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ABSTRACT

Mechanical metamaterials, with their intricately designed microstructures, exhibit properties that are superior
to those of natural materials. Computational optimization, which uses finite element analysis of periodic
microstructures, enables the design of architected microstructures to achieve desired macroscopic properties.
Traditionally, unit cells are defined within cuboidal domains; however, this study extends the design to
parallelepiped domains, significantly expanding design possibilities. This study investigates the influence of
geometric design domains on the topology optimization of negative Poisson’s ratio (NPR) metamaterials.
Using the mathematical homogenization method, unit cells within parallelogram or parallelepiped domains
are represented within square or cubic domains under misaligned periodic boundary conditions. This approach
enables the manipulation of macroscopic elastic stiffness components while maintaining the solid volume fraction.
A comparative analysis was performed to examine the geometric characteristics of optimized microstructures
and the resulting macroscopic anisotropy under both standard and misaligned periodic boundary conditions. 3D-
printed NPR metamaterials were tested to validate the design. The results demonstrate the effectiveness of the
computational design method in generating diverse microstructures with misalignment, opening new avenues
for designing NPR metamaterials with enhanced properties.

1. Introduction

Materials development holds immense potential to revolutionize the
creation of innovative devices and systems. While conventional materi-
als possess inherent properties, metamaterials offer unprecedented pos-
sibilities by artificially manipulating their internal microstructure to ex-
hibit novel properties not found in nature [1,2]. Recent advancements in
high-precision manufacturing techniques, such as 3D printing, have sig-
nificantly accelerated the realization of metamaterials [3,4]. Moreover,
the emergence of computer-oriented design has empowered the creation
of intricate metamaterial designs that surpass the limitations of human
intuition. These artificially engineered properties span a wide range of
domains, including mechanical, acoustic, electromagnetic, and beyond.
Furthermore, metamaterials exhibiting synergistically superior multiple
properties have been investigated, such as elasto-acoustic metamate-
rials [5-7]. Driven by the burgeoning field of metamaterials research
and development, the mathematical design of mechanical metamateri-
als has been extensively studied. Notable areas of investigation within

this field include metamaterials exhibiting a negative Poisson’s ratio
(NPR) [8-11], high thermal expansion [12,13], and negative permeabil-
ity [14,15]. NPR metamaterials, the central focus of this study, possess
unique mechanical properties, such as lateral expansion under tension
and contraction under compression. These materials exhibit distinct at-
tributes compared to conventional materials, including high resistance
to indentation and impact, as well as enhanced energy absorption capa-
bilities. These remarkable properties render them suitable for a variety
of applications, encompassing mechanical systems for impact absorp-
tion and strain sensing [16-18], electrochemical applications for energy
storage [19,20], and biomedical applications [21,22].

To realize mechanical metamaterials, some efforts have relied on de-
sign based on human intuition and empirical rules [23-25]; meanwhile,
computer-oriented design approaches combining the homogenization
method with inverse design techniques have become the mainstream
methodology [26]. Mechanical metamaterials, which extend beyond
NPR materials, can be achieved by designing the configuration and
shape of microscopic structures as internal unit cells and controlling
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the resulting macroscopic effective mechanical properties through their
periodic arrangement. To bridge the gap between the micro- and macro-
scales in such multi-scale analysis, the homogenization method is fre-
quently employed, with energy-based and asymptotic methods being
common approaches [27-29]. This approach facilitates focus on a Rep-
resentative Volume Element (RVE) to evaluate macroscopic material
properties. In finite element (FE) modeling, a periodic microstructure
is considered, and analysis is performed by applying macroscopic stress
or strain. This enables the evaluation of material properties under ide-
alized boundary conditions using computational simulations [30,31].

Recently, the application of machine learning to the design of me-
chanical metamaterials has garnered significant attention, and recent
advancements in this regard have been reviewed [2,32-34]. Machine
learning-based design approaches enable the exploration of globally
optimal solutions and the rapid identification of design solutions that
achieve diverse target performances, offering reduced computational
costs once trained. However, machine learning for the design of 3D mi-
crostructures remains challenging, particularly concerning data prepa-
ration and computational demands.

