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ARTICLE INFO ABSTRACT

Keywords: The thermopower a (also known as the Seebeck coefficient) is one of the most fundamental material
Pisarenko characteristics for understanding charge carrier transport in thermoelectric materials. Here, we revisit the
Thermopower Pisarenko formula for the thermopower, which was traditionally considered valid only for non-degenerate

Seebeck coefficient

N semiconductors. We demonstrate that regardless of the dominating scattering mechanism, the Pisarenko
Effective mass model

formula describes accurately enough the relationship between thermopower « and charge carrier concentration

Thermoelectrics n beyond the non-degenerate limit. Moreover, the Pisarenko formula provides a simple thermopower—
conductivity relation, a = i"f(b —Ino), where b is a constant determined by the scattering mechanism and
weighted mobility y,,, and o is the electrical conductivity. This relation is valid for materials with a > 90 pV K~!
when acoustic phonon scattering is predominant. This offers an alternative way to analyze electron transport
when Hall measurements are difficult or inaccessible. Additionally, we show how the Pisarenko formula can
be used to estimate the maximum power factor of a thermoelectric material from the weighted mobility of a
single, not necessarily optimized, sample at any given temperature.

1. Introduction The effective mass model is often used to analyze experimen-

tally measured thermopower. For many semiconductors, charge carrier
Thermoelectric materials are able to directly interconvert heat en- transport can be adequately described by considering the states near
ergy and electrical power, making them of particular interest for appli- the band edge [6-8]. When parabolic dispersion is assumed, the ther-

cations in solid-state cooling and power generation [1,2]. Thermoelec- mopower can be considered as the measure of the chemical potential y

tric materials research typically aims to identify or develop materials (refer to the Supporting Information file for details) [9]. Experimental

with the best possible thermoelectric efficiency, defined by the figure of thermopower measurements, in turn, are relatively straightforward to

merit zT = a?6T / (k. + K1), Where a, o, T and «,; with «,, represent
the thermopower, electrical conductivity, temperature, electronic and
lattice (phonon) thermal conductivities, respectively. Improving zT
is a non-trivial task due to the interrelationship among a, o, x4,

perform and highly widespread, particularly in laboratories focused on
thermoelectric materials research. A common approach is to fit the ex-
perimental data to the form expected for a semiconductor with a single
parabolic band, where charge carrier transport is dominated by a single

and «,;, mainly correlated through the charge carrier concentration n - . . ;
! . - . . scattering mechanism (e.g., acoustic phonon scattering), and the effec-
(chemical potential u) and the scattering mechanisms involved [3,4]. . s .
tive mass m* independent of doping level and temperature. However,

Therefore, understanding charge carrier transport properties is essential d . L . . .
. . g .g R portb p. . many materials deviate from this idealized scenario [10], exhibiting
for engineering thermoelectric materials and enhancing their perfor- | .
. . . multi-valley band structures [11,12], non-parabolic bands [13], com-
mance. Thermopower «, in turn, is a fundamental material parameter

particularly helpful to understanding and optimizing thermoelectric plex scattering mechanisms [14], or d.isorder that aff?Cts the carrier
materials. « depends on the band structure, charge carrier transport transport [15,16]. Nevertheless, even in such cases lying beyond the
entropy, scattering mechanism, and the doping level of the material, single parabolic band approximation, the effective mass model remains
leading its quantity to be a collection of many characteristics, includ- one of the most simple yet useful tools for transport properties analysis,
ing band degeneracy, effective mass, scattering factor, and chemical guiding rational design toward better thermoelectric performance [17,
potential [5]. 18].
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1.1. Effective mass model

Within the effective mass model, where carrier transport is dom-
inated by majority carriers and described by a single parabolic band
with a single scattering mechanism, the carrier relaxation time z can
be expressed by a simple power-law z(e) = ry¢” with r representing
the scattering factor. Consequently, the thermopower at any tempera-
ture or doping level can be described as a function of only chemical
potential [6,8]:

o +kB <(r +5/2) Frpapy (1) >
a = _— _— S
P e e+ )

e
where kg is the Boltzmann constant, e is the electron charge, and F; (1)
is the jth order Fermi integrals defined as

ﬂm=Am < e, @

(€Y

1 +es1
with ¢ = E/kgT representing the reduced carrier energy, and n =
u/kgT representing the reduced chemical potential. The charge carrier
concentration in this context is given by

mikgT 2
n(ﬂ)=4ﬂ<T> Fyy (), 3

where m} is the density-of-state effective mass, & is the Planck con-
stant. Therefore, the effective mass mZ value can be estimated from
experimental values of thermopower a and carrier concentration n.
For practical purposes, however, it is convenient to use analytical
expressions that directly connect « and n, avoiding numerical integra-
tion of the Fermi integrals (Eq. (2)). For the two limiting cases of a
degenerate (4 > 5) and a non-degenerate (5 < —1) semiconductors,
the Fermi integrals can be solved analytically, providing relatively
simple expressions for the transport coefficients (for details, refer to
Supporting Information; Figure S1). Note that the band edge (3 = 0) is
used as the reference point for the chemical potential [6,7].

