(q)

2
− J ′(q)

]
0

0 0

 , (A14)

D
(0)
C =


4χ2

J
0 0 0

0 4χ2

J
0 0

0 0 4χ2

J
0

0 0 0 4χ2

J

 , (A15)

D
(0)
D =

 4χ′2

J⊥
0

0 4χ′2

J⊥

 . (A16)
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FIG. 15. (a) Bare fermionic G
(0)
αβ and bosonic D

(0)
ab propagators, solid and dashed lines, respectively.

(b) Λαβ,a and Λαβ,ab are the three- and four-legs vertices, respectively. (c) Πab is the bosonic self-

energy. (d) Double dashed line is the dressed bosonic propagator Dab.

The large-N formalism yields the bare bosonic propagator as a 14 × 14 matrix [see

Eq. (A12)]. However, because we focus on on-site charge excitations, including plasmons

[63], we restrict our analysis to the corresponding 4 × 4 submatrix of the bare bosonic

propagator given by

[
D

(0)
ab (q, iωn)

]−1

= N


δ2

2

[
V (q)
2

− J(q)
]

δ
2

δ2

2

[
V ′(q)

2
− J ′(q)

]
0

δ
2

0 0 0

δ2

2

[
V ′∗(q)

2
− J ′∗(q)

]
0 δ2

2

[
V (q)
2

− J(q)
]

δ
2

0 0 δ
2

0

 , (A17)

where the matrix elements are limited to a, b = δRa, δλa.

Interactions between bosons and fermions are governed by three- and four-leg vertices.

The three-leg vertex Λαβ,a represents the interaction of a fermion from layer α that ends at

layer β after interacting with a boson δXa. We can write this vertex as

Λαβ,a(k, k
′, q) = Λ̃αβ,a(k, k

′, q)ei(−kzdα+k′zdβ+qzda)δ(k − k′ − q) (A18)

where k ≡ k, iνn, q ≡ q, iωn and da is equal to d1 or d2 depending on the plane of the boson

δXa, with d1 = 0 and d2 = d/c. After executing δ(k − k′ − q), the nonzero components of

Λ̃αβ,a(k, k
′, q) in the charge sector become
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Λ̃αα,a(k, q) = −

[
iνn −

iωn

2
+ µ+ 2χ

∑
η=x,y

cos
(
kη −

qη
2

)
cos

qη
2
, 1

]
(A19)

for each component a = δRα, δλα. For α ̸= β

Λ̃αβ,a(k, q) =−
(
χ′

2
,
χ′

2

)
(A20)

for each component a = δR1, δR2.

The four-leg vertex Λαβ,ab represents a fermion from layer α that ends in layer β after

interacting with the bosons δXa and δXb. We write this vertex as

Λαβ,ab(k, k
′, q, q′) = Λ̃αβ,ab(k, k

′, q, q′)ei(−kzdα+k′zdβ+qzda+q′zdb)δ(k − k′ − q − q′) , (A21)

where, after executing δ(k− k′ − q− q′), the nonzero components of Λ̃αβ,ab(k, k
′, q, q′) in the

charge sector become

Λ̃αα,ab(k, q, q
′) =

 Fk,q,q′ 1/2

1/2 0

 (A22)

for each component a, b = δRα, δλα, where

Fk,q,q′ = iνn −
iωn + iω′

n

2
+ µ+ χ

∑
η=x,y

cos

(
kη −

qη + q′η
2

)
×

[
cos

(
qη + q′η

2

)
+ cos

qη
2
cos

q′η
2

]
. (A23)

For α ̸= β

Λ̃αβ,ab =
χ′

8

 3 1

1 3

 (A24)

for each component a, b = δR1, δR2. Note that the vertices are O(1).

Using the propagators [Eq. (3) and Fig. 15(a)] and vertices [Fig. 15(b)] the bosonic self-

energy Πab(q, iωn) [Fig. 15(c)] is computed, considering both Hartree and bubble diagrams.

The Dyson equation [Fig. 15(d)] yields the dressed bosonic propagator Dab(q, iωn) as

D−1
ab (q, iωn) =

[
D

(0)
ab (q, iωn)

]−1

− Πab(q, iωn) . (A25)
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Focusing on the 4× 4 charge sector of the self-energy, the analytical expressions of each

component are:

Π11(q, iωn) =− N

16Ns

2∑
α,β=1

∑
k

[
nF

(
εαk−q

)
− nF

(
εβk

)](
ε̃βk − ε̃αk−q

)
+
(
ε̃βk + ε̃αk−q

)2

gαβ ,

(A26)

Π12(q, iωn) =− N

8Ns

2∑
α,β=1

∑
k

(
ε̃βk + ε̃αk−q

)
gαβ , (A27)