Topology optimization, a sophisticated computer-oriented design
method based on the FE method, enables the derivation of material dis-
tribution as a solution to a structural optimization problem [35-38].
In contrast with machine learning-based design approaches, this ap-
proach is based on the gradient descent method. Therefore, although
iterative calculations are required, training data need not be prepared
in advance. By combining the FE analysis of an RVE with topology opti-
mization, it is possible to obtain a material microstructure that optimizes
macroscopic material properties [39,40]. Furthermore, concurrent op-
timization of micro- and macro-structures using two-scale FE analysis
based on the homogenization method has been reported [41-43]. As
a practical issue, design solutions derived from topology optimization
have generally been complex and challenging to manufacture. However,
in recent years, the feasibility of a one-stop design and manufacturing
method based on topology optimization has increased. For instance, the
method proposed by Yamada et al. [44] allows for the elimination of
closed cavities for stacked fabrication. Despite the computationally pro-
hibitive costs often associated with this approach, recent improvements
in computer performance and the development of highly efficient algo-
rithms [45-47] have made industrial applications increasingly feasible.

Topology optimization for NPR metamaterials began with the pio-
neering work of Sigmund [48]. His seminal study employed homoge-
nization and density-based topology optimization to design an RVE, sub-
sequently arranging these RVEs periodically throughout the spatial do-
main. Building upon this foundation, Andreassen et al. [49] investigated
the design of a manufacturable 3D isotropic elastic NPR metamaterial by
employing the solid isotropic material with penalization (SIMP) method
along with a robust formulation to ensure a minimum size constraint.
Typically, topology optimization for RVE design in NPR metamaterials is
confined to cubic design domains. However, periodicity is not inherently
limited to cubic arrangements. Zhang et al. [50] examined the influ-
ence of the design domain on the 2D design of NPR metamaterials using
parallelogram and hexagonal design domains, thus offering diverse pos-
sibilities for designing NPR metamaterials. The impact of misalignment
can be indirectly inferred by considering a parallelogram domain as a
misaligned square domain. Based on the misaligned periodic boundary
condition, Li et al. [51] numerically investigated the effect of misalign-
ment on NPR by employing a square unit cell with a star-square feature
to demonstrate a direct relationship between NPR and misalignment.
Accordingly, the geometry of the periodic design domain influences the
outcome of the metamaterial design and can therefore be considered a
valuable design variable. Furthermore, by employing non-standard peri-
odic design domains, topology optimization can generate a wider variety
of design outcomes. In some cases, this approach can lead to the discov-
ery of microstructures with superior performance or manufacturability.
Specifically, incorporating misalignment into the design domain offers
a straightforward and effective approach to enhance design diversity.
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This study investigated the impact of misalignment within a periodic
design domain, explicitly considering it as one of the design variables
for the topology optimization-based design of NPR metamaterials. Ini-
tially, we investigated this aspect in 2D designs; then, we extended the
design methodology to 3D microstructures and experimentally validated
the design results using 3D printing. Section 2 introduces the FE analy-
sis method for an RVE to analyze the mechanical behavior of a periodic
microstructure, including misaligned periodic boundary conditions in a
square or cubic domain. Section 3 presents the topology optimization
of a misaligned periodic microstructure for designing NPR metamate-
rials, where the macroscopic effective Poisson’s ratio is formulated for
use in the objective function. Section 4 demonstrates the applicability
of the proposed method by designing uniaxial, biaxial symmetric, and
isotropic metamaterials with targeted NPR values in a 2D design do-
main. Section 5 extends the design method to a 3D design domain and
the resulting designs were fabricated using stereolithography-based 3D
printing. Finally, compression tests were performed to validate the ma-
terial behavior of the designed periodic microstructures.