In the degenerate limit, Fermi integrals (Eq. (2)) can be expressed
as a power series through the Sommerfeld expansion, thereby reducing

Egs. (1) and (3) to

kB 72 r+3/2

a(n)=ie 3 . n>5) ()]
and

2m* kTN /2
nw=%<—%i> P2 (=5 )

By combining Egs. (4) and (5), one obtains the well-known formula for
the thermopower in degenerate semiconductors [8]:

SﬂzszT . (1)2/3 <r+ §>
3en2 4 \3n 2/
In the non-degenerate region, Fermi-Dirac statistics can be replaced

by Boltzmann statistics, simplifying Eq. (1) for the thermopower to

(6)

a ==

kg 5
=42 - - <-.
am=+=L(r+3-n) @=-1 @
Similarly, the carrier concentration in the bandgap is expressed as
2amykgT 2
n(ﬂ)=2<T> e (n<-1. (8)

Accordingly, using both Egs. (7) and (8), the relation between « and n
for non-degenerate semiconductors could be expressed as:
3/2
k 2 (2zm* kgT
B r+ é +1n %
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Fig. 1. Effective mass my as a function of the thermopower «, calculated from
the experimental data of Yb,Co,Sb;, (Ref. [26]) using the numerical solution
(Eq. (3), black symbols), and two analytical formulas, namely, for degenerate
semiconductors (Eq. (6), red symbols) and Pisarenko formula (Eq. (9), blue
symbols). Acoustic phonon scattering was assumed (r = —1/2). The vertical
gray dotted line indicates the threshold « value (~ 155uV/K), below which
Eq. (6) provides more accurate m estimates. The black arrows indicate
underestimation of m}, when Eq. (6) is used for « > 1551V /K. The gray dashed
curve is a guide to the eye to visualize the general trend.

1.2. Historical background

Relation, shown in Eq. (9), also commonly referred to as the Pis-
arenko formula, is believed to have been derived by Nikolai Pisarenko
between 1936 and 1940. However, the historical attribution of the
Pisarenko formula (Eq. (9)) remains unclear. While it is indeed widely
associated with Pisarenko, there is no evidence that he ever published
this formula [19]. The first explicit mention of Pisarenko’s contribu-
tions to thermoelectricity appears in the 1940 review paper by Davydov
and Shmushkevich, where they noted that most of the formulas de-
scribing galvanomagnetic, thermomagnetic, and thermoelectric effects
(including Eq. (9)) in non-degenerate semiconductors were derived by
Pisarenko [20]. However, Matvei Bronstein apparently first studied
these effects in non-degenerate semiconductors in 1932-1933 [21,22].
In his papers, Bronstein provided the classical relation for a() in the
non-degenerate limit (Eq. (7)), as well as a precursor to the Pisarenko
formula connecting « and n. Given the overlapping timeline, it is
possible that Pisarenko and Bronstein collaborated or worked in paral-
lel [23], but the historical records remain ambiguous. It is worth noting
that Bronstein’s contributions to semiconductor physics were cut short
by his execution in 1938 during the Great Purge, and citing his works
during that period may have been considered dangerous [24]. Even so,
Davydov and Shmushkevich included references to Bronstein’s research
in their 1940 paper, indicating its foundational importance. The ques-
tion of Pisarenko’s specific role in deriving the relation that now bears
his name thus remains an open topic for historical investigation [25].

