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ABSTRACT
We demonstrated the effectiveness of the machine learning method combined with first-principles calculations for the enhancement of the
anomalous Nernst effect (ANE) of multilayers. The composition ratio of CoNi homogeneous alloy superlattices was optimized by Bayesian
optimization so as to maximize the transverse thermoelectric conductivity (αxy). The nonintuitive optimal composition with a large αxy of
∼10 A K−1 m−1 was identified through the two-step Bayesian optimization using rough and fine candidate pools. The Berry curvature and
band dispersion analyses revealed that αxy is enhanced by the appearance of the flat band near the Fermi level due to the multilayer formation.
The magnitude of the energy derivative of the anomalous Hall conductivity increases owing to the large Berry curvature near the flat band
along the R-M high symmetry line, which emerges only in the optimized superlattice, leading to the αxy enhancement. The effective method
verified here will broaden the choices of ANE materials to more complex systems and, therefore, lead to the development of transverse
thermoelectric conversion technologies.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0140332

I. INTRODUCTION

Spin caloritronics,1–3 the research field based on the combina-
tion of spintronics and thermoelectrics, has attracted much attention
from the viewpoints of both academic interest and applications.
The discovery of the spin Seebeck effect,4–7 which refers to the
spin voltage generation from a temperature gradient, explosively
expanded spin caloritronics owing to its unique functionalities, such
as thermoelectric generation using insulators.5 In addition to such a
thermo-spin effect, thermoelectric conversion phenomena in mag-
netic materials, such as magneto-Seebeck8–10 and magneto-Peltier
effects,11–13 have subsequently stimulated the renewed interest of
many researchers. Another typical thermoelectric effect in mag-
netic materials is the anomalous Nernst effect (ANE),14–32 where
an electric field EANE is generated in the direction perpendicular to

both a temperature gradient∇T and magnetization M following the
relation:

EANE = SANE(
M
∣M∣ ) ×∇T, (1)

where SANE is the anomalous Nernst coefficient. Thanks to the
orthogonal relation between EANE and ∇T, thermoelectric modules
based on ANE can increase the output voltage (power) simply by
elongating the device length (enlarging the device area) perpendicu-
lar to∇T without forming the number of serial junctions required in
the Seebeck-effect-based module. This simple scaling law and device
structure make ANE attractive and suitable for thermoelectric con-
version applications. However, the currently reported thermopower
of ANE, SANE, is smaller than that of the Seebeck effect by 1–2 orders
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of magnitude, which hinders practical applications of the transverse
thermoelectric conversion.33,34

To improve the thermoelectric conversion performance of
ANE, finding and developing materials with large SANE is essen-
tial. The material search guideline for ANE can be clarified by
considering two components of SANE expressed as

SANE = ρxxαxy + ρxyαxx, (2)

where ρxx (ρxy) is the diagonal (off-diagonal) component of the
resistivity tensor and αxx (αxy) is the longitudinal (transverse) ther-
moelectric conductivity. The second term of Eq. (2) originates from
the anomalous Hall effect (AHE) induced by the longitudinal carrier
flow driven by the Seebeck effect. In contrast, the first term of Eq. (2)
represents the intrinsic generation of a transverse electric field from
αxy. Since the second term (ρxyαxx) is often smaller than the first
term (ρxxαxy) due to the small AHE angle and/or Seebeck coefficient
(S = ρxxαxx) in metallic systems, finding materials with a large αxy is a
recent strategy in enhancing SANE. In addition, materials with large
αxy can generate a large transverse charge current and power from
∇T, which makes the first term (ρxxαxy) an important parameter. As
the Berry curvature35 of the electronic bands plays a crucial role for
the intrinsic ANE, topological materials such as Co-based Heusler
compounds20,21,25 were reported to show large αxy. The large SANE

