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A B S T R A C T   

The dynamics of thermoelastic martensitic transformations (MTs) become not straightforward with lowering 
temperatures due to the manifestation of the thermal activation process. The author recently proposed a new 
concept of “viscosuperelasticity” of which mathematical expression for the thermal activation of habit plane 
motion enables to quantitatively reproduce the MT dynamics under both the isothermal and anisothermal 
(dynamic cooling/heating) conditions. In this study, the time-dependent evolution of MTs is evaluated with the 
concept of viscosuperelasticity for some representative cases of MT-hosting alloy systems. This concept enables 
seemingly strange low-temperature behaviors to be explained as manifestations of thermal activation. Further
more, undiscovered exceptional dynamics are also predicted to occur. This study guides the way to manifest the 
impact of time from experimentally accessible MT behaviors and provides a systematic understanding of low- 
temperature MT dynamics.   

1. Introduction 

Low-temperature dynamics of the thermoelastic martensitic trans
formation (MT) is not simple. After the discovery of the isothermal MT in 
Fe–Mn–C [1] and Fe–Ni–Mn alloys [2], this peculiar behavior has been 
studied for various MT-hosting alloy systems and has been regarded as a 
long-standing mystery underlying the fundamental mechanism of MT 
[3–6]. Before introducing the phenomenology of isothermal MTs, an 
overview of the kinetics and microstructural evolutions of MTs shall be 
mentioned. 

Like many other 1st-order structural phase transformations, MT 
evolves by nucleation and growth with a finite hysteresis for dragging 
the transformation interfaces called habit planes. The kinetics of 
nucleation and growth involves both athermal and thermal natures 
[3–6]. Athermal dynamics depend on intensive variables such as tem
perature, stresses, magnetic fields, and chemical potential. In contrast, 
isothermal (thermally activated) dynamics depend on time along with 
the aforementioned intensive variables and are more pronounced at 
lower temperatures where thermal excitations are stochastically sup
pressed [7]. These two natures should be independently considered for 
nucleation and growth, the processes by which MTs develop. 

The significance of nucleation and growth processes is different 
depending on which intensive variables trigger MT. Thermally- and 
magnetically-induced forward MTs give rise to multivariant martensitic 

microstructures, wherein burst-like nucleation and (at least macro
scopically) smooth growth are involved [8,9]. In these situations, the 
evolution of MT is sometimes detected as a stepwise change superposed 
on the baseline bending of the measurands (for example, see Fig. 1 in ref. 
10). Such stepwise behavior is less pronounced in reverse MT, and such 
nonreciprocal behavior between forward and reverse MTs is observable 
especially at decreased temperatures. This suggests, for thermally- and 
magnetically-induced MTs, the significance of nucleation and growth is 
not equivalent for forward and reverse pathways. Unlike such intricate 
dynamics of thermally- and magnetically-induced MTs, somewhat a 
simpler picture is applicable to stress-induced MTs. Generally, a limited 
number (ideally one) of variant(s) are introduced by application of 
uniaxial stress and are continuously expanded/contracted by further 
loading/unloading [11]. In such a situation, the role of nucleation is less 
pronounced, resulting in a smooth, parallel-piped superelastic 
stress-strain curve down to cryogenic temperatures (for example, see  
Fig. 2 in ref. 12). 

The isothermal nature of the nucleation and growth processes has 
been identified as the key to describing the low-temperature isothermal 
dynamics of MTs [8,9,13–19]. Most of the isothermal studies have been 
performed on thermally- or magnetically-induced MTs, but considering 
the above-mentioned complexity, it may be challenging to resolve their 
respective isothermal/athermal nature of nucleation and growth dy
namics. Assuming that the nucleation process in stress-induced MTs is 
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negligible, analyzing the dynamics of stress-induced MTs is a promising 
way to access the athermal and isothermal nature of growth. 