2. Discussion

While some thermoelectric materials can indeed be considered de-
generate semiconductors, a significant number of state-of-the-art sys-
tems are actually only partially degenerate (i.e., —1 < n < 5) [3]. Partial
degeneracy means that a semiconductor can exhibit features of both
degenerate and non-degenerate regimes, e.g., metallic-like behavior of
o(T) along with relatively high thermopower (Ja| > 150 uV/K). This
combination, indeed, is frequently observed in well-known thermoelec-
tric materials such as Co4Sby,-based skutterudites [27,28], Mg5(Sb,Bi),
alloys [29,30], BiCuSeO oxyselenides [31], and others. Moreover, prop-
erly optimized materials usually have a chemical potential n close to
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Fig. 2. Thermopower « as a function of the chemical potential #, calculated
using the numerical solution (Eq. (1), black solid curve), the degenerate
limit (Eq. (4), red dotted curve), the non-degenerate limit (Eq. (7), blue
dotted curve), and two analytical formulas for degenerate (Eq. (6), red dashed
curve) and non-degenerate (Pisarenko formula, Eq. (9), blue dashed curve)
semiconductors within the acoustic phonon scattering approximation (r =
—1/2). The upper panel shows §, the relative difference in « calculated using
the corresponding formulas. The thin gray dotted lines indicate the threshold
where § between « values calculated from Egs. (6) and (9) is equal and reaches
~ 13 %, representing the limits of their applicability.

the band edge (7, ~ 0, a,, ~ 200pV/K) [17,32], which can result in
significant underestimation of the effective mass by up to 30 % when
using Eq. (6) (Figs. 1, S2).

At first glance, the limits of applicability of the Pisarenko formula
(Eq. (9)) should match those of the classical Bronstein formula (Eq. (7)).
However, as initially noted by Yu.P. Maslakovets and later confirmed
by T.A. Kontorova [33], this is not the case. The Pisarenko formula
(Eq. (9)), in fact, agrees with the numerical solution (Eq. (1)) beyond
non-degenerate limit up to n ~ 1 with an error of less than 10%
(Fig. 2). As shown in Fig. 2 for the case of acoustic phonon scattering
(r = —1/2), the partially degenerate regime spans a broad interval of
thermopower values, ranging approximately from 56 uV/K (3 = 5) to
272 uV/K (n = —1). Within this range, both analytical formulas, Egs. (6)
and (9), exhibit reasonable agreement with the full numerical solution
from the corresponding sides, each maintaining a relative deviation
below 10% up to |a| ~ 145uV/K (Fig. 2). Therefore, the Pisarenko
formula accurately describes a(n) relationship for materials with |a| >
150 pV/K (Figure S3). For higher degrees of degeneracy (y > 1 and |a| <
150pV/K), Eq. (6) for degenerate semiconductors provides a better
accuracy (Figs. 2, S3). This result is independent of temperature or the
value of the effective mass. The only parameter affecting the agreement
between the analytical formulas and the full numerical solution in the
intermediate degeneracy region is the scattering factor r. Nevertheless,
since the qualitative trends in a(y) and a(n) remain similar regardless
of the scattering mechanism, we focused on presenting and discussing
results for acoustic phonon scattering (» = —1/2) in the main text, as
it is still the most commonly observed dominant scattering mechanism
in thermoelectric semiconductors. Yet, considering a growing body of
studies suggesting polar optical phonon (r = 1/2) or ionized impurity
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Fig. 3. A Jonker plot (a vs. log-scale o), schematically displaying the
thermopower—conductivity relation as predicted by the Pisarenko formula
(Eq. (11), white dashed line) and the full numerical solution (Eq. (1), light
gray dotted curve). The slope of the Pisarenko line is +kg/e ~ +86.291 uV/K
(positive slope for n-type semiconductors and a negative slope for p-type
semiconductors), while its horizontal position is determined by the weighted
mobility yu, value.

(r = 3/2) scattering as dominant mechanisms in certain classes of
thermoelectric materials [34-38], we also provide results for r = 1/2
and r = 3/2 in the Supporting Information. We demonstrate that the
Pisarenko formula (Eq. (9)) remains valid for « values above 130 —
150 pV/K regardless of the scattering mechanism (Figures S4, S5). That
said, it is important to emphasize that for thermoelectric materials
with |a| > 150pV/K, the effective mass m, should be estimated using
the Pisarenko formula (Eq. (9)) rather than the more commonly used
expression for degenerate semiconductors (Eq. (6)), to avoid potentially
significant underestimation, as demonstrated in Fig. 1.

