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Theory for tunnel magnetoresistance oscillation
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The universal oscillation of the tunnel magnetoresistance (TMR) ratio as a function of the insulating barrier
thickness in crystalline magnetic tunnel junctions (MTJs) is a long-standing unsolved problem in condensed
matter physics. To explain this, we here introduce a superposition of wave functions with opposite spins and
different Fermi momenta, based on the fact that spin-flip scattering near the interface provides a hybridization
between majority- and minority-spin states. In a typical Fe/MgO/Fe MTJ, we solve the tunneling problem and
show that the TMR ratio oscillates with a period of ∼3Å by varying the MgO thickness, consistent with previous
and present experimental observations.
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The tunneling effect is one of the most fundamen-
tal phenomena in quantum mechanics originating from the
wave nature of matter. In particular, quantum tunneling
has played an important role for various topics in con-
densed matter physics. For example, in the case of p-n
junctions, electrons tunnel through the depletion layer un-
der large electric field, giving rise to negative differential
resistance [1]. As another example, tunneling spectrum in
a metal/insulator/superconductor junction provides a clear
signature of a gap structure in the density of states of
the superconductor, validating the Bardeen-Cooper-Schrieffer
theory [2]. Moreover, the scanning tunneling microscope uti-
lizes tunneling electrons for imaging surfaces in the atomic
level [3].

The tunnel magnetoresistance (TMR) effect is another
topic related to tunneling in the field of spintronics. This oc-
curs in magnetic tunnel junctions (MTJs) consisting of an in-
sulating barrier sandwiched between ferromagnetic electrodes
[Fig. 1(a)]. The wave functions in different spin channels
have different transmission probabilities because of imbal-
anced band structures, leading to finite magnetoresistance.
One can estimate the magnitude of the magnetoresistance
by defining the TMR ratio as a ratio of resistances be-
tween parallel and antiparallel magnetization states of the
two ferromagnetic electrodes. In 2004, Parkin et al. [4] and
Yuasa et al. [5] reported significantly high TMR ratios in
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Fe(Co)/MgO/Fe(Co)(001) MTJs, which provided a basis for
further fundamental studies of the TMR effect and their de-
vice applications. However, there is a missing piece in the
mechanism of such a giant TMR effect; the universal oscilla-
tion of the TMR ratio as a function of the insulating barrier
thickness [5–8] has not been explained satisfactorily. In a
report of the giant TMR effect in Fe/MgO/Fe(001) [5], Yuasa
et al. observed an oscillation of the TMR ratio with a period
of ∼3 Å by varying the MgO thickness, referred to as the
TMR oscillation. Subsequent experiments [6] clarified that
the TMR oscillation originates from resistance oscillations
in both parallel and antiparallel magnetization states. Here,
electron tunneling through MgO occurs between the same
(different) spin states of the two electrodes in the parallel
(antiparallel) magnetization state. Recent experiments for a
series of MTJs with high crystallinity [9–11] found that the
TMR oscillation with a period of ∼3 Å is universally observed
and its amplitude is much larger than ever reported. Therefore,
to elucidate the origin of the TMR oscillation will advance
our understanding not only on the TMR effect but also on
the quantum tunneling itself. This will also provide guiding
principles for achieving even higher TMR ratios.

Conventionally, high TMR ratios in Fe/MgO/Fe(001)
have been explained by the �1 coherent tunneling mecha-
nism; the half-metallic �1 band structure of Fe [Figs. 1(b) and
1(c)] and the slowest decaying �1 evanescent state of MgO
enable a selective tunneling of the perfectly spin-polarized �1

state, leading to a high TMR ratio [12,13]. However, the TMR
oscillation cannot be explained by this mechanism [12–14].
Although additional effects, such as interference of evanes-
cent states [12] and nonspecular tunneling [15], have been
considered, these provide a resistance oscillation only in the
antiparallel magnetization state, qualitatively in disagreement
with the experimental results. Another study [16] proposed an
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FIG. 1. (a) Schematic of the Fe/MgO/Fe MTJ. (b), (c) Majority
(↑) -spin and minority (↓) -spin band structures of bcc Fe along the �

line with k‖ = 0. (d) Illustration of our idea including a superposition
of wave functions with different Fermi momenta.

oscillation of the TMR ratio due to the quantization in the fer-
romagnetic layer, but this occurs when varying the thickness
of the ferromagnetic layer, inconsistent with the experimental
situation.

