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The analysis of spectroscopy data has played an important role in untangling the complex dynamics of many-body
electrons in quantum materials and making their emergent properties understandable. Spectroscopy measurements
provide us with the responses of the many-body electrons in materials when energy and momentum are injected. These
responses have been analyzed using a single-particle picture augmented by self-energy, which quantifies the deviation
from simple free fermion excitation. While the self-energy is not directly observed in spectroscopy, it has been extracted
from the obtained spectra by solving inverse problems. Especially, for superconductors, the analysis of self-energy is a
key to understanding the origin of the superconductivity. The recent rise of machine learning has served to update the
self-energy analysis of spectroscopy data and opened a new avenue for understanding the entangled nature of many-
body electrons. In this article, self-energy analysis using the flexibility of neural networks is reviewed and positioned in
the research trajectory from Bardeen–Cooper–Schrieffer superconductors to copper-oxide high-temperature super-
conductors.

1. Introduction

In condensed matter physics community, the rise of
materials informatics1) has sparked renewed interest in
Bayesian approaches2) and machine learning methods,3)

which have emerged alongside the rapid development of
deep learning, leading to the current rise of generative
artificial intelligence. Such interests have further expanded
into various research fields, such as computer vision
including image processing, natural language processing,
and speech processing, as Bayesian and machine learning
approaches have been developed across multiple disciplines.

Even though usage of large database has attracted
considerable attention, such as virtual screening or recom-
mendation of synthesizable materials on databases consisting
of large amount of experimental data and synthetic data
generated by simulation,4) analysis of a small set of data
(higher dimensional but from a single or several materials)
has been actively studied in the current research trend. While
the former data-driven approaches, such as exploration of
structure-property correlations, have been augmented by the
databases and automated simulation,5) it is also interesting to
untangle information encoded in the experimental observa-
tion of a single material by utilizing a broader range of
theoretical or numerical tools, whose range has been
expanded by the Bayesian approaches and machine learning.

An important direction of machine-learning approaches is
to find principal components, or extract a low-rank structure
crucial to structure-property correlations, from the given data,
which have been, in certain instances, represented by an
incomplete matrix or tensor. Irrespectively of supervised
or unsupervised learning, it is important to extract these
principal components, which may be called control parame-
ters, reaction coordinates, or a latent space, depending on the
context. These are not only axes, curves, or surfaces in a
vector space R

d but also basis functions in a Hilbert space.
The extracted principal components may improve inter-

pretation of data, as in the standard principal component
analysis while the low-rank structures have been used for
prediction of missing data. The automation of the research
processes is also augmented by boosting interpretation

process of the given data when human involvement can
become a bottleneck. New interpretation of old problems is
expected, as well.

The machine learning and related approaches have also
attracted attention as generators of complicated (probability)
distributions, which are useful in condensed matter physics.
Indeed, probability distributions generated by machine-
learning approaches have been used to imitate underlying
probability distributions of many-body configuration in
variational wave function6) and self-learning Monte Carlo
methods.7) The generation of complicated probability dis-
tribution itself have been sophisticated under mutual
influence between studies on neural networks and many-
body physics, which results in, for example, neural canonical
transformations.8)

In the present article, we focus on spectroscopy of
quantum materials as an example of research fields where
traditional theoretical tools to analyze spectra have been
developed alongside the recent development inspired by
machine-learning approaches. The spectroscopy provides
us with energy-dependent materials’ responses to external
perturbation, which often contain crucial information such
as charge gap in superconductors and origin of super-
conductivity.9)

When we visually examine a crystalline sample, we can
qualitatively speculate whether it conducts electric current
based on its appearance, such as whether it is transparent,
black, or exhibits a metallic luster. These characteristics are
related to the material’s response to incident light, which
often provides us with clues to understand behaviors of
electrons confined in the crystal. (Here, surface structures of
the materials may also influence the response more than
intrinsic properties of electrons inside.)

To access quantitative information encoded in these
responses, sophisticated technologies for spectroscopy have
been developed alongside theoretical tools to analyze
observed spectra. Absorption or photoluminescence has been
studied not only with visible light but also with electro-
magnetic waves beyond the visible light range. Neutrons or
other particles have been also utilized. Materials may absorb
energy ħ! and momentum ħk (in the following we set ħ ¼ 1)
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from incident particles, while they may emit electrons in
response to the absorbed energy and momentum. The
tunneling phenomena of electrons has been also utilized for
spectroscopy.

Indeed, many-body electrons in crystalline solids have
been a proving ground for spectroscopy and related
theoretical tools. Experimental technologies and theoretical
tools for inelastic x-ray and neutron scattering, tunneling
measurement, and photoemission spectroscopy have been
developed through the application to correlated electrons in
quantum materials such as superconductors, topological
materials, and so on. To interpret spectroscopy data, in
cooperation with the development of forward approaches,
inverse approaches have been studied since the 1960s as well.

While we will focus on many-body effects in spectroscopy,
which will be introduced in the following, there are various
machine-learning approaches on analysis of spectroscopy
data, which are beyond the scope of the present article. To
remove human involvement or replace intuitive but biased
model, machine learning approaches have been introduced,
which are expected to accelerate the data analysis. There
have been studies to make automatic analysis of the huge
spectroscopic data possible.10,11) To improve spectroscopy
data itself, the machine learning approaches have been
introduced. Denoising of the photoemission spectroscopy
data12,13) is an example. Deep neural networks have been also
utilized to remove structured noise in the photoemission
data14) as well. Aside from significant influence of statistical
mechanics on the early stage of the development of the
machine learning, including neural networks, the Bayesian
approaches have been utilized in condensed matter physics,
even though frequentist statistics had been taught as the
standard approach in undergraduate and graduate schools. An
example is the maximum entropy method in the analytical
continuation.15) The Bayesian approaches in analytic con-
tinuation have been further developed.16)

The present article is organized as follows. In Sect. 2, we
review the theoretical representation of many-body electron
systems, covering topics from many-body wave functions to
the self-energy function, an analytical function that encodes
the effects of many-body interactions, interconnected through
the Green function formalism. Then, in Sect. 3, several
self-energy models are introduced. To analyze a category
of Bardeen–Cooper–Schrieffer-type superconductors where
electrons strongly interact with quantized vibration of ions
forming crystals, physicists had combined forward problem
with inverse problem to extract many-body nature of many-
body electrons. To analyze high-temperature superconduc-
tors, in which mutual Coulomb repulsion among electrons
becomes relevant, further self-energy models, including
neural network representations, will be introduced. The
applications of the self-energy models to spectroscopy data
is reviewed in Sect. 4. Section 5 is devoted to summary and
future perspectives.

2. Many-body Effects in Spectroscopy

Electrons confined solids are typical examples of quantum
many-body systems. Starting from the few electrons in atoms
and small molecules,17,18) the many-body electron systems
have been targets of intensive researches.19) Magnetism
and superconductivity are typical examples of phenomena

emerging in the many-body electrons. Nowadays, from the
quantum-information point view, properties of the many-
body electrons originating from structures of the quantum
entanglement attract attention. Especially, topological many-
body states of matters have been intensively studied.

However, even in a simple many-body electron system,
analysis of the wave function will be complicated, as follows.
First of all, the many-body Schrödinger equation for the
many-body electrons is hard to solve even for few electrons
confined around a nuclear and even when the quantum nature
of the nuclear is ignored (Born–Oppenheimer approxima-
tion). Naively speaking, we may map the many-body
Schrödinger equation to a (generalized) eigenvalue problem
for a sparse Hamiltonian matrix. For the sake of simplicity,
we focus on non-relativistic systems in the following. When
we consider Norb single-particle orbitals and Ne electrons, the
linear dimension of the Hamiltonian matrix is ð2NorbÞ!=Ne!=
ð2Norb � NeÞ!, where the factor 2 comes from the spin
degrees of freedom of electrons. If you know the quantum
numbers, such as total spin=angular momentum for electrons
confined in an atom or the total momentum for electrons
confined in a crystalline solid, you can reduce the linear
dimension. However, in general, the dimension of the matrix
grows exponentially when Norb or Ne increases. Thus,
researchers have tried to find smart way to truncate the basis
set or introduced approximations.

Even when we obtain the many-body eigenstate wave
functions, j�i, the wave functions themselves would be a
kind of the black box that generates a probability amplitude
as an output from given the location of the electrons as input
data. Let us introduce one of the simplest example,
interacting S ¼ 1=2 spins, or qubits, described by simple
effective Hamiltonians, such as the Heisenberg Hamiltonian.
The Heisenberg Hamiltonian effectively describes insulating
phases of hydrogen crystals in Mott’s gedanken experi-
ment20) and La2CuO4.21) For example, the many-body wave
function of the 36 spins is naively represented by a 236

dimensional complex vector, which would require 1 TiB
(10244 bytes) of storage. Each element of the vector
represents the probability amplitude for a given spin
configuration.