2. Finite element analysis of representative volume element with
misaligned periodic boundary conditions

This section introduces the fundamental boundary value problem
for the deformation of a periodic microstructure and its computational
solution using the FE method, which facilitates the evaluation of macro-
scopic mechanical properties from microscopic heterogeneity, consider-
ing misaligned periodic boundary conditions.

2.1. Boundary value problem in solid mechanics

For deformation problems of periodic microstructures, the displace-
ment field w is decomposed into a macroscopic homogeneous part &
and a microscopic periodic part u [29]. The macroscopic homogeneous
displacement & can be calculated using the macroscopic strain € and the
microscale coordinates Y as # = €Y. The microscopic displacement w
and strain € can be formulated as follows:

w=u+u=¢Y +u, 1)
e=Vyw=¢€+Vyu. 2)

The boundary value problem for the microscopic periodic displace-
ment field u is formulated as

/0' 1 VyndQy =0 V1€ Wieiodics 3
Qy

where o is the stress, Qy is the volume of the periodic microstructure, n
is the variation of periodic displacement u, and W ;oic is the Sobolev
space of periodic functions. Macroscopic variables can be evaluated by
volume averaging the corresponding microscopic variables. For exam-
ple, the macroscopic stress is calculated as

s L
= o
Qy

cdQy. @

The boundary value problem (3) is solved using the finite element
method. For instance, by applying macroscopic uniaxial stress, the
macroscopic stress—strain curve and its microscopic deformation state
corresponding to tensile or compression tests can be evaluated. Addi-
tionally, by imposing small macroscopic strain modes, the macroscopic
stiffness coefficient C can be evaluated.

2.2. Misaligned periodic boundary condition of RVE

Considering points A and B on opposite sides of a periodic surface,
the displacement difference between these points can be expressed as
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Fig. 1. Illustration of (a) standard and (b) misaligned periodic boundary condi-
tions. Dash-dot lines are used to denote the correspondence within the periodic
arrangement.
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Based on Equation (5), the macroscopic homogeneous displacement on
the periodic boundary is imposed by controlling the macroscopic strain
€ as a boundary condition [31]. Equation (5) can be readily applied to
the periodicity of an RVE with misalignment. Fig. 1 illustrates standard
and misaligned periodic boundary conditions in the horizontal direc-
tion, where the misalignment d € [0,0.5] is defined as the ratio of the
misaligned length / and overall length L of the RVE. The periodic bound-
ary condition considering misalignment in 3D is detailed in Section 5.

3. Topology optimization for designing negative Poisson’s ratio
metamaterials

In this study, density-based topology optimization was applied to de-
sign metamaterial microstructures wherein material distribution within
a square or cubic design domain was optimized to achieve an objec-
tive function related to macroscopic mechanical properties. This section
focuses on presenting the formulation of the Poisson’s ratio used in
topology optimization. Subsequently, the optimization problem is de-
fined for the topology optimization of NPR metamaterials.

3.1. Formulation of Poisson’s ratio

Poisson’s ratio is defined as the negative ratio of transverse strain
€
trans

€axial
In 3D solids, considering a uniaxial stress state along direction a, the

strain components ¢; Vi € {1, -6} can be written as

€rans 1O axial strain e,,;,; in a uniaxial stress state, that is, v =

€= D; opia forae{1,2,3}, 6
where D is the stiffness matrix in the vector form of the stress—strain
relationship, and o,,;, is the uniaxial stress value. In the case of a =1,

the Poisson’s ratio for the applied stress direction (a = 1) is written as
€ +e3 Dgll +D3_11

@
2¢, 2 Dl_ll

Vi =

Assuming orthotropic elasticity, the above equation can be written using
the components of the stiffness matrix D and its fourth order expression
C as

_ Dyy (D33 = Dy3) + D3 (D = Do3)

2
Dy, D33 — Dy,

_ CIIZZ (63333 - C2233> + C33ll (62222 - C2233)
6222263333 -C

Vi

. (€))

2
2233
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For 2D problems, only in-plane strain was considered, which is equiva-
lent to the plane strain condition. Consequently, the Poisson’s ratio of a
2D problem was formulated as

o Cuz ©
Com

As aforedescribed, the Poisson’s ratio of a heterogeneous microstructure

for applied stress can be calculated by evaluating the stiffness coefficient

C through FE analysis of the RVE.