However, analyzing the thermopower « as a function of carrier
concentration » is limited since it still requires data from Hall measure-
ments. For materials with high electrical resistivity and/or low charge
carrier mobility, Hall measurements can be difficult or even impossible
to perform. Additionally, the interpretation of the Hall data can be
complicated for materials with a pronounced contribution from the
anomalous Hall effect. From a practical perspective, it is much more
convenient to analyze the relationship between « and o, both of which
can be readily measured over a wide temperature range, whereas Hall
measurements are typically performed at or below room temperature.
Similar to how a(n) relations are derived (Egs. (6) and (9)), a(c)
relations can also be obtained for both degenerate and non-degenerate
regions (see Supporting Information for details):

1
kg 7?2 3 OF, \ 372
=22 () (2 ao
and
_ kg 5 5\ 9E
a—i?<r+§+ln[l“(r+§>7]>, an

respectively. Here, I is the gamma function, and o, is the transport
coefficient, which is merely a function of the weighted mobility 4x,,:

8re (ZmekBT)s/2
Opy = Her 12)
The weighted mobility is given by u,, = puqy (m} /me)3/ *, where
represents the intrinsic carrier mobility, and m, is the electron mass.

Essentially, weighted mobility can be thought of as a descriptor of
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a material’s inherent electronic transport properties, determining the
maximum achievable power factor at a given temperature, as will
be shown later. Furthermore, the weighted mobility can be consid-
ered an experimental parameter that, unlike the effective mass, can
be easily calculated from the measured thermopower and electrical
conductivity [39].

Eq. (11) provides a simple form of the thermopower—conductivity
relationship:

a=ik—B(b—ln0') 13)
e

with
5 5

b—r+z+ln[F(r+§>UE0] a4

and can be represented as a straight line with a slope of +kg/e ~
+86.291 pV/K (positive slope for n-type semiconductors and a nega-
tive slope for p-type semiconductors) on a linear a vs. log ¢ scale
(Jonker plot, Fig. 3). In the case of acoustic phonon scattering, the
a(o) relationship provided by the Pisarenko formula (Eq. (11)) agrees
with the numerical solution (Eq. (1)) down to |a| ~ 90pV/K (Figs. 3,
S6). It should be noted, however, that the agreement is notably less
accurate for other scattering mechanisms. For polar optical phonon
scattering (r = 1/2) and ionized impurity scattering (r = 3/2), the lower
bounds for reliable applicability of Eq. (11) increase to 168 pV K~! and
236 4V K~!, respectively (Figure S7). Despite its virtual simplicity, the
prediction given by the Pisarenko formula (Eq. (11)), in general, is well
substantiated by experiments, even though the materials under study
were not necessarily single band or non-degenerate semiconductors
(Fig. 4) [40-43]. In many such materials, indeed, the simultaneous
change of « with ¢ upon rigid-band-like doping follows a slow logarith-
mic decrease as shown in Fig. 4a [44-50]. Moreover, as noted earlier,
there exists a significant group of partially degenerate semiconductors
in which the charge carrier concentration n, as well as the effective
mass m, remain constant or change only slightly with temperature.
For these materials, the Pisarenko formula can reasonably capture not
only a(n) and a(c) trends, but also the temperature dependence of the
thermopower (Figure S8). Furthermore, considering the temperature
dependence of the chemical potential [9], or including the contribu-
tion from minority carriers [51,52], allows the Pisarenko formula to
describe the temperature dependence of the thermopower in a broad
range of semiconducting materials with reasonable accuracy [53,54].
In this context, the Jonker-type analysis can serve not only as an alter-
native to Hall measurements when they are not accessible, but rather as
a complement that may offer additional insights. At this point, we also
note that Egs. (6) and (9) (or their a(c) analogues) can serve as physi-
cally meaningful endpoints for constructing closed-form approximation
of thermopower across the entire range from the non-degenerate to
degenerate regime (see Supporting Information). In principle, it can
be also done for other transport parameters to build the so-called
restructured single parabolic band model, as recently demonstrated by
Zhu et al. [55] and Hu et al. [56]. Nonetheless, we want to stress that
all the above considerations were developed within the isotropic effec-
tive mass approximation, which limits the applicability of the present
approach to materials with highly complex or highly anisotropic band
structures. In such cases, the effective mass should be treated as a
tensor, and the description of the thermopower-conductivity relation
requires a more sophisticated treatment, for details, please refer to
Refs. [57-60].