Then, how do we understand the properties of and extract
useful information from the wave function? In the history of
the many-body physics, there have been seminal works that
succeed to make the black box (at least partially) white.
Typical examples of them would be the roton theory22–24)

for liquid helium 4 and the Fermi liquid theory,25,26)

originally for liquid helium 3 but later applied to other
many-body fermion systems, including many-body electrons
in metals.

These theories explain what happens in a many-body
system when energy and momentum are injected. The Fermi
liquid theory states that a series of excited states are labeled
by a particle-like excitation with energy �� measured from
the ground state and many-body momentum k. Here, the
momentum appears in the phase factor of the eigenvalue of
the operator T̂� that translates the system with an interval � as
T̂�j�i ¼ eþik��j�i.

Let us introduce a concrete description of many-body
quantum systems. As the simplest example, we first focus on
an electron gas, defined by the following Hamiltonian,

J. Phys. Soc. Jpn. 94, 031005 (2025) Special Topics Y. Yamaji

031005-2 ©2025 The Physical Society of Japan©2025 The Author(s)

J. Phys. Soc. Jpn.
Downloaded from journals.jps.jp by （研）物質・材料研究機構 on 02/25/25



Ĥ ¼ �
X
�

Z
d3r

1

2me
�̂y�ðrÞr2�̂�ðrÞ

þ
X
�

Z
d3r �̂y�ðrÞvextðrÞ�̂�ðrÞ

þ
X
�;�0

Z
d3r

Z
d3r0

�̂y�ðrÞ�̂�ðrÞ�̂y� 0 ðr 0Þ�̂� 0 ðr 0Þ
2�jr � r 0j ; ð1Þ

where me is the electron mass, vext is the external electrostatic
potential, ϵ is the dielectric constant, and �̂ðrÞ is the field
operator given by

�̂�ðrÞ ¼ V�1=2
X
k

eþik�rĉk�: ð2Þ

Here, ĉyk� (ĉk�) is the creation (annihilation) operator for an
electron with spin σ and momentum k. We assume that
electrons are in a cube of volume V with periodic boundary
conditions. The external potential vext is constant in the
electron gas.

In many cases, we can assume that the ground state wave
function j�0i has zero momentum or is translationally
invariant as T̂�j�0i ¼ j�0i. Then, a simple way to construct
a state with finite momentum is, for example, adding an
electron with k to the ground state as ĉyk�j�0i. Indeed, the
state has finite momentum k as T̂�ðĉyk�j�0iÞ ¼ eþik��ĉyk�j�0i.

When we follow the dynamics of such a state with finite
momentum, we can introduce a Green function that describes
the propagation of a single particle or single hole as

G�ðk; !Þ ¼ h�0jĉk� 1

! þ i� þ � � Ĥ þ E0

ĉyk�j�0i

þ h�0jĉyk�
1

! þ i� þ � þ Ĥ � E0

ĉk�j�0i ð3Þ

¼
X
m

h�0jĉk�jmNeþ1ihmNeþ1jĉyk�j�0i
! þ i� þ � � ENeþ1

m þ E0

þ
X
n

h�0jĉyk�jnNe�1ihnNe�1jĉk�j�0i
! þ i� þ � þ ENe�1

n � E0

; ð4Þ

where E0 is the ground state energy that satisfies Ĥj�0i ¼
E0j�0i and η is a positive broadening factor. Here, ENeþ1

m is
an eigenvalue corresponding to an Ne þ 1 electron eigenstate
jmNeþ1i of Ĥ while ENe�1

n is an eigenvalue corresponding
to an Ne � 1 electron eigenstate jnNe�1i of Ĥ. From the
construction above, the Green function is an analytic
complex function represented by the summation of poles of
order at most one. When we take the retarded representation
as in Eq. (4), these poles are located in the lower half plane.

By introducing a single-particle dispersion �ðkÞ, we can
transform the Lehmann representation Eq. (4) as,

G�ðk; !Þ ¼ 1

! þ i� þ � � �ðkÞ � �ðk; !Þ ; ð5Þ

where �ðk; !Þ is a self-energy that encodes deviation
from the single particle picture, and satisfies the following
relation,

�ðk; !Þ ¼ � 1

�

Z
d!0

Im�ðk; !0Þ
! þ i� � !0

ð6Þ

¼ 1

�

Z
d!0

Pðk; !0Þ
! þ i� � !0

: ð7Þ

Here, Pðk; !Þ is a positive definite distribution. We note that
there is an ambiguity in the choice of the single-particle
dispersion; The ω independent part of the self-energy, for
example, the Hartree term, can be absorbed in �ðkÞ.

By extracting the imaginary part of the Green function, we
obtain the momentum and energy resolved density of states,
Aðk; !Þ ¼ �ð1=�Þ ImGðk; !Þ, called a spectral weight or
spectral function. As discussed in the following sections,
photoemission (! ≲ 0) and inverse photoemission (! ≳ 0)
spectroscopy enable us to access the spectral function.27,28)

Even when the mutual Coulomb repulsion is strong, if a
pole at ! ¼ �ðkFÞ � � � i� has a finite residue Z defined by

Z�1 ¼ 1 � @

@!
Re�ðkF; !Þ

����
!¼0

; ð8Þ

the Fermi liquid theory is valid. Here, we note that the
residue Z is the weight of the particle-like excitation.

In the homogeneous electron gas, the bare single-particle
dispersion, �ðkÞ ¼ jkj2=2me, will be renormalized due to the
Coulomb repulsion. By introducing the effective mass,

m� ¼
1 � @

@!
Re�ðkF; !Þ

����
!¼0

1

me
þ 1

kF

@

@k
Re�ðkF; !Þ

����
!¼0

; ð9Þ

we can approximate the original Green function as,

G�ðk; !Þ ’ Z

! þ i=	ðk; !Þ � kF

m�
ðjkj � kFÞ

þ ðincoherent partÞ: ð10Þ
Here, the life time of the particle-like excitation 	ðk; !Þ
defined as 1=	ðk; !Þ ¼ �Z Im�ðk; !Þ, which is expanded
as 1=	0 þ 
!2 around ! � 0. Then, we can interpret the
Green function as follows: A plane wave of jkj � kF
propagates with the renormalized kF=m

� and decays into
other plane waves with a life time τ.

The incoherent part shows rich structure in many-body
systems. In the homogeneous electron gas, plasmon satellites
or sidebands29) are generated by dressed single-particle
excitations involving plasmons in addition to the renormal-
ized quasiparticle excitations.30,31)

When we describe crystalline solids, we may introduce a
different basis set, instead of the plane waves in the vacuum.
A typical choice is Wannier orbitals often localized around
the ions. It has been known that a subspace expanded by a
small subset of the Wannier orbitals will be relevant to the
low- to room-temperature properties of the solid. When one
performs photoemission spectroscopy and, thus, extract an
electron from the solid as discussed in the following sections,
one need to pay attention to the matrix element between the
Wannier orbitals and plane waves. The Wannier orbitals are
also relevant to scanning tunneling spectroscopy.36)

In the periodic crystals, it is convenient to separate a wave
number into a wave number in the first Brillouin zone k and
a reciprocal lattice vector G as k! k þ G. Then, the field
operator �̂�ðrÞ is rewritten by introducing a set of the
Wannier orbitals, f�iRðrÞg, as,

�̂�ðrÞ ¼
X
w;R

�wRðrÞd̂wR�; ð11Þ
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where �wRðrÞ is the wth Wannier orbital in an unit labeled
by the lattice R. While the choice of the Wannier orbitals
is not unique, the maximally localized Wannier orbitals37,38)

have been often employed in the literature. The creation
(annihilation) operator for the plane wave in the vacuum,
ĉykþG� (ĉkþG�), and that for the Wannier orbital, d̂ywR� (d̂wR�)
are transformed into each other through a unitary trans-
formation as,

ĉkþG� ¼
X
w;R

Z
d3r

e�iðkþGÞ�r

V1=2
�wRðrÞ

� �
d̂wR�: ð12Þ

In the series of the copper oxide superconductors, the
electronic states around the Fermi level mainly consist of the
Wannier orbitals consisting of Cu 3dx2�y2 atomic orbitals and
O 2p� atomic orbitals39) (see Refs. 40 and 41 as examples of
the recent studies).