3.2. Design problem

Following Equation (8), the design problem for NPR microstructures
is formulated as minimizing the difference between the FE analysis-
derived macroscopic stiffness coefficient C; jir and the target values ij "
by using a weighted-sum multi-objective function [52,53]:

1

Find: p={p°} forp®e€l0,1],

P _ a * 2
Minimize: F =), Wik (Cijrg — C[jk]) , (10)
Subject to: QLY /Qy pPrAdQ<Q .,

where p¢ represents the element density, varying between 0 and 1, and
Q. denotes the upper bound of the volume fraction. The term w;;,
represents the weight factor associated with the corresponding stiffness
coefficient C;, and is normalized according to the approach outlined
in Grodzevich and Romanko [54].

The topology optimization problem was solved using Altair Op-
tiStruct (version 2020, Altair Engineering, Inc., U.S.A.) by employing
the SIMP method with a power-law equation for element density penal-
ization. Additionally, mesh dependency was mitigated using a built-in
filtering algorithm integrated into the software. The dual method, an
efficient and robust algorithm for solving quasi-convex optimization
problems, was used to solve the structural optimization problem and
determine the optimal design. In the gradient-based topology optimiza-
tion method, design sensitivity was formulated based on the stiffness
component terms in the objective function using the adjoint variable
method.

4. Designing negative Poisson’s ratio metamaterials in 2D

In this section, the topology optimization design of NPR metama-
terials is demonstrated in a 2D square design domain under periodic
boundary conditions, considering misalignment, with focus on macro-
scopic anisotropy.

4.1. Design condition

Topology optimization was performed within a 2D square design do-
main discretized into a 100 x 100 grid of first-order quadrilateral finite
elements. Periodic boundary conditions, as expressed in Equation (5),
were applied. Three misalignment cases were considered: d = 0, 0.25,
and 0.5. Notably, this approach enables the use of the same regular grid
mesh for topology optimization across all misalignment cases. In the
standard boundary condition case (d =0), a 2 X 2 element region at the
center of the design domain was assigned a weaker material property
in the initial state. However, in misaligned cases, such artificial irreg-
ularity was unnecessary because the resulting design sensitivity tends
to be heterogeneous. The properties of the constituent material were as
follows: a Young’s modulus of 1,000 MPa and a Poisson’s ratio of 0.4,
which are simple values close to those of an elastic resin after UV curing.

In the topology optimization, the target values of the stiffness coeffi-
cient C;.“j ' Were defined, and the following components were set to zero
based on the orthotropic assumption:

Ciiij=Ciji=Cu=Cy; =0 i#j G, j€{L,2}). an



J. Zhou, 1. Watanabe and K. Kambayashi

Poisson’s ratio (V,)

L 0.5 0.4 0

LY 1

dpdt g

Misalignment

(8) Qe = 40%

. , . Materials & Design 253 (2025) 113819
Poisson’s ratio (V,)

b3k
- E IR
- BHHE

(b) Qunax = 50%

Fig. 2. Optimal microstructure designs of anisotropic negative Poisson’s ratio metamaterials with volume fractions of 40% and 50% under standard and misaligned

periodic boundary conditions.
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Fig. 3. Comparison of optimal microstructure designs of anisotropic negative Poisson’s ratio metamaterials (v, = -0.5) with a volume fraction of 40% under (a)

standard and (b, c¢) misaligned periodic boundary conditions.
4.2. Uniaxial anisotropic design