In this Letter, we show that the TMR oscillation can be
explained by taking into account a superposition of wave
functions with opposite spins and different Fermi momenta
for the tunneling problem. It is known that spin-flip scatter-
ing occurs near interfaces of MTJs [17–19], indicating that
spin is not a good quantum number in this system. This
provides a hybridization between majority- and minority-spin
states with different Fermi momenta [Figs. 1(b) and 1(c)],
which justifies our assumption on the superposition of wave
functions. Focusing on Fe/MgO/Fe(001), we solve tunnel-
ing problems assuming a superposition of majority-spin �1

and minority-spin �2 wave functions with different Fermi
momenta as a transmitted wave function [see Fig. 1(d)]. We
obtain transmittances in the parallel and antiparallel mag-
netization states, from which the TMR ratio is calculated.
It is found that the transmittances and the TMR ratio have
oscillatory behaviors with a period of ∼ 3 Å as a function of
the MgO thickness, in agreement with previous and present
experimental observations. We also show that the calculated
TMR ratio can reproduce our experimental results not only
qualitatively but also quantitatively by tuning the parameters
in our model. Although we focus on the TMR oscillation in
this Letter, the superposition of wave functions with different
Fermi momenta is a general concept and would be helpful to
understand transport properties in other tunnel junctions with
superconductors, semiconductors, etc.

To make the point of our approach clearer, we start by re-
viewing the conventional analytical treatment of the tunneling
problem in an MTJ. Let us consider the situation that the wave
function in the left electrode propagates to the right electrode
passing through the insulating barrier, which is described by a
coordinate system with the z axis along the stacking direction
of the MTJ [Fig. 1(a)]. For simplicity, we focus on the wave
functions with k‖ = (kx, ky) = (0, 0) providing the dominant
contribution to tunneling transport. When the Fermi momen-
tum is given by kz = kL (kR) in the left (right) electrode, the
wave function ψL (ψR) in the left (right) electrode and the
wave function ψb in the insulating barrier are expressed as

ψL(z) = eikLz + R e−ikLz, (1)

ψb(z) = A e−κz + B eκz, (2)

ψR(z) = C eikRz, (3)

where κ is the decaying wave number inside the insulating
barrier. After determining R, A, B, and C from continuation
conditions for the wave function and its derivative at z = 0 and
d [20], we find the following expression for the transmittance:

T = 16 k̃Lκ2k̃Re2κd

[κ (k̃L + k̃R)(1 + e2κd )]2 + [(κ2 − k̃Lk̃R)(1 − e2κd )]2
,

(4)

where d is the thickness of the insulating barrier,
k̃L = (mb/mL) kL and k̃R = (mb/mR) kR. Here, mL(R) and mb

are the effective masses in the left (right) electrode and the
insulating barrier, respectively [32]. We can obtain the con-
ductance G by substituting Eq. (4) into the Landauer formula
G = (e2/h) T . The �1 coherent tunneling mechanism men-
tioned above can be confirmed by employing this tunneling
theory in combination with the first-principles calculation
[34–36].