For ab initio single-orbital effective Hamiltonian, we may
have a single Wannier orbital in each unit cell labeled by R.
Then, we simplify the index for the creation and annihilation
operators, as ðw;RÞ ! i, where i is now a site index. Then,
the ab initio single-orbital Hamiltonian is given by

Ĥeff ¼ �
X
i; j;�

tijd̂
y
i�d̂j� þ U

X
i

n̂i"n̂i#

þ 1

2

X
i≠j

Vi; jðn̂i" þ n̂i#Þðn̂j" þ n̂j#Þ; ð13Þ

where n̂i� ¼ d̂yi�d̂i�.
For simplicity, we rewrite the Green function by using the

single Wannier orbital as,

G�ðk; !Þ ¼ h�0jd̂k� 1

! þ i� þ � � Ĥeff þ E0

d̂yk�j�0i

þ h�0jd̂yk�
1

! þ i� þ � þ Ĥeff � E0

d̂k�j�0i

¼ 1

! þ i� þ � � �dðkÞ � �dðk; !Þ ; ð14Þ

where k is a wave number in the first Brillouin zone and
�dðkÞ is the single-particle dispersion obtained by the Fourier
transformation of �tij.

By restricting ourself to one-dimensional lattice, and
omitting the further neighbor tij other than the nearest
neighbor hoppings t (> 0) and the long-range effective
Coulomb repulsion Vij, we show an example of the self-
energy �dðk; !Þ in Fig. 1. Here, the Green function is simply
calculated by effectively constructing excited states with one

more or less electrons from the ground state j�0i, by using a
dynamical variational Monte Carlo method,32) and, then, the
self-energy is obtained through Eq. (14).

A simple spectral function from the bare band dispersion,
ð�=�Þ=½ð! þ � þ 2t cos kÞ2 þ �2�, is significantly modified
by �dðk; !Þ. There are several features found in spectral
functions of the one-dimensional correlated electrons, which
are called the Hubbard bands, and spinon or holon
branches.33–35) While the results of the finite-size simulation
of the Hubbard model are shown in Fig. 1, the accumulation
of poles in self-energy at the thermodynamic limit generates
branch-cut singularities in the spectral functions of the one-
dimensional Hubbard model, as studied in the Tomonaga–
Luttinger model.42–44)

To describe many-body electrons in superconducting
phases, we need to introduce several theoretical details,
especially related to the number of electrons, as follows. For
those not interested in these details, you may skip the
following seven paragraphs and go directly to the paragraph
that includes Eq. (25).

The seminal article by Yang45) introduced a fundamental
approach to examine superconductivity in a given ground-
state wave function with a fixed number of electrons. As
explained in Ref. 45, the two-particle density matrix plays an
important role and is defined by

��1�2	1	2j1 j2‘1‘2
¼ h�0jd̂yj1�1 d̂

y
j2�2

d̂‘1	1 d̂‘2	2 j�0i
h�0j�0i : ð15Þ

By combining the first four indices into the index J ¼ ð j1; �1;
j2; �2Þ and the last four indices into L ¼ ð‘1; 	1; ‘2; 	2Þ, we
can treat the density matrix as matrix �JL ¼ ��1�2	1	2j1 j2‘1‘2

. When
the largest singular value of �JL is proportional to the number
of electrons Ne, an off-diagonal long-range order sponta-
neously emerges, corresponding to superconductivity. The
largest-singular-value singular vector provides us with the
spatial and internal structures of the superconducting pairs.
However, it is difficult to relate the two-particle density
matrix to the self-energy.

In a standard procedure to examine spontaneous symmetry
breakings, a small symmetry breaking field is introduced. We
can find a ground state wave function as a function of the
system size and the small but finite symmetry breaking field.
Then, there are two important limits: one is the thermody-
namic limit, where 1=Ne approaches zero; the other is the
limit in which the amplitude of the symmetry-breaking field
goes to zero. When we take the zero symmetry breaking field
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Fig. 1. (Color online) Spectral function and self-energy for a one-dimensional Hubbard Hamiltonian. The spectral function Adðk; !Þ for U=t ¼ 8 and 32 sites
with 28 electrons is shown in the left most panel, which is obtained by dynamical variational Monte Carlo methods.32) Here, the broadening factor is set to
�=t ¼ 0:125. The real and imaginary part of the retarded Green function, �dðk; !Þ, are shown in the middle and right most panels, respectively. A simple
spectrum from the bare band dispersion, ð�=�Þ=½ð! þ � þ 2t cos kÞ2 þ �2�, is significantly modified by �dðk; !Þ. There are several features in correlated
electrons, such as Hubbard bands, spinon and holon branches.33–35)
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limit after taking the thermodynamic limit, we can judge
whether symmetry breaking spontaneously occurs.

When we want to examine the superconducting order, we
may introduce the following symmetry breaking field �Jk for
a spin-singlet pairing,

Ĥeff  Ĥeff � �
X
k

ðJkd̂k"d̂�k# þ J �k d̂y�k#d̂yk"Þ: ð16Þ

The symmetry breaking field inevitably mixes the dynamics
of ↑-spin (↓-spin) electrons with those of ↓-spin (↑-spin)
holes. Then, the number of electrons is not fixed. The
thermodynamic limit should be defined by the expectation
value of the electron number operator, N̂ ¼P

j;� d̂
y
j�d̂j�. The

ground-state wave function discussed so far is based on a
vacuum j0i and creation operators multiplied to the vacuum.
When the spin-singlet superconducting pair in the low-energy
subspace is examined according to the BCS theory, the
vacuum j0i is often replaced by

jvaci ¼
Y
k

d̂y�k#j0i; ð17Þ

where the product of the creation operators is taken over the
entire Brillouin zone. The ground state wave function is
given in grand canonical form as

jf�0i ¼
X
m2Z

jAmjX
m02Z
jAm0 j2

e2mi’j�Neþ2m
0 i; ð18Þ

where j�N
0 i is the normalized projection of the ground-state

wave function onto the N electron sector, Am is a coefficient,
φ is a Uð1Þ phase, and Ne ¼ hf�0jN̂jf�0i=hf�0jf�0i is assumed
to hold.

By introducing the grand-canonical ground-state wave
function, jf�0i, into the Green function in Eq. (14), we can
calculate the properties of the superconducting states.
However, there are more convenient formulations of the
superconducting states based on the self-energy. We can
begin with the Green function along the time axis,

G"ðk; tÞ ¼ �i�ðtÞhf�0j½d̂k"ðtÞd̂yk" þ d̂yk"d̂k"ðtÞ�jf�0i; ð19Þ
where the Heisenberg representation of the operators is
defined as d̂k�ðtÞ ¼ eiðĤeff��N̂Þtd̂k�e�iðĤeff��N̂Þt. The Fourier
transformation of G"ðk; tÞ, of course, reproduces a represen-
tation similar to Eq. (14). To take into account the mixture of
the electron and hole dynamics, the Green function for the
↓-spin particles is given by,

G#ð�k; tÞ ¼ �i�ðtÞhf�0j½d̂y�k#ðtÞd̂�k# þ d̂�k#d̂
y
�k#ðtÞ�jf�0i:

ð20Þ
Due to the symmetry breaking field �Jk, G"ðk; tÞ, and
G#ð�k; tÞ are not independent of each other. Furthermore,
the real-time evolution of these Green functions inevitably
involves the following anomalous Green functions,

F"#ðk; tÞ ¼ �i�ðtÞhf�0j½d̂k"ðtÞd̂�k# þ d̂�k#d̂k"ðtÞ�jf�0i; ð21Þ
and

F#"ðk; tÞ ¼ �i�ðtÞhf�0j½d̂y�k#ðtÞd̂yk" þ d̂yk"d̂
y
�k#ðtÞ�jf�0i: ð22Þ

For example, Ref. 46 examines the superconducting state
with an explicit wave function and the Green functions along
the imaginary time axis, as summarized in the article’s
Appendix.

Then, the four Green functions constitute the Nambu
representation47) of the Green function,

Ĝðk; tÞ ¼
G"ðk; tÞ F"#ðk; tÞ
F"#ðk; tÞ G#ð�k; tÞ

" #
: ð23Þ

While the Fourier transformation of the Green function
matrix may provide us with the spectral (Lehmann)
representation as in Eq. (14), the time evolution of the Green
function matrix may offer another representation.

To gain insight into the Green function matrix, we can
examine the non-interacting limit. When U and Vij are set to
zero in Eq. (13), the time evolution of the matrix Ĝðk; tÞ is
simply solved in the ω domain as

Ĝðk; ! þ i�Þ ¼ ! þ i� � �dðkÞ þ � ��J �k
��Jk ! þ i� þ �dðkÞ � �

" #�1
; ð24Þ

where a symmetry, �ðkÞ ¼ �ð�kÞ, is assumed.
When we follow the time evolution of Ĝðk; tÞ under the influence of the mutual electron–electron interactions, there appear

more complicated Green functions involving four or more operators, beyond the four components, G", G#, F"#, and F#".
However, these complicated Green functions were shown to be deconvoluted into four Green functions and the two
components of the self-energy.9,48) Here, we assume that the thermodynamic limit has already been taken, and then we take the
�! 0 limit afterward.

