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ABSTRACT
[bookmark: _Hlk93421431][bookmark: OLE_LINK5][bookmark: OLE_LINK6][bookmark: _Hlk93657237][bookmark: _Hlk96671647][bookmark: _Hlk93657411][bookmark: OLE_LINK22][bookmark: OLE_LINK23]This work investigates the detailed difference between dielectric function models, the Mermin model and the full Penn algorithm (FPA) model, to the determination of electron inelastic mean free path (IMFP) with optical energy loss function (ELF), as an extending of our previous study [Surf. Interface Anal. 51, 627 (2019)] by using the simple Drude-type ELF. In the conventional normal Mermin (NM) model, the approximations of ELF by the Drude equation will introduce inevitable fitting error. In order to enhance the accuracy of NM model, our previous proposed extended Mermin model [Phys. Rev. Lett. 113, 063201 (2014)], which is renamed as super-extended Mermin algorithm (SE-MA) now, is employed to eliminate the error by expanding the definition of Drude oscillators used in the NM. In the SE-MA, the Drude-like oscillators allow the existence of negative strengths to express the fine structures of phonon-electron scattering and the plasmon lifetime broadening effect. Because in our previous study, the simple Drude-type ELF cannot include these complex structures, in this work, the electron IMFPs are calculated for five realistic materials, Al, Si, Cu, Au and MgO. The difference between IMFPs calculated by the SE-MA model and the FPA model is material dependent and is significant in the low energy region, which is analyzed by using the Fano plot. This is due to the more important role played by the plasmon lifetime broadening effect.
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1. Introduction
[bookmark: _Hlk93657167]The electron inelastic mean free path (IMFP) is the average distance travelled between successive inelastic collisions for an electron moving with a particular energy in a given material [1]. This key material parameter plays an important role in x-ray absorption fine structure [2], x-ray photoelectron spectroscopy (XPS) [2-4], Auger electron spectroscopy (AES) [5-7], electron energy loss spectroscopy (EELS) [8,9], reflection electron energy loss spectroscopy (REELS) [10,11], imaging [12], and nanoscale structural determination [13-15]. Moreover, Monte Carlo method [16] also needs IMFP, which can yield some important parameters from the simulation of electron scattering and transport behaviors, e.g. the mean escape depth [17,18], backscattering factor [19,20], surface excitation parameters [21,22].






The energy loss function (ELF) is the key quantity for calculating the electron IMFP within the dielectric functional theory. This ELF is defined as the imaginary part of a negative inverse of complex dielectric function , i.e. , which describes the response of the medium to electromagnetic disturbance brought by a charge via the energy - and momentum -transfers. For a given material, the optical energy loss function (OELF) at long wavelength limit , , can either be determined by optical measurements, e.g. through the vacuum ultraviolet reflection/absorption experiments [23], or be calculated with density functional theory [24-26]. Besides the optical methods, several groups have successfully obtained ELFs from the REELS spectra for some materials [27-36]. After obtaining the OELF, the q-dependent ELF (q-ELF) can be extrapolated theoretically by various algorithms [37-42].
[bookmark: OLE_LINK25][bookmark: OLE_LINK24]Among these algorithms, three of them are of the most representative to extend the OELF to finite momentum q. The first one is the full-Penn algorithm (FPA) [39], which is physically based on the statistical approximation to treat a solid as a collection of local regions nearly free electron gas with definite local electron density. In the FPA model, the q-dependent ELF is mathematically expressed as an integral expansion, where the Lindhard dielectric function [43,44] is used as an expanding base with the OELF as expanding coefficient. This extension does not involve any fitting procedure. This is a part of reason that the FPA model has been extensively employed in the comprehensive calculations of IMFPs for numerous elements and selected compounds, which have been tabulated over a wide energy range in the previous works [45,46]. However, such a convenience for IMFP calculation may be at the expense of applying many approximations, e.g. the vertex correction, self- consistency, exchange correlation, including the momentum-dependent broadening of plasmon lifetime in the Lindhard dielectric function expression, making the FPA model less accurate for calculation of low energy electrons.