In case of acoustic phonon scattering (r = —1/2), the applicability
range of the Pisarenko formula (Eq. (11)) should be also sufficient to
accurately describe the power factor a’s and predict its maximum,
expected at n ~ 0.67 within the effective mass model. Considering
Eq. (13), the power factor can be expressed as

2
a’o = (%3) o(b?> = 2bIno + (In6)?). 15)
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Fig. 4. Experimental (a) absolute thermopower |«| and (b) power factor
a’c as functions of electrical conductivity o for selected thermoelectric ma-
terial systems at various temperatures, including La,CuO, (1123K) [41],
BiCuSeO (800K) [61-63], CuGaTe, (475K) [48,64], BagGa;¢Sny, (500K) [65],
PbTe (700K) [66], Mg»(Si,Sn) (300K) [67], Co,Sb;, (800K) [68,69], FeNbSb
(800K) [70], Bi,Teg (300K) [71], and Cu,Se (773K) [72]. Dashed lines rep-
resent Pisarenko formula based predictions (Egs. (11) and (15), respectively),
calculated using different values of weighted mobility y, providing the best
agreement with each experimental dataset. A portion of the literature data was
retrieved from the StarryData2 database [73,74].

This expression, derived from the Pisarenko formula, agrees well with
the full numerical solution and underestimates the maximum value of
the power factor by only about 1.5% (Fig. 5). The maximum power
factor, in turn, can be determined from the condition o) _ 0, which
yields Inc = b — 2. Therefore, in this simplified theoretical model,
(a%6) . depends only on r and u,, (or OF,):

kg : 5
(@26 = 4 <?> H2r (r+ 5) Ok, (16)
Considering r = —1/2, Eq. (16) can be rewritten as

3/2

kg 2 8re (2m kBT)
(020) oy = 4 (?> ;Tﬂw a7)
or
(@26) e = 173 - 107°T32 | 18)

where (a%6),, is in pW/cm/K? and p,, in cm? V~!s~!, Hence, given
only the electrical conductivity and thermopower of a single sample
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Fig. 5. Normalized power factor (a?c)/(a’c),,, as a function of electrical
conductivity ¢ calculated using the full numerical solution (black solid curve),
the non-degenerate limit (blue dotted curve), the degenerate limit (red dashed
curve), and the Pisarenko formula (Eq. (15), blue dashed curve) within the
acoustic phonon scattering approximation (r = —1/2). The upper panel shows
5, the relative difference in (a’c)/(a’0),,,, calculated using the corresponding
formulas.

at an arbitrary doping level, Eq. (18) can provide a reasonable esti-
mate of its highest power factor expected after optimizing its carrier
concentration (Fig. 4b). A similar analysis can also be extended to the
thermoelectric figure of merit zT' as shown in Figure S9. However,
it, in addition, requires assuming a fixed value of the lattice thermal
conductivity «;, across the entire doping range, which is often not
realistic due to its sensitivity to mass and strain fluctuations caused by
dopant. Therefore, while the predictive strength of the zT'(n) or zT'(¢)
is generally lower than that of the power factor, this approach may
still offer useful first-order insights into the optimization potential of a
given thermoelectric material.

3. Conclusion

Considering the increasing ease, availability, and quality of electri-
cal transport measurements, namely, a and o, the Jonker-type analysis
can become a preferred first step in the characterization of many
thermoelectric materials. The amount of information that can be ex-
tracted from just one measurement is substantial. In this context, the
Pisarenko formula provides a simple yet robust analytical link between
thermopower and conductivity (or carrier concentration) under the
effective mass approximation. While traditionally associated with non-
degenerate semiconductors, we have shown that this formula remains
reasonably accurate well beyond the non-degenerate limit. In particu-
lar, for materials with |a| > 150 pV /K, the Pisarenko formula (Eq. (9))
yields a more accurate estimate of the effective mass than the widely
used expression for degenerate semiconductors (Eq. (6)). Likewise, the
thermopower—conductivity relation derived from the Pisarenko formula
(Eq. (11)) remains applicable down to |¢| ~ 90pV/K for acoustic
phonon scattering, and enables practical analysis of charge carrier
transport even in the absence of Hall measurements. Even in the
era of first-principles calculations and advanced Boltzmann transport

Materials Today Physics 58 (2025) 101845

modeling, the Pisarenko formula retains conceptual value as it can
offer a first-order description of a material’s electronic structure, reveal
trends, or serve as a baseline for identifying anomalous transport
behavior [48,75]. We emphasize that the goal of this paper is not to
claim the universality of the Pisarenko formula, but rather to highlight
its practical range of validity, practical limitations, and provide a
coherent framework for its use in rational analysis of thermoelectric
transport. We believe that such analysis remains a useful and accessible
method for initial interpretation of the transport data, assessing a mate-
rial’s optimization potential, and guiding more detailed computational
investigations [76-80].
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