Recently, the author elucidated the isothermal growth dynamics of 
stress-induced forward and reverse MTs and proposed a mathematical 
model for thermal activation of the habit plane motion with the concept 
of viscosuperelasticity [20]. This concept claims that the following 
expression prescribes how the overloading/underloading stress required 
to drive the forward/reverse MTs, σeff, (commonly approximated as a 

half of transformation stress hysteresis) decays over time, 

∂
(
σeff − σμ

)

∂t
= − EAexp

{

ln ε̇0 −
Q

kBT

[

1 −

(
σeff − σμ

σTA

)p]q}

(1)  

where σµ and σTA represent the athermal component and thermal acti
vation offset at 0 K of σeff, respectively; Q the activation energy; kB the 
Boltzmann constant;ε0 a pre-exponential factor; EA the elastic modulus 

Fig. 1. Experimentally accessible phase diagrams for the model cases considered in this study. The temperature functions of entropy change and effective stress are 
presented in their left panels. The additional entropy change is absent in cases (a) 1 and (b) 2, appended on the martensite phase in cases (c) 3 and (d) 4, and 
appended on the austenite phase in cases (e) 5 and (f) 6, respectively. Other parameters are uniquely set as follows: σμ = 50 MPa, Q = 0.47 eV, EA = 50 GPa, ln ε0 =

20.5, σ0 = 350 at 0 K for cases 1 and 2. 
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of the austenite phase; t time; T temperature; and p and q are fitting 
parameters that characterize the curvature of the temperature and 
strain-rate dependence of σeff. It is empirically known that the combi
nation of p = 1/2 and q = 3/2 is the most reproducible [21–23]. This 
equation was derived by integrating two concepts of thermal activation 

[24] and viscous dynamics [25]; their mathematical expressions are 

σeff = σμ + σTA

[

1 −

{
kBT
Q

ln
(

ε̇0

ε̇SE

)}1/q
]1/p

(2) 

Fig. 2. Time-dependent dynamic phase diagrams for cases (a) 1 to (f) 6.  
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and 

ε = εe + εSE (3)  

where ε, εe, and εSE represent the total strain, austenitic elastic strain, 
and superelastic strain, respectively, and ε̇SE is the superelastic strain 
rate. 

Another important factor dictating MT dynamics is thermodynamic 
equilibrium. The temperature dependence of the equilibrium stress 
σ0 shapes the backbone of the phase diagram and makes the isothermal 
TTT (time–temperature–transformation) diagram non-reciprocal between 
forward and reverse MT pathways [20]. The curvature varies in obedi
ence to the Clausius-Clapeyron relation; for stress-induced MT, 
σ0 follows 

∂σ0

∂T
= −

ΔStot

εSE⋅VM
(4)  

where VM and ΔStot represent molar volume and total entropy change, 
respectively [11]. Herein, ΔStot = ΔSMT + ΔSA/M

add , where ΔSMT is the 
transformation entropy change and ΔSA/M

add is the additional entropy 
change appended to the austenite (A) or martensite (M) phase. Entropy 
change due to magnetic transitions is a typical example of ΔSA/M

add . 
As demonstrated in previous studies (see, e.g., refs. 21, 22, and 24), 

the temperature dependence of σ0 and σeff can be determined by 
obtaining superelastic stress-strain curves at various temperatures and 
strain rates. Most of the parameters in Eq. 1 can be extracted by fitting 
with Eqs. 2 and 4. Then the time-dependent MT evolution can be eval
uated by solving Eq. 1, which results in deriving the time-
temperature-transformation (TTT) diagrams at any holding stress. The 
concept of viscosuperelasticity has offered a comprehensive interpreta
tion of various low-temperature anomalous dynamics such as 
non-reciprocal isothermal dynamics, kinetic arrest, and non-ergodicity 
in the anelastic strain as manifestations of thermal activation of MTs 
[20]. It should be mentioned that this result implies that the dynamics of 
stress-induced MTs can be adequately dictated by growth dynamics 
alone without considering nucleation. 

This study aims to generalize the concept of viscosuperelasticity by 
applying it to various cases of combinations of thermodynamic and ki
netic conditions. For various exceptional behaviors at low temperatures, 
this study demonstrates that these can be interpreted with the concept of 
viscosuperelasticity. Moreover, undiscovered exceptional dynamics are 
also predicted to occur. 