To describe effects of many-body interactions in the superconducting phases, we will introduce the following two-
component self-energy. Here, we assume a single orbital system and introduce the self-energy into the 2 � 2 matrix
representation of the Green function as,

Ĝðk; 
Þ ¼ 
 þ � � �dðkÞ � �norðk; 
Þ ��anoðk; 
Þ
��anoðk; 
Þ 
 � � þ �dðkÞ þ �norðk;�
Þ�

" #�1
; ð25Þ

where 
 ¼ ! þ i�, and two components, �nor and �ano,
represent normal and anomalous contributions of the self-
energy, respectively.

While ½Ĝðk; 
Þ�11 represents a normal component of the
matrix form of the Green function in Eq. (25) [the Green

function for ↑-spin particle, G"ðk; 
Þ], ½Ĝðk; 
Þ�12 represents
an anomalous component that emerges only when the system
becomes superconducting [the anomalous Green function
mixes ↑-spin particle and ↓-spin hole, F"#ðk; 
Þ]. The 11
element ½Ĝðk; 
Þ�11 has the same structure as,

J. Phys. Soc. Jpn. 94, 031005 (2025) Special Topics Y. Yamaji

031005-5 ©2025 The Physical Society of Japan©2025 The Author(s)

J. Phys. Soc. Jpn.
Downloaded from journals.jps.jp by （研）物質・材料研究機構 on 02/25/25



½Ĝðk; 
Þ�11 ¼
1

! þ i� þ � � �dðkÞ � �norðk; !Þ �Wðk; !Þ ;

ð26Þ
where the contribution from the anomalous component is
give by

Wðk; !Þ ¼ �anoðk; !Þ2
! � � þ �dðkÞ þ �norðk;�!Þ� : ð27Þ

The two components of the self-energy are rewritten as

�norðk; !Þ ¼ 1

�

Z
d!0

Pðk; !0Þ
! þ i� � !0

; ð28Þ

�anoðk; !Þ ¼ 1

�

Z
d!0
Qðk; !0Þ � Qðk;�!0Þ

! þ i� � !0
; ð29Þ

by introducing positive definite distributions, Pðk; !Þ and
Qðk; !Þ. As discussed in the following sections, these
distribution functions play pivotal roles.

While one-particle spectra are the focus of this article,
there are other observables that can be utilized to study the
many-body effects. Rather than the propagation of an
electron or a hole excitation, the propagation of multiple
electron and hole excitations are illustrated by many-particle
Green functions, which are often useful in analyzing data
from a range of spectroscopy (see Appendix A).

As a theoretical description of many-body quantum
systems,49) diagrammatic approaches have been developed,50)

in parallel to the variational wave-function approaches.51–55)

A formula for equilibrium free-energy given as a functional
of the one-particle Green function has been formally
constructed by a series expansion with respect to (screened=
renormalized) interactions.50) The series is terminated at a
finite order56,57) or the partial summation of a category of
diagrams58) is taken. A Monte Carlo sampling scheme based
on the diagrams has also been developed.59) While self-
energy is a crucial building block in the diagrammatic
approach, vertex functions are also vital to describe many-
body effects.31,60,61) The dynamical mean-field theory62–65)

and related non-perturbative approaches66) have been devel-
oped. There are several extensions including vertex func-
tions.67) Two-particle Green functions have also been
analyzed by extending the dynamical mean field theory.68)

3. Methodology of Self-energy Analysis

To extract the self-energy from spectroscopy data, it is
necessary to note that the measurements are conducted over
a finite energy range, and that only the imaginary or real part
of the Green functions is accessible in the data. When we
analyze spectra and extract information of self-energy from
these data, we need prior knowledge and a self-energy model,
irrespective of their origin, to supplement the lack of the
information. In standard theoretical approaches, the model
has been often derived from first-principles formulae or
approximated ones, as reviewed below.

3.1 Physics-informed self-energy model
3.1.1 Angle integrated

Local probes such as superconductor–normal-metal tunnel
junction or scanning tunneling spectroscopy measurements
capture the momentum integrated spectra or single-particle
density of states,

Nð!Þ ¼
Z

ddk

�BZ
Aðk; !Þ; ð30Þ

where d is the dimension of the system. When we need to
specify the phase in the following, we will add a subscript to
N as Nn or Ns, which correspond to the density of states in the
normal and superconducting phase, respectively.

The density of states in strong-coupling Bardeen–Cooper–
Schrieffer superconductors69) have been well investigated
by the Migdal–Eiashberg–Nambu theory.47,70,71) Under
certain conditions, the ratio of the density of states in the
normal and superconducting phases is given by a simple
function,72,73)

Nsð!Þ
Nnð!Þ ¼ Re

!ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2 � �ð!Þ2

p" #
; ð31Þ

where �ð!Þ is a gap function defined as

�ð!Þ ¼ �anoð!Þ
Zð!Þ : ð32Þ

Here, Zð!Þ ¼ 1 � �norð!Þ=! introduces renormalization of
the effective mass.

The satisfactory condition to validate Eq. (31) is that �ðkÞ
can be approximate as

�ðkÞ ’ � þ vFðjkj � kFÞ: ð33Þ
When the condition holds, the normal state density of state
becomes constant as Nnð!Þ / 4�mekF.

We have prior knowledge that the superconducting gap
�ð!Þ will be formed in a small energy window in
comparison with the Fermi energy EF in the BCS super-
conductors. Thus, for ω significantly larger than a typical
superconducting gap scale �0, Nsð!Þ=Nnð!Þ will approach
unity. Then, we can access the entire ω dependence of the
real part of !=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2 � �ð!Þ2

p
. By using the Kramers–Kronig

relation, the imaginary part, thus, the whole complex function
!=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2 � �ð!Þ2

p
is obtained. Once the gap function �ð!Þ

is obtained from Nsð!Þ=Nnð!Þ and the branch cut forffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2 � �ð!Þ2

p
is chosen, the normal and anomalous

components of the self-energy will be analyzed.
The Migdal–Eliashberg–Nambu theory70,71) provides us

with simple formulae to model the two components, �ð!Þ
and Zð!Þ, by introducing an effective phonon density of
states, �ð!Þ2Fð!Þ as explained in Appendix B. Then, the
distributions, Pðk; !Þ and Qðk; !Þ, are obtained in a
momentum-independent manner, as follows. The distribution
Pð!Þ is given by the following joint density of states of
particle–hole and phonon excitations,

Pð!Þ ¼ �

Z þ1

0

d�
�ð�Þ2
Nnð0Þ Fð�Þ½�ð! � �ÞNsð! � �Þ

þ �ð�! � �ÞNsð�! � �Þ� � 1

�
Im�ð0Þð!Þ; ð34Þ

where the contribution from the self-energy �ð0Þð!Þ from
impurity scattering and mutual electron–electron interactions.
It is complicated to represent Qð!Þ by the densities of states,
�ð�Þ2Fð�Þ and Nsð!Þ. Instead, the distributionQð!Þ, which is
not necessarily positive definite, is given by

Qð!Þ ¼ ��
Z þ1

0

d�
�ð�Þ2
Nnð0Þ Fð�ÞMsð! � �Þ
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� �ð!c � ! þ �Þ�ð! � � � �0Þ; ð35Þ
where Msð!Þ ¼ Re½�ð!Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2 ��ð!Þ2 þ i�

p
�.

References 74 and 75 made the formalism inverted the
forward approach [Eqs. (B·1)–(B·3)] to extract �ð!Þ2Fð!Þ.
From the experimentally observed density of states for
eV‘ � !exp � eVh, the self-energy is extracted by using the
Migdal–Eliashberg–Nambu formalism, as summarized as
follows:

Nsð!expÞ=Nnð!expÞ

��������!extrapolation
Nsð!Þ=Nnð!Þ

��������!Eq: ð31Þ
�ð!Þ  !Eqs: ðB1Þ­ðB3Þ

Zð!Þ
�ð!Þ2Fð!Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

self-energy model

In Refs. 72 and 73, physically sound phonon density of states
are assumed and examined whether these models explain
experimentally observed tunneling spectroscopy data, while
Refs. 74 and 75 inverted the procedure.

3.1.2 Semi-angle resolved
Vekhter and Varma extended the scheme developed in

Refs. 72 and 73 to partially include momentum dependence
of the self-energy.76) A simple and useful example of the
target systems is a two-dimensional many-body electrons.
When we focus on the momentum near the Fermi surface,
the momentum k ¼ ðkx; kyÞ in the Cartesian coordinate is
rewritten into an angle along the Fermi surface, θ, and the
momentum perpendicular to and measured from the Fermi
surface, �k?, as illustrated in Fig. 2.