However, this conventional tunneling theory cannot de-
scribe the oscillation of the TMR ratio in the Fe/MgO/

Fe(001) MTJ. Actually, the transmittance in the parallel mag-
netization state is obtained by putting kL = kR = k1 (or k2)
in Eq. (4), where k1 and k2 are the Fermi momenta of the
majority-spin �1 and the minority-spin �2 bands of Fe, re-
spectively [see Figs. 1(b) and 1(c)]. Note that the negative
k2 value with a positive group velocity is chosen for the
minority-spin state, since we focus on right-moving states.
The transmittance in the antiparallel magnetization state is
similarly obtained by setting kL = k1 (or k2) and kR = k2

(or k1) in Eq. (4). As seen from Eq. (4), both the parallel
and antiparallel transmittances decrease exponentially with
increasing d in monotonic manner without any oscillations.

To explain the oscillation in the transmittance, we in-
troduce a superposition of wave functions between the
majority-spin �1 and minority-spin �2 states for the transmit-
ted wave in the tunneling problem [37]. Details on the choice
of these wave functions are discussed in the Supplemental
Material [20]. Let us first calculate the parallel transmittance
TP. Based on the fact that the majority-spin �1 state pro-
vides the dominant contribution to the TMR effect [12,13],
TP can be calculated as TP = TP,↑ + TP,↓ ≈ TP,↑, where ↑
(↓) indicates that tunneling electrons are in the majority-spin
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(minority-spin) state in the left electrode. For the calculation
of TP,↑, we consider a tunneling from the majority-spin �1

state in the left electrode to the superposition state in the right
electrode with the dominant contribution from the majority-
spin �1 state, which is given by

ψL(z) = eik1z + R e−ik1z, (5)

ψb(z) = A e−κz + B eκz, (6)

ψR(z) = C (u eik1z + v eik2z ). (7)

Here, u and v are matrix elements of the unitary matrix that
diagonalizes the 2 × 2 Hamiltonian, including the effect of the
interfacial spin-flip scattering as off-diagonal elements. An
explicit expression of the Hamiltonian and the derivation of
the wave function in Eq. (7) are given in the Supplemental
Material [20]. We impose |u| � |v| because of the dominance
of the majority-spin �1 state in TP,↑. The matrix elements also
satisfy the normalization condition |u|2 + |v|2 = 1. By using
the continuity of the wave function and its derivative at z = 0
and d [38], we can derive the following expression for TP,↑:

TP,↑ = k̃−1
1L [ũ2k̃1R + ṽ2k̃2R + ũṽ (k̃1R + k̃2R) cos ((k1 − k2)d − θ )]|C|2, (8)

Denominator of |C|2 = (eκd − e−κd )2
{
κ4[1 + 2 ũṽ cos ((k1 − k2)d − θ )]

− 2 κ2k̃1L[ũ2k̃1R + ṽ2k̃2R + ũṽ (k̃1R + k̃2R ) cos ((k1 − k2)d − θ )]

+ k̃2
1L

[
ũ2k̃2

1R + ṽ2k̃2
2R + 2 ũṽ k̃1R k̃2R cos ((k1 − k2)d − θ )

]}

+ (eκd + e−κd )2
{
κ2k̃2

1L[1 + 2 ũṽ cos ((k1 − k2)d − θ )]

+ 2 κ2k̃1L[ũ2k̃1R + ṽ2k̃2R + ũṽ (k̃1R + k̃2R ) cos ((k1 − k2)d − θ )]

+ κ2
[
ũ2k̃2

1R + ṽ2k̃2
2R + 2 ũṽ k̃1Rk̃2R cos ((k1 − k2)d − θ )

]}

+ 2 (eκd + e−κd )(eκd − e−κd ) ũṽ
(
κ2 + k̃2

1L

)
κ (k̃1R − k̃2R) sin ((k1 − k2)d − θ ) (9)

