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Denser hydrogen inferred from first-principles simulations challenges Jupiter’s interior models
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First-principles modeling of dense hydrogen is crucial in materials and planetary sciences. Despite its apparent
simplicity, predicting the ionic and electronic structure of hydrogen is a formidable challenge, and it is connected
with the insulator-to-metal transition, a century-old problem in condensed matter. Accurate simulations of
liquid hydrogen are also essential for modeling gas giant planets. Here, we perform an exhaustive study of the
equation of state of hydrogen using density functional theory (DFT) and quantum Monte Carlo simulations. We
find that the pressure predicted by DFT may vary qualitatively when using different functionals. The predictive
power of first-principles simulations is restored by validating each functional against higher-level wavefunction
theories, represented by computationally intensive variational and diffusion Monte Carlo calculations. Our
simulations provide evidence that hydrogen is denser at planetary conditions, compared to currently used
equations of state. For Jupiter, this implies a lower bulk metallicity (i.e., a smaller mass of heavy elements).
Our results further amplify the inconsistency between Jupiter’s atmospheric metallicity measured by the Galileo
probe and the envelope metallicity inferred from interior models.
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I. INTRODUCTION

Compressed hydrogen (H) has been subject of both theoret-
ical and experimental research for nearly a century [1,2]. Most
experimental studies have focused on exploring the complex
phase diagram of hydrogen, particularly the insulator-to-
metal transition, which has been referred to as the holy grail
of condensed matter physics [3-7]. This phase transition,
when occurring in the liquid sector [8—10] of the pressure-
temperature (P-T') diagram, has significant implications for
planetary science, as it affects the inferred planetary internal
structure and determines the conditions for magnetic field
generation in gas giant planets [11]. Since the gas giants in
the Solar System are predominantly composed of hydrogen,
qualitative discoveries and quantitative assessments of the
thermodynamics of this simple element are crucial to con-
straining the compositions and internal structures of these
planets [e.g., Ref. [2]]. Moreover, the equation of state (EoS)
of hydrogen is also important for understanding icy giants [12]
and hydrogen-rich exoplanets [13]. Constraining the equa-
tion of state of hydrogen has become even more important
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recently as the Juno and Cassini missions provided accurate
measurements of the gravitational fields of Jupiter and Saturn
[14,15]. The gravitational fields are used to constrain the plan-
etary density profiles [16]. Given the small uncertainties in the
gravity field measurements, minor differences in the hydrogen
EoS can result in relatively large differences in the inferred
internal structure [17,18]. Recent developments have opened
questions in planetary science and have affected the way
we view giant planets. Interestingly, Jupiter interior models
have found that the planet is inhomogeneous in composi-
tion [19]. In addition, interior models suggest that Jupiter’s
deep interior is rather metal poor [18-22], while atmospheric
measurements from the Galileo probe indicate that Jupiter’s
atmosphere is enriched by a factor of ~3 compared to solar
composition. This discrepancy could have several explana-
tions, one of which is that the behavior of hydrogen is not yet
understood to within 1% accuracy [23]. Given the precision
of the gravity measurements, it is crucial to ensure that theo-
retical uncertainties are compatible with these measurements.
As aresult, obtaining an accurate hydrogen Equation of States
(H-EoS) is of great importance.

Experiments can only provide partial information. They
can track the location of phase transitions, mostly at room
temperature, but sometimes providing an inconsistent pic-
ture [5-7,9,10]. Shock-compression experiments can also be
used to benchmark the EoS, but only in a tiny corner of the
whole phase diagram [24-26]. Since performing experiments
at planetary conditions is exceptionally hard, numerical mod-
els must be used. The range of pressures and temperatures
encountered from the planetary surface to the center varies by
several orders of magnitude, and therefore different theories
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are combined. The choice of method or theory for calculating
the EoS depends on the temperature and density conditions.
From ambient to ~0.1 g/cc density, hydrogen is present in a
weakly interacting molecular form, and the Saumon Chabrier
van Horn (SCvH) EoS [27] is utilized. Hydrogen becomes a
challenging system at higher density, where pressure-induced
dissociation occurs, hence, one needs to treat the system as a
genuine many-electron quantum mechanical problem. In this
case, first-principles (or ab initio) molecular dynamics (MD)
simulations are used.

Most methods provide an EoS that relates the pressure P
and density p with temperature 7. For instance, MD simu-
lations fix p and T and output the corresponding P. While
this information could be sufficient to explore phase diagrams,
planetary models, which are often adiabatic, also require
knowledge of the entropy S. This information is computed
through postprocessing of the MD data. However, previous
studies that used different methods have led to rather dif-
ferent inferred entropy even for pure hydrogen (i.e., without
mixing with other elements), and considering compatible P
versus p input data [17,28,29]. These differences significantly
affected the predicted internal structure of Jupiter, where the
inferred masses of heavy elements could differ by a factor of
~5 [17,30]. Recently, in Ref. [31], we addressed this aspect
conclusively, showing that the source of entropy error stems
from thermodynamic inconsistencies at the boundaries, where
different theories are joined to produce a single EoS. By solv-
ing this major methodological issue, we can now address the
final fundamental weaknesses of the various hydrogen EoSs,
namely, the choice of the electronic structure theory.

There have been several widely used ab initio hydrogen
EoSs for planetary modeling, namely, the Chabrier, Mazevet,
and Soubiran (CMS19) [32], Militzer and Hubbard (MH13)
[29], and the Rostock EoS (REOS2 [28] and REOS3 [33]).
All these EoSs have a common origin, as their ab initio part is
based on density functional theory (DFT), with the specific
choice of the Perdew-Burke-Ernzerhof (PBE) functional as
the exchange-correlation (xc) functional.

While in principle DFT is an exact theory (if the exact
xc functionals were known), in practice the choice of an
approximation for the xc functionals introduces some errors
[34]. Although the PBE functional is the most widely used
in materials science, due to an excellent balance between
providing reasonable results and computational cost, there
is no guarantee that it is suitable for a system as peculiar
as dense hydrogen. In fact, it is known that the choice of
functional has a significant impact on predicting the phase
diagram at low temperatures, such that resorting to higher
levels of theory is considered fundamental [10,35-37]. Pre-
vious works attempted at identifying the best performing xc
functional against an higher-level theory [38] or conductivity
measurements [39].

In this work, we explore the effect of the functionals on the
H-EoS and show that other reasonable xc functionals yield
pressure outputs that may differ by +20%, at planetary condi-
tions, compared to PBE, i.e., compared to the most commonly
used EoS tables in planetary science. This is far exceeding
the level of accuracy required for planetary modeling. In the
absence of an experimental benchmark, valid over the whole
range of P and T of interest, the only possible way for-

ward to identify the most accurate xc functional is through a
comparison with a higher level of theory, quantum Monte
Carlo (QMCO).

This manuscript is organized as follow. In Sec. II, we out-
line the first-principles methods to compute EoS. In Sec. III,
we compare several DFT functionals and identify the best
performing one using QMC calculations. We also compute
the liquid-liquid transition boundary and the Hugoniot line,
and compare with experiments and previous simulations. In
Sec. IV, we use this information to compute a thermodynami-
cally consistent EoS, including entropy, which is then used in
the interior models of Sec. V. We discuss the implications for
Jupiter modeling in Sec. VI.

II. AB INITIO ELECTRONIC STRUCTURE METHODS

The majority of hydrogen in gas giant planets exists in
a density regime, where a fully quantum treatment of the
electrons is essential [1,40]. The key concept with which we
want to begin is that being ab initio, or first principle, does
not mean that a method is exact; rather that it does not require
ad hoc fits to experimental data. In this section, we outline the
theoretical foundations and the various approximations that
must be made to address the electronic structure problem.
The starting point is the (nonrelativistic) Hamiltonian of N
electrons and N protons in the so-called first quantization
formalism:
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in atomic wunit, where r={ry,...,ry} and x=
{R1, Ry, ..., Ry} are the electron and proton coordinates,
respectively. Due to the large mass ratio M =m,/m,
between the proton and electron, the problem can be greatly
simplified by following the ground-state Born-Oppenheimer
approximation, where the electrons are considered to be
in their instantaneous ground state, and the protons x move
according to the corresponding potential energy surface E,[x].
In this work, we further treat the protons as classical objects,
which is valid for temperatures above 2000 K as relevant to
planetary science applications [41]. While our EoS extends
also to lower temperatures, where nuclear quantum effects
may not be negligible [42] (e.g., at 500 K), we do this to
maintain consistency with other EoS tables and to analyze the
temperature dependence of the variation between different xc
functional predictions, which can be of independent interest
for the high-pressure community.

Even within the Born-Oppenheimer approximation, solv-
ing the fixed-nuclei Schrodinger equation requires com-
putational resources that grow exponentially with N [43].
Therefore, simulating a system of this size exactly can only be
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achieved using approximations. Several methods exist, with
the key difference being that some methods feature uncon-
trolled approximations, while others can be systematically
improved.