Anisotropic NPR metamaterials in 2D were designed with varying
values of v, under different misalignment conditions. The desired Pois-
son’s ratio was controlled by tuning the macroscopic stiffness coefficient,
Ci111> €122, and C,y 4, following Equation (9). The target values of the
macroscopic stiffness coefficient were explored to obtain the optimal
structures in all misalignment cases. Fig. 2 presents the optimal designs
of periodic microstructures exhibiting v, € [-0.6, —0.3] for three differ-
ent misalignments: d = 0,0.25, and 0.5. These designs were obtained
under the upper bounds of 40% and 50% for the volume fraction con-
straint. The optimized structures generally exhibited volume fractions
close to this upper bound. While achieving negative Poisson’s ratio char-
acteristics is generally more feasible with lower volume fractions, this
can make manufacturing difficult because of decreased stiffness and an
increase in the number of thin components. To balance manufacturabil-
ity with the desired properties, a volume fraction of 40% was adopted
for subsequent designs.

Fig. 3 compares the optimal microstructure designs for a target Pois-
son’s ratio of -0.5 and a volume fraction constraint with an upper bound
of 40%, under three different misalignment levels: d = 0,0.25, and
0.5. Misalignment introduces non-straight features in the design along

the loading direction. In the macroscopic stiffness matrix, D,; = Cy5,
and Dy, = C,y, exhibited different values as they were not explic-
itly controlled during the topology optimization. Although minor errors
(<1%) remain in the macroscopic Poisson’s ratio, the calculations con-
verged satisfactorily. The microstructure without misalignment (d = 0)
revealed a rotating mechanism [8] within the RVE. In contrast, the mis-
aligned microstructure with d = 0.5 exhibited a re-entrant mechanism
[55] instead. The microstructure with d = 0.25 displays intermediate
features, showcasing a transition between these two mechanisms. The
deformation mechanism can be altered without changing the volume
fraction or target Poisson’s ratio, simply by adjusting the misalignment.
However, it is important to note that the deformation mechanism is not
solely determined by the misalignment. For instance, Zhang and Khan-
delwal (2019) [50] demonstrated the design of NPR structures with
diverse deformation mechanisms by varying design conditions across
different geometries of design domain.

Next, deformation analyses were conducted by applying uniaxial
stress G, to investigate the mechanical behavior of the designed NPR
metamaterial microstructures under large deformation. Fig. 4 illustrates
the deformation state with distributions of equivalent strain, defined as

* = \/m |[dev[e]|l. As shown in Fig. 4, negative transverse deforma-
tion was observed in all three cases. In the case of d = 0.5, a pronounced
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Fig. 4. Deformation states and equivalent strain distributions of anisotropic microstructure designs of negative Poisson’s ratio metamaterials under (a) standard and

(b, ¢) misaligned periodic boundary conditions.
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Fig. 5. Relationships between macroscopic Poisson’s ratio and axial strain of
anisotropic microstructure designs of negative Poisson’s ratio metamaterials un-
der standard and misaligned periodic boundary conditions.

shear deformation mode appeared despite the decoupling of axial and
shear effects in Equation (11). This is attributed to the low macroscopic
shear stiffness, represented by C,,,,. Fig. 5 presents the relationships
between the macroscopic Poisson’s ratio, calculated using Equation (9),
and axial strain. The values of Poisson’s ratio initially coincided with the
designed values and then gradually decreased with increasing macro-
scopic axial strain in the cases of d = 0 and 0.25. In contrast, for d =0.5,
the Poisson’s ratio initially deviated from the designed value and subse-
quently exhibited a sudden increase during the deformation. The non-
linear behavior is attributable to the shear deformation mode. Notably,
the design is based on small strain theory; therefore, the actual behavior
at finite strain may deviate from the design predictions. The observed
nonlinear behavior in the case of d = 0.5 was likely induced by the mis-
alignment.