2. Models 

In light of the purpose of this study, some parameters that charac
terize the phase diagram are given a priori. Six representative cases 
presented in Fig. 1 are considered in this study, wherein the numerical 
values of the parameters are provided in this figure and its caption. From 
a kinetic point of view, two cases are assumed: one with a pronounced 
hysteresis broadening (cases 1, 3, and 5) with σTA = 1000 MPa and the 
other with a less pronounced hysteresis broadening (cases 2, 4, and 6) 
with σTA = 10 MPa. From a thermodynamic point of view, three cases 
are assumed: without the additional entropy change (cases 1 and 2), 
with ΔSM

add (cases 3 and 4), and with ΔSA
add (cases 5 and 6). Therefore, a 

total of six phase diagrams are considered here. 
The temperature functions of the entropy changes, σeff, and σµ are 

given in the left panels of their phase diagrams in Fig. 1. It should be 
mentioned that ΔSMT is replicated as a temperature function that mimics 
the Debye model of lattice specific heat and ΔSA/M

add is modeled by well- 
defined magnetic entropy change due to a 2nd-order magnetic transi
tion. The transition temperature TC of the 2nd-order transition is set to 
75 K. Case 1 mimics the phase diagram of the Ti–Ni and Ni–based 
Heusler systems [21,22], case 2 does the Cu–Al–Mn system [12], and 

case 4 does the Co–based Heusler system [26], respectively. It has been 
demonstrated that the temperature dependence of superelastic property 
can be designed by varying TC and ΔSA/M

add [27]. The superelastic 
stress-strain curve simply assumes a parallelogram shape, as shown in 
the inset of Fig. 1b, with the superelastic hardening ratio ESE = 2.0 GPa 
and the full superelastic strain εfull = 0.1. 

3. Results and discussion 

Using the given parameters, the time-dependent hysteresis changes 
can be derived by solving Eq. 1. The impact of time on stress hysteresis is 
highlighted in Fig. 2. Note that these phase diagrams are for VM = 0, that 
is, the blue and red lines are drawn for the onset and offset of stress- 
induced forward and reverse MTs. Similar phase diagrams can be 
derived for any VM by shifting σ0 by Δσ0 laterally using the relations 
VM = εSE/εfull and Δσ0 = εSE⋅ESE. When the thermal activation contri
bution is significant (cases 1, 3, and 5), the hysteresis decays dramati
cally over time. This explicitly demonstrates the influence of thermal 
activation. 

If the time-dependent dynamic phase diagrams for 0 ≤ VM ≤ 1 are 
cross-sectioned at a certain holding stress σh, one can get the time-tem
perature-transformation (TTT) diagrams. Several σh sections for forward 
and reverse isothermal MTs are shown in Fig. 3. For cases 2, 4, and 6 
where thermal activation is negligible, almost no time dependence can 
be found in their TTT diagrams. This is a reasonable consequence in light 
of the time-dependent nature of thermal activation. For cases 1, 3, and 5, 
where thermal activation is significant, on the contrary, time-dependent 
curvature is visible in both the forward and reverse TTT diagrams. As 
demonstrated in ref. 20, this curvature is essentially outlined by the full 
C-shaped curve in the forward TTT diagrams and by the underside of the 
C-shaped curve in the reverse TTT diagrams, respectively. This 
non-reciprocity between forward and reverse MT paths originates from 
the curvature of σ0, which forms the backbone of their phase diagrams. 

In cases 3, 4, 5, and 6, their σ0 backbones are reshaped by ΔSA/M
add , 

which modulates the corresponding TTT diagrams below the TC. When 
ΔSM

add exists (cases 3 and 4), the phase stability of austenite is restored. 
This results in the C-shaped contours showing the reverse MT in the 
reverse TTT diagram of case 3 and the austenite-stabilized band in the 
reverse TTT diagram of case 4. More importantly, the same band appears 
in the forward TTT diagram of case 4 due to the intrusion of the austenite 
phase region. When ΔSA

add exists (cases 5 and 6), the phase stability of 
martensite is enforced. This tendency is manifested in the forward TTT 
diagram of case 5 as additional C-shaped contours, resulting in dual nose 
temperatures (see the inset of Fig. 3e). 