To take into account the momentum-dependent lifetime of plasmon, Abril et al. [47] have considered the momentum-dependent ELF with the Drude-type dielectric function, [48]. This so-called normal Mermin (NM) model explicitly includes the broadening effect of plasmon lifetime at finite momentum transfer, which improves the use of the dielectric function and provides a more natural extension of the momentum dependence of the ELF. It is expected that the NM model is not only more realistic but can also give rise to more reliable IMFPs because the more precise description of ELFs in the low energy range due to the fact that Drude-type ELF can only approximate the behavior of outer-shell electrons. However, compared to the direct use of the experimental OELF in the FPA, the NM model requires a parameter representation of OELF and, thus, a fitting procedure is firstly necessary to decompose OELF, however, only can be applied to the range where Drude approximation is possible. In other words, the OELF must be represented in terms of Drude-type ELF, which have an equivalent approximation with Drude-Lorentz function at , whose amplitude must be positive.
[bookmark: OLE_LINK26][bookmark: OLE_LINK27]It is naturally that the accuracy of the calculated IMFP by the NM model is influenced by the accuracy of fitting to the OELF. The regular fitting procedure is powerless for fitting the phonon and inner-shell excitation features presented in the OELF by the Drude-type ELF. As mentioned before, Drude-type ELF can only approximate outer-shell electrons, corresponding to intermediate electron energy range where Drude approximation is possible. In other words, the Drude-type ELF cannot fully describe lower and higher energy ELFs, which performed as a poorly fitted ELF result in these energy region, thus leading to unsatisfactory IMFP calculation results here using the Drude-type ELFs. In order to overcome this shortcoming in NM, we have developed in our previous works [49,50] an extended Mermin model, now we rename it as super-extended Mermin algorithm (SE-MA), which can provide a more realistic extension to finite q-values while covering the whole energy range for ELFs. In this SE-MA model, a large number of Mermin oscillators are employed including even negative oscillators with the negative amplitudes. The use of such virtual negative oscillators [51] particularly at the ionization edges enables fast convergence with the increase of oscillator terms and can describe the ELFs at whole energy range, thus reduces extremely the fitting error for a given number of fitting terms [52]. Since the Mermin dielectric function naturally preserves the local electron number, the same OELF in the NM and the SE-MA models will always have consistent q-extension of ELF, regardless how the OELF is composed by the Mermin oscillators. Thus the IMFP produced by the consistent q-ELFs will be also the same. We note that the use of the negative oscillators not just simply improves the fitting accuracy, but also include its the physical meaning: the description of phonon transition at very low energies, the more precise consideration of plasmon lifetime at low energies and the more reliable q-dependent ELFs of the K and L absorption edges without the use of unphysical threshold energies at high energies. Because SE-MA model can describe whole energy range ELF, which results to a dramatically reduced fitting error compared with the NM model, the SE-MA model could be fairly compared to the FPA model for realistic materials whose complex optical constants are experimentally measured and available.
[bookmark: _Hlk96671513]In our previous work [53], the finite plasmon lifetime effect in IMFP calculation has been investigated through a comparison between the FPA and the NM models, where the Mermin OELFs are obtained by using the simple prototypical Drude-type ELFs. We have found that the NM model generally yields lower IMFP values than by FPA for a usual Drude-type ELF; but, the results would be opposite if ELF has very sharp structures in the low loss region. Therefore, for realistic materials having complex ELF peak structures the predicted IMFPs based on two different models may not always comply with the same rule, and further investigation using realistic material ELF is necessary.
Although there have been many comparative studies on the FPA and the NM model for specific materials, such as the calculated static structure factors of water by Shinotsuka et. al. [50]. However, none has been made fairly without the fitting error for OELF. Therefore, the present work aims to present a fair comparison of the calculated electron IMFP data using the FPA and the SE-MA models for five realistic materials, i.e. Al, Si, Cu, Au and MgO. From the difference in the resulting IMFPs between these two models, the contribution stemming from a finite plasmon lifetime to the IMFP is investigated. Moreover, the comparison to the work of Abril et. al. [54] and Bayesian information criterion (BIC) [55], together with generalized oscillator strength (GOS) [56] for the simulation of inner-shell ionization, shows how the fitting error influences the accuracy of IMFP calculation by the NM. Overall, the IMFPs are calculated based on the ELFs in the FPA, NM and SE-MA models for the application validation. From the comparison with the experimental IMFPs, the current conclusion tends to prove that the SE-MA model can produce more accurate IMFP than the FPA and the NM model.
[bookmark: _Hlk98927102]Based on the investigation of prototypical Drude-type ELFs in [53], this work analyzed the detailed difference between dielectric function models, the SE-MA model, the NM model and the FPA model, by exploring five realistic materials, Al, Si, Cu, Au and MgO. In the SE-MA, the Drude-like oscillators for the description of ELFs allow the existence of negative strengths to express the more important role played by phonon-electron scattering and the plasmon lifetime broadening effect, which is effective for the calculation of IMFP for non-free-electron materials, namely transition and noble metals and insulators.
2. Theoretical Methods
2.1 FPA model



[bookmark: OLE_LINK30]The FPA proposed by Penn [39], can extrapolate the OELF, , into the -plane, to form the q-dependent ELF, . In this extrapolation, the vertex correction, exchange and correlation effects are all neglected; furthermore, the charge distribution in the Wigner-Seitz cell is assumed to be spherically symmetric. One advantage of this method is that the available experimental data of OELF can be directly employed without any preprocessing through expanding the ELF in terms of the Lindhard ELFs as follows:

	,	

where the expansion coefficient, , is related to the OELF by

	.	