Π13(q, iωn) =− e−iqz
d
c

N

16Ns

2∑
α,β=1

(−1)α+β
∑
k

ε⊥∗
k−qε

⊥
k

|ε⊥k−q||ε⊥k |

{[
nF

(
εαk−q

)
− nF

(
εβk

)](
ε̃βk − ε̃αk−q

)
+

(
ε̃βk + ε̃αk−q

)2

gαβ
}

, (A28)

Π31(q, iωn) =− eiqz
d
c

N

16Ns

2∑
α,β=1

(−1)α+β
∑
k

ε⊥k−qε
⊥∗
k

|ε⊥k−q||ε⊥k |

{[
nF

(
εαk−q

)
− nF

(
εβk

)](
ε̃βk − ε̃αk−q

)
+

(
ε̃βk + ε̃αk−q

)2

gαβ
}

, (A29)

Π14(q, iωn) =− e−iqz
d
c
N

8Ns

2∑
α,β=1

(−1)α+β
∑
k

ε⊥∗
k−qε

⊥
k

|ε⊥k−q||ε⊥k |

(
ε̃βk + ε̃αk−q

)
gαβ (A30)

Π41(q, iωn) =− eiqz
d
c
N

8Ns

2∑
α,β=1

(−1)α+β
∑
k

ε⊥k−qε
⊥∗
k

|ε⊥k−q||ε⊥k |

(
ε̃βk + ε̃αk−q

)
gαβ (A31)

Π22(q, iωn) =− N

4Ns

2∑
α,β=1

∑
k

gαβ (A32)

Π24(q, iωn) =− e−iqz
d
c
N

4Ns

2∑
α,β=1

(−1)α+β
∑
k

ε⊥∗
k−qε

⊥
k

|ε⊥k−q||ε⊥k |
gαβ , (A33)

Π42(q, iωn) =− eiqz
d
c
N

4Ns

2∑
α,β=1

(−1)α+β
∑
k

ε⊥k−qε
⊥∗
k

|ε⊥k−q||ε⊥k |
gαβ , (A34)

Π21(q, iωn) =Π34(q, iωn) = Π43(q, iωn) = Π12(q, iωn) , (A35)

Π23(q, iωn) =Π14(q, iωn) , (A36)

Π32(q, iωn) =Π41(q, iωn) , (A37)

Π33(q, iωn) =Π11(q, iωn) , (A38)

Π44(q, iωn) =Π22(q, iωn) , (A39)

27



where ε̃αk is equal to εαk with µ = χ = χ′ = 0, and

gαβ =
nF

(
εαk−q

)
− nF

(
εβk

)
iωn + εαk−q − εβk

. (A40)

Appendix B: Analysis of experimental data with Vc = 0

In Sec. III C we showed that two collective modes persist even when the long-range

Coulomb interaction is switched off (Vc = 0). In this section we examine whether the

experimental dispersion in Fig. 14 could be interpreted within this scenario.

A first qualitative consideration already points to a limitation: the lower-energy zero-

sound-wavelike mode necessarily decreases linearly to zero as q∥ → (0, 0), whereas the

experimental data show no indication of such behavior. This implies that, if a zero-sound-

based interpretation were to be considered, the relevant branch would need to be the higher-

energy mode.

Figure 16(a) shows the intensity map for Vc = 0 using the same band parameters that

successfully describe the plasmon dispersion in Fig. 14. The resulting zero-sound-wavelike

branches lie at substantially lower energies than the experimental data, indicating that

these parameters cannot account for the measured spectrum. To counteract this effect, we
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FIG. 16. Comparison with the plasmon energy (solid squares) reported in Y-based cuprate su-

perconductors in Ref. [38]. The experimental data are superimposed on the intensity map of

log10 |Imχ(q, ω)| computed at qz = 1.8π with Vc = 0 by using (a) tz = 0.2t, t
′
z = 0.05t (same as

in Fig. 14), and (b) tz = 0.4t, t
′
z = 0.15t, while keeping the other parameters unchanged; t/2 is

assumed to be 400 meV. The white dotted curve denotes the upper boundary of the particle-hole

continuum.
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consider larger values of tz and t
′
z and display the corresponding results in Fig. 16(b). While

the overall energy scale then becomes comparable to the measured one, the slope of the

computed dispersion remains inconsistent with the observed trend. Moreover, the required

values of tz and t
′
z appear too large for bilayer cuprates, suggesting that a description based

solely on zero-sound-wavelike modes is unlikely.

These analyses lead us to conclude that the experimental features cannot be satisfactorily

described by the collective modes of the pure bilayer t-J model. Instead, their dispersion and

spectral characteristics are more naturally and consistently interpreted in terms of plasmons.
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