A. Density functional theory

Density Functional Theory is the most commonly used ab
initio simulation method for electronic systems with N > 100
electrons [34,44]. Its widespread use relies on a relatively
simple theoretical framework and the development of several
software packages that allow fast and reproducible calcu-
lations [45,46]. The fundamental idea behind DFT is that
it is possible to describe the ground-state properties of an
N -electron system in terms of the three-dimensional elec-
tronic density p, alone, without any explicit reference to the
3N-dimensional many-body wavefunction (WF) [47,48]. In
practice, in DFT we replace the explicit two-body electron-
electron Coulomb term in Eq. (2) with a potential Vi, that only
depends on the electron density. This approach would be exact
if the exchange-correlation functional V. is known. Unfortu-
nately, this term can only be approximated, such that the DFT
solution for the electronic density, and the other properties, is
not exact. For more details, we refer to comprehensive reviews
of the DFT method [44,49].

There are various theories, each offering different prescrip-
tions for constructing Vi.. Each of these is labeled by the
name of the xc functional. PBE functional [50], introduced
30 years ago, is the most used in materials science, and the
only one used so far to create EoS tables for hydrogen [32,33]
and hydrogen-helium [29,51]. More recent functionals in-
clude the BLYP functional [52,53] that is most commonly
used in chemical problems, functionals with van der Waals
(vdW) corrections like vdW-DF [54,55] and vdW-DF2 [56],
and the recently released strongly constrained and appropri-
ately normed (SCAN) functional [57]. These functionals have
been applied to study dense hydrogen (and hydrogen-helium
mixtures) [38,41,58-62].

It is crucial to note that (1) the sophistication level or
release date of a functional does not necessarily mean it is
better than its predecessors, and (2) in general, the accuracy
of a functional is system dependent [34]. For most materials
science problems, precise experimental data are available, so
one can a posteriori select which xc functional performs best
for a given problem. This is not the case for hydrogen on
the order of 100 GPa pressures, where experiments can only
provide incomplete—and sometimes contested—results, such
as phase boundaries [6,9,10,63-65].

Unfortunately, the choice of the xc functional has a
qualitative impact on the phase diagram of hydrogen and
quantitatively alters its EoS. The predicted phase bound-
aries between insulating solid phases [35], as well as the
insulator-to-metal transition [10,66,67], can vary by up to
100% depending on the functional chosen. Given this body
of evidence, there is no rigorous justification for using a
PBE-based EoS because (1) PBE is not expected to be the
best-performing functional for this system, since it overesti-
mates the molecular bond lenght by ~5% and overstabilizes
the metallic phase [38,66,68], and (2) numerical predictions
obtained with PBE do not align with experimental results in
the solid region [35].

Details of our DFT setup are provided in Appendix A.

B. Quantum Monte Carlo

While DFT is an incredibly successful technique, it faces
challenges describing strong electronic correlations [69-71]
and noncovalent interactions [72,73], due to the approximate
functional form to describe the xc effects between the elec-
trons. For this reason, and especially in high-pressure physics,
where experiments do not represent a quantitative benchmark,
DFT results should be validated against higher-level theories.

Quantum Monte Carlo is among one of these methods as
it represents the most reliable choice available for medium-
sized system (e.g., order of 100-200 electrons) [72,74]. The
main advantages of QMC are as follows: (1) QMC relies on
a many-body theory with a natural and explicit description
of electron correlations, and its accuracy is systematically
improvable. (2) QMC gives accurate results exhibiting, at
the same time, a comparable scaling of computational cost
with system size with (Kohn-Sham) DFT (although usually
with a much larger prefactor). (3) Supercomputer architec-
tures are becoming more and more suitable for intrinsically
parallel techniques such as Monte Carlo rather than for DFT
or quantum chemistry methods [75]. Therefore, the system
sizes that can be simulated by QMC are substantially larger
compared to the ones of Coupled-Cluster theory, which is
considered the gold standard (in its coupled-cluster (theory)
with single, double, and partiallytriple excitations formulation
[76,77]) for quantum chemistry calculations. This enables the
possibility of performing electronic structure simulations on
bulk systems comparable with DFT, and to benchmark xc
functionals.

In this work, we employ two QMC techiques: Variational
Monte Carlo (VMC) and Lattice Regularized Diffusion Monte
Carlo (LRDMC) [78] implemented in the TurboRVB package
[75,79]. The first is a purely variational method, while the
second is a projection method. The central object of VMC is
the trial wavefunction v (r), which depends explicitly on the
3N-dimensional vector of electron positions, r (notice that for
hydrogen the number of electrons is the same as the number
of protons), and parametrically on a set of optimizable param-
eters . The wavefunction also implicitly depends on the ionic
coordinates, X, as it is constructed using an atom-centered
basis set. Appendix B presents further details on the functional
form of the trial state ¥y(r).

The parameters @ are optimized in order to minimize the
energy:

(Yo (r; X)|H | g (r; X))
(Yo(r; X)| g (r; X))

where the expectation value needs to be evaluated as 3N-
dimensional integral over the coordinate r, and Ey is the exact
ground-state energy. This high-dimensional integral cannot
be computed using quadrature methods but instead with the
Monte Carlo method, hence the name of the technique.

The main difference with the DFT framework is that QMC
features the exact Hamiltonian [Eq. (4)] while the approx-
imations are transferred to the wavefunction. Crucially, the
trial wavefunction can be systematically improved both in
its functional form and in the number of parameters. For

Ey[x] = 2 Ey[x], &)
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example, one could enhance the description of 2-, 3-, or 4-
body electron-ion correlations, or expand the basis set used to
define the wavefunction (see Appendix B). This mirrors the
popular machine learning methods, where accuracy increases
with the complexity of the network or model.

Following this parallel with Machine Learning (ML)
[80-83], VMC also needs efficient and stable methods to
optimize the parameters in order to be practical. In our case,
the wavefunction features 13 315 tunable parameters (only in
the Jastrow factor), which are optimized using the Stochastic
Reconfiguration method of Refs. [84,85]. The optimized trial
wavefunction obtained from a VMC calculation serves as the
starting point for the LRDMC method.

The LRDMC method provides even more accurate results
and offers another way to systematically improve the many-
body wavefunction, and has been employed successfully in
Refs. [86,87]. The computational settings employed in the
calculations are provided in Appendix B. Further details of
the LRDMC method can be found in Refs. [75,78,88].

Concerning the computational cost, VMC and LRDMC
electronic structure calculations are more expensive than DFT
calculations by more than an order of magnitude. Moreover,
LRDMC with the lattice discretization parameter of 0.3 bohr
is 3 times more expensive than VMC, and therefore has been
used mostly to validate the accuracy of VMC, over the full
range of density and pressure. Additionally, direct LRDMC
simulations will be used in the range of 0.2-0.5 g/cc and
2000-5000 K for the xc functional benchmarking. This is
because the VMC pressure estimate is affected by an error
of about 1 GPa compared to LRDMC. While this value is
negligible at moderate-to-high pressure, it cannot be neglected
at low pressures. For this reason, we switch to LRDMC in this
region of the phase diagram.

For this project, we perfomed 31584 and 5824 single-
structure calculations by VMC and LRDMC calculations,
respectively (see Sec. III B and Appendixes C and D). These
calculations were carried out on the Fugaku supercomputer
with total CPU costs of approximately 57 and 25 million
CPU hours for the VMC and LRDMC parts, respectively. It
is clear that brute-force MD simulations using QMC (while
technically possible [36,89,90]) would be impractical in the
full p-T range, as they would require hundreds of times more
computational resources (note that each DFT-MD simulation
at a fixed density and temperature involves around 10000
electronic structure calculations).

A possible strategy could be to use the QMC dataset as a
training set for a machine learning potential [91-94]. How-
ever, there are outstanding technical challenges [95] and we
hope to address this in future studies.

Finally, we note that QMC encompasses a broader range
of methods. Even within the same VMC approach, several
groups may employ different trial states. For instance, the
Slater determinant can be augmented using highly expres-
sive Jastrow operators, as in our work, or by employing
backflow transformations, as in the coupled electron-ions
Monte Carlo (CEIMC) method [37,96]. Most VMC cal-
culations require a DFT initialization (see, e.g., Refs.
[37,75]). Neural-network quantum states have also recently
been considered as ansitze for the problem of hydrogen
[97,98].

C. Molecular dynamics

In the previous sections, we introduced two different
computational methods to solve the many-body electronic
problem at fixed ionic configurations. The output of these
methods includes not only the potential energy surface E,[x]
but also the electronic forces and the electronic contribution
to the pressure, which is the dominant factor at the densities
considered here.

To obtain the EoS, we need to average over the ionic posi-
tions. This task is obtained using molecular dynamics, where
the motion of N interacting ions is numerically integrated
based on the forces acting between them [99]. By employing
an appropriate thermostat, the canonical ensemble can be sim-
ulated, at a constant temperature 7'[100]. For sufficiently large
systems and long simulation times, thermodynamic properties
such as internal energy and pressure can be determined by av-
eraging their values over the trajectory, and statistical methods
can be used to calculate reliable error bars. The forces between
ions are computed at each step of the dynamics from the
computed electronic structure. It is important to note that dif-
ferent levels of theory (or exchange-correlation functionals)
produce different forces, which in turn affect the equilibrium
distribution generated.

Indeed, all the quantities above are understood having also
a subscript {A, B, C, ...} indicating the level of theory we are
using to calculate them. At each thermodynamic point (p, T')
we will obtain different average values of energy (E)4, (E)p,
etc., and pressure (P)4, (P)3, etc., not only because the output
EA(x;) and P4(x;) is different from Eg(x;) and Pg(x;) at the
same ionic configuration X;, but also because the generated
configurations will also be different. Notice that here we
always assume the NVT ensemble, namely, the simulations
are conducted at fixed volume and temperature, and have the
pressure as output.