[bookmark: OLE_LINK28][bookmark: OLE_LINK29] in Eq. (1) is the Lindhard dielectric function for a free-electron gas with plasmon energy  in the long wavelength limit. Details of the calculation procedures can be found in Refs. [45,57].
2.2 NM model

The Mermin model proposed by Abril et al. [47] can take into account the lifetime broadening of the plasmon excitation when extrapolating the OELF into the -plane. However, compared to the FPA, the Mermin model describe the plasmon damping through the broadening term, G, in the Lindhard dielectric function. To make the Mermin-type ELF naturally preserve the local electron number, Mermin [48] suggested an expression as follows:

	,	






[bookmark: _Hlk96671124]where  is the Lindhard dielectric function and  is the Mermin dielectric function for a single oscillator at plasmon energy . Clearly, the Lindhard dielectric function is a special case of the Mermin dielectric function when zero broadening is considered. Hence, the FPA is explicitly a special case of the Mermin model with . The OELF for a realistic material should be firstly represented in terms of Mermin oscillators at . This is done by fitting the experimental ELF as a linear combination of Drude-type ELFs, since the Mermin-type ELF have an equivalent approximation with Drude-Lorentz function at ,

	,	




[bookmark: OLE_LINK33]where the fitting parameters, ,  and , in Eq. (4) are the oscillator strength, energy, and width of the ith oscillator, respectively. Note that N is usually taken as a small value being less than 10, and  must be positive. Besides the fitting by Abril et. al. [54], another new fitting method developed by us, namely the BIC method, is also applied to fit the ELFs in this work and added into the comparison with the SE-MA model.
2.2.1 BIC fitting
[bookmark: _Hlk74646457]Shinotsuka et al. [55] have developed a fully automated method to perform spectral analysis by using the Bayesian information criteria, called as BIC fitting. The method searches a large number of initial fitting models by changing the degree of smoothing and then optimizing the fitting parameters.
The original Bayesian estimation can estimate the casual relationship between generated data, based on a probabilistic model. In Ref. [55], the new method based on Bayesian estimation, can search a large number of initial fitting models by changing the degree of smoothing and then optimizing the fitting parameters with the help of the exchange Monte Carlo (EMC) method. This framework stands with a statistic assumption, that is for all the likelihoods in the model, parameters are following Gaussian distribution. Thus the BIC is successfully obtained as a trade-off-type of sum, one term is the traditional likelihoods and the other term is penalty term representing high model complexity. Using this BIC as the ranking criterion when selecting models, one can efficiently acquire the best fitting parameters and the most realistic number of peaks from given spectrums.
For comparison with FPA, NM needs to fit the oscillator to represent the OELF; then here we adopt this method to fit the OELF as a sum of Drude-type oscillators for NM, as given in Eq. (4). The fitting was performed in the energy region below 100 eV to avoid the region of inner-shell excitations.
2.2.2 Generalized oscillator strength
[bookmark: _Hlk74646478]For the sake of that the high energy losses in OELF are omitted by the BIC fitting, we have used the generalized oscillator strength (GOS) for isolated atoms to describe the contribution to the ELF from the inner-shell ionizations. The hydrogenic model [56] is useful to describe the impact parameter-dependent ionization cross-section via GOS. The differential inelastic cross-section for the inner-shell ionization per atom is:

	,	




where  eV is the Rydberg energy, is the effective kinetic energy of an electron,  is electron energy loss, and the super- and sub-scripts in  indicate the A-element and α-shell. The GOS of K-shell [58], L-shell [59,60], and M-shell [61,62] electrons is considered in this work.
The GOS for K-shell electrons is given as [56,63]:

	,	
where

	;	

	.	

	,	

	,	






where the two dimensionless quantities, Q and , are defined for a better representation.  is the effective nuclear charge as a simple function of atomic number Z: it is  for K-shell electrons [56],  for L-shell electrons [60],  for M1,2,3-shell electrons, and  for M4,5-shell electrons [64].
The GOS for L-shell electrons is given as [56,60,65]:

	;	

	.	

In order to optimize the shape of edges, a correction factor [56,65]  is multiplied to the calculated L-shell GOS,

	,	


where  is element-dependent [56,65], and  is the inner-shell energies of L3-subshell.
The GOS for M-shell electrons is given as [66,67]:

	;	

	;	

	.	
Finally, the GOS of each subshell can be calculated by:

	,	

	,	

	,	

	,	

	,	

	,	

	,	

	.	

The corresponding excitation cross-section of α-subshell, , can be obtained by the integral of Eq. (5),

	,	


where the integration limits for momentum transfer are . The lower integration limit for energy loss [56], , is the electron binding energy for the α-subshell of the A-element.
2.3 SE-MA model

[bookmark: OLE_LINK31][bookmark: OLE_LINK32][bookmark: OLE_LINK34]In the SE-MA model, the OELF is also decomposed into a linear combination of Mermin-type ELF as described by Eq. (4), whose form is exactly the same as the NM method. However, in the SE-MA model a large number of oscillators, ~10-100, were employed to describe not only the valence electron excitation but also the phonon and the inner-shell excitations. Furthermore, some of the oscillator strengths  are allowed to be negative as long as the total OELF made of positive and negative oscillators are all positive at any energy. With the help of these negative oscillators, even the sharp features in OELF around the band gap energy or the ionization edge for the inner-shell electron excitation can be accurately described, without performing the separate calculations for the valence or the inner-shell excitations. This procedure not only extend simply and naturally the NM model to phonon excitation and inner-shell excitation, but also results in a more highly accurate description to the experimental OELF in the whole energy loss range. Founded on the special characteristic of the Mermin dielectric function, the SE-MA formulation naturally preserves the local electron number.
2.4 IMFP calculation


Once the ELF is determined, the IMFP  at an electron kinetic energy  can be calculated by