Numerator of |C|2 = 16 k̃2
1L κ2, (10)

where k̃1L = (mb/mL) k1, k̃1R = (mb/mR) k1, and k̃2R =
(mb/mR) k2. We put u = ũ and v = ṽ eiθ using positive real
numbers ũ and ṽ. The relation ũ2 + ṽ2 = 1 was used to
simplify the expression. Equations (8) and (9) include sev-
eral terms with cos ((k1 − k2) d − θ ) or sin ((k1 − k2) d − θ ),
leading to an oscillation of the transmittance as a function
of d . Physically speaking, this oscillation originates from the
interference of the majority-spin �1 and the minority-spin �2

wave functions in the transmitted wave, which is seen from
the analogy with the double-slit experiment in elementary
quantum mechanics [20]. The antiparallel transmittance TAP,↑
is easily obtained by replacing ũ with ṽ and ṽ with −ũ in
Eqs. (8)–(10) [39]. Since ũ � ṽ, this replacement allows us to
consider the transmittance for the electron tunneling from the
majority-spin �1 state in the left electrode to the superposition
state in the right electrode with the dominant contribution
from the minority-spin �2 state, which corresponds to TAP,↑.
Using TAP,↑, the total antiparallel transmittance can be cal-
culated as TAP = TAP,↑ + TAP,↓ ≈ 2 TAP,↑. We simply set ũ =
0.95, θ = 0, mb/mL = 1.0, and mb/mR = 1.0 (–1.0) for the
numerical calculation of TP,↑ (TAP,↑); however, the period and
overall shape of the oscillation in the transmittance do not
change if we change ũ within the range of 1 > ũ � ṽ. Note
here that mb/mL and mb/mR need to have different signs in
the antiparallel state, which is discussed in the Supplemental
Material [20].

Figure 2 shows inverses of parallel and antiparallel trans-
mittances, T −1

P,↑ and T −1
AP,↑, divided by the exponentially

increasing factor exp (2κd ). Here, we set κ = 0.2π/aMgO

(aMgO = 4.217 Å: lattice constant of MgO), which is the

decaying wave number for the �1 complex band of MgO
calculated by the PWCOND code [40]. We also used k1 =
1.0π/aFe and k2 = −0.9π/aFe (aFe = 2.866 Å: lattice con-
stant of bcc Fe) obtained by calculating the band structure
of bcc Fe [Figs. 1(b) and 1(c)] with the aid of QUANTUM

ESPRESSO [41]. In both T −1
P,↑ and T −1

AP,↑, we can see a clear
oscillation with a period of 2π/(k1 − k2). From the values
of k1 and k2 mentioned above, the period is estimated to be
∼3 Å. These are consistent with the experimental fact that
resistances in both the parallel and antiparallel magnetization
states have oscillatory barrier thickness dependencies with

FIG. 2. Barrier thickness d dependencies of inverses of parallel
and antiparallel transmittances, T −1

P,↑ and T −1
AP,↑, divided by exp (2κd ).
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FIG. 3. TMR ratios as a function of the barrier thickness d for
different values of α. This was obtained by Eq. (11).

periods of ∼3 Å [6,10,11]. Finally, we would like to point out
that either shape or phase in the oscillation needs to have a
difference between T −1

P,↑ and T −1
AP,↑ for the occurrence of the

TMR oscillation shown in Fig. 3 [42].
By using TP,↑ and TAP,↑, we calculated the TMR ratio

given by

(TP − α TAP)/α TAP ≈ (TP,↑ − 2 α TAP,↑)/2 α TAP,↑. (11)

Here, we introduced an electronic-structure parameter α, by
which TAP is scaled relative to TP reflecting electronic struc-
tures of Fe and MgO. The case with α = 1 corresponds to
the usual definition of the TMR ratio. However, as shown
in Fig. 3, the TMR ratio takes negative values for α = 1,
inconsistent with positive high TMR ratios observed in exper-
iments. This is because the present analysis employs only the
values of the Fermi momenta and the decaying wave number
and does not consider detailed electronic structures of Fe and
MgO. If these electronic structures are taken into account by
using the first-principles calculation [12,13], values of TAP are
around one order of magnitude smaller than those of TP. Thus,
we set α = 0.1 for a better comparison with experimental
values of the TMR ratio obtained at room temperature in
Fig. 4(b) [43]. Figure 3 shows barrier thickness d dependen-
cies of the TMR ratio for different values of α. For all values
of α, the TMR ratio shows an oscillation with a period of
2π/(k1 − k2) ∼ 3 Å, similarly to T −1

P,↑ and T −1
AP,↑.