and αxy were also observed in SmCo5-type permanent magnets,23,27

Fe3Ga,26 UCo0.8Ru0.2Al,30 and YbMnBi2.31

Another important system for ANE is metallic
multilayers.17,18,28 Various combinations of ferromagnetic and
nonmagnetic materials show the enhancement of SANE by changing
the stacking structure of the multilayer systems. ANE in metallic
multilayers such as Fe/Pt and Co/Pt was observed to increase
with increasing interface density.17,18 Ni/Pt superlattices were also
reported to exhibit remarkably enhanced ANE compared to a
Ni monolayer.28 Although the microscopic origins of increased
ANE in multilayer systems still remain to be clarified, there are
several possible factors, such as proximity-induced magnetism,36,37

interfacial spin–orbit interaction,38 and interface alloying.39 Due
to the presence of various tunable parameters, the optimiza-
tion of multilayer structures for ANE is time-consuming and
difficult.

Materials informatics (MI),40,41 the integration of data science
and traditional calculations/experiments for efficient discovery and
design of new materials, is one of the possible solutions to this
difficulty with the increased number of candidates. MI has suc-
ceeded in reducing the computational cost by introducing machine
learning methods such as Bayesian optimization and Monte Carlo
tree search.42–51 Therefore, it would be effective to apply MI meth-
ods to material search in multilayer systems with a large number
of candidates for the enhancement of transverse thermoelectric

FIG. 1. (a) and (b) A schematic (a) and corresponding crystal structure (b) of the four-layer CoNi homogeneous alloy superlattice. The composition ratio of each layer (x, y, z,
w) was determined by Bayesian optimization. M shows the direction of the magnetization in the first principles calculations. (c) Flowchart of the materials informatics method
based on the combination of Bayesian optimization and first-principles calculations for designing the composition ratio of each layer so as to maximize the magnitude of the
transverse thermoelectric conductivity ∣αxy ∣.
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conversion performance. In this study, we demonstrate the usabil-
ity of MI methods in designing ANE materials. Here, we focus
on homogeneous alloy multilayers, which particularly increase the
number of candidates and are thus yet to be explored, and optimize
the compositions of four-layer CoNi homogeneous alloy superlat-
tice systems to increase the transverse thermoelectric performance.
The ferromagnetic combination of Co and Ni was adapted for the
exploration of a new material category, the convenience of alloy cal-
culations, and the recent improvement in the accuracy of Co/Ni
multilayer sample preparation.52 The composition ratio of each
layer was optimized by combining first-principles calculations with
Bayesian optimization so as to maximize αxy. The resultant αxy for
the CoNi alloy superlattices reached much larger values than the
experimentally obtained value. By analyzing the Berry curvature and
band dispersion of the obtained optimal structure, we found that a
large αxy is attributed to the flat band near the Fermi level due to
the optimal multilayer formation. The MI-based method demon-
strated here may expand the possibility of ANE enhancement in
complex and nonintuitive systems, which have never been explored
so far.

II. METHODOLOGY
To obtain αxy of the CoNi alloy superlattice, we performed

first-principles calculations based on the density-functional theory
(DFT) combined with the linear response theory using the Vienna
ab initio simulation program (VASP).53 We constructed the tetrag-
onal superlattice composed of a four-layer CoNi homogeneous alloy
superlattice with different compositions as shown in Figs. 1(a) and
1(b), where the Co composition ratio of each layer (x, y, z, w)
was optimized via the Bayesian optimization process. For exam-
ple, if (0, 20, 50, 80) is selected, the alloy multilayer consisting of
0%, 20%, 50%, and 80% Co ratios from bottom to top in Figs. 1(a)
and 1(b) is constructed as a calculation target. We adopted the vir-
tual crystal approximation (VCA)54 to treat alloying effects in the
CoNi alloy multilayer. The DFT and VCA have been applied to the
calculation of ANE in a previous study.27,55 In the previous study,
ANEs of Co3InxSn2-xS2 were calculated using the DFT and VCA,
and the dependence of ANE on In concentration was compared
with experimental results. As shown in Fig. 4(a) of Ref. 55, the In
concentration dependence of ANE by VCA shows a good agree-
ment with the experimental results, suggesting the effectiveness of
DFT and VCA in ANE calculations. After constructing the unit
cell, we performed self-consistent-field calculations under the peri-
odic boundary condition to obtain the electronic structure using
the plane-wave method based on the projector augmented-wave
potential,56,57 including the spin–orbit interaction. The generalized
gradient approximation58 was adopted for the exchange-correlation
energy in which the Coulomb interaction U = 3.9 eV and the Hund
coupling J = 1.1 eV were taken into account for Ni 3d states.59