	,	





where is the Bohr radius,  is the Fermi energy, and the integration limits,, are the largest and the smallest momentum transfers kinetically allowed for the given  and .
3. Results and Discussion
3.1 OELF

[bookmark: _Hlk98852252]Fig. 1 illustrates the target experimental bulk OELFs (light green circles), together with corresponding surface OELFs (green dot lines) for Al, Si, Cu, Au and MgO [23,68]. It also shows the comparison on the fitted OELF results between the present SE-MA model (black line), the Abril’s fitting [54] (blue line) in which two Mermin-type ELF terms were used for Al and Si, five terms for Cu and seven terms for Au, and the NM model with the latest BIC fitting [55] (red line) in which three Mermin-type ELF terms were used for Al, two terms for Si, seven terms for Cu, nine terms for Au and fifteen terms for MgO. Fig. 2 shows the detailed ELFs at low energies. In the case of Al, a sharp plasmon peak at ~15 eV indicates the collection motion behavior of quasi-free electrons in the valence band of the material. The broad ELF spectrum shape observed in Cu and Au is due to the presence of abundant interband transitions which overlap and interact with collective oscillations. For Si the structure between 0.1 eV to 1.3 eV in Fig. 1(b) is due to the band-gap; there is also a plasmon excitation peak at ~16.7 eV but the peak shape is broader than Al. For various structures in ELF, Abril’s fit uses just several oscillators and shows thus poor fitting result to ELF even in the major energy loss range of 0-100 eV, as shown in Fig. 2. Fig. 2 also shows that the latest BIC fitting with more oscillator terms can fit better ELF, especially in the range of 0-100 eV. However, both the Abril’s and the BIC fitting can only fit the intermediate energy loss region from several eV to hundred eV. They are not suitable for the inner-shell excitations having sharp ionization edges at high energies above hundred eV, where the asymmetric peak shape is not match with the symmetric peak shape of traditional Mermin-type (approximate Drude-type) ELF, Eq. (4), about the position . Moreover, the ELF values at high energies are quite small, so that the fitting error of NM becomes significant. Above all, the high energy ELF needs to be calculated separately by GOS and manually combined around the ionization edge to have an appropriate fitting to ELF. On the other hand, for non-metallic materials (e.g. MgO) it is difficult to have a satisfactory fit in the low energy region around and below the band gap due to the sharp change of ELF shape as seen in Fig. 1.
The advantage of the SE-MA model demonstrated here is that it can handle a complex shaped ELF in the full energy range from the phonon excitations to inner-shell ionizations. Taking MgO as an example, we used 254 oscillators in order to achieve a satisfactory fit below 100 eV. As can be seen in Fig. 1(e), BIC fitting with 15 oscillators can describe the plasmon peak well but cannot describe well the phonon excitations below 10 eV, which are important physical mechanisms affecting low-energy electron scattering in semiconductors and insulators. In the high energy region, the NM model is unable to describe plasmon peak using a linear combination of Mermin oscillators and even with addition of GOS terms, because new errors are introduced to a greater or lesser extent. As shown in Fig. 2, for materials like MgO having a complex ELF shape in the intermediate energy region, the NM model introduces a small amount of error in describing the plasmon peak with a number of oscillators, obviously for the main energy loss peak ~22 eV and also for other detailed structures.
[bookmark: _Hlk98851532][bookmark: _Hlk99358821][bookmark: _Hlk99358855]We have used 56, 77 and 91 Mermin-type ELF terms in the present SE-MA model to precisely fit the ELFs for three metals, Al, Cu and Au, and 118 and 254 terms for semiconductor and insulator having band gap, Si and MgO, respectively. Among these oscillators, 25, 48, 37, 42 and 113 negative oscillators were employed to significantly improve the fit accuracy for sharp features in ELF of Al, Si, Cu, Au and MgO, respectively. In order to demonstrate the importance of this negative oscillator fitting technique in a visible way, the contribution of negative oscillators in ELF is also shown in Figs. 1 & 2. Certainly the exactly fitted ELFs of these materials can be employed in both the FPA model and the Mermin model for IMFP calculation, while the fitted ELF in the NM model has certain deviation from the experimental OELF. The traditional NM method is using linear combination of Drude-type ELFs to fit the experimental OELF, however, this kind of Drude-type oscillators cannot accurately fit very sharp structures of ELF. For a very sharp asymmetric edges in ELF, it is very difficult to fit with a symmetric Drude-type function, except with huge quantities of very narrow oscillators (shape like delta function). Therefore in the SE-MA, we add the Drude-like oscillators that allow the existence of negative strengths, on one side of the Drude-type function, so that the asymmetry problem can be handled. The number of fitted terms is greatly reduced comparing to only using traditional Drude-type oscillators if one wants to achieve the same fitting accuracy. Its seemingly large number is due to the complex sharp structures at higher energies for K and L shell electron interactions and lower energies for phonon-electron interaction, like shown in the relationship between complexity of the OELF for Si and MgO and their large number of fitted negative oscillators. We note that the negative oscillators are important for plasmon energy range, but their number is not very much here, which can be seen from the shaded area of Figs. 1 & 2. The accurately fitted ELFs can carry physical images through these pure mathematical treatments in the negative oscillators.