4.3. Biaxial symmetric design

In the preceding uniaxial anisotropic designs, the macroscopic stiff-
ness coefficient C,,;,, €2, and €,,,, were considered in the objective
function. For the subsequent biaxial symmetric designs, the component
C5,2, was additionally incorporated. The target Poisson’s ratio was set
to -0.4 under a volume fraction constraint of 40%, with the target macro-
scopic stiffness matrix defined as follows:

100 —40 O
D*= 100 0 for v;=v,=-04, (12)
sym. *

where * represents an arbitrary value.

Fig. 6 presents the optimal designs arranged in a 5 X 5 array, accom-
panied by the corresponding macroscopic stiffness matrices. The peri-
odic microstructures exhibited distinct mechanisms: a rotating mech-
anism under standard periodic boundary conditions and a re-entrant
mechanism under misaligned periodic boundary conditions, similar to
those observed in the uniaxial anisotropic designs. Additionally, Fig. 6
depicts a summary of the resulting Poisson’s ratio and Zener anisotropic
ratio. The Zener anisotropic ratio, as defined in 2D, is expressed as:

o = 4Cpo1p
= .
Ciin +Cop —Cin — Coyy

13

Based on the Zener ratio, these microstructures exhibit strong anisotropy.
4.4. Isotropic design

Lastly, periodic microstructures of isotropic NPR metamaterials were
designed by controlling the macroscopic stiffness coefficients C,;;;, C;; i
and C; ij (,j =1{1,2}) in topology optimization. The target Poisson’s
ratio was set to -0.4 under a volume fraction constraint of 40%, with
the target macroscopic stiffness matrix defined as follows:

50 -15 0
D*= 50 0 for vi=v,=-04 and a,=1 (14)
sym. 32.5

Fig. 7 presents the optimal designs with a 5 X 5 array arrangement,
along with the resulting macroscopic stiffness matrices and the corre-
sponding properties. Notably, microstructures with isotropic properties
were successfully obtained, even in the misaligned cases. Achieving the
target properties with high accuracy in these cases can be challeng-
ing, primarily owing to the need to control multiple components of the
macroscopic stiffness coefficients within the objective function (Equa-
tion (10)).

The results demonstrate that misalignment in the periodic boundary
condition allows for the design of microstructures with identical macro-
scopic properties but distinct morphologies and deformation mecha-
nisms. This highlights misalignment as a valuable design variable that
can introduce diversity into metamaterial design.
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Fig. 6. Optimal microstructure designs of biaxial symmetric negative Poisson’s ratio metamaterials with a volume fraction of 40% under (a) standard and (b, c)

misaligned periodic boundary conditions.

_Opt|m|zed Mlc_rostructure I\_/Iacroscoplc_ Properties
microstructure in array stiffness matrix
v, =-0.30
4993 -14.90 0
(a) =0 —14.90 49.93 0 } ,=-0.30
0 0 3242
n a, =1.000
Ly
;=-0.30
4994 —-14.77 0
(b)| d=0.25 —15.10 49.98 0 j v,=-0.30
0 0 32.50
h a, =1.002
Y1
,=-0.29
49.65 —14.48 0 _
(c)| d=0.5 —1523 4973 0 } 2 =031
W 0 0 3241 a, =1.004
Ly

Fig. 7. Optimal microstructure designs of isotropic negative Poisson’s ratio metamaterials with a volume fraction of 40% under (a) standard and (b, c¢) misaligned

periodic boundary conditions.

5. 3D design of negative Poisson’s ratio metamaterials

Based on the results from Section 4, 3D NPR periodic microstruc-
tures were designed considering misalignment in the periodic design
domain during topology optimization. The designed metamaterials were
then validated through experimental compression tests using 3D-printed
samples.