In Ref. 59, the values of U and J for Ni 3d were determined in
order to reproduce the experimental αxy of fcc-Ni. A relaxation
calculation of the lattice constant and atomic positions was car-
ried out until the atomic force became less than 10−2 eV/Å to
determine the energetically favored crystal structure of the selected
multilayer.60 After the self-consistent-field calculation, we calcu-
lated the anomalous Hall conductivity σxy derived from the Kubo
formula,61

σxy(ε) = −
e2

h̵ ∫
d3k
(2π)3Ω

z(k, ε). (3)

Ωz(k,ε) is the Berry curvature, which is given by62

Ωz(k, ε) =∑
m≠n

Ωz
mn(k, ε), (4)

Ωz
mn(k, ε) = h̵2[θ(Em,k, ε) − θ(En,k, ε)]

× Im⟨ψn,k∣vx∣ψm,k⟩⟨ψm,k∣vy∣ψn,k⟩
(En,k − Em,k)2 , (5)

where m and n are the band indices, vx (vy) is the x (y) component
of the velocity operator, ψn,k is the eigenstate with the eigenenergy
En,k, and θ(En,k,ε) is the occupation function for the band n and wave
vector k at the energy ε relative to the Fermi energy. In the σxy calcu-
lation, the M direction was set to be along the c axis, and the k-point
mesh of 64 × 64 × 32 was used for the Brillouin-zone integration,
ensuring good convergence for σxy. The αxy for a given temperature

FIG. 2. Performance of the Bayesian optimization for the four-layer CoNi alloy
superlattice systems with the candidate pool composed of the composition ratio
in 10% intervals. (a) and (b) Dependence of the maximum ∣αxy ∣ on the number of
calculated structures in 100 optimization runs with different initial choices of can-
didates for the Bayesian optimization (a) and random search (b). Different colors
show different initial candidates. (c) Comparison of the averaged maximum ∣αxy ∣

trends in 100 optimization runs.
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T was calculated by substituting the obtained σxy into the following
expression derived from the Boltzmann transport theory:

αxy = −
1

eT ∫ dε(−∂ f
∂ε
)(ε − μ)σxy(ε), (6)

where f = 1/[exp((ε – μ)/kBT) + 1] is the Fermi distribution function
with μ being the chemical potential. The absolute value of αxy for
T = 300 K at the Fermi energy, μ = 0 eV, was adopted as the evaluator
for the Bayesian optimization.

To find the optimal structure with the highest αxy efficiently,
the Bayesian optimization was combined with the above-mentioned
first-principles calculation, which was carried out using the open-
source Bayesian optimization library COMBO.63 Hereafter, we use
the magnitude of αxy, ∣αxy∣, as the target property in the optimiza-
tion to properly evaluate negative αxy. We prepared the candidate
pool by regarding (x, y, z, w) as the descriptor; if we set the com-
position ratio in 10% intervals, 114 candidate structures can be
obtained in the four-layer CoNi alloy superlattice system unless we
consider equivalent structures. After the preparation of the candi-
date pool, the following procedure was then conducted as shown in

Fig. 1(c): (i) randomly selecting ten initial structures from the pre-
pared pool; (ii) calculating the corresponding ∣αxy∣ as the evaluator;
(iii) training the prediction model for ∣αxy∣ with the dataset of the
descriptors and evaluators calculated so far; and (iv) selecting the
next ten candidates according to the probability of being optimal.
By repeating the processes (ii)–(iv), the optimal structure with the
highest ∣αxy∣ can be efficiently identified. As the prediction model in
(iii), we employed the Bayesian linear regression model following the
relation:

∣αxy∣ = w⊺ϕ(x) + Ϛ, (7)

where x = (x, y, z, w)T is the four-dimensional vector corresponding
to the composition ratios of a candidate structure, ϕ is the ran-
dom feature map including l basis functions, w is the l-dimensional
weight vector, and Ϛ is the noise subject to a normal distribution with
a mean of 0 and variance σ. The random feature map is defined
so that the inner product ϕ(x) ϕ(x′) approximates the Gaussian
kernel of width η, i.e., exp(−∣∣x − x′∣∣2/2η2).64 The hyperparame-
ters σ and η, which determine the performance of the optimization,
were automatically initialized65 and tuned66 between processes (iii)

FIG. 3. Schematics and ∣αxy ∣ of the
top 20 four-layer CoNi alloy superlat-
tice structures in the Bayesian optimiza-
tion using the candidate pools with the
composition ratio in 10% intervals (a)
and in 1% intervals in (0-10, 80-90, 40-
50, 80-90) (b). The structural types are
also shown for (a). The colors of the
schematic correspond to the Co ratio.
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and (iv). More details on the procedure of COMBO can be found
elsewhere.41,46,63

III. RESULTS AND DISCUSSIONS
A. Bayesian optimization

To test the performance of the Bayesian optimization, 100
rounds of the optimization were conducted with different choices
of 10 initial candidates using a candidate pool consisting of struc-
tures with composition ratios in 10% intervals. A random search
using the same initial candidates as the Bayesian optimization was
also performed for comparison. As shown in Figs. 2(a) and 2(b),
the maximum ∣αxy∣ comes to convergence within the calculations
of 650 structures for the Bayesian optimization, while more than
half of the random searches have not yet reached such conver-
gence at that number of the calculated structures. Figure 2(c) shows
the comparison of averaged maximum ∣αxy∣ trends, clearly indi-
cating the superiority of the Bayesian optimization. In addition,
the average number of calculations required to find the optimal
structure is about 256, which is only 11.6% of the total number of
candidates (=2211), indicating the effectiveness of the optimization
(note that the number 2211 was obtained by counting nonequiva-
lent structures from 114 candidates). The ∣αxy∣ calculations for all
candidates were also performed to check the accuracy of the opti-
mization, and the highest one was confirmed to be the same as
that obtained by the Bayesian optimization. As shown in Fig. 3(a),
many of the top 20 structures have a similar trend of the descrip-
tor, and compositional trends with large ∣αxy∣ can be categorized
into two types: type 1 (0–20, 80–100, 40–60, 80–100) and type 2
(0–30, 20–50, 30–50, 40–60), although there are some exceptional
structures (defined as type 0). In particular, type 1 accounts for half
of the top 20 structures, four of which are large ∣αxy∣ enough to
rank in the top five. This correlation between the descriptors (x,
y, z, w) and the evaluator ∣αxy∣ may lead to the effectiveness of the
Bayesian optimization for the CoNi alloy superlattice system used
here.

For further enhancement of ∣αxy∣, we carried out the Bayesian
optimization using the candidates composed of structures with finer
composition ratios. To conduct the optimization efficiently, the can-
didates were limited based on the results of Fig. 3(a) obtained in the
above-mentioned optimization. Since type 1 structures exhibit large
∣αxy∣ as mentioned in the last paragraph, we selected the candidates
with composition ratios of (0–10, 80–90, 40–50, and 80–90) with 1%
intervals, which correspond to all structures with intermediate com-
position ratios in 1% increments in the top-five ranked structures
among the type 1. Figure 3(b) shows the optimization result with the
calculation of 100 structures, which is only 0.68% of all candidates
(=114, where there is no equivalent structure). Compared to Fig. 3(a)
(10% intervals), the largest ∣αxy∣ further increased in the finer can-
didates, and its structure was found to be (3, 85, 40, 80), which is
impossible to predict intuitively (note that this structure is not neces-
sarily the true global optimal structure because the optimal structure
that can be correctly identified by the Bayesian optimization is lim-
ited to the case of ∣αxy∣ having a relatively monotonic dependence on
the composition ratio). Through two-step optimization with rough
and fine candidate pools, we identified the nonintuitive structure
whose ∣αxy∣ is a large value of 10.1 A K−1 m−1. Despite only using

Co (∣αxy∣ = 1.4 A K−1 m−1) and Ni (∣αxy∣ = 0.9 A K−1 m−1), the one-
order-of-magnitude increase in ∣αxy∣ was achieved by layer-by-layer
stacking of the CoNi homogeneous alloy films with different com-
positions [note that ∣αxy∣ of Co and Ni were obtained as those of the
structures of (100, 100, 100, 100) and (0, 0, 0, 0) in the descriptor,
respectively].