III. SELECTING THE MOST ACCURATE
EQUATION OF STATE

A. Direct DFT-MD simulations with various xc functionals

We perform direct MD simulations using four DFT theo-
ries: PBE, PBEsol [101], vdW-DF2, and SCAN + vv10[102],
across a density range of 0.2—-1.6 g/cc and a temperature range
of 500-8000 K. We use a 12-point density grid and an 8-point
temperature grid, resulting in 96 (p, T) thermodynamic points.
The first set of simulations, using PBE, is primarily used to
validate our setup against REOS3, which also employs the
same xc functional (in this range) but a different DFT code
and particle number. We find that our PBE EoS is perfectly
consistent with the REOS3 pressure output.

We then run the 96 MD simulations for each of the other
three functionals and compare the EoS against REOS3 in
Fig. 1. We observe that the changes in the EoS are significant.
The PBEsol functional, a modified version of PBE designed
to improve the description of solids [101], and that could
be better for high-pressure materials [103], predicts a denser
liquid across the entire range, with peaks of up to 20%—-30%
denser liquid at 3000—4000 K and 0.4 g/cc (i.e., along Jupiter’s
adiabatic curve). For clarity, PBEsol yields a lower pressure
than REOS at fixed density, therefore by inverting the P-p
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FIG. 1. Equation of state of hydrogen using selected DFT approximations. We plot the difference between the EoS calculated with three
different xc DFT potentials, PBEsol (left), vdW-DF2 (middle), and SCAN + vv10 (right) vs the REOS3 data (which is obtained with the PBE
functional). In each cell, we report the relative (above, in %) and the absolute (below, in GPa) differences. The color code refers to the relative
values. The green dashed lines highlight the “planetary” region of temperatures and densities, which is of particular interest for interior models

(see Sec. III B).

relation, it predicts a denser liquid at fixed pressure. In
contrast, the vdW-DF2 functional predicts a much lighter
fluid across the table. In this case, we find a 20% lighter
fluid at 4000 K and 0.5-0.6 g/cc. Finally, the SCAN + vv10
functional shows smaller variations compared to REOS3, pre-
dicting either a denser or lighter liquid in different regions of
the phase diagram.

It is noticeable that the largest deviations from REOS3 oc-
cur along a diagonal line in the center of the plot. This is due to
the different positions of the metal-to-insulator transition pre-
dicted by the various functionals. For example, PBE (which
is the basis of REOS3) underestimates the transition pressure
compared to vdW-DF2 [10]. Between the two predicted phase
boundaries, PBE stabilizes an atomic liquid, while vdW-DF2
predicts a molecular one, leading to much differing EoS.

It is also interesting to observe the pressure changes in a
subset of (p, T) values relevant to gas giants. While PBEsol
(vdW-DF2) consistently predicts a denser (lighter) fluid, the
SCAN + vv10 functional shows a slightly denser fluid across
most of the range, except for the density interval between
0.3 and 0.6 g/cc, at about 4000 K, where it predicts a lighter
material.

Note that all four functionals considered so far, PBE,
PBEsol, vdW-DF2, and SCAN + vv10, are plausible choices.
Indeed, PBE has been the most widely used for describing the
solid and liquid phase diagrams in the 00s and the early 10s of
this century [104—108]. Later, van der Waals corrected func-
tional, such as the vdW-DF2, has been introduced among the
employed for studying this and related systems [10,59,60,66].
Finally, the newly introduced family of SCAN functionals, has
also been used for hydrogen yielding a liquid-liquid phase
boundary that seems to be more in agreement with QMC
predictions compared to other functionals [62,109]. In this
regard, while previous DFT and QMC works have focused on
determining the liquid-liquid phase boundary, the calculation
of a complete EoS table using functionals different than PBE
is a contribution of the manuscript. For example, it is known
that SCAN improves the description of electronic gaps over
PBE. However, this fact may simply improve the prediction

for the metallization transition with no guarantees of improv-
ing uniformly the EoS also.

B. Benchmarking results

It is not possible to choose a functional in the absence
of reliable experimental results or comprehensive data from
higher-level theories such as QMC. In 2014, Clay and col-
laborators benchmarked pressure, energy, and bond lengths
of selected solid structures, as well as representative liquid
structures, of several xc functionals against QMC data [38].
The liquid structures used in Clay et al.’s work were sampled
at T= 1000 K and under three density regimes, corresponding
to molecular, atomic, and mixed fluids. The main differences
compared to our work are as follows: (1) We feature a much
larger dataset in liquid phase, utilizing 47 uncorrelated 128-
atom structures for each of the 96 thermodynamic conditions
in our EoS table. This provides a better understanding of DFT
errors across the entire range, especially for planetary science
applications. (2) We test more functionals including those not
developed at that time, and this is crucial given that SCAN is
the best performing one. (3) Additionally, another significant
difference is in the QMC setup. Clay et al. [38] employed a
different functional form for the trial wavefunction in VMC, a
different projective QMC approach, and a smaller system size
of 54 protons compared to our current study. Therefore, we
expect quantitative differences that may affect the results.

Their main finding of Ref. [38] was that, at least for the set
of functionals considered at the time, no clear “winner” could
be identified, as the performance of most DFT functionals
depended on the property being studied and the thermody-
namic conditions (e.g., metallic or insulating). Moreover, they
concluded that PBE did not perform well for the energetics
and properties of molecular bonds. Finally, other groups have
employed QMC at the fixed-node DMC level, focusing on
solid structures [110]. This information has also been used
to assess the predictive power of various xc functionals. For
instance, that dataset suggested that vdW-DF2 performs better
than vdW-DF [60].
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FIG. 2. Benchmarks of selected DFT xc functionals against VMC and LRDMC pressure data. We plot the pressure error as defined in
Eq. (6) of PBE, PBEsol, vdW-DF2, and SCAN + vv10 compared to VMC (full table) and LRDMC (left insets) benchmarks. In each cell, we
report the relative (above, in %) and the absolute (below, in GPa, with associated statistical error) differences. The color code refers to the
relative values. Lighter colors indicate smaller errors. The values in the box are the error averaged only over the “planetary” region, LRDMC
where it is present and VMC otherwise. This is the same region highlighted by the green dashed lines in Fig. 1.

In this work, for consistency, we do not use previous
QMC data, however, we construct our validation dataset from
scratch, following the procedure of Ref. [38], but using a
much finer mesh of density and temperatures. For each of
the 96 p and T combinations, we extract M = 47 uncorre-
lated structures x; from the PBE molecular dynamics and
calculate the VMC energy and pressures. These structures are
not relaxed using any of the exchange-correlation functionals.
At lower densities, from 0.2 to 0.5 g/cc, and temperatures
between 2000 and 5000 K (i.e., for a total of 16 thermody-
namic points), we also calculate the LRDMC outputs. This
is needed because at low densities the pressure difference
between DFT data and VMC falls within the estimated ac-
curacy of VMC, so a more accurate QMC method is needed.
The total number of structures considered is 4512. We choose
not to utilize the VMC forces as benchmark as they can
be affected by a residual error [95,111,112], as explained in
Appendix C. This error may not be negligible if our task is
to provide a quantitative benchmark of DFT, given that we
also expect several xc functional being competitive with each
other.

We benchmark 18 functionals, belonging to the set
DFTxc = {PBE, PBEsol, PBEO [113], revPBEO [114],
BLYP, B3LYP [115], vdW-DF, vdW-DF2, vdw-DF2-c09
[116], optb86b [117], rVV10 [118,119], HSE [120], SCAN,
rSCAN [121], r2SCAN [122], SCAN + vv10, rSCAN +
vv10, 12SCAN + vv10}. For each (p, T) condition, we in-
troduce the following metrics. The pressure error of a given

functional against QMC is defined as

Y (PP = PMC(xy),  (6)

x;eS.T)

SP(p’T) I

where S is the set of M uncorrelated and physically repre-
sentative atomic configurations at thermodynamic conditions
(p, T). Concerning PMC will use both pressures calculated
with VMC, PYMC and LRDMC, PLRPMC when available.
Assessing the energy error is more cumbersome given that
energies are defined up to an offset. We adopt a strategy
similar to Ref. [38], and define the energetic error as
BECT = L3 EPT(x) — EMC(x) — g, ()

x,eS0eD

where cs is a set-dependent constant that is optimized to min-
imize the total difference ine S |EPFTxe(x,) — EMC(x,)|.
This offset is therefore different for each xc. This metric
quantifies how large is the spread of the differences between
the DFT xc and the QMC energies on the same dataset. In
Fig. 2, we plot the relative pressure error of the four xc func-
tionals previously considered, i.e, PBE, PBEsol, vdW-DF2,
and SCAN + vv10. More are reported in Appendix I.

We observe that the PBE pressure errors are almost always
greater than 1 GPa and reach about 10 GPa at higher densities.
The error is uniformly positive, meaning that PBE consis-
tently predicts slightly higher pressures than QMC. However,
considering that absolute pressures are also small at low
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densities, even a sub-GPa error translates into a significant
relative error of about 10%. For this reason, we use LRDMC
data in this low-pressure region.

On the other hand, a 10-GPa error at high pressure may be
almost negligible. For instance, at T = 5000 K, the pressure
at the lower end of the density range is about 1 GPa, while
at the opposite end (1.6 g/cc), it reaches around 700 GPa. We
believe that plotting the relative error is much more informa-
tive, though these considerations need to be taken into account
when ranking the DFT xc functionals.