Since most experiments are performed under dynamic temperature 
sweeps, showing TTT diagrams is still not instructive to compare with 
experimental facts. Then, let the TTT diagrams convert to the CCT/CHT 
(continuous cooling/heating transformation) diagrams. Define r = (T, t)
(in dimensionless units) as the temperature sweep route and consider 
the following three cooling/heating routes: 

rFC: Continuous cooling from 300 K with σh = 700 MPa (hereafter 
referred to as FC) 

rZFC-FH: Continuous heating from 0 K with σh = 700 MPa after zero- 
field (σh = 0) cooling (ZFC-FH) 

rFC-FH: Continuous heating from 0 K with σh = 500 MPa after field 
(large σh enough to reach VM = 1 at 0 K) cooling (FC-FH) 

The basic protocol for this conversion is very simple: integrating the 
VM change along r at various cooling/heating rates on the TTT diagrams 
and mapping VM on the CCT/CHT matrices. Yet, due to the hysteretic 
nature of MT, the calculations are divided for the crossover between the 
sweeping temperature and some characteristic temperatures. 

The VM change along rFC can be derived as follows: 
when Tμ

M < T, ∂VM(rFC)
∂t =

∂VM(rFC)
∂T = 0, 

when Tμ
M’ < T ≤ Tμ

M, for the forward TTT diagram, 
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Fig. 3. Stress-sectioned TTT diagrams for isothermal (upper) forward and (lower) reverse MTs for cases (a) 1 to (f) 6. White contour lines are drawn for VM interval of 
0.2. The top left panels show the nose temperature of the isothermal forward MT as a function of time. 
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VM(rFC) = VM
(
r0

FC

)
+

∫

rFC

∂VM(rFC)

∂t
dt +Ψ

∫

rFC

∂VM(rFC)

∂T
dT  

where 

Ψ =

{
− 1 (if ∂VM(rFC)/∂T < 0)
0 (if ∂VM(rFC)/∂T ≥ 0) (5) 

when Tμ
A’ < T ≤ Tμ

M’, ∂VM(rFC)
∂t =

∂VM(rFC)
∂T = 0, 

and when T ≤ Tμ
A’, for the reverse TTT diagram, 

VM(rFC) = VM

(
TA′

μ , tA′
μ

)
+

∫

rFC

∂VM(rFC)

∂t
dt + Ψ′

∫

rFC

∂VM(rFC)

∂T
dT  

where 

Ψ′ =
{

0 (if ∂VM(rFC)/∂T < 0)
− 1 (if ∂VM(rFC)/∂T ≥ 0) (6) 

The VM change along rZFC-FH can be derived as follows: 
when T ≤ Tμ

M’, VM = 0, 
when Tμ

M’ < T ≤ Tμ
M, for the forward TTT diagram, 

VM(rZFC− FH) = VM
(
r0

ZFC− FH

)
+

∫

rZFC− FH

∂VM(rZFC− FH)

∂t
dt

+Φ
∫

rZFC− FH

∂VM(rZFC− FH)

∂T
dT  

where 

Φ =

{
1 (if ∂VM(rZFC− FH)/∂T ≥ 0)
0 (if ∂VM(rZFC− FH)/∂T < 0) (7) 

when Tμ
M < T ≤ Tμ

A, ∂VM(rZFC− FH)
∂t =

∂VM(rZFC− FH)
∂T = 0, 

and when Tμ
A < T, for the reverse TTT diagram, 

VM(rZFC− FH) = VM

(

TA
μ , t

A
μ

)

+

∫

rZFC− FH

∂VM(rZFC− FH)

∂t
dt

+Φ′
∫

rZFC− FH

∂VM(rZFC− FH)

∂T
dT  

where 

Φ′ =
{

1
(
if ∂VM

(
rZFC/FC− FH

)/
∂T < 0

)

0
(
if ∂VM

(
rZFC/FC− FH

)/
∂T ≥ 0

) (8) 

Finally, the VM change along rFC-FH can be derived as follows: 
when T ≤ Tμ

A’, for the reverse TTT diagram, 

VM(rFC− FH) = VM
(
r0

FC− FH

)
+

∫

rFC− FH

∂VM(rFC− FH)

∂t
dt +Ω

∫

rFC− FH

∂VM(rFC− FH)

∂T
dT,

where 

Ω =

{
1 (if ∂VM(rFC− FH)/∂T < 0)
0 (if ∂VM(rFC− FH)/∂T ≥ 0) (9) 

when Tμ
A’ < T ≤ Tμ

M’, ∂VM(rFC− FH)
∂t =

∂VM(rFC− FH)
∂T = 0, 

when Tμ
M’ < T ≤ Tμ

M, for the forward TTT diagram, 

VM(rFC− FH) = VM

(
TM′

μ , tM′
μ

)
+

∫

rFC− FH

∂VM(rFC− FH)