[bookmark: _Hlk98927390]Fig. 1 Logarithmic plot of ELF in the whole energy range for the selected materials: (a) Al; (b) Si; (c) Cu; (d) Au; (e) MgO. The light green circles represent experimental bulk ELF data and the green dots are for corresponding surface ELF data; the black line shows the fitted ELF by using the SE-MA model, the blue line is of Abril’s fit [54] and the red line is BIC fitted ELF. The upper end of shaded area is the OELF calculated by only considering the positive oscillators (without negative ones) in the SE-MA model, and then the contribution of negative oscillators is shown by the shaded area.


Fig. 2 Linear plot of ELF in the low energy region for the selected materials: (a) Al; (b) Si; (c) Cu; (d) Au; (e) MgO. See figure caption of Fig. 1 for detail.
3.2 q-dependent ELF


[bookmark: _Hlk85200506]Fig. 3 The q-dependent ELF calculated by the SE-MA model (left panel), FPA model (middle panel) and their difference (right panel) for the selected materials: (a) Al; (b) Si; (c) Cu; (d) Au; (e) MgO.


Fig. 4 Low energy loss q-dependent ELFs by SE-MA model, FPA model and their difference for MgO. See the figure caption of Fig. 3 for detail.

With the use of the SE-MA model, the q-dependent ELF can then be described realistically in approaching experimental OELF at  without introducing noticeable fitting error. Since the SE-MA model includes broadening effect of plasmon lifetime in ELF, which is not considered by the FPA model, one can fairly evaluate the contribution of plasmon lifetime to ELF in real materials by a comparison of the two models. Fig. 3 shows the q-dependent ELFs of Al, Si, Cu and Au calculated by the SE-MA model, the FPA model and their difference. At first glance, the q-dependent ELFs calculated by the two models seems to be alike; however, the plasmon lifetime broadening effect can be revealed by their difference map. In the cases of Al and Si, where the plasmon peak feature dominates the ELF, the plasmon peak position is shifted to the lower energy side in the SE-MA model while the ELF peak intensity is kept almost unaltered (it can be seen that in the right panel of Fig. 3(b) the positive (red) and negative (blue) differences are nearly equal in intensity). Therefore, when the plasmon peak width (or lifetime) changes with q in the SE-MA model only the peak position is shifted a little bit. The probability of energy loss, i.e., the electron inelastic scattering cross section, remains almost the same as the FPA model; this result is directly related to the IMFP. For Cu and Au, their ELFs have a broaden distribution feature; the q-dependent plasmon lifetime effect in the SE-MA model results in the energy loss structures in the ELFs shifted to the lower energy side with increase of q as compared to the FPA model, in a way similar to Al and Si. But, the intensity change is basically positive, as shown by the red region in the right panels of Figs. 3(c) & 3(d). Therefore, the q-dependent broadening of plasmon lifetime contributes here to an increase of the probability of electron energy loss, especially for smaller energy losses; the electron IMFP will become smaller as compared to the FPA model. In the case of MgO, the OELF has complicated energy loss structures, a strong but very sharp peak at ~0.09 eV (the detailed q-dependent ELF for this peak is shown in Fig. 4), a main loss peak at ~22.1 eV and a broaden loss distribution in the range of 10-100 eV. Thus, in Fig. 3(e) and Fig. 4 one can see the peak shifting and overall intensity increasing. Overall, the broadening effect of plasmon lifetime in the SE-MA model is related to the type of materials.
[bookmark: _Hlk67650050]3.3 differential cross section, dσ/dq

In order to further reveal the broadening effect of plasmon lifetime for different ELF shapes at different q-values, the differential inelastic scattering cross section with respect to the momentum transfer, , for the SE-MA and FPA models, is calculated and shown in Fig. 5. Firstly, the SE-MA results are generally larger than FPA ones for Cu, Au and MgO, especially at lower electron energies. Due to the fact that the SE-MA and FPA models both have no fitting errors to OELF now, we attribute this discrepancy to the broadening effect of plasmon lifetime. Moreover, this difference is actually decreasing when electron energy increases, eventually the values for SE-MA and FPA become nearly equal above 10 keV. This behavior is due to the fact that the plasmon excitation becomes weaker at higher electron energy.


[bookmark: _Hlk98255024]Fig. 5 Plot of dσ/dq calculated by the SE-MA model and the FPA model for the selected materials: (a) Al; (b) Si; (c) Cu; (d) Au; (e) MgO. We note that the curves for (a) Al and (b) Si may overlapped with each other, for the reason that the difference between them are very small.