5.1. Design conditions

The design domain was discretized into a 64 X 64 X 64 grid of
first-order hexahedral finite elements. Periodic boundary conditions, as
derived in Equation (5), were applied. Fig. 8 shows the setting of peri-
odic boundary conditions. In the misaligned case, a complex periodicity
was considered on the top and bottom surfaces. Two misalignments,
d, and d,, were defined, as shown in Fig. 8(b), where the line and area
pairs of periodicity are summarized. Notably, instead of the simple pair-
ing observed in the standard periodicity shown in Fig. 8(a), four area
pairs were aligned diagonally across the top and bottom surfaces. This

study focuses on rectangular cuboid domains. However, other types of
misalignments can be explored in different space-filling periodic struc-
tures. Furthermore, non-design regions were defined within the design
domain, as shown in Fig. 9. The periodic pattern facilitates the gen-
eration of higher-order microstructures, enabling internal deformation
modes such as rotating and re-entrant deformation mechanisms.

In this study, 3D microstructures with cubic symmetry and a Pois-
son’s ratio of -0.4 were designed for both standard and misaligned peri-
odic boundary conditions. The misalignment was set to 0.5 in both the
Y, and Y, directions (i.e., d; = d, = 0.5). The properties of the con-
stituent material were identical to those used in the 2D design. The
target stiffness matrix with a volume fraction of 40% was set as follows:

049 -0.14 -0.14 = =% =%
049 -0.14 % =% =%
D* = 049 = % = 1s)
sym. * k%
* %
%
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Fig. 8. Configurations of (a) standard and (b) misaligned periodic boundary conditions in a 3D design domain.
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Fig. 9. Non-design regions in the 3D design domain.

This limited set of target values was chosen to ensure accurate results
in the topology optimization.

5.2. Design results

Fig. 10 presents the design results of the NPR microstructures de-
rived through topology optimization. It showcases both individual unit
cells and 3x3x3 array microstructures. The major values of the result-
ing macroscopic stiffness matrices, as well as the corresponding NPR
values for different applied stress directions and Zener anisotropic ra-
tios, are presented in Fig. 10. In the 3D topology optimization, achieving
accurate convergence to the target values posed a challenging. While
computational residuals increased in the 3D design process, the results
remained closely aligned with the target values, with deviations of less
than 10%.

To further illustrate the directional dependency, Fig. 11 presents po-
lar plots of Poisson’s ratio, which were calculated using the macroscopic
stiffness matrices. In these plots, red and blue colors represent positive
and negative values, respectively. Cubic symmetry is evident in both
microstructures, with negative Poisson’s ratios observed only along the
three axial directions. For all other loading directions, the material re-
sponse is not auxetic. As discussed in Section 4, controlling the shear
components of the macroscopic stiffness coefficient is crucial for ob-
taining isotropic microstructures.

Subsequently, deformation analyses were performed by applying
uniaxial stress along each orthogonal axis (Y],Y,, and Y3) to investigate
the mechanical behavior of the designed NPR metamaterial microstruc-
tures under large deformations. Fig. 12 depicts the finite element meshes
of the designed microstructure, wherein one-eighth of the volume has
been rendered transparent to visualize the interior structure, along with

the deformation state and equivalent strain distributions. Fig. 13 illus-
trates the relationships between the macroscopic Poisson’s ratio, calcu-
lated using Equation (8), and axial strain. Consistent with the 2D results
presented in Fig. 5, the values of Poisson’s ratio initially aligned with the
designed value but subsequently diverged with increasing macroscopic
axial strain in the both cases owing to the effect of finite strain.

5.3. Experimental validation

The 3x3x3 array microstructures of designed unit cells were fab-
ricated using an elastic photopolymer resin (Elastic 50A resin, Form-
labs, USA) and a 3D printer (Form 3, Formlabs, USA). The specimens
had dimensions of 4 cm X 4 cm X 4 cm. After a 15-min wash with
isopropanol, the 3D-printed specimens were fully cured at 60 °C for
20 mins. The mechanical properties of the fabricated specimens were
subsequently evaluated through static compression tests, which were
conducted in three orthogonal directions using a motorized test stand
(AGXplus-10 kN, Shimadzu, Japan). While compression tests were pri-
marily used in this study, the designed microstructures, derived through
topology optimization, also exhibit NPR behavior when subjected to
tensile tests [53]. The specimens were subjected to uniaxial compres-
sion at a constant displacement rate of 10 mm/min during both loading
and unloading, reaching a maximum axial strain of 0.2. Sequential im-
ages of the deforming samples were captured during the experiments
to evaluate the deformation state and calculate Poisson’s ratio in post-
processing.