∂t
dt

+ Ω′
∫

rFC− FH

∂VM(rFC− FH)

∂T
dT  

where 

Ω′ =
{

1 (if ∂VM(rZFC− FH)/∂T ≥ 0)
0 (if ∂VM(rZFC− FH)/∂T < 0) (10) 

when Tμ
M < T ≤ Tμ

A, ∂VM(rFC− FH)
∂t =

∂VM(rFC− FH)
∂T = 0, 

and when Tμ
A < T, for the reverse TTT diagram, 

VM(rFC− FH) = VM

(

TA
μ , tA

μ

)

+

∫

rFC− FH

∂VM(rFC− FH)

∂t
dt +Ω″

∫

rFC− FH

∂VM(rFC− FH)

∂T
dT  

where 

Ω″ =
{

1 (if ∂VM(rFC− FH)/∂T < 0)
0 (if ∂VM(rFC− FH)/∂T ≥ 0) (11) 

rFC
0 , rFC-FH

0 , and rZFC-FH
0 are the starting point of these calculations and 

herein set to rFC
0 = (300, 1), and rFC-FH

0 = rZFC-FH
0 = (0, 1), respectively. 

Tμ
M and tμM, and Tμ

A and tμA are the temperature and time at which σh =

σ0 + σμ and σh = σ0 − σμ are satisfied, respectively. In cases 3 and 4, there 
may be two temperatures satisfying σh = σ0 + σμ and σh = σ0 − σμ upon 
continuous temperature sweep, the lower temperatures of which are 
denoted by “M’” and “A’”. For the other cases, since M’ and A’ points are 
missing, calculate the above equations as M’ and A’ → 0. It is important 
to note that Tμ

M, Tμ
A, Tμ

M’, and Tμ
A’ are VM-dependent. 

Eqs. 5–11 were calculated for rFC, rZFC-FH, and rFC-FH at various 
cooling/heating rates ranging from 10− 8 to 103 K/s. The derived CCT 
and CHT diagrams for rFC, rZFC-FH, and rFC-FH for all model cases are 
presented in Fig. 4. It is a reasonable consequence that the CCT and CHT 
diagrams for cases 2, 4, and 6 are almost time-independent because 
there is little room to thermally activate the MTs. Comparing the CCT 
and CHT diagrams for rFC and rZFC-FH at σh = 700 MPa, the contours in 
the CHT diagrams for rZFC-FH are somewhat shifted upward compared to 
those in the CCT diagrams for rFC, and the contours in the CCT diagrams 
for rFC tends to trail to 0 K. These behaviors are ascribed to the hysteretic 
nature of MT. As a typical example, the variation of VM along the gray 
and red lines overlaid onto Fig. 4a is extracted in Fig. 5a. The hysteretic 
behavior observed in the temperature range of 100–200 K reflects the 
hysteresis of MT, and the blocking below 100 K results from the kinetic 
arrest of forward MT. These behaviors have been experimentally 
confirmed. This result is a simple answer to the temperature history 
dependence (sometimes referred to as “non-ergodicity”) of VM. The red 
line in Fig. 5a indicates the occurrence of heating-induced forward MT. 
This is indeed confirmed to occur [20]. Exceptional behaviors are also 
found in cases 3 and 4; the variation of VM along the green and blue lines 
overlaid onto Fig. 4c and d is shown in Fig. 5b and c, respectively. In case 
3 (see Fig. 5b), a plateau appears during FH after FC. This means that the 
reverse MT can be arrested (or even supplanted by the forward MT) 
under certain special conditions. In case 4 (see Fig. 5c), the forward MT 
initially takes place upon FC, and the reverse MT starts to occur below 
the TC. This behavior is called reentrant MT and is actually known to 
occur in Co–based Heusler systems [26]. 