Continuing with our analysis, the vdW-DF2 functional
performs comparatively worse, with relative errors of about
20% under planetary conditions. Nevertheless, this functional
performs better than PBE in the low-density regime, where
intermolecular distances are relatively large and van der Waals
forces become important. However, this xc functional already
underperforms compared to PBE at 0.3 g/cc. Overall, these
data rule out the possibility of an excessively light EoS, such
as the one provided by vdW-DF2.

We observe that PBEsol and SCAN + vv10 perform much
better than PBE and vdW-DF2 according to this metric. It is
not straightforward to rank these two functionals, as they both
show regions where their predicted pressures are reasonably
consistent with QMC.

Note that, unlike vdW-DF2, which clearly overestimates
QMC pressures, it is not possible to conclude whether the
QMC EoS would be lighter or denser than PBEsol or SCAN +
vv10. Indeed, what is plotted here are the calculated pres-
sures from datasets S 7), which are sampled from a PBE
equilibrium distribution. The true, unknown QMC ionic equi-
librium distribution is expected to be different under the same
conditions, so assigning the QMC thermodynamic average di-
rectly as (P®MC(p, T)) = 1/M Y, _so.rn P2MC(x;) would be
inaccurate (see Sec. III C). For the same reason, we cannot
calculate the QMC correction to the REOS EoS by simply
subtracting, for example, the values in Fig. 2 from the REOS.

On the other hand, it is also true that if an xc functional
is provided uniformly the same pressure, stress, and energy
over all the datasets, this functional would also yield the same
QMC ionic equilibrium distribution, meaning that its calcu-
lated EoS would be equal to the QMC EoS. This validates the
entire benchmarking procedure.

Similar plots can be done for the energy and are featured
in Appendix I. To select the best performing DFT xc, for
planetary science applications, we need to reduce this large
amount of information into a single number. For the pressure,
we define the following average pressure error:

1
sPMC — e > spel), (8)
J (p.T)ed

where J is the set of (p, T) points relevant for planetary
models, as defined in Fig. 1, and #J is the number of
elements in the set. This choice prevents outlier values in
the low-temperature solid region from disrupting valuable
information for planetary science applications. The respective
metric for the energy follows the definition of Eq. (8),
exchanging £ < P.

Figure 3 shows the final outcome of the pressure and en-
ergy benchmarks. We find that the family of SCAN functional

DFT-QMC benchmark
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FIG. 3. Pressure and energy benchmarks. Results for the bench-
mark of Pressure and Energy per atom from all the set of DFT xc
against QMC results computed as shown in Eq. (8). The set of (7', p)
over which the benchmark has been computed is the one highlighted
in Fig. 1 by the green dashed line, with LRDMC results where they
are present and VMC elsewhere.

performs better than the rest for the pressure. While PBEsol
performs comparatively similar to SCAN + vv10, it displays
a much larger energy error. For this reason, we conclude that
SCAN + vv10 is the closest approximation to QMC. Notice
that our results concerning the vdW functionals are consistent
with Ref. [38], despite the fact that we focus here on structures
sampled at much higher temperatures. Indeed, we also find
that these van der Waals corrected functionals overperform
PBE for energy but are significantly worse as far as the pres-
sure is concerned. In Sec. III C, we provide further evidence
that the SCAN + vv10 EoS should replace the PBE-based one
for planetary interiors modeling.

C. Benchmarking with the liquid-liquid transition
and reweighting of QMC data

We seek another independent validation of the SCAN +
vv10 functional using the predicted location of the liquid-
liquid phase transition as benchmark [36,66,105]. The na-
ture and position of the liquid-liquid transition between a
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molecular, insulating and an atomic, metallic fluid are still
debated experimentally. As mentioned previously, DFT pre-
dictions heavily depend on the functional chosen, while QMC
predictions from different groups are nowadays consistent
[36,37]. Here, we demonstrate that the SCAN + vv10 predic-
tion is closer to the QMC line compared to other functionals.
While liquid-liquid transition using SCAN has already been
reported [61,62,109], they used different simulations setups
and codes. Using a finer grid of densities, we trace the po-
sition of the liquid-liquid transition at lower temperatures
(i.e., 1000 and 1500 K), i.e., where the transition is ex-
pected to exhibit a first-order character. The results, shown in
Appendix E, further validate the choice of our SCAN + vv10
setup as the best EoS for liquid hydrogen. The predicted
SCAN + vvl10 transition pressure is only about 10-GPa away
from the QMC references [36,37], while PBE differs by
about 50 GPa, at 1500 K. Notice that the absolute pressure
transitions are ~120 and ~170 GPa for PBE and SCAN,
respectively, such that a difference of 50 GPa is noteworthy.
Finally, as mentioned above, it would be tempting to utilize
the calculated QMC pressures to construct a fully QMC EoS;
however, this would be inaccurate (i.e., targeting a sub-GPa
accuracy) as the configurations are sampled at each p and T
according to weights e #Ers=(X)_1In principle, one could adopt
a reweighting strategy, where each configuration is weighted
with e~ AEvwetx)—Erse(x) - Unfortunately, this estimate is af-
fected by an enhanced statistical error, using only 47 samples
for each (p, T') parameter. Despite this statical noise, the un-
derlying signal is compatible with the SCAN + vv10 EoS.
This corroborates the choice of the SCAN + vv10 functional
for hydrogen. The results are shown in Appendix F.

D. Benchmarking with the Hugoniot

In principle, the equation of state of hydrogen can be
determined from shock experiments. A system initially at a
pressure Py, temperature T, energy per atom ey, and density
po can be compressed to reach final states with energy e, pres-
sure P, and density p, as determined by the Hugoniot-Rankine
relation:

1 1 1
(e—eo)zz(PvLPo)(———). )
Lo P

For the sake of brevity, we refer to Refs. [2,123,124] for a
detailed explanation of the experiments employed to calculate
the necessary quantities. We utilize our SCAN + vv10 data
and compute the zeros of Eq. (9) along several isotherms,
ranging from 2000 to 11000 K. In Fig. 4, we compare our
results against both experimental data and previous numerical
studies. Notice that in this subsection we consider the deu-
terium isotope, as it is customary in literature.

Overall, our Hugoniot line is consistent with previous DFT-
PBE predictions. As observed in Ref. [125], DFT benefits
from several error cancellation properties, when computing
the zeros of Eq. (9), making it unsurprising that our SCAN +
vv10 results align closely with prior DFT data. Our line is
also compatible, within their error bars with VMC predictions
from CEIMC [126], and a machine learning potential besed
on VMC data, obtained with the TurboRVB code [127].

A
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FIG. 4. Hugoniot. Comparison of the Hugoniot equation of state
for deuterium. The Hugoniot predicted by our SCAN + vv10 (red
dots with line) calculations is presented alongside a range of bench-
mark data, including experimental measurements shown in tilted
squares [25,123,128,129], calculations employing alternative DFT
functionals shown in squares [123,127], and QMC results shown in
upper and lower triangles [126,127], highlighting the accuracy and
consistency of our approach.

We also analyze the dependence on the variation of the ini-
tial condition eg, which can be a source of errors [126]. Here,
we chose to maintain consistency by calculating ey using
the same level of electronic structure theory, SCAN + vv10,
and including the zero-point energy (ZPE) due to nuclear
quantum effects. The initial density is py = 0.167 g/cc (for
deuterium), Ty = 22 K, and py =~ 0 [this value is negligible
when inserted in Eq. (9)]. At these conditions, we calculate
eo = —0.581 14(1) Ha/atom (see Appendix G). In Fig. 4, we
estimate and show as the error bars of the SCAN + vv10
Hugoniot line, the impact determined by a shift of +0.000 57
Ha of the ¢y value. This shift is the difference in the value of
eo computed with SCAN + vv10 and PBE (see Appendix G).

IV. CALCULATING THE FULL EOS WITH ENTROPY

Planetary modeling also requires calculations of entropy.
This introduces an additional issue. There has been a long-
standing entropy discrepancy between the two most widely
used EoS models in planetary science [29,33], both based on
the same DFT-PBE electronic structure theory. This conun-
drum has been recently resolved by some of us in Ref. [31].
The primary source of error was identified as inconsistencies
in matching different theories when constructing the EoS ta-
ble, resulting in an inconsistent thermodynamic construction.
Interestingly, the error is neither caused by thermodynamic
integration over a coarse interpolation grid in (P, T') space nor
due to the linear mixing approximation.
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FIG. 5. SCAN + vv10 EoS. Several (a) specific entropy and
(b) pressure (scaled by pT) isotherms of our final SCAN + vv10
EoS (solid lines), which consist of the ab initio data at high densities,
the SCvH EoS at low densities, and an interpolation region between
them, as indicated by the vertical lines. SCAN + vv10 results are
compared with PBE results (below 8000 K) from Xie er al. [31]
(dashed lines).

