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S.1 Scattering rate dependence on damping with different number of k-points
In order to confirm the qualitative feature of the scattering rate dependence of the damping constant, we checked for primitive cell L10-FePt with various number of k-points as shown in the FIG. S1. It is important to note that the typical nonmonotonic behavior of damping which correspond to the conductivity-like (intraband) followed by resistivity-like (interband) by increasing of scattering rate is already obtained with  k-points mesh. Since the finite temperature effect is included by constructing  supercell to create “snapshots” with displaced atoms, the k-point mesh may be considered to be half of that of a primitive cell. Therefore,  k-points mesh is deemed sufficient for our supercell computation. 
[image: ]
[bookmark: _Ref117080607]FIG. S1.  The scattering rate dependence of damping on primitive L10-FePt cell with variation of number k-points. The solid line, dotted line, and dashed line correspond to the total, intraband, and interband damping, respectively. 
[bookmark: _Hlk135665994][bookmark: _Hlk135665979]S.2 Estimation of temperature dependence of damping constant at  supercell
In the  supercell, we calculate the damping constant  for every snapshot  at each temperature  as follow

where  correspond to the matrix element which depends on the number of bands and k-point considered in the calculation,  is the temperature-dependent scattering rate, and  is the band energy. Therefore, the damping at each temperature can be defined as averaged value over number of snapshots .

Since the required time to calculate matrix element  will grow on number of atoms (supercell size), direct evaluation of  with  would be difficult. Hence, by assuming that the change in  due to atomic displacements is less significant than the change in , we indirectly evaluated the effect of the supercell size on the damping constant by introducing the  parameter defined as

In principle,  are easier to evaluate because it only requires the information of band energy  for every snapshot at each temperature with the respective  supercell, which is the direct result of ab-initio calculation. Similarly, we can also define the averaged value of  as follows:

Thus, expected value of damping on the  supercell can be approximated as:

In addition, we can directly calculate the root-mean-square deviation (RMSD) of varied damping value as the error bar of the damping calculation for  supercell. 

On the other hand, we also indirectly estimate the error bar of the damping calculation for  supercell. 

In order to do this, first we need to define the RMSD of the 

[bookmark: _Hlk140173281]Thus, we can plot the calculated  and error bars  together with the estimated value  and error bar . Since that RMSD is “root-mean-square-deviation”, its positive value will represent the variation without any error cancellation in the calculated Gilbert damping.   As shown in the FIG. S2., the considerable effect of the supercell size on the value of damping was observed only at the low temperature (75 K), where the scattering rate  is relatively small and the dominant contribution to the Lorentzian function comes mainly from the band energies. However, as the temperature rises, the influence of the scattering rate becomes more dominant in the Lorentzian function, making the influence of the supercell size on the damping value less significant. These results demonstrate that our initial choice of using the  supercell is adequate to incorporate the essential effect of the phonon excitation at high temperatures.
[image: ]
FIG. S2. Temperature dependence of damping with different supercell size. Error bar correspond to the  and  for  and  supercell, respectively. 
[bookmark: _Hlk135666013]S.3 Contribution of cross-term between spin-conserving and spin-flip part
In order to verify our assumption to separate the contribution of spin-conserving and spin-flip term and neglect the cross-term part, we directly calculate scattering rate dependence of the total damping, spin-flip term, spin-conserving term, and cross-term part of FePt at ground state as shown in the FIG. S3. We have confirmed that cross-term is much smaller than spin-conserving and spin-flip contribution, which justifies our analysis to directly separate the contribution into spin-flip and spin-contribution. 
[image: ]
FIG. S3. Scattering rate dependence of total damping and cross-term between spin-flip and spin-conserving part. 

image1.jpeg
Damping

0.1
0.01
0.001

0.0001
0.

W N

8 SRR

0.01 0.1
Scattering Rate (eV)

=

Y Total k-point

10%





image2.jpeg
0.035 2x2x2
o 4x4x4
0.030 }
20025}
o
£ t
So0.020}
0.015}
EI
0.010} i

0 100 200 300 400 500 600
T (K)




image3.jpeg
0.4

0.1r

total

cross-term
spin-conserving| |
spin-flip

0.0
0.001

0.01 0.1 1
Scattering rate (eV)