Then, one may realize that the assumption of the linearized
band dispersion Eq. (33) can be generalized as,

�ðkÞ ’ � þ vFð�Þ�k?: ð36Þ
The authors of Ref. 76 found that the density of states in
Eq. (31) should be replaced with a partially integrated
spectral function,

Nð�; !Þ ¼
Z

d� k?Að�k?; �; !Þ: ð37Þ

The ratio of the partially integrated spectral function satisfies
a relation similar to Eq. (31) as,

Nsð�; !Þ
Nnð�; !Þ ¼ Re

!ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2 � �ð�; !Þ2

p" #
; ð38Þ

where �ð�; !Þ is a partially momentum-dependent gap
function.

3.1.3 Angle-resolved
Irrespective of perturbative56–58) or non-perturbative,66)

theoretical and numerical methodologies have been devel-
oped to reveal the momentum-dependent structure of the
self-energy. However, many of them are not simple and
transferable enough to be utilized to extract self-energy
information from experimental data.

Primarily focusing on the cuprates as a typical example of
correlated quantum materials, there are analytical representa-
tions of the self-energy that capture the essence of cuprate
physics. While the momentum-independent marginal-Fermi-
liquid self-energy77) has been employed in the literature, there
have been several phenomenological self-energy models78–82)

to reproduce the significantly momentum-dependent nature
of the self-energy of cuprate superconductors, which is
evident in the formation of pseudogap.

The strongly momentum-dependent self-energy found in
the two-dimensional Hubbard model by a cluster extension of
the dynamical mean field theory83) was reproduced by the
dark fermion model,80) in which hybridization between two
species of fermions generates the pseudogap.79,84) Such a
singular self-energy has been found in fermion-boson
coupled systems at quantum critical points.81)

A completely different approach emerges from the AdS=
CFT correspondence or holography.85,86) A black hole in
a anti-de Sitter spacetime offers a description of strange
metals.87,88) The strange metal shows �k?-dependent the
imaginary part of the self-energy proportional to !2�k where
�k is a linear function of �k?, which is utilized in an analysis
of ARPES measurements.89)

3.2 Machine-learning model
Even though a physics-informed model or a decent

approximation for the self-energy has succeeded in low-
critical-temperature superconductors, it has a limitation and
is often biased due to the physical mechanism behind the
model. However, the accumulation of the studies on the self-
energy has revealed its proper mathematical structures. If
there are flexible mathematical representations for P and Q,
the proper mathematical structure and the prior knowledge
will be exploited to construct a self-energy model beyond the
limitation of these models.

3.2.1 Artificial neural networks
Artificial neural networks may serve as flexible models to

represent these distributions, P and Q. However, we note that
there are several different structures of neural networks
designed for different purposes. A typical category of
artificial neural networks, widely used in recent machine-
or deep-learning studies, is the feed-forward neural network.
While a feed-forward neural network can represent (multi-
variate) distributions, as utilized in classification tasks, it is
also suitable to use a feed-forward network to process the
input vectors or matrices (pixel data).

A feed-forward neural network consists of successive
transformations of a given input vector. For an Lð0Þ dimen-
sional input vector xð0Þ, a new Lð1Þ dimensional vector xð1Þ is
generated through successive linear and non-linear trans-
formation as, xð1Þ‘ ¼ �ð0ÞðPm W

ð0Þ
‘mx

ð0Þ
m þ bð0Þ‘ Þ. Here, W ð0Þ is

a Lð1Þ � Lð0Þ real matrix and bð0Þ is a Lð0Þ dimensional real
vector, which are trainable parameters that define the linear

Fig. 2. (Color online) Fermi surface of two-dimensional electron gases
and cuprates. While the left panel shows the Fermi surface, for the electron
gas, the right panel shows the typical Fermi surface of the cuprate. In the both
Fermi surfaces, a new coordinate, ð�k?; �Þ, used in the semi-angle dependent
analysis, is illustrated.
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transformation of the input vector; the non-linear scalar
function �ð0ÞðxÞ defines the non-linear transformation. We can
repeat similar transformations as xðkþ1Þ‘ ¼ �ðkÞðPm W ðkÞ‘mx

ðkÞ
m þ

bðkÞ‘ Þ to construct a deep neural network. To train the neural
network, we need to prepare a sizable set of input and output
data.

There are several variants of feed-forward networks. A
complex version of the feed-forward networks, where the
parameters in W ðkÞ and bðkÞ are complex, is studied as an
independent subject because the complex feed-forward
neural networks show different analytical behavior. Convolu-
tional neural networks, another variation of feed-forward
networks, involve additional structured data operations, such
as filtering and pooling, which are designed to handle images.

Another category of neural networks has been developed
to represent, primarily, probability distributions, inspired by
the Boltzmann weight, e�
EðsÞ=Z, for a statistical description
of classical many-body systems. Here, EðsÞ is the energy of a
given state represented by an array of Ising spins, s, β is the
inverse temperature, and Z is a normalization constant known
as the partition function. While it is simple to sample a spin
configuration s from the Boltzmann distribution, the full
shape of the generated probability distribution is out of reach.
One example in this category is the Boltzmann machine.90,91)

When an Ising spin configuration consists of a bit array
� ¼ f�‘g (�‘ ¼ 0; 1) and a set of hidden variables h ¼ fhmg
(hm ¼ 	1), a Boltzmann machine is given by a marginal
probability pð�Þ through averaging a conditional probability
pð�jhÞ ¼ e�
Eðf2�‘�1g;fhmgÞ=Z over every possible configura-
tions of the hidden variables. Depending on the interaction
between the bit array � and the hidden variables h, there are
several variations of the Boltzmann machines. While these
Boltzmann machines have been used in a broad range of
applications,6,92) the author and the author’s collaborators
used them to represent the ω dependence of Pðk; !Þ and
Qðk; !Þ at a given k.93)

3.2.2 Neural-network self-energy model
As mentioned above, the Boltzmann machine, which

originates from the Boltzmann weight for interacting Ising
spins, returns a value associated with a bit array. To construct
the Boltzmann machines to represent P and Q, the authors
mapped ω in a finite range, ! 2 ½��=2;þ�=2�, to L-digit
binary representation as

� 
 ð�0; �1; . . . ; �L�1Þ; ð39Þ
by dividing the range ½��=2;þ�=2�. Here, �i ¼
modðI=2i; 2Þ for the decimal representation Ið�Þ in the range
0 ≦ Ið�Þ ≦ 2L � 1 of the grid number coordinate,

Ið�Þ ¼
XL�1
‘¼0

�‘ � 2‘: ð40Þ

The binary representation introduces a hierarchical structure
like a wavelet.94,95) As shown below, the Boltzmann machines
with parameters, whose number is proportional to a polynomi-
al of L, can describe 2L degrees of freedom. Similar structures
of information compression have been utilized in matrix-
product, tensor-network, or tensor-train representation.96)

When ω dependence is discretized as above, the simplest
choice of the basis set to describe P and Q is a rectangular
function, �L

�ð!Þ, defined as

�L
�ð!Þ ¼

1 for x 2 ½Ið�Þ=2L; ½1 þ Ið�Þ�=2LÞ
0 otherwise

�
: ð41Þ

The discretized description of the self-energy is shown in
Fig. 3. The rectangular function is also convenient to
calculate the self-energy since the Kramers–Kronig trans-
formation of �L

�ð!Þ is analytically available.
Then, the basis set expansions of Pðk; !Þ and Qðk; !Þ, at a

given k, are obtained as

Pðk; !Þ ¼
X
�

Ckð�Þ�L
�

! þ �=2

�

� 	
; ð42Þ

Qðk; !Þ � Qðk;�!Þ ¼
X
�

Dkð�Þ
�
�L

�

! þ �=2

�

� 	
� �L

�

�=2 � !

�

� 	�
; ð43Þ

with two functions, Ckð�Þ and Dkð�Þ. Below, the momentum
index k is omitted for simplicity, and Ckð�Þ and Dkð�Þ are
denoted as Cð�Þ and Dð�Þ, respectively.