Here, we apply the same methodology to the SCAN +
vv10 data. We interpolate the free energy surface over the ab
initio range and then perform a smooth connection with the
SCvH EoS. The interpolation region is between 0.1 and 0.3
g/cc. As explained in detail in Ref. [31], special care must be
taken to ensure that the absolute entropies on both sides are
consistently referenced. To do so, we have subtracted a global
constant 0.0057 MJ/(kg K) from the originally reported SCvH
entropy to make it align with experimental values at ambient
temperatures and pressures [130,131]. This constant turns out
to be equal to kg In2/m,, which accounts for the contribution
of proton spin degrees of freedom that are implicitly neglected
in the ab initio portion of data [132]. On the other hand, we
calculated the absolute entropy at the reference point 5000 K
and 1.4 g/cc in the ab initio region to be 0.0494(2) MJ/(kg K),
which is nearly equal to the value calculated at the PBE level
[31]. This indicates that PBE and SCAN describe the same
kind of atomic liquid at high pressures.

EoS Assembly for Planetary Modeling
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e  SCAN+vv10 MD data /
*  Exact Entropy computation CMS19 data
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—— Jupiter models
—— SCAN+vv10 Jupiter
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g
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50001 I
//// ZZ/

N

A

LLL
10 0.1 .03 1.0 6
Density [g/cc]

FIG. 6. Present work EoS table. Illustrative figure of the differ-
ent regions that compose our final EoS. At very low T-p, SCvH
data are employed (blue region). In the region between 2000 and
15000 K, 0.3 and 2.6 g/cc (orange region) MD simulations employ-
ing SCAN + vv10 have been performed in the points highlighted in
black. Above 23000 K and 3.4 g/cc, CMS19 data have been used
(purple region). In the intermediate region between SCAN + vv10
data with the neighbors, SCVH on the left and CMS19 on the up
and right side, we have performed accurate interpolation to ensure
a smooth connection between the different sources of data (yellow
region). The Jupiter models showed in the figure are taken from Ref.
[18] for different EoSs. The presence of a small plateau in Jupiter
adiabats is due to interior models assuming a change of composition
due to helium rain at pressures between 1.64 and 2.12 Mbar. The
Saturn model is taken from Ref. [133]. We plot in black the Jupiter
adiabat obtained using the SCAN + vv10 EoS (see Sec. V).

Our final SCAN EoS with entropy is shown in Fig. 5, which
also includes the thermodynamically consistent EoS recently
obtained at the PBE level of theory in Ref. [31]. Since we
use the same procedure to calculate the entropy, this direct
comparison allows us to precisely quantify the effect of xc
functional on the EoS. While the difference in Fig. 5 seems
small at this scale, the interior models are very sensitive to
changes in thermodynamic properties, such that a few percent
difference in the EoS may translate into a much more sizable
variation in the model’s predictions (see Sec. V).

As expected from the previous section, the main differ-
ences occur in the intermediate dissociation region, i.e., from
0.3 to 1 g/cc. Entropy exhibits the largest deviations, owing to
its strong dependence on molecular dissociation. Notice that
we compute the entropy only for 7 > 2000 K.

For simplicity, we avoid comparisons with REOS and
CMS19 in Fig. 5. Note that both our results and the PBE
results of [31] predict a nonmonotonic behavior of entropy
in contrast to the CMS19 results. This distinctive entropy be-
havior implies a flatter Jupiter adiabat (see Sec. V and Fig. 6).

To produce the final SCAN + vv10 EoS table, we have
performed MD simulations over a broad range of temper-
atures and densities spanning 2000 K < 7 < 15000 K and
0.3 g/lcc < p < 2.6 g/ce. The location of the MD points in
the EoS can be seen in Fig. 6, depicted as black dots. For
temperatures above 11 000 K, we employed finite-temperature
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DFT using 90 bands, as electronic temperature effects become
non-negligible in this regime. Additionally, we changed the
pseudopotential above 1.8 g/cc, since the core radius of the
SG15-ONCYV pseudopotential used at lower densities prevents
simulations beyond 1.9 g/cc. For the density region 2.0 < p <
2.6, we adopted an optimized norm-conserving Vanderbilt
(ONCYV) pseudopotential from the PseudoDojo library [134],
which features a smaller core radius, allowing us to reach
densities up to 2.7 g/cc.

Above 8000 K or about 1 g/cc, PBE and SCAN + vv10 are
very consistent across all quantities. As previously mentioned,
the absolute entropies in the fully atomic liquid phase are
in agreement. For all practical purposes, this means that the
SCAN + vv10 EoS can be extended to even higher densities
and temperatures by matching it to thermodynamically con-
sistent EoSs calculated with PBE. However, H content in the
core is much lower compared to the envelope, which contains
the majority of the planet’s mass. Residual H-EoS errors in
this density regime are therefore expected to have a negligible
impact on the models.

The SCAN + vv10 EoS table is used to calculate the in-
terior models of Sec. V and merge ourSCAN + vv10 results
with the CMS19 EoS data [32]. An interpolation region is
used to smoothly connect the pressure and energy data, while
the entropy is recalculated using thermodynamic integration.
The initial starting point is selected based on our usual refer-
ence condition, at 5000 K and 1.4 g/cc, for which we have a
precise and accurate absolute entropy evaluation.

The full EoS is released in tabular form in Ref. [135].

V. IMPLICATIONS FOR JUPITER’S INTERIOR

In this section, we investigate how the SCAN + vv10 EoS
affects the inferred internal structure and bulk composition of
Jupiter. We performed two distinct comparisons.

First, we calculated adiabats for pure hydrogen-helium
mixtures at Jupiter’s conditions (Tjp,r = 166.1 K). We used
a simple homogeneous model, without a core and with a
uniform helium composition. We assumed linear mixing with
mass fractions of hydrogen and helium set at X = 0.755 and
Y = 0.245, respectively. We compared the adiabat derived
from our EoS for hydrogen, combined with the SCvH-He EoS
[27] for helium, to the MH13 EoS [29] that is the current
standard for H-He mixtures. The results are shown in Fig. 7.
Since P « ,02 in Jupiter’s interior [136], we compare values of
p/~/P. We find that the differences between the two adiabats
are up to 4%. The SCAN + vv10 EoS yields lower densities
only between 0.01 and 0.05 Mbar, and higher densities for
pressures above 0.05 Mbar (0.01 Mbar = 1 GPa). This is
consistent with Fig. 1. Figure 6 also shows the Jupiter adiabat
(in the p-T diagram) inferred with our EoS. Interestingly,
its profile is flatter compared to previous models, suggesting
a mildly increasing temperature across a large region in the
planetary interior.

The implication of the EoS on Jupiter’s composition and
thermal profile should be investigated in future studies.

Overall, our EoS results in a denser adiabat throughout
most of Jupiter’s interior. This implies that interior models
using the EoS will yield lower metallicities (less heavy ele-
ments). This is because if the density of hydrogen is higher, in

— MHI3
SCAN+vv10

20.60 | T B R
10° 10° 10" 10° 10

P [Mbar]

FIG. 7. Jupiter adiabat. A comparison of the adiabats obtained
with our SCAN + vv10 EoS and the MH13 EoS [29]. Here, we
used a homogeneous model with no core and a uniform helium
composition, starting at P = 1 bar and 7 = 166.1 K (i.e., Jupiter’s
conditions).

order to fit a given density (which is consistent with the gravity
data), less heavy elements can be included. In Appendix H, we
also compared adiabats obtained with different helium EoSs
and showed that the hydrogen EoS is the dominant factor
controlling the density profile of Jupiter.

To determine the differences in the inferred bulk compo-
sition of Jupiter with the EoS, we used a Jupiter model from
Ref. [18] based on the MH13 EoS (see their Table E.1.). This
model assumes the presence of a dilute core, helium differen-
tiation between an outer envelope of molecular hydrogen and
an inner envelope of metallic hydrogen, with a high internal
entropy (see, e.g., Ref. [16] for further details). Note that the
heavy-element mass fraction (i.e., the envelope metallicity)
is assumed to be the same in the inner and outer envelopes.
The left panel of Fig. 8 shows the inferred equatorial radius
and J, for the Jupiter model with the MH13 EoS (blue star).
Using CEPAM [137], we calculated a similar Jupiter model
with SCAN + vv10 (orange star). Due to the higher densi-
ties predicted by our EoS, we obtain a smaller radius and a
lower J; value. In order to match Jupiter’s observed equatorial
radius and J,, we adjust the extent of the dilute core and
the heavy-element mass fraction in the envelope (Zny). The
results for Jupiter’s internal structure are shown in the right
panel of Fig. 8. We find that (1) the required modification
of the extent of the dilute core decreases the heavy-element
mass in this region from Mz, = 18 Mg to 15 Mg, and (2)
the envelope metallicity Z,, decreases from 1.3 x solar to
0.2 x solar. The heavy-element mass in the outer envelope is
reduced from Mz, = 1 Mg to 0.2 Mg and in the inner envelope
from Mz, = 3 Mg to 0.6 Mg,

Overall, using SCAN + vv10 rather than MH13 led to a
decrease in the inferred total heavy-element mass in Jupiter,
from My, = 22 Mg to 16 Mg. Note that although our results
correspond to a single optimized model, the trend of lower
inferred metallicity for Jupiter using the SCAN + vv10 EoS
is robust due to the higher inferred density of hydrogen at
Jupiter’s conditions.
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FIG. 8. Jupiter Internal Structure. The effect of our hydrogen EoS on Jupiter’s internal structure. Panel (a) shows the equatorial radius and
J, for Jupiter interior models using SCAN + vv10 (orange) or MH13 (blue). The orange empty star shows a model that was optimized to match
the observed R,y and J,. The gray error bar shows the observed equatorial radius and the measured J, value accounting for differential rotation
(see Refs. [18,19]). Panel (b) shows schematics of Jupiter’s internal structure using the MH13 (left) and SCAN + vv10 (right) EoSs. We show
the inferred total heavy-element mass (M, ) as well as the heavy-element mass in different layers of the models (Mz,, Mz,, and M, ) and the

envelope metallicity (Zepy).