Fig. 14 illustrates the fabricated microstructures and their deforma-
tion behaviors. Notably, negative transverse deformation was observed
across all cases. The deformation patterns evident in each unit cell
demonstrate agreement with those predicted via numerical simulations,
as presented in Fig. 12. In the case of compression along the Y, direction
for the misaligned microstructure, structural buckling became apparent
due to the boundary condition imposed at the sample surface during
the compression test. While this effect could potentially be mitigated
through the use of larger arrays, it is noteworthy that NPR behavior
was still consistently observed, even in the presence of this issue. Fig. 15
presents the axial stress—strain curves for the 3D-printed NPR metama-
terial samples, as derived from the compression tests. For the sample
designed under the standard periodic boundary condition, the stress—
strain curves exhibited near identity across all loading directions up to
an axial strain of 0.1. In contrast, for the sample designed under the
misaligned periodic boundary condition, the responses were distinctly
categorized into two groups: parallel (Y; and Y,) and perpendicular
(Y3) directions to the surface defining the misaligned boundary con-
dition. This behavior is attributed primarily not to the aforementioned
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Optimized microstructure Microstructure in array Macroscopic stiffness matrix
0470 -0.122 -0.122
0468 —0.123
0.471
0.083
sym. 0.083
(a) 0.083
Y, vy =-0.351 v, =-0.352 v; =-0.350
L1 oy, a, =0.280
0499 -0.127 -0.139
0.500 —0.135
0.507
0.055
sym. 0.055
(b) 0.055
Y, V1= -0.374 v, =-0.348 v; =-0.367
YZ\T Y, a4, =0.173

Fig. 10. Optimal microstructure designs of 3D negative Poisson’s ratio metamaterials with a volume fraction of 40% under (a) standard and (b) misaligned periodic

boundary conditions.

I
’:2\1Y1

Fig. 11. Polar plots of Poisson’s ratio in optimized microstructures under (a)
standard and (b) misaligned periodic boundary conditions.

-0.4

Table 1
Experimental results: Poisson’s ratio at axial strain 20 %.

Misalignment ~ Compression direction Transverse strain 2D Poisson’s ratio

Y, 0.081 -0.405
dy=dy,=0 Y, 0.072 -0.36

Y; 0.084 -0.42

Y, 0.043 -0.215
dy=d,=05 Y, 0.060 -0.30

Y3 0.069 -0.345

structural buckling, but rather to the inherent microstructure geometry
arising from the misalignment. Table 1 summarizes the measured trans-
verse strain and Poisson’s ratio. The Poisson’s ratio was calculated from
the transverse and axial strains, consistent with the definition of the two-
dimensional Poisson’s ratio in Equation (9). In the case of d; =d, =0,
the target Poisson’s ratio was achieved. Despite the aforedescribed unex-
pected material behaviors observed in the misaligned case, the sample
still exhibited NPR characteristics.

6. Conclusion

This study integrated finite element analysis method of a periodic mi-
crostructure with topology optimization for designing NPR metamateri-
als. Notably, based on the expansion capability of the periodic boundary
condition, the effect of misalignment in the design domain was inves-
tigated to enhance design potential. The misalignment resulted in non-

straight material distributions in the optimal designs; consequently, the
deformation mechanism of NPR changed, even with the same material
properties. Therefore, misalignment emerges as a significant design vari-
able in topology optimization. This design concept is broadly applicable
beyond NPR metamaterials, extending to the design of other mechani-
cal metamaterials. This study contributes to advancing the research and
development of smart metamaterials.
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Fig. 14. Deformation states of 3D-printed NPR metamaterial samples in compression tests at axial strain 20%.
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