Due to the non-negativity of Cð�Þ, it is efficiently
represented by the restricted Boltzmann machine
(RBM),91,97,98) as

Cð�Þ ¼ eb
X

fhmg¼	1
exp

X
‘;m

ð2�‘ � 1ÞW‘mhm

" #

¼ eb
YLh�1

m¼0
2 cosh

X
‘

ð2�‘ � 1ÞW‘m

" #
; ð44Þ

where Lh is the number of the hidden variables, b is the bias,
and the weight W‘m only connects a visible variable �‘ and a

(a) (b)

(c)

(d)

(e)0

1

0

1

0

1

Fig. 3. (Color online) Boltzmann machine representation of self-energy.
(a) The discretized representation of Im�norðk; !Þ ¼ �Pðk; !Þ is illustrated
as a combination of red rectangles. (b) The discretized mixture representation
of Im�anoðk; !Þ ¼ Qðk; !Þ � Qðk;�!Þ is shown. Whereas the total mixture
distribution for Qðk; !Þ is represented by open red rectangles, each
Boltzmann-machine distribution is illustrated by filled red, cyan, and blue
rectangles. Copies of Boltzmann machines, �Qðk;�!Þ, are shown in grey
rectangles. (c) The wavelet-like structure of the rectangular basis set is
illustrated. From the longest wave length structure governed by �0 to the
shortest wave length structure controlled by �L�1, each rectangular basis
(open red rectangle) is labeled by the set of bits � ¼ ð�0; �1; . . . ; �L�1Þ
(�‘ ¼ 0; 1). The structure of the restricted Boltzmann machine for Cð�Þ
and mixture distribution consisting of Boltzmann machines for Dð�Þ is
depicted in (d) and (e), respectively. This figure is taken from Ref. 93 under
the terms of the Creative Commons Attribution 4.0 International license.
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hidden variable hm, as illustrated in Fig. 3(d). The advantage
of the RBM is that one can analytically trace out the hidden
variables hm, leading to the second line in the above formula.

The normal component and anomalous component of
the self-energy could be influenced by different physical
processes in different energy scales. While Pð!Þ could be
significant up to several eV scale, Qð!Þ would be finite
within a smaller energy scale. To introduce prior knowledge
on the energy scale, it is convenient to represent Dð�Þ by a
localized distribution. In Ref. 93, the authors introduced a
linear combination of the simple Boltzmann machine without
hidden variables [see Fig. 3(e)] as

Dð�Þ ¼
X
�

w� exp

"X
‘

ð2�‘ � 1Þb�‘

þ
X
‘;m

ð2�‘ � 1ÞW�
‘mð2�m � 1Þ

#
; ð45Þ

where a linear combination of the Boltzmann machines are
taken with coefficients, fw�g. The coefficients, the biases,
fb�‘g, and the weights, fW�

‘mg, will be optimized.
Note that a linear combination of Gaussian distributions is

one of the standard procedures to approximate a smooth
function99) and can be used as an initial guess of Dð�Þ (the
detailed procedure is given in Appendix of Ref. 93).

While the restricted Boltzmann machine with enough
number of hidden variables can represent any positive
definite distribution,100,101) it is not easy to initialize the
restricted Boltzmann machines. In contrast, the Boltzmann
machines without the hidden variables are explicitly
initialized to represent several distributions, including
Gaussian distributions. To reconcile the drawbacks and
benefits of the Boltzmann machine, the authors of Ref. 93
choose a linear combination of the Boltzmann machines for
the anomalous part.

3.2.3 Training of Boltzmann-machine models
Reference 93 introduces a training procedure for these

(restricted) Boltzmann machines, which consists of inner and
outer loops (as later illustrated in Fig. 4). The mean squared
error between the experimental and theoretical spectrum is
minimized as the cost function in the inner loop. The cost
function is defined as,

�2ðkÞ ¼ 1

Nd

X
j

½Aexpðk; !jÞ � Acalðk; !jÞ�2; ð46Þ

where the photoelectron intensity is measured or calculated at
Nd discrete energy points f!jg. Here, the experimental
spectrum is denoted by Aexpðk; !Þ while the theoretical
spectrum, obtained by the Boltzmann-machine self-energy
models, is denoted by Acalðk; !Þ, where Acalðk; !Þ is a
product of a Fermi-Dirac distribution fFDð!Þ (convoluted
with a Lorentzian representing an experimental resolution)
and the spectral function Aðk; !Þ. To minimize �2, the
variational parameters,

�C ¼ ðb; fW‘mgÞT ð47Þ
and

�D ¼ ðfw�g; fb�‘g; fW�
‘mgÞT; ð48Þ

in Cð�Þ and Dð�Þ, are optimized by using the gradients,

gC;D ¼ @�2

@�C;D
: ð49Þ

The increments of these parameters, ��C and ��D, are chosen
to be

��C ¼ � �C

kS�1gCkp S
�1gC; ð50Þ

��D ¼ � �D

kgDkp g
D; ð51Þ

where �C;D are the learning rates and a real number,
p 2 ð0; 1Þ, controls the amplitude of the gradient. While
the mixture of the Boltzmann machines, Dð�Þ, will be
updated in the outer loop as well, the restricted Boltzmann
machine Cð�Þ is updated only in the inner loop. Then, the
natural gradient method is used to update �C in Ref. 93. The
increment of �C involves the classical Fisher information
matrix given by,

S�� ¼
X
j

@Pð!jÞ
@�C

�

@Pð!jÞ
@�C

�

: ð52Þ

The outer loop then examines the test error defined as,

e�2ðkÞ ¼ 1

NsynNd

X
j;k

½Asyn
k ðk; !jÞ � Acalðk; !jÞ�2; ð53Þ

where a set of Nsyn synthetic spectra, fAsyn
k ðk; !jÞg, is used to

avoid overfitting.93)

3.3 Workflow
Along with the workflow for the forward approach72,73)

according to the Migdal–Eliashberg–Nambu theory, the
workflows for the self-energy estimation utilizing the
physics-informed models74–76) (in Sects. 3.1.1 and 3.1.2)
and the Boltzmann-machine models (in Sect. 3.2), are
summarized in Fig. 4.

4. Self-energy Analysis of Experimental Data

4.1 Normal state
While understanding strong-coupling BCS superconduc-

tivity was an important subject in an early stage of the self-
energy analysis, the self-energy in the normal states have
been studied in variety of materials. The mutual Coulomb
repulsion and the electron–phonon coupling will make a
considerable impact on the quasiparticle spectra even in the
normal metallic states. For example, strong ω dependence of
Re�ð!Þ in the electron–phonon coupled systems103–105) has
been shown to generate a bend in electronic dispersion,
which is often called a kink. Due to development of non-
perturbative theoretical analyses of the self-energy, it has
been theoretically revealed that the Coulomb repulsion itself
generate the kink structure,106–108) as well. The kink
structures have been intensively discussed in the cuprate
superconductors, where the Coulomb repulsion plays an
important role. It is highly desirable to understand the
complicated kink anomalies found in the quasiparticle
dispersion of the cuprates.109)

4.1.1 Surface state of Be(0001)
Analysis of self-energy in a simple system is favorable to

understand the nature of electron–phonon couplings and
electron–electron interactions. A many-body electron system
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with spherically-symmetric quadratic band dispersion will
serve as such a reference. While the simplest example would
be a two-dimensional electron gas emerging in semiconduc-
tor interfaces, the photoemission spectroscopy of the
interfaces is not simple.110) Instead, the surface states of
metals have been studied.111–114) One of these studies was
performed on the Be(0001) surface.115)

The authors of Ref. 115 performed a forward analysis on
the ARPES spectra of the Be(0001) surface. They introduced
the self-energy �ph modeling the electron–phonon couplings
and compared the spectral weight generated by �ph and the
effects of the electron–electron interaction. Here, �ph is
estimated by using the Migdal–Eliashberg formalism in the
normal state.

The authors approximated �ð!Þ2Fð!Þ as
�ð!Þ2Fð!Þ ¼ �!�ð!ph � !Þ=2!ph;

where λ is the strength of the electron–phonon coupling and
!ph is the maximum energy scale of the phonon measured by
electron-energy loss spectroscopy.116) Here, the distribution
function is given as

Pð!Þ ¼ ��ð!ph � j!jÞ�!2=4!ph þ ��ðj!j � !phÞ�!ph=4;

which is an example of the self-energy model for the two-
dimensional electron–phonon coupled systems.