Our study suggests that the tension between Jupiter’s atmo-
spheric metallicity as measured by the Galileo probe and the
metallicity inferred by interior models remains, and in fact,
with the EoS the difference between the two values increases.
While the Galileo probe measured an atmospheric metallicity
of 3 times solar, our presented Jupiter model predicts an at-
mospheric metallicity of 0.2 solar, a difference by a factor of
15! It is therefore clear that the discrepancy between Jupiter’s
atmosphere and interior metallicities cannot be resolved by
improvements in the hydrogen EoS calculations.

VI. CONCLUSION

We calculate the equation of state for hydrogen us-
ing a more accurate electronic structure method compared
to currently adopted EoSs [29,32,33,51] validated against
computationally intensive quantum Monte Carlo calculations
(these alone utilized 82 million CPU hours). Several den-
sity functional theories have been tested, and we identified
SCAN + vv10 as the consistently best-performing setup. In
addition, we find that other reasonable and previously adopted
functionals for hydrogen yield EoSs that vary by up to £20%,
significantly exceeding the accuracy required for constructing
planetary models. Therefore, benchmarking against a higher
level of theory is crucial to avoid qualitatively incorrect pre-
dictions. We also find that the PBE functional, which forms
the basis of currently utilized EoSs, does not perform ex-
cessively poorly. This means that these EoSs have an error
(in pressure) of about 5% at planetary conditions. The error
also becomes smaller at higher densities. However, this result
is likely fortuitous, as PBE significantly underestimates the
metallization pressure by about 25% and produces inaccurate
molecular bond predictions [38].

The EoS is derived from first principles and is thermo-
dynamically consistent across a wide range of densities and
temperatures. Since knowledge of the hydrogen EoS is critical
for determining Jupiter’s internal structure, we also explored
how our EoS affects the predicted composition and internal
structure of the planet. Because the SCAN + vv10 hydro-
gen EoS is denser, it leads to a lower bulk metallicity for

Jupiter. The lower inferred envelope metallicity in Jupiter
further highlights the mismatch between the enrichment of
Jupiter’s atmosphere as measured by the Galileo probe and
the one inferred from structure models. Although there were
speculations that this disagreement could be resolved by im-
provements in the hydrogen EoS calculations [138], our study
shows that this is not the case. We therefore conclude that this
inconsistency cannot be resolved by improving the uncertain-
ties in the hydrogen EoS. Instead, it implies that the internal
structure of Jupiter is more complex than typically assumed
and that the atmospheric composition does not represent the
bulk composition. It is therefore possible that Jupiter’s out-
most atmospheres is more metal rich than its outer envelope
[139-141]. This conclusion is of high importance for the
interpretation of atmospheric measurements of giant planets’
atmospheres in the solar system and around other stars. Fi-
nally, our modified hydrogen EoS will also affect the inferred
bulk compositions of Saturn and giant exoplanets and we hope
to address this in future research.
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FIG. 9. The comparison between pressures computed by Quan-
tum ESPRESSO with the PAW pseudopotential and those computed
by all-electron calculations using VASP. The LDA-PZ functional was
employed. MSE and MAE stand for mean signed error and mean
absolute error, respectively.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [135]. The ab initio QMC package used in this
work, TurboRVB, is available from its GitHub repository
[142]. The full SCAN + vv10 EoS is available from the
GitHub repository [135] and NIMS Materials Data Repository
(MDR) [143].

APPENDIX A: DETAILS OF DFT CALCULATIONS

All the DFT simulations have been performed using Quan-
tum ESPRESSO [144] (version 7.0, and code pw.x) with
plane-wave basis set and 3 x 3 x 3 Monkhorst-Pack grid for
the k points. For BLYP, B3LYP, PBE, PBEsol, vdW-DF,
vdW-DF2, and vdW-DF2-c09 xc functionals, it has used
projected-augmented-wave (PAW) pseudopotentials [145]:
H.pbe-kjpaw_psl.1.0.0.UPF from psl library [146]. All
the other xc functionals employ ONCV pseudopotentials
[147]: H_ONCV_PBE-1.0.upf from the SG15 library [148].
The SCAN + vv10 MD at densities >2.0 g/cc employ the
Norm Conserving pseudopotential from PseudoDojo [134]
that has a smaller core radius than the SG15 one.

All DFT and QMC systems are made of 128 atoms. This
system size, combined with adequate k-point sampling (3 x
3 x 3), has been shown to yield converged EoS values [107].
While this system size may be small to quantitatively probe
first-order phase transitions, where systems as large as 512
atoms have been used in direct DFT-MD simulations [109],
such transitions occur at temperatures much lower than plan-
etary conditions.

For every xc functional, the kinetic energy cutoffs for
both the wavefunction and density have been studied through
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FIG. 10. The comparison between pressures computed by Quan-
tum ESPRESSO with the PAW pseudopotential and those computed
by Quantum ESPRESSO with the ONCV pseudopotential. The
GGA-PBE functional was employed. MSE and MAE stand for mean
signed error and mean absolute error, respectively.

convergence of the internal energy and stresses; moreover,
the consistency between numerical and analytical pressure is
checked as explained in Appendix D. All the xc function-
als using PAW pseudopotential have been employed with a
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FIG. 11. The comparison between pressures computed by Quan-
tum ESPRESSO via FDM (denoted as nP: numerical pressure) and
those computed via the Hellmann-Feynman theorem (denoted as aP:
analytical pressure). The GGA-PBE functional and the PAW pseu-
dopotential were employed. MSE and MAE stand for mean signed
error and mean absolute error, respectively.
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Hydrogen Liquid-Liquid Phase Transition
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FIG. 12. The comparison between Pressures computed via FDM
(denoted as nP: numerical pressure) and those computed from the
Hellmann-Feynman and Pulay terms (denoted as aP: analytical pres-
sure) at the VMC level. Inset: Those in the range <25 GPa. MSE
and MAE stand for mean signed error and mean absolute error,
respectively.

wavefunction cutoff of 80 Ry and a density cutoff of 800 Ry.
Calculations performed with HSE, PBEO, revPBEO, rVV10,
and optB86B using the ONCV pseudopotential employ 100
and 400 Ry for the wavefunction and density cutoff, re-
spectively; moreover, for HSE, PBEO, and revPBEQ it has
been employed a kinetic energy cutoff for the exact exchange
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FIG. 13. The comparison between Pressures computed by VMC
and LRDMC. Inset: Those in the range <25 GPa. MSE and MAE
stand for mean signed error and mean absolute error, respectively.
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FIG. 14. Liquid-liquid phase transition obtained with SCAN +
vv10 ab initio MD. Top: location of the phase boundary in the P, T’
plane. We also plot the predictions made using PBE [105], vdW-
DF2 [10], and QMC, using the CEIMC method [37] and a VMC-
MD method that uses the same VMC code as the present work but
a slighlty different setup [36]. Bottom: the discontinuity of the EoS
at 1500 K from the different theories. We chose to plot the 1500 K
isotherm as we can find published data, from the above references,
for this exact temperature.

operator of 100 Ry and a 1 x 1 x 1 three-dimensional mesh
for g sampling of the Fock operator. For B3LYP, it has been
used a kinetic energy cutoff for the exact exchange operator
of 80 Ry and again 1 x 1 x 1 three-dimensional mesh for ¢
sampling of the Fock operator. The meta-GGA xc functionals
(i.e., SCAN, rSCAN, etc.) require an higher wavefunction cut-
off, due to their additional dependence on the kinetic energy
density, of 140 and 560 Ry for the density cutoff with the
ONCYV pseudopotential.

For all the SCAN functionals, a pseudopotential gener-
ated with SCAN xc has been tried [149], it has been tested
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FIG. 15. Comparison between the QMC EoS obtained by
reweighting method [Eq. (F1)] and the SCAN EoS, for 7 > 3000 K.
Shown is the difference with REOS.
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FIG. 17. Same as Fig. 7 but correcting for electronic temperature
(dashed black line).

on a smaller set of configurations (ten configurations for
every T-p) providing results that are slightly better than the
same functional with a PBE pseudopotential. Nevertheless the
SCAN pseusopotential requires a wavefunction and density
cutoff of 280 and 1120 Ry to reach convergence, respectively,
and the improvement in the results is not enough to justify a
doubling in the computational time.

The Molecular Dynamics simulations with PBE xc func-
tionals, used to sample the configurations for the bench-
mark against QMC have been performed with overdamped
Langevin dynamics with time step ranging from 0.2 to 0.05
a.u. depending from 7'-p. The same setup has been used for
the vdW-DF2 and PBEsol MD. The SCAN + vv10 MD has
been performed using Stochastic Velocity Rescaling (SVR)
thermostat [150], with time step ranging from 2 to 21 a.u.
(0.1-1 fs) depending from T-p. We checked that SVR sam-
pling is consistent with first-order Langevin dynamics. We
further validated it against the commonly used Nose-Hoover
thermostat.