Let us directly compare our calculation results with an
experimentally observed TMR oscillation. To this aim, we
fabricated an MTJ structure and measured magnetotransport
properties. The experimental method is explained in the Sup-
plemental Material [20]. Figure 4(a) shows barrier thickness
d dependencies of the resistance-area product (RA) in the
parallel and antiparallel magnetization states, where RA is a
product of the resistance and the cross-sectional area of the
MTJ. We show values of the RA divided by exp (a · d + b),
where a and b were determined to be 5.48 (5.73) nm−1 and
−2.36 (−1.35) in the parallel (antiparallel) magnetization
state, respectively, from the fits using the exponential function.
As seen in Fig. 4(a), the RA has an oscillatory d dependence
with a period of 3.1 Å in both the parallel and antiparallel
magnetization states [44]. We also find that both the shape
and phase of the RA oscillation are slightly different between

FIG. 4. Experimental results of (a) RA values and (b) TMR ratios
in Fe/Mg4AlOx/Fe(001) at room temperature. Panel (b) also shows
theoretical values of TMR ratios for different values of β calculated
by Eq. (12) with α = 0.1 [47].

the parallel and antiparallel magnetization states [45], leading
to the TMR oscillation in Fig. 4(b). For a direct comparison
between theoretical and experimental results, we recalculated
the TMR ratio using

[(TP + β e−2κd ) − α (TAP + β e−2κd )]/α (TAP + β e−2κd ),

(12)

where α is fixed to 0.1. Note here that another parameter
β is introduced for transmittances at k‖ �= 0 [46]. In the
derivation of Eqs. (8)–(10), we considered only the elec-
tronic states at k‖ = 0 because of its dominant contribution
to the TMR effect. However, in actual experiments, elec-
tronic states at k‖ �= 0 can also contribute to the transmission,
which is expressed by the β-related terms in Eq. (12). Since
transmittances at different k‖ should have different periods
of oscillations, these oscillations are mixed and cancel each
other. Thus, we treated the β-related terms as simple exponen-
tial functions. In Fig. 4(b), calculated TMR ratios for different
values of β are compared with experimental results. We find
that a saw-tooth-like shape of the TMR oscillation is quite
similar between theoretical and experimental results [48]. In
addition, the TMR ratios calculated for β = 15 are found to
quantitatively agree with experimental values. Therefore, we
conclude that the TMR ratio calculated by Eq. (12) can repro-
duce the experimental results not only qualitatively but also
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quantitatively. To further validate our theory, we have con-
ducted additional experiments and discussed the relation with
previous experiments using Heusler alloys, which are ex-
plained in the Supplemental Material [20].

In summary, we proposed a theory for explaining the uni-
versal oscillation of the TMR ratio called the TMR oscillation.
Based on the fact that spin-flip scattering occurs near inter-
faces of MTJs, we took into account the superposition of
the majority-spin �1 and minority-spin �2 wave functions
with different Fermi momenta for the tunneling problem in
Fe/MgO/Fe(001). We analytically calculated transmittances
in the parallel and antiparallel magnetization states, from
which the TMR ratio was obtained. It was found that the trans-
mittances and the TMR ratio have oscillatory barrier thickness
dependencies with a period of ∼3 Å, consistent with the ex-
perimental observations. According to our theory, the period
of the TMR oscillation is determined by the difference of
the Fermi momenta between the majority- and minority-spin
states in the ferromagnetic electrode. Therefore, the period

of ∼3 Å is specific to bcc Fe used as electrodes. If MTJs
with other ferromagnetic electrodes are successfully made,
TMR oscillations with periods different from 3 Å would be
observed. We expect future experimental studies using a wider
range of materials will provide further information for the
TMR oscillation.
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