As demonstrated above, the proposed algorithm, despite being based 
on a phenomenological model, is able to provide quantitative explana
tions for various manifestations involving thermally activated dynamics. 
This result suggests that the overall scheme seems to make sense to a 
large extent in dissecting the observed phenomena. Nevertheless, the 
present scheme is unlike other phenomenological models in some as
pects and appears to be inconsistent with some experimental facts. It is 
important to address these points and define the capabilities of the 
proposed phenomenological handling. 

It is generally recognized that the MTs occur as a sequence of 
continuously power law distributed events. One may think that this 
contradicts the basic assumption of the present model that σeff can be 
decomposed into the temperature- and strain-rate-dependent compo

nent σTA

[

1 −
{

kBT
Q ln

(
ε̇0
ε̇SE

)}1/q
]1/p

and the constant σμ (see Eq. 2). In this 

context, Q is commonly believed not to take a single value but to take a 
broad distribution. 

Power law scalability is indeed a universal law for thermally-induced 
MTs [4,28,29] but is severely modified for stress-induced MTs [30]. 
Thermally-induced MTs largely rely on inhomogeneous nucleation 
events, which are likely to follow a power law scaling. However, this 
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Fig. 4. CCT and CHT diagrams of the temperature sweep routes of (left panels) rFC, (center panels) rZFC-FH, and (right panels) rFC-FH for cases (a) 1 to (f) 6.  
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event becomes less likely to occur and is supplanted by continuous 
growth through mechanical cycling in the case of stress-induced MTs. 
Indeed, Nataf [30] reported for a Ni-rich Ti-Ni alloy that the acoustic 
emission (AE) activity dramatically decays after a few superelastic cy
cles, and its energies become undetectably small (< 20 aJ) although still 
exhibiting typical Luders-like microstructures and superelastic macro
scopic responses. The author assumes that the simple form and the 
single-Q approximation of the proposed model reflect two elementary 
growth processes that shape the macroscopic growth of variants: the 
kink-pair formation and its glide along the habit plane surface, both 
energy scales would be undetectable by AE. 

In analogous to the movement of dislocations, the kink-pair forma
tion is likely to be thermally activated. Therefore, the temperature- and 
strain-rate-dependent hysteresis component is manidfested by the short- 
range-interacting kink-pair formations, which are ideally stipulated by a 
unique Q value. The constant σμ may correspond to the long-range glides 
of the kinks and should have less dependence on temperature and strain 
rate. The uniqueness of the activation energy has also been reported for 
the growth dynamics of a different 1st-order phase transformation 
exhibiting hysteresis broadening [31]. The author emphasizes that the 
concept of viscosuperelasticity stems from the phenomenology of 
growth dynamics rather than nucleation. Experimental validations of 
these assumptions are underway. 

4. Conclusions 

In summary, the impact of thermal activation is studied for some 
representative model cases of thermodynamic and kinetic conditions. 
Low-temperature MT dynamics are not straightforward without the 

scale of time because thermal activation holds time dependence. This 
complexity can be mathematically resolved by integrating the phe
nomenology of viscosity and thermal activation, the concept of which is 
herein termed viscosuperelasticity. The impact of viscosuperelasticity is 
visualized in the presentations of TTT, CCT, and CHT diagrams, making 
it possible to interpret tricky behaviors often observed at low tempera
tures or even predict undiscovered behaviors. This study guides the way 
to manifest the impact of time from experimentally accessible MT be
haviors and provides a systematic understanding of low-temperature MT 
dynamics. The findings will help understand and design the low- 
temperature functionalities of MTs. 

Prime novelty statement 

A phenomenological kinetic theory of the growth dynamics of ther
moelastic martensitic transformations (MT) is developed based on the 
concept of thermal activation. The derived mathematical form 
comprehensively uncovers the impact of time on the dynamics for 
various combinations of kinetic and thermodynamic conditions for MT- 
hosting alloy systems. This concept enables seemingly strange low- 
temperature behaviors to be explained as manifestations of thermal 
activation. Furthermore, undiscovered exceptional dynamics are also 
predicted to occur. This study guides the way to manifest the impact of 
time from experimentally accessible MT behaviors and provides a sys
tematic understanding of low-temperature MT dynamics. Since the 
framework of this theory does not include any prerequisite for MTs, the 
concept has the potential capability to explain the thermally activated 
dynamics of other kinds of phase transformations. Therefore, I believe 
that this manuscript will have a broader impact on the materials science 
community. 
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