The PAW and ONCV pseudopotentials used in this
study were very carefully validated via the comparison with
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FIG. 18. A comparison of adiabats obtained with different he-
lium EoSs.
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FIG. 19. Part 1. Internal energy benchmark of the DFT xc functional against VMC and LRDMC for the T-p of interest. In every cell, the
bold value is the relative difference, while the lower value is the absolute difference with error. These values are computed as in Eq. (7). The
values in the box of every image are computed as Eq. (8), exchanging E with P.

all-electron DFT calculations performed by Vienna Ab ini-
tio Simulation Package (VASP) code [151]. In all-electron
calculations by VASP, the kinetic energy cutoff was set to
10000 eV. The same smearing method, smearing parameter,
and k point were employed. Figure 9 shows pressures com-
puted by Quantum ESPRESSO with the PAW pseudopotential
and those computed by all-electron calculations using VASP,
where LDA-PZ functional was employed. They give perfectly
consistent pressures, indicating that the use of the PAW pseu-
dopotential does not introduce bias. Figure 10 shows pressures
computed by Quantum ESPRESSO with the PAW pseudopo-
tential and those computed by Quantum ESPRESSO with
the ONCV pseudopotential, where GGA-PBE functional was

employed. They give perfectly consistent pressures, indicating
that the use of the ONCV pseudopotential does not introduce
bias.

We also test the influence of approximating the finite-
temperature electronic effects using Fermi-Dirac occupation
of the electronic levels. We recalculate the pressure and energy
using SCAN + vv10 setting the Fermi-Dirac smearing, for
T = 5000, 8000, and 11 000. We find that under conditions
broadly relevant for Jupiter’s interior, the difference in pres-
sure is less than 1%. However, it remains to be shown that this
difference does not appreciably affect the calculated density
profile of the planet. We present this sensitivity analysis in
Appendix H.
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FIG. 20. Part 2. Internal energy benchmark of the DFT xc functional against VMC and LRDMC for the T-p of interest. In every cell, the
bold value is the relative difference, while the lower value is the absolute difference with error. These values are computed as in Eq. (7). The
values in the box of every image are computed as Eq. (8), exchanging E with P.

APPENDIX B: DETAILS OF VMC
AND LRDMC CALCULATIONS

The all-electron VMC and LRDMC calculations for the
liquid hydrogen were performed using TurboRVB [75] com-
bined with the Python package TurboGenius [79]. TurboRVB
employs the Jastrow antisymmetrized geminal power (JAGP)
[152] ansatz. The ansatz is composed of a Jastrow and an an-
tisymmetric part (W =J - ®acp). The singlet antisymmetric
part is denoted as the singlet antisymmetrized geminal power,
which reads

Wagps(ri, ..., In)

= A[®(r], rHo(], 13) - O(xf 5. 15,1, (BI)

where A is the antisymmetrization operator, and ®(r', r') is
called the pairing function. The spatial part of the geminal
function is expanded over the Gaussian-type atomic orbitals
(GTOs):

Pacrs (i 1) = Y fianomVas @) Ypn(r),  (B2)

l,m,a,b

where v, ; and v, ,, are primitive GTOs, their indices / and
m refer to different orbitals centered on atoms a and b, and
i and j are coordinates of spin-up and spin-down electrons,
respectively. When the JAGP is expanded over p = N;/2
molecular orbitals, the JAGP coincides with the Jastrow-Slater
determinant (JSD) ansatz. In this study, we restrict ourself
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FIG. 21. Part 3. Internal energy benchmark of the DFT xc functional against VMC and LRDMC for the T'-p of interest. In every cell, the
bold value is the relative difference, while the lower value is the absolute difference with error. These values are computed as in Eq. (7). The
values in the box of every image are computed as Eq. (8), exchanging E with P.

to use the JSD anstaz. Indeed, the coefficients in the pairing
functions (i.e., variational parameters in the antisymmetric
part) are obtained by the built-in DFT code, named PREP, with
the PZ-LDA functional and the coefficients are fixed during
the VMC optimization step. This is the simplest choice, but it
is reasonable in the majority of QMC applications. Only the
coefficients in the Jastrow factor are optimized at the VMC
level, which keeps the nodal surface of the trial wavefunction
unchanged from that obtained at the DFT level. Indeed, the
LRDMC calculations were done using the DFT nodal surfaces
(i.e., the JSD ansatz with the DFT nodal surfaces).

The Jastrow term is composed of one-, two-, and three-
body factors (J = J;JJ3). The one- and two-body factors are
used to satisfy the electron-ion and electron-electron cusp
conditions, respectively, and the three-/four-body factor is
adopted to take the further electron-electron correlation into
consideration. The one-body Jastrow factor reads

Sy, o) =exp | D) | - [[Ae), B3

il,l

where

Ji(r) = exp (Z —(2Z)*u (22,4 - R,|)>, (B4)

1

r; are the electron positions, R; are the atomic positions with
corresponding atomic number Z;, I runs over atomic orbitals
XIJ. ; centered on atom /, and u(r) is a short-range function
containing a variational parameter b:

u(r) = %’(1 — ey, (B3)

The two-body Jastrow factor is defined by a long-range func-
tion as

Dy, oey)y=exp | Y v -1 ], (B6)
i<j
where v(r) is
v(r)=4r-(1+F-r)" (B7)

and F is a variational parameter. The three-body Jastrow fac-
tors are

Js(ry, . ey) =exp | Y @p(r,r) (B8)
i<j
and
Dys(ri, 1)) = Z SrmaXa (CD X5 (x;), (B9)

I,m,a

where the indices [ and m again indicate different orbitals
centered on corresponding atoms a.

In the antisymmetric part, the uncontracted cc-pVTZ ba-
sis set [4s2pld] taken from the Basis-Set Exchange Library
[153] modified with the one-body Jastrow factor [36] were
employed. This is the same one used in previous high-pressure
hydrogen studies [86,92,127]. Moreover, Mazzola et al. re-
ported that the modified cc-pVTZ basis was converged to the
Complete basis set (CBS) limit (within 0.01 eV/atom) [36].
Hereafter, we describe the detail of the modification of the
one-body orbitals. The original basis set was modified such
that the s orbitals whose exponents are larger than 8Z> (where
Z is the atomic number) are disregarded, and they are im-
plicitly compensated by the homogeneous one-body Jastrow
part [J1 (r)] to fulfill the electron-ion cusp condition explicitly
[36,154]. Indeed, a single-particle orbital is modified as

Ph(r —Ry) = ¢7(r — Ry)Ji (1),

where Ji(r) is the same as in Eq. (B4). The parameter b in
Eq. (BS) is set to 1.1 for all volume points, and optimized at
the VMC level. In this way, each element of the modified basis
set satisfies the electron-ion cusp conditions even at the DFT
level [36,154].

In the inhomogeneous one-body and three-body Jastrow
parts, [2s2pld] basis set was employed, which is the same
basis set as used in recent high-pressure hydrogen studies
[86,127]. The variational parameters in the Jastrow factors
were optimized with the Stochastic Reconfiguration method
described in Refs. [84,85] implemented in TurboRVB.

The LRDMC calculations for computing the Potential En-
ergy Surface (PES) were performed by the single-grid scheme
[78] with the lattice space a = 0.30 bohr. For several struc-
tures, we performed LRDMC calculations with the lattice
space a = 0.20 bohr and confirmed that the obtained pressures

(B10)
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FIG. 22. Part 1. Pressure benchmark of the DFT xc functional against VMC and LRDMC for the T-p of interest. In every cell, the bold
value is the relative difference, while the lower value is the absolute difference with error. These values are computed as in Eq. (6). The values

in the box of every image are computed as Eq. (8).

are consistent with those obtained with the lattice space a =
0.30 bohr within their statistical uncertainties (within 20).

APPENDIX C: DIFFICULTY IN COMPUTING UNBIASED
ATOMIC FORCES AND PRESSURES BY QMC

Although the computation of atomic forces and pressures
are established and routinely used in the DFT frame-
work, they are still under development in QMC calculations
[95,111,112,155-162]. There are three routes to compute
unbiased forces and pressures: (1) fitting potential energy

surfaces with respect to an atomic position or the volume [also
known as finite-difference method (FDM)]; (2) computing the
so-called Hellmann—Feynman and Pulay terms with a fully
optimized WF; and (3) computing the Hellmann—-Feynman
and Pulay terms with a partially optimized WF and compen-
sating the missing term appearing with the partially optimized
WE. Route (1) is the most straightforward computation and
is applicable both for VMC and LRDMC calculations, and is
the one adopted in this study. The significant drawback of this
approach is that the computation of atomic forces is infeasible
for large systems because 3N, times FDM fitting procedures
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FIG. 23. Part 2. Pressure benchmark of the DFT xc functional against VMC and LRDMC for the T-p of interest. In every cell, the bold
value is the relative difference, while the lower value is the absolute difference with error. These values are computed as in Eq. (6). The values

in the box of every image are computed as Eq. (8).

are needed, where N, refers to the number of atoms in the sys-
tem. Therefore, we computed only pressures and used them as
reference data for benchmarking xc functionals. Route (2) has
been successful for small molecules and solids [112,127,163],
while it is impractical in this study because the number of
variational parameters is too much to exactly optimize all of
them. Route (3) Nakano et al. [95] recently proposed a method
that guarantees unbiased forces and pressures even though
not all variational parameters are optimized. Their proposed
method have been successful for VMC force and pressure
computations, while it is still under development for DMC
forces and pressures.