The electron–phonon coupling strength λ is estimated from
the ratio of the renormalized electron velocity v�F and bare
velocity vF through 1 þ � ¼ vF=v

�
F. These velocities are
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Fig. 4. (Color online) Workflows for forward and inverted approaches. (a) The Migdal–Eliashberg–Nambu (MEN) theory and the Scrieffer–Scalapino–
Wilkins scheme provide a forward approach to calculate tunneling spectra (TS), Ncal

s ð!Þ=Nnð0Þ, by assuming an effective boson density of states (DOS),
�ð!Þ2Fð!Þ, the self-energy, �ð0Þð!Þ, induced by electron–electron interaction, and the Coulomb pseudopotential, UC (see Appendix B). (b) The McMillan–
Rowell method partially inverts the forward approach to obtain the effective phonon density of states, �ð!Þ2Fð!Þ, from the experimentally observed tunneling
spectrum, N exp

s ð!Þ=Nnð0Þ, supplemented by �0 from the spectrum. (c) The inverted scheme is further extended in the Vekhter–Varma method, where the
ARPES spectra is utilized to estimate the self-energy. Reference 102 generalizes the method by incorporating the particle–hole (PH) asymmetric component of
self-energy, �3ð�;!Þ, with separating so-called backgrounds (BG), Bsð�k?; �; !Þ, and matrix elements (ME), Mð�;!Þ, from bare photoemission spectra. (d)
Workflow represents a regression procedure to train the Boltzmann-machine self-energy models, proposed in Ref. 93. The parameters, �C and �D, in Cð�Þ and
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estimated from the dispersion measured by the angle-
resolved photoemission117) as �ðkÞ ’ v�Fðjkj � kFÞ for
�!ph ≲ ! and �ðkÞ ’ vFðjkj � kFÞ for !� �!ph. The
transition from v�F to vF is observed as a kink in the band
dispersion.

So far, the self-energy model is determined through
experiments other than the ARPES measurement. The
authors also introduced a pseudoparabolic electron–electron
self-energy and impurity scattering as fitting parameters to
reproduce the ARPES spectra of the Be(0001) surface state.

While the authors of Ref. 115 utilized several independent
experimental data to obtain a decent self-energy model, the
RBM representation is capable to obtain the self-energy by
using a single ω dependence of the spectrum at a given
momentum. As shown in Fig. 5, the self-energy obtained by
the RBM is consistent with the self-energy model in Ref. 115
even though there are noise in the RBM self-energy model
due to statistical errors in the ARPES measurement.

4.1.2 SrVO3

Another example is a perovskite vanadium oxide SrVO3,
whose spectrum has been experimentally and theoretically
studied as a typical correlated metal.106,118–121) By assuming
that the (retarded) self-energy satisfies a particle–hole
symmetry and supplementing high-energy tails of the spectral
function, the normal-state self-energy of SrVO3 is extracted
from the ARPES data.120)

Photoemission spectroscopy mainly provides us with
information regarding occupied states, though unoccupied
states above the Fermi energy can be partially observed at
finite temperatures122–124) or through pump-probe measure-
ments.125,126) Therefore, we need to extract the self-energy
from a spectrum within a finite range of binding energy
observed as Aðk; !expÞ for �!c � !exp ≲ 0.

By assuming the particle–hole symmetry and high-energy
tails of the spectrum, and the particle–hole symmetry of the
self-energy as �ð�k;�!Þ ¼ ��ðk; !Þ�, the authors obtained

the self-energy, as follows. From these assumption, the
authors constructed the spectral function Aðk; !Þ practically
along the entire ω axis. The retarded Green function is then
obtained through the Hilbert transformation (or the Kramers–
Kronig relation)

Gðk; !Þ ¼
Z þ1

�1

Aðk; !0Þ
! þ i� � !0

d!0: ð54Þ

The inverse of Gðk; !Þ provides us with �ðkÞ � � þ
�norðk; !Þ. The extracted self-energy is qualitatively consis-
tent with the results of a numerical simulation.106)

When these assumptions hold, the normal-state self-energy
is reproduced through the above scheme. If the assumption
concerning the high-energy tails is not reliable, regression
will be more suitable for extracting the self-energy. When
we wish to analyze superconductors, the present scheme
provides only the total self-energy, �norð!Þ þWð!Þ. Thus, a
regression scheme based on a flexible self-energy model will
be useful for analyzing the superconducting states.

4.1.3 Cuprate
The normal-state self-energy in a cuprate superconductor

was also analyzed by assuming fermion-boson coupling
mechanism.109) Here, the dispersion along the nodal direction
� � �=4 was studied.

When the momentum dependence of �ðk; !Þ along the
nodal direction is negligible, the spectral function is given by

� 1

�

Im�ð!Þ
½! þ � � �ðkÞ � Re�ð!Þ�2 þ Im�ð!Þ2 :

If the amplitude of the self-energy is smaller than or
comparable with the bare dispersion, the maximum of the
spectral function appears along ! þ � � �ðkÞ � Re�ð!Þ ¼ 0.

Therefore, by assuming a bare band dispersion �ðkÞ, the
real part of the self-energy is estimated from the positions of
the peaks of the spectra in k; ! space, where the peak of the
spectrum is determined by the momentum distribution curves
method. By assuming the Migdal–Eliashberg formalism, the
bosonic density of states was inferred from the obtained real
part of the self-energy.109) However, the momentum de-
pendence of the self-energy along the nodal direction has
been examined in details and found to be non-negligible.89)

4.2 Superconducting state
4.2.1 Pb

The self-energy analysis by combining the Migdal–
Eliashberg–Nambu theory, Eq. (31), and the tunneling
spectra, has succeeded to demonstrate the validity of the
phonon mechanism for the low-temperature BCS super-
conductors, while it sacrifices many-body effects inherent in
the normal state by assuming the normal state with constant
density of states. Even though the theoretical framework
thoroughly depends on the phonon mechanism and the
normal-state density of states often shows anomalies,
�ð!Þ2Fð!Þ behind Pð!Þ and Qð!Þ is the extracted.

While the phonon density of states is approximated by two
Lorentzian distributions in Ref. 72, �ð!Þ2Fð!Þ is iteratively
updated starting from an initial guess to minimize the
difference between the tunneling spectrum given by the
current �ð!Þ2Fð!Þ and that obtained in the tunneling
experiment of Pb, in Ref. 74. Finally, the authors of
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Fig. 5. (Color online) Self-energy models for Be(0001) surface state. The
left panel shows the ARPES spectrum at the Fermi momentum kF (red open
squares) with the spectral function generated by the RBM self-energy model
(blue crosses). The right panel illustrates the self-energy models. Here, the
Migdal–Eliashberg self-energy model represented by solid curves shows the
imaginary part of �ph as a piecewise function of ω. While the impurity
scattering term �1=	 is introduced, the small pseudoparabolic term in
Ref. 115 is neglected. For j!j < !ph, Im�ph is proportional to !2 while
Im�ph is constant for j!j > !ph. A peak in Re�ph for j!j ≲ !ph generates a
kink in the quasiparticle dispersion. The RBM self-energy model (blue and
red filled squares) is consistent with the Migdal–Eliashberg self-energy
model.
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Ref. 74 obtained �ð!Þ2Fð!Þ from the tunneling spectrum of
Pb, as shown in the bottom panel of Fig. 6.

The detailed structures in the density of states Nð!Þ of Pb
by superconductor-insulator-normal tunnelings128) is also
observed by angle-integrated photoemission spectroscopy
measurements.129)

4.2.2 Sn and others
By using the same formalism, the phonon density of states

of β-Sn or white tin has been studied75) as a weaker coupling
system. The extracted phonon density of states is quantita-
tively consistent with the phonon dispersion observed in
inelastic neutron scatterings.130,131) Other examples of similar
analyses are found in an extensive review article.132)

4.2.3 Cuprate
While the total self-energy of the cuprates has been known

for more than two decades,133) the decomposition of the
normal and anomalous components of the self-energy was
performed within a decade. Bok et al. applied the extension
of the Migdal–Eliashberg–Nambu theory76) to the ARPES
spectra around the nodal direction.102) The validity of the
self-energy analysis is limited by the usage of Eq. (31),
which is hardly justified around the antinodal region (� � 0

in Fig. 2). Later, Li et al. introduced phenomenological self-
energy models to analyze the entire Brillouin zone of the
cuprate,134) where the distribution function for the anomalous
component, Qð!Þ, is assumed to be finite in an extended

energy scale. To remove constraints on these self-energy
models, the Boltzmann machines were used to represent P
and Q93) as reviewed in Sect. 3.2.

At a given momentum around the antinodal region, which
is a Fermi momentum at higher temperatures than Tc, the
self-energy was extracted from the energy dependence of the
ARPES spectrum of a category of cuprates. As shown in
Fig. 7, the prominent peak structures inQ and Im�ano, which
generate a significant superconducting gap, is compensated
by the peak structures in ImW. Then, the total self-energy
does not show such prominent anomalies.

The compensation of the peak structures in the self-energy
is an unexpected from the phonon mechanism, which sets a
constraint on the mechanism of the high-temperature super-
conductivity of the cuprates. In addition, it is revealed that
the incoherence of the one-particle excitations, quantitatively
estimated from the self-energy, enhances the superconducting
critical temperatures,93) which is seemingly counterintuitive.

5. Summary and Future Perspectives

To understand effects of mutual interactions in quantum
many-body systems, self-energy is an important physical
quantity, which is unfortunately not an observable in
experiments. The self-energy has been indeed crucial to
theoretically understand the origin of the strong-coupling
Bardeen–Cooper–Schrieffer (BCS) superconductivity. By
solving inverse problems formulated with a sophisticated
many-body perturbation theory, the self-energy was extracted
from spectroscopy data of Pb and other strong coupling BCS
superconductors.