[bookmark: _Hlk98937061][bookmark: _Hlk99359194][bookmark: _Hlk98936597][bookmark: _Hlk98936539]It also can be observed from Fig. 5 that the curve shape and value are related to OELFs. As shown in Fig.1 and 2, the shape of ELF for the four materials is rather different: tall and thin for Al and Si, and short and fat for Cu and Au; and for MgO the shape is in between the two kinds. For Al and Si whose ELF shape is tall and thin, the  curves calculated by the SE-MA and FPA models are almost the same, and have a relatively sharper peak; while for Cu and Au whose ELF is short and fat, the  curves derived by the two models by show obvious difference, and have much more flattered shape; the curves shape for MgO are between these two situations. Obviously, the  curve changes quickly with electron energy from 100 eV to 1 keV and the peak is shifting towards small q-values when energy increases for both the SE-MA and FPA models. This behavior can be understood from the energy and momentum conservations in an inelastic collision: lower the kinetic energy, larger the inelastic scattering angle and the momentum transfer q is allowed for a definite energy loss.
3.4 IMFP


Fig. 6 Plots of the calculated IMFPs by different models and in comparison with experimental data for (a) Al; (b) Si; (c) Cu; (d) Au. The black line represents the SE-MA model, the blue line is the result of Abril’s fitting, the red line is calculation by the NM model with BIC fitting, and the olive line is the result by the FPA model. The IMFP calculations of BIC and Abril’s fitting include the effect of GOS. The symbols are the available experimental data [69-96].
[bookmark: OLE_LINK46][bookmark: OLE_LINK45]According to Eq. (26), the IMFPs are calculated by using different models and are compared as functions of electron energy in Fig. 5 for Al, Si, Cu and Au, with a comparison with available experimental data [69-96]. It is seen that the difference between IMFPs by the different models are material dependent. For Al and Si whose ELF shape is tall and thin, the IMFP calculated by the SE-MA and FPA models are almost the same; while for Cu and Au whose ELF is short and fat, there is a quite difference between the results derived by the two models. Such results are qualitatively in consistent with our previous study with a prototype ELF function [53], where the difference between the two models increases when the shape of the prototypical ELF changes from thin to fat. By taking a closer look for Si, one may find that the IMFP calculated by the SE-MA model is slightly smaller than that by the FPA model at the intermediate and high energies, indicating that the plasmon lifetime broadening effect will reduce IMFP as it has been known [97,98]. For Cu and Au, this tendency becomes much more obvious. The difference in the IMFPs calculated between the two models changes with electron energy non-monotonically, the relative difference is the maximum at the energy where the IMFP is the minimum. Fig. 6 also shows the IMFP results calculated by the NM model with Abril’s and BIC fittings, with GOS added at the high energy losses. In the previous discussion about ELF for Figs. 1 and 2, we have mentioned that the Abril’s and the BIC fitting are not very accurate, especially at very low energy losses in the region of phonon excitation and plasmon excitation. Such poorly fitted ELFs lead to a large bias in IMFP by the NM model as compared to the SE-MA model. The corresponding experimental IMFP data for Al, Si, Cu and Au are also shown in Fig. 6. While it is generally difficult to judge which model calculation is better from the comparison with experimental data due to the large uncertainty involved in experimental measurements, we still find that the IMFP of Cu calculated by the SE-MA model shows much better agreement with the measured data by using X-ray absorption fine structure (XAFS) technique [90], particularly in the energy range of 60-120 eV. Such an agreement cannot be achieved with the FPA model, as pointed out in our previous work [49]. Since the XAFS-based IMFP is expected to have higher reliability than the data measured by the elastic peak energy spectroscopy technique, the present result indicates that the SE-MA model could provide more accurate IMFP than the FPA model. Therefore, the plasmon lifetime broadening effect should be considered in the low energy IMFP calculation.


[bookmark: _Hlk98257124]Fig. 7 Plots of the calculated IMFPs by different models for MgO. The black line represents the SE-MA model, the red line is calculation by the NM model with BIC fitting and GOS, and the olive line is the result by the FPA model. The grey and green shaded area show the contribution of phonon excitation in the low energy region of ELF to the IMFPs calculated by the SE-MA and FPA models, respectively. The energy reference in the figure is the Fermi level. However, as the zero energy in the FPA calculation is at the bottom of conduction band, the energy axis is therefore shifted to the right side by 0.5Eg.
We have also calculated IMFP for MgO, as an example of the complex OELF shape, by the SE-MA, NM and FPA models as shown in Fig. 7. Since the dominant excitation peak at ~22.1 eV is still rather narrow and strong, the plasmon lifetime broadening effect in IMFP is small and the FPA and SE-MA models present the closed results, which are in a similar behavior as Si. Note that by the use of quantities of Mermin oscillators and negative oscillators the SE-MA model can describe the phonon excitation such that electrons still have inelastic channel to lose their energy in the low energy region below the band gap energy, causing a shorter IMFP. In contrast, the NM and FPA models do not include the phonon contribution and present longer IMFPs at low energies. The contribution of phonon excitation to the ELF is indicated by the red shaded area in Fig. 7, while the impact of very low energy (<10 eV) ELF to the IMFP by the FPA model is also shown in blue shaded area. This IMFP curve [46] is calculated by the FPA-Boutboul approach, in which the electronic IMFP is calculated by taking Eg into account, and not the total IMFP, in order to show the contribution of phonon excitation. It can be seen a significant contribution from phonon excitation as an energy loss channel to reduce IMFP at energies below 10 eV. One may note that Mermin oscillators are not very suitable for the description of electron-phonon interaction; however, they can still qualitatively show how the phonon excitation influence the IMFP value. Because of the small but critical difference in ELFs below the band gap energy, the IMFP by the SE-MA model has an energy dependence somewhat different from the traditional NM model in this low energy region.
To highlight the difference of IMFPs calculated by the two different models, Fig. 8 plots the ratio, IMFPSE-MA/IMFPFPA, and difference, IMFPSE-MA-IMFPFPA, for Al, Si, Cu, Au and MgO. For Al and Si, whose ELF is dominated by a single SE-MA oscillator, the ratio decreases from a value above unity rapidly down to a minimum value below unity and then increases to approach unity with increasing energy from 3 eV to 30 keV. The position of the minima roughly corresponds to the energy position of plasmon peak in the ELF for Al and Si. For Cu and Au, whose ELF shape is broad and made of several similar-sized Mermin oscillators, the variation tendency of ratio curve is still similar but minima are broad due to the overlap of the several Mermin oscillators at different energy positions. Furthermore, it is obvious that the ratio is always smaller than unity for Cu and Au, implying that the SE-MA model yields lower IMFPs than the FPA model, which is consistent with the previous observations [50,97-99]. For example, in our previous calculation for liquid water [50] this ratio is about 0.85 to 0.96 as electron energy increases from 50 eV to 10 keV. However, for Al and Si the ratio is larger than unity at low energies below 10 eV, which is consistent with our previous result for the prototypical ELF with a sharp peak structure. And as a complex situation, the behavior for the ratio- and difference curves of MgO are in between the materials (Al, Si) and (Cu, Au) in Fig. 8.