APPENDIX D: DETAILS ON THE VMC
AND LRDMC PRESSURES COMPUTATIONS

The VMC and LRDMC pressures were computed by fit-
ting energy curves computed with seven volumes (7,) around
the target one. The fittings were done using the third-order
polynominal function. First of all, using DFT, we confirmed
that the chosen polynomial enables us to compute pressures
correctly. More specifically, since the aforementioned bias
problem does not exist in DFT, the pressures obtained via
the PES fitting (denoted as numerical pressure) and those di-
rectly obtained via the Hellmann-Feynman theorem (denoted
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FIG. 24. Part 3. Pressure benchmark of the DFT xc functional against VMC and LRDMC for the T-p of interest. In every cell, the bold
value is the relative difference, while the lower value is the absolute difference with error. These values are computed as in Eq. (6). The values

in the box of every image are computed as Eq. (8).

as analytical pressure) should be perfectly consistent. Fig-
ure 11 shows the consistency checks for the randomly chosen
configurations in the entire density region. The figure clearly
shows that the fitting with the third-order polynomial gives
pressures perfectly consistent with those directly obtained
via the Hellmann-Feynman theorem. We also confirmed that
all the PES obtained by VMC and LRDMC calculations
are as smooth as those in the DFT calculations, thanks to
accumulated statistics (in the VMC calculations, ~1.2 and
~1.0 mHa/cell for r, < 2.079 and ry = 2.380, respectively;
in the LRDMC calculations, ~2.0 and ~1.2 mHa/cell for
ry < 2.079 and ry = 2.380, respectively).

Figure 12 plots the numerical and analytical VMC
pressures collected from all 4512 configurations. The fig-
ure reveals that the biased arising from the parameters that
are not variationally minimum amounts to MAE = ~1.440(7)
GPa, which is constant among the studied P and r, highlight-
ing the importance in the smaller P and r, region. Figure 13
plots numerical (i.e., unbiased) VMC and LRDMC pressures
collected from 832 configurations. The figure reveals that
LRDMC and VMC pressures are consistent in the considered
pressure region [MAE = ~0.78(2) GPa and ~0.72(2) GPa
for all P and for P < 25 GPa, respectively], supporting the
reliability our xc benchmark test referring to VMC pressures
as thier reference values.

APPENDIX E: LIQUID-LIQUID PHASE TRANSITION

In Fig. 14, we show the agreement of SCAN + vv10 with
previously published QMC data concerning the location of the
liquid-liquid phase transition. It is important to mention that
all simulations reported adopt the classical-ions approxima-
tions as we do in the main text. At about 1000 K, nuclear
quantum effects are expected to push the transition to lower
pressure by about 30 GPa; therefore, one needs to be careful to
not mix data with and without inclusion of zero-point motion.

APPENDIX F: REWEIGHTING TECHNIQUE

In principle, it could be possible to compute average values
for different level of theories, using only one configuration
dataset X,, e.g., computing (O)p without running a full MD
at theory B, but postprocessing the set X4 using a proce-
dure called reweighting. Formally, the expectation value of an

operator O can be computed using

1
(O)p = Z Op(X)wa—p(X), (F1)
X;€X4
where
e~ PEB(X)—Es(xi))
wa-p(X;) = (F2)

Z . e BEBx)—Ex(x)
X;EXy

With this procedure, one enhances or decreases the signifi-
cance for of a data point x; sampled with theory A, for the
theory B. Unfortunately, this procedure is statistically unsta-
ble, due to the large fluctuation of the weights, as the energy
E is an extensive quantity. Clearly, the fluctuations are partic-
ularly severe at low temperature, due to the presence of the
inverse temperature in the exponents. The method becomes
more accurate as the energy predicted by the two theories
becomes equal.

We can try this procedure using A = PBE and B = VMC.
In Fig. 15, we plot the reweighted VMC pressure on the PBE
configurations, and we compare with the SCAN + vv10 EoS.
Note that we are reweighting the VMC pressures on PBE
because the configurations used to build the QMC dataset
come from PBE MDs. For consistency, we plot the differences
with respect to REOS3. We also plot only the region above
2000 K because it is less affected by statistical noise and is
relevant for planetary science.

We notice that the two EoSs are qualitative in agreement,
both showing a region at intermediate densities where they
predict a lighter liquid compared to REOS, while it is denser at
higher densities. However, the statistical error of this method
is of about 8 GPa. For this reason, the VMC reweighted results
cannot be used to build a precise EoS, but the signal it provides
us is a further proof of the quality of the SCAN + vv10
results. Notice that statistical noise in the EoS would prevent
us from calculating entropy accurately.

APPENDIX G: DETAILS ON THE ¢, CALCULATION
FOR THE HUGONIOT

One important factor to consider is the zero-point energy
of the hydrogen molecules at nearly zero temperature. To
evaluate this, we use the very reasonable approximation at
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very low density that the total ZPE of the system is the sum of
the ZPE of the isolated molecules.

We focus now on this subproblem: We consider the
SCAN + vv10 molecule, using a discrete variable represen-
tation (DVR) approach where we exactly diagonalize the
associated Schrodinger equation (in one dimension) in dis-
cretized space [164] We use the plane-wave basis to compute
the kinetic operator, and a grid of 100 spacings in the range
0.5-2.5 bohr.

We find the ZPE of the SCAN + vv10 molecule to be
0.007 077 Ha. This translates into a value of about 1551 cm ™!,
which is a reasonable value compared to experimental one
of 1546.50(8) cm~'[165]. The total energy of the zero-
temperature D, molecule, obtained by adding this ZPE to
the minimum classical ions energy at bond equilibrium, is
—1.1626 Ha, i.e., —0.581 31 Ha/atom (see Fig. 16).

To further validate our methodology, we also fit our DFT
data with a Morse potential and calculate the ZPE analytically
[166]; in this case, we find a vibrational energy of 0.007 49 Ha.
This comparison is useful to set the discretization mesh for
the DVR method, i.e., comparing the DVR and the analytical
results on same Morse potential function.

The finite-temperature corrections to the ZPE alone (i.e.,
considering 22 K rather than absolute zero temperature) are
negligible, since the first excited vibrational state energy is
—1.148 88 Ha.

To find the ey parameter for the Hugoniot, we add the
ZPE, 0.003 538 Ha/atom, to the total energy of the clas-
sical system at 22 K and at 0.167 g/cc. To compute this,
we perform an MD simulation using 64 atoms using the
classical nuclei approximation. The energy of this system
is —0.58467(1) Ha/atom. We find that this value is very
close, up to 0.00007(1) Ha/atom, to the energy per atom of
an isolated molecule. For instance, this difference is smaller
compared to the approximation one would do in fitting the
SCAN data with a Morse potential. Adding the ZPE/atom
found using the single-molecule approximation, we find the
final estimate e¢g =—0.581 14(1) Ha/atom.

We perform a final consistency check and redo the same
workflow using PBE. We find that the ef>F =—0.58057(1)
Ha/atom, which is in excellent agreement with the value
of —0.58055(2) obtained from a full path-integral MD in
Ref [127]. This validates the initial approximation of calcu-
lating the ZPE only using a single molecule.

Moreover, the difference in ey obtained with PBE versus
SCAN gives us a meaningful energy spread that we can use to

plot the systematic error bar for the Huguniot line in the main
text.

APPENDIX H: ROBUSTNESS OF JUPITER’S
DENSITY PROFILE

In this Appendix, we test the robustness of the calcu-
lated Jupiter density profile by varying certain details of
the EoS. First, we consider the electronic ground-state ap-
proximation. As mentioned in the main text, we adopt the
Born-Oppenheimer approximation, where the ions move on
the electronic ground-state potential surface. A simple way
to account for electronic thermal effects is to calculate ob-
servables, such as energy and pressure, using a Fermi-Dirac
distribution for the molecular orbitals (see Appendix A). In
Appendix A, we report that the difference in pressure is less
than 1% under Jupiter-like conditions and can be parametrized
as a smooth, increasing function of density and temperature.
We correct the values of P and E between 5000 and 11 000 K
using the Fermi-Dirac smearing approach. We then recalcu-
late the entropy and, finally, the density profile of the planet
(see Fig. 17). While some differences are noticeable, they re-
main within 1%, and are evident only in the pressure between
1 and 10 Mbar. Notice that above 11 000 K the Jupiter adiabat
enters the interpolation region, which connects the SCAN +
vv10 data with CMS19. Second, we examine the sensitivity of
the results when using a different equation of state for He. The
helium mass fraction in Jupiter’s envelope varies between 0.23
and 0.28. To assess the sensitivity of our results to the helium
EoS, we recalculated an adiabat (as in Sec. V) using our
SCAN + vv10 hydrogen EoS in combination with the CMS19
helium EoS, instead of the SCvH helium EoS. The CMS19-He
EoS differs from SCvH-He in the intermediate 7-p regime,
where it is based on first principle MD simulations, and in
the high-density regime, where it is based on a fully ionized
model (see, Ref. [[32], and references therein). As shown in
Fig. 18, the resulting difference in density between models us-
ing these two helium EoSs remains below 1%. This confirms
that the hydrogen EoS is the dominant factor controlling the
density profile of Jupiter.

APPENDIX I: EXTENDED DFT XC BENCHMARKS

The results of the benchmark against VMC and LRDMC
for all the DFT xc functional are prensented. The energy
benchmark is showed in Figs. 19-21. The pressure benchmark
is showed in Figs. 22-24.
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