Alongside the development of theoretical tools and
spectroscopy measurements, the rise of machine learning
has inspired researchers to formulate the inverse problem
from a broader perspective. While there are various machine-
learning-inspired approaches to analysis of spectroscopy
data, we focused on photoemission spectroscopy measure-
ments and reviewed the self-energy analysis by using the
Boltzmann machine.

The self-energy analysis of superconductors is distilled
to optimization of two distribution functions, Pðk; !Þ and
Qðk; !Þ, which generate the normal and superconducting
components of the self-energy through a transformation
[Eqs. (28) and (29)]. Then, we can employ various description
of Pðk; !Þ and Qðk; !Þ. The machine learning approaches
provide us with a variety of models for complicated
probability distributions and, thus, a flexible description of
the self-energy. As an example of these approaches, the
Boltzmann machine representation of the self-energy and its
application to the copper oxide high-temperature super-
conductors are reviewed in the present article.

Even though the machine learning approaches are flexible,
there remain several crucial problems. While the Boltzmann
machines are simple and sallow neural networks, the
optimization is not straightforward. The limitation of
available experimental data also remains a crucial problem.
While spectra in a wide energy range are available,
momentum dependence is not accessible in the tunneling
spectroscopy. In contrast, the angle-resolved photoemission
spectroscopy (ARPES) provides us with momentum de-
pendence of one-particle spectra while only spectra for ω
smaller than the Fermi level are available. The validation of

Fig. 6. Analysis of tunneling spectrum of Pb. Curve A represents the
voltage derivative of the ratio of tunneling conductance in the super-
conducting state and normal state, in units meV−1 as a function of V � 2�0,
where �0 is defined in Appendix B. Curve B is Nsð!Þ=Nnð!Þ as a function
of ! ��0 while Curve C is the dimensionless phonon density of states,
�ð!Þ2Fð!Þ, as a function of ω. Reprinted figure with permission from
Ref. 74. © 1965 American Physical Society.
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the obtained self-energy remains an important issue as well.
Though efforts have been made to validate the self-energy
obtained from the spectroscopy data (as in Appendix of
Ref. 93), there could be local minima in the optimization
problems, due to the lack of information.

Therefore, we need to explore further possibilities to
augment the machine-learning approaches. A possible
approach will be utilization of other experimental data or
simulations as prior knowledge. The momentum dependence
could be extracted from interference in scanning tunneling
microscope135–139) although it requires theoretical tools. To
supplement the photoemission spectra, inverse photoemis-
sion would be useful, though the resolution of the inverse

photoemission is lower than the photoemission so far.
Combined one- and two-particle excitations observed in
resonant inelastic x-ray scattering140–142) will provide us with
further information.
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Appendix A: Two-particle Green Functions

A typical example of two-particle Green functions is a
dynamical spin susceptibility defined as

�zzðq; !Þ ¼ h�0jŜzðqÞy 1

! þ i� � Ĥ þ E0

ŜzðqÞj�0i;

which describes spin excitations generated by operating a
spin operator,

ŜzðqÞ ¼ ð1=2Þ
X
k

ðĉykþq"ĉk" � ĉykþq#ĉk#Þ;

to the ground state j�0i. Similarly to the one-particle Green
functions, the imaginary part of the dynamical susceptibility
provides dynamical structure factor as,

Szzðq; !Þ ¼ � 1

�
Im �zzðq; !Þ:

To extract a two-particle self-energy, we need to introduce a
proper single-particle dispersion as a reference. The single-
particle dispersion will be given by a dispersion relation of,
for example, magnons144) or triplons.145) Even in the simple
Heisenberg model on a square lattice, the self-energy is
evident as deviation from the magnon dispersion obtained by
the linear spin wave theory.146)

Appendix B: Migdal–Eliashberg–Nambu Theory

The Migdal–Eliashberg–Nambu theory47,70,71) provides us
simple formulae to model the two components, �ð!Þ and
Zð!Þ, by introducing an effective phonon density of states,
�ð!Þ2Fð!Þ as explained below. The normal and anomalous
components of the self-energy are given by
�norð!Þ ¼ ½1 � Zð!Þ�!

¼
Z 1

�0

d!0 Re
!0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

!02 � �ð!0Þ2 þ i�
p" #

K�ð!;!0Þ

þ �ð0Þð!Þ; ðB:1Þ
�anoð!Þ ¼ Zð!Þ�ð!Þ

¼
Z !c

�0

d!0 Re
�ð!0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

!02 ��ð!0Þ2 þ i�
p" #

½Kþð!;!0Þ

� Nnð0ÞUC�; ðB:2Þ
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Fig. 7. (Color online) Self-energy of a cuprate represented by the
Boltzmann machines.93) (a) An experimental ARPES spectrum Aexpð!Þ of
Bi2Sr2CaCuO8þ� (Tc ¼ 90K) at a Fermi momentum (red open squares)127) is
compared with the spectral function given by the Boltzmann-machine self-
energy shown in (b). (b) The real and imaginary parts of normal and
anomalous components of the self-energy are shown. (c) The total self-
energy is decomposed into the normal component and W, where the peak
structure in the normal component is compensated by the peak in ImWð!Þ.
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where �0 ¼ Re�ð�0Þ, !c is the cutoff frequency, Nnð0ÞUC

is a Coulomb pseudopotential,147,148) and η is a positive
broadening factor. Here, the kernel functions K	 are defined
as

K	ð!;!0Þ ¼
Z

d� �ð�Þ2Fð�Þ

� 1

!0 þ ! þ � þ i�
	 1

!0 � ! þ � � i�

� �
; ðB:3Þ

where Fð�Þ is the phonon density of states and �ð�Þ is the
effective electron–phonon coupling.74) When we take Fð�Þ ¼
�ð� ��Þ and �ð�Þ2 ¼ Nnð0Þg2el­ph, the kernel functions
represent the Einstein model with the Einstein phonon
frequency Ω and the dressed electron–phonon coupling
constant gel­ph.

Appendix C: Vekhter–Varma Extension

Here, we briefly explain the Vekhter–Varma extension of
the Migdal–Eliashberg–Nambu theory and the derivation of
Eq. (38). First, the 11 component of the matrix representation
Eq. (25) is rewritten as a function of �k?, θ, and ω as

G11ð�k?; �; !Þ

¼ Zð�k?; �; !Þ! þ �ð�k?; �Þ
Zð�k?; �; !Þ2!2 � �ð�k?Þ2 � �ð�k?; �; !Þ2

¼ 1

Zð�k?; �; !Þ
! þ �ð�k?; �; !Þ

!2 � �ð�k?; �; !Þ2 � �ð�k?; �; !Þ2
;

ðC:1Þ
where � ¼ �=Z and � ¼ �=Z.

Then, we integrate the Green function along �k? asZ
G11ð�k?; �; !Þ d� k? ¼ fð�; !Þ � i�Nsð�; !Þ; ðC:2Þ

where fð�; !Þ and ��Nsð�; !Þ are the real and imaginary part
of the integration, respectively.

When Zðk?; �; !Þ and �ðk?; �; !Þ are k? independent, the
integral in the right hand side of Eq. (C·2) is transformed asZ

G11ð�k?; �; !Þ d� k? ¼
Z

G11ð�k?; �; !Þ Zð�; !Þ
vð�; �; !Þ d�;

ðC:3Þ
where the velocity vð�; �; !Þ is given by

vð�; �; !Þ ¼ @�

@�k?

����
�ð�k?Þ=Z¼�

: ðC:4Þ

Then, the integration Eq. (C·3) is transformed asZ
G11ð�k?; �; !Þ Zð�; !Þ

vð�; �; !Þ d�

¼
Z

! þ �

!2 ��ð�; !Þ2 � �2
d�

vð�; �; !Þ : ðC:5Þ
Only when there is a �cutoff that satisfies vð�; �; !Þ ’ vFð�Þ

(vF 2 R) for j�j < j�cutoff=Zj and maxðj!2 ��2j; !2Þ �
j�cutoff=Zj2, the right hand side of Eq. (C·5) leads toZ

! þ �

!2 � �ð�; !Þ2 � �

d�

vð�; �; !Þ

’ 1

vFð�Þ
Z þ1

�1

! þ �

½að�; !Þ þ ibð�; !Þ�2 � �2
d�; ðC:6Þ

where a þ ib ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2 ��2
p

. By integrating ξ as

Z þ1

�1

! þ �

ða þ ibÞ2 � �2
d� ¼ ��i !

a þ ib
; ðC:7Þ

we obtain

fð�; !Þ � i