[bookmark: _Hlk99362311]Fig. 8 (a) Plot of the IMFP ratio and (b) IMFP difference between the SE-MA model and the FPA model. We note that the curves for MgO is shorter in lower energies, due to the electron energy value of MgO in FPA calculation for MgO is shifted to the right side by 0.5Eg. See the captain of Fig. 7 for details.

[bookmark: OLE_LINK4]Another remarkable observation is that the ratios at high electron energies for different materials do not converge to the reported value, 0.95 [99], which was a result from a comparison of the FPA model with the NM model for several materials including Al, Be, Cu, Si, Ti, Ag and Au in the energy range of 200-2000 eV; however, fitting errors were involved in the NM model. It is found that the ratio for Al and Si approaches to unity above 100 eV, and the convergence holds up to 10 keV with only a small fluctuation at hundreds of eV due to the inner-shell excitations. As for Cu and Au, the ratio does not converge at about keV: it is ~0.75-0.93 for Cu and ~0.87-0.95 for Au in the range of 100 eV-10 keV. Therefore, there is no universal scaling factor to account for the plasmon lifetime broadening effect in IMFP calculation to correct the IMFPFPA as IMFPNM for all materials.
3.5 Discussion
[bookmark: _Hlk98425297][bookmark: _Hlk99359888][bookmark: _Hlk98340022]The energy dependence of IMFP has been investigated thoroughly by, e.g. Bethe [100] and Shinotsuka et al. [45,46], however, focusing on higher energies. Recently, we also have presented the latest TPP-LASSO (Tanuma, Powell, Penn- least absolute shrinkage and selection operator) formula [101] and a machine learning method for prediction of IMFP [102], where we discussed the robustness of these methods mainly for the predicted high energy IMFPs, through the analysis including the energy dependences. So based on the studies before, here we only evaluate the behavior of IMFP at high energies. The simplest theoretical expression for IMFP is the Bethe equation [100],

	,	

which is considered here at energies above 50 eV, where λ is the IMFP (in Å), E the electron kinetic energy (in eV),  the bulk free-electron plasmon energy (in eV) which represents the energy of electrons that take the main part of contribution in the inelastic scattering and was used by Tanuma et al. in IMFP calculation [103], and β (in eV-1 Å-1) and γ (in eV-1) are material dependent parameters.


Fig. 9 Fano plots of E/λ versus electron energy for the selected materials: (a) Al; (b) Si; (c) Cu; (d) Au; (e) MgO.
The Fano plot [104] of E/λ versus lnE is employed to validate the Bethe equation for the IMFPs of the selected materials in Fig. 9. The Fano plots for the IMFPs calculated by the SE-MA and FPA models show the similar energy dependence and the difference between two curves maintain is hardly changed over the whole energy range. It can be found that the discrepancy is negligible for Al and Si, while is significant for Cu and Au as discussed for Figs. 6 and 7. In the case of MgO, there is a certain but small difference. Note that, regardless of the model, the data lie sufficiently close to a straight line above 1 keV, whereas the Fano plot show a departure from linearity below 1 keV. The plots for the NM model with Abril’s and BIC fitting are deviated from that of SE-MA due to the fitting error as mentioned previously.
[bookmark: _Hlk99360157]The SLope of the Fano Plot, SLFP(E) at energy E, can be calculated by

	.	
[bookmark: OLE_LINK3]Fig. 10 shows the comparison on the calculated SLFP(E) for Al, Si, Cu, Au and MgO between the SE-MA, NM and FPA models. These plots of SLFP(E) show similar energy dependences especially for high energy electrons. Variation of the curves among different materials can be found, which is caused by the different energies of main Mermin oscillators describing the plasmon and inner-shell excitations in OELF. Focusing on the difference between the SE-MA and FPA models, this difference is negligible over the whole energy range for both Al and Si, while it is significant for Cu and Au below several hundreds of eV, and is between these two situations for MgO.
Using the OELF of material, the slopes of the Fano plots can also be determined in another way by the equation [103]:

	,	

	,	


Fig. 10 Slope of Fano plot (SLFP) for the selected materials: (a) Al; (b) Si; (c) Cu; (d) Au; (e) MgO. The colored lines represent the calculation of SLFP with Eq. (28) by using the IMFPs for different calculation models, and the dots the (theoretical) SLFP derived directly from OELF by Eqs. (29)-(31).