B. Analysis of optimal structure
We now discuss the origin of the large ∣αxy∣ in the optimal struc-

ture. The blue curve in Fig. 4(c) shows αxy of the optimized (x, y,
z, w) superlattice as a function of the chemical potential μ, where
μ = 0 eV corresponds to the Fermi energy. To confirm the effective-
ness of multilayer formation, we compared the transport properties
of the optimal structure with those of the simple structure, which
is a non-multilayered CoNi homogeneous alloy with the same total
composition ratio as the optimal structure [schematically depicted
in Fig. 4(a)]. In Figs. 4(b) and 4(c), we compare the μ dependence
of σxy and αxy for the optimal and simple structures. As shown in
Fig. 4(b), σxy changes rapidly near the Fermi energy for the optimal
structure, while the μ dependence is relatively smooth for the simple

FIG. 4. (a) Schematics of the optimal four-layer CoNi alloy superlattice and sim-
ple non-multilayered structures. (b) and (c) Chemical potential μ dependence of
the anomalous Hall conductivity σxy (b) and αxy (c) for the optimal, simple, and
non-relaxed-optimal structures. The last one means the structure with the optimal
composition ratio of each layer whose lattice constant and atomic positions are the
same as the simple structure.
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structure. Following the Mott relation derived from the Sommerfeld
expansion, Eq. (6) becomes67

αxy = −
π2

3
k2

BT
e
(∂σxy

∂ε
)
ε=μ

, (8)

where kB is the Boltzmann constant, showing that the absolute value
of αxy is proportional to the energy derivative of σx. Therefore, the
optimal structure with a large ∂σxy/∂ε exhibits a larger αxy at Fermi
energy compared to the simple structure. Furthermore, in order to

clarify the lattice distortion effect on αxy of the optimal structure,
we also calculated the transport properties of a non-relaxed optimal
structure, which is the structure with the optimal composition ratio
whose lattice constant and atomic positions are the same as the sim-
ple structure. As can be seen in Fig. 4(b), the non-relaxed optimal
structure shows a similar σxy trend to the optimal structure, indi-
cating that the large αxy in the optimized superlattice is mainly due
to the multilayer formation and the effect of the lattice distortion
is relatively small. Furthermore, the local concentration fluctuations
in in-plane (xy) directions will lead to the reduction of AHE and

FIG. 5. (a) and (b) Color maps of the Berry curvatures Ωz(k,ε) at μ = 0.086 eV for the optimal (a) and simple (b) structures plotted on the iso-energy surface in the
three-dimensional first Brillouin zone, which are visualized with FermiSurfer.71 (c)–(g) k-points dependence of physical properties related to the band structure and Berry
curvature along the R-M line for the optimal structures: (c) band structures with the weights of the p (green), d (pink), and dz2 (blue) orbitals being represented by the
size of the symbol, (d) Berry curvatures Ωz(k,ε) in Eq. (4), (e) inter-band decomposed Berry curvatures Ωmn

z(k,ε) in Eq. (5) among the 36th, 37th, and 38th bands, (f) the
denominator part of Ωmn

z(k,ε) with occupation function denoted as Nmn(k,ε) in Eq. (9), and (g) the numerator part of Ωmn
z(k,ε) without occupation function denoted as

Vmn(k) in Eq. (10). In (e), the total contribution among these bands is also plotted as a black line. (h) μ dependence of σxy on the optimal structure, as also shown in Fig.
4(b). (i)–(n) The same physical properties as (c)–(h) for the simple structure, respectively. Multimedia view: https://doi.org/10.1063/5.0140332.1
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ANE because the randomness along the in-plane direction increases
the resistivity and decreases the conductivity in xy directions. This
means that the fabrication of homogeneous CoNi alloys along in-
plane directions will be required to obtain the large ANE in the
multilayered system.

Next, we contemplated the Berry curvature to clarify the origin
of the large σxy slope at the Fermi energy. To identify the locations
of k-points that contribute to the entire σxy change in Eq. (3), we
mapped Ωz(k,ε) onto the iso-energy surface at μ = 0.086 eV, where
σxy shows the largest peak. As shown in Figs. 5(a) and 5(b), the
Berry curvatures of the optimal structure exhibit positive peaks on
the ky–kz plane at kx = 0.5, especially on the R-M line, while those
of the simple structure have few peaks on the same scale compared
to the optimal structure, resulting in relatively small ∂σxy/∂ε and
αxy. In order to shed light on the mechanism of the Ωz(k,ε) differ-
ence between the optimal and simple structures, we calculated the
band dispersion along the R-M line, which has many Ωz(k,ε) peaks
in the optimal structure. The band dispersions of the optimal and
simple structures are presented in Figs. 5(c) and 5(i). Compared to
the simple structure, the flat 38th band emerges in the band disper-
sion of the optimal structure, which is located close to the 36th and
37th bands around the middle of the R-M line. Correspondingly, as
shown in Fig. 5(d), Ωz(k,ε) of the optimal structure at μ = 0.086 eV
has large peaks at the band proximity points among the 36th–38th
bands. This relationship can be interpreted as follows: In Eq. (5), the
occupation function θ(En,k,ε) changes only near the chemical poten-
tial μ = 0.086 eV from 1 to 0. Additionally, Ωmn

z(k,ε) has a large
contribution to the entire Ωz(k,ε) only when the energy gap in the
denominator takes a small value. Therefore, large Ωz(k,ε) peaks are
attributed to the band proximity points among the 36th–38th bands,
which are located around μ = 0.086 eV (red dashed line). In fact,
by calculating each contribution of Ωmn

z(k,ε) of the optimal struc-
ture at the largest peak k-point on the R-M line from μ = −0.25 to
0.25 eV, we confirmed that only contributions among the 36th–38th
bands have the largest magnitude, while the largest contribution in
the simple structure was at most two orders of magnitude smaller
than that in the optimal structure.

To gain further insights into the contributions of the 36th–38th
bands, we considered the effects of d-p orbital hybridizations in the
Berry curvature. The weights of p, d, and dz2 orbitals68 are respec-
tively represented as the sizes of green, pink, and blue markers in
the band dispersion of Figs. 5(c) and 5(i). In the optimal structure,
the orbital weight of dz2 is dominant in the 38th flat band, while
the 36th and 37th bands have not only d-orbital but also p-orbital
contributions around theΩz(k,ε) peak point. This orbital weight dis-
tribution is also important for understanding the Berry curvature.
Since the matrix element of the velocity operator between arbitrary
two states divided by the difference in the eigenvalues corresponds to
the matrix element of the dipole operator, only transitions between
states of different parity are permitted due to the selection rule of
the dipole transitions.69 In our case, d-p transitions occur around
the band proximity points. Hence, matrix elements of the velocity
operator between the 36th–37th, 36th–38th, and 37th–38th bands
can contribute to the entire Ωz(k,ε), resulting in the enhancement
of αxy in the optimal structure. The proximity of these bands is
due to the emergence of the additional 38th flat band that does not
exist in the simple structure, indicating the importance of multilayer
formation.

To confirm the effect of d-p orbital transitions quantitatively,
we calculated Ωmn

z(k,ε) [Eq. (5)], Nmn(k,ε), and Vmn(k), where

Nmn(k, ε) = [θ(Em,k, ε) − θ(En,k, ε)] 1
(En,k − Em,k)2 , (9)

Vmn(k) = Im⟨ψn,k∣vx∣ψm,k⟩⟨ψm,k∣vy∣ψn,k⟩. (10)

Nmn(k,ε) corresponding to the denominator of Eq. (5) with occupa-
tion functions represents the inverse of the eigenenergy gap between
mth and nth eigenstates, while Vmn(k), the numerator of Eq. (5)
without occupation functions, stands for the matrix elements of the
velocity operator between mth and nth eigenstates. In Fig. 5(e), the
inter-band decomposed Berry curvature Ωmn

z(k) with (m, n) = (36,
37), (36, 38), and (37, 38), and their total contributions are pre-
sented at μ = 0.086 eV. They show that Ωmn

z(k) of the 36th–38th
bands (black line) exhibits an almost similar trend to the entireΩz(k)
[Fig. 5(d)] around the largest peak k-point, confirming that the
entire Ωz(k,ε) is ascribed to the contributions among the 36th–38th
bands [multimedia view]. As shown in Figs. 5(f) and 5(g), although
both Nmn(k,ε) and Vmn(k) have finite values in the peak k-points,
a wider peak is observed for Nmn(k,ε) derived from the 36th–37th
transition.70 In the 36th and 37th bands, the weight of the d-orbital
(pink marker) decreases with approaching the M point, which leads
to the reduction of Vmn(k). On the other hand, the 36th and 37th
bands still have a small energy gap at these k-points, leading to a
small Ωmn

z(k,ε) (∼Nmn × Vmn) despite a large Nmn(k,ε). Therefore,
we consider that not only the small eigenenergy gap but also finite
matrix elements are essential for the αxy enhancement in the CoNi
alloy multilayer system.

IV. CONCLUSIONS
In conclusion, we demonstrated the enhancement of trans-

verse thermoelectric performance by designing the superlattices of
the homogeneous alloy films with different compositions consisting
only of typical ferromagnets Co and Ni with the aid of the machine
learning method. We identified the four-layer CoNi alloy superlat-
tice, which has a large ∣αxy∣ of ∼10 A K−1 m−1 by combining the
Bayesian optimization and first-principles calculations. The compo-
sition ratio of each layer was successfully optimized by performing
a two-step Bayesian optimization with the rough and fine candidate
pools, where only a few percent of the total candidates were needed
to find the optimal structure, leading to a significant reduction in
computational cost. From the comparison of the optimal superlat-
tice structure with a simple non-multilayered CoNi alloy, we found
that the optimized superlattice with the adjusted composition ratio
of each layer enhanced the magnitude of the energy derivative of
σxy at the Fermi energy, resulting in a large αxy. Furthermore, the
Berry curvature and band dispersion analyses identified that this
large ∂σxy/∂ε at the Fermi energy is attributed to the emergence of
the flat band brought about by the multilayer formation in the opti-
mal structure. The optimized superlattice has a flat band consisting
of d-orbitals near the Fermi energy along the R-M line, where the
other two bands dominated by p- and d-orbitals are also located.
Consequently, the proximity of these flat bands and other bands
enables the d-p dipole transitions near the Fermi level, leading to
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large αxy in the four-layer CoNi alloy superlattices. The method of
combining materials informatics and simulations used in this study
will be applicable to various systems or materials for the further
enhancement of αxy if they can be represented by descriptors. The
fabrication of homogeneous mono-layered CoNi alloys with mul-
tiple layers may be difficult with current experimental techniques.
However, we found many candidates showing a large ANE using
Bayesian optimization. Since the technology of thin film fabrica-
tion is advancing day by day, as reported in Ref. 52, we believe
that, in the near future, it will be possible to fabricate homogeneous
alloy thin films. Furthermore, our study suggests the effectiveness of
Bayesian optimization to find materials with a larger ANE and the
importance of the localization of the wavefunctions by multilayer-
ing to enhance the Berry curvature and the ANE coefficient, which
will be suggestive for future experiments on ANE. Therefore, the
method demonstrated here may contribute to finding new princi-
ples and materials for the transverse thermoelectric conversion and
improving its performance.

SUPPLEMENTARY MATERIAL

The data and code supporting the findings of this study are
provided in the supplementary material.
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