	,	

[bookmark: _Hlk96673202][bookmark: _Hlk98918803][bookmark: _Hlk99360297][bookmark: _Hlk81864481][bookmark: _Hlk98918363]where  is the square of the dipole matrix element for all possible inelastic scattering channels, R denotes the Rydberg energy, βopt represents the slope of the Fano plot in the asymptotic Bethe region, and Nv is the total number of valence electrons per atom. Fig. 10 also shows the comparison on the SLFP(E) calculated by Eqs. (29)-(31) and Eq. (28). The evaluation by Eqs. (29)-(31) shows excellent agreement with that by Eq. (28) above several keV for both the SE-MA and FPA models, but has significant difference at lower energies. In the sights of physics, the large discrepancy between the lines in the energy range between 100 eV and 1000 eV, can be caused by two aspects. One is the deviations from the Born approximation, i.e., higher order perturbation terms, because this approximation is only applicable for high energies. Another one is the exchanging effect, for this energy region is where the electron exchange effect comes into play. However, they were not included in this calculation. Moreover, despite the integration uppercut of Mtot2 in Eq. (32) is the electron energy E for each data point, Mtot2 is for all possible inelastic scattering channels. In other word, the effective value of Mtot2 is only for the electron energy integration range to infinity in Eq. (32), theoretically. We note that the dotted line in Fig. 10 tend to show the convergence of the SLFP values, in case the electron energy that is high enough to approach infinity. Thus the values for SLFP in Fig. 10 at lower energies are not showing valuable physical images, which are just corresponding to the incomplete inelastic scattering channels. Generally speaking, the result indicates that the asymptotic Bethe region can be reached at electron energies higher than several keV for Al, Si, Cu, Au and MgO, in a similar conclusion obtained in previous work [53]. Also by a comparison with Abril’s and BIC fitting, Fig. 10 shows a more obvious influence of the fitting error on IMFP calculation.


Fig. 11 The comparison on the values of parameters: (a) β; (b) γ in the Bethe equation, Eq. (27), from the lease square fitting to the calculated IMFPs by the SE-MA, NM and FPA models.
In order to check the validity of the Bethe equation to the IMFPs calculated by the different models, we have fitted Eq. (27) with the least squares in the energy range of 1-10 keV. Fig. 11 shows the obtained fitting parameters, β and γ, for the selected materials. In Fig. 11(a), the β values, namely the slope of Fano plot, show negligible difference between the SE-MA and FPA models, while generally larger than the values from optical IMFPs (Eq. (29)-(31)), in agreement with the discussion on Fig. 10. However, in Fig. 10(b), the γ values, namely the intercept of the Fano plot, are quite different for different models. This comes from the different q-dependence used in different methods (e.g. Eq. (3) for Mermin model and Eq. (1) for FPA), then leads to different calculated values of IMFPs. Thus, considering the relationship of γ and IMFP according to the Bethe equation, Eq. (27), the q-dependence of the ELF is a complicated function of γ. Moreover, the deviation of the β and γ values by the NM model from those of the SE-MA and FPA models is from the error involved in fitting to OELF.
Conclusions
[bookmark: _Hlk93421413][bookmark: _Hlk99360723][bookmark: _Hlk93657514]In this work, we have highlighted an improved numerical method using the super-extended Mermin (SE-MA) model for determination of IMFP from the measured data of OELF. The ELFs of these materials at finite momentum q are extrapolated from the experimental data of optical ELFs at q = 0, with the Mermin model and the FPA model. The modeling of ELF with the SE-MA oscillators is much more accurate than the normal Mermin (NM) model, having the much smaller fitting error to the fine energy loss features in the wide energy loss range from the phonon excitation to the inner-shell excitations. The SE-MA model includes the plasmon lifetime broadening effect through the use of Mermin dielectric function, while this effect is omitted in the previous full-Penn algorithm (FPA) modeling with the use of Lindhard dielectric function. The IMFPs for Al, Si, Cu, Au and MgO are calculated by different models and compared. The SE-MA model yields shorter IMFP values than the FPA model due to plasmon lifetime broadening effect, particularly for the materials having broad ELF shape, and the difference between the two models increases when the shape of ELF changes from thin to fat. It is found that the theoretical description of the ELF based on the SE-MA model generally predicts the lower values of IMFP than the FPA model, except in the very low energy region for Al and Si, from the ratio of 0.75 to 0.95 depending on electron energy. This result will be of importance for the calculation of IMFP for non-free-electron materials, namely transition and noble metals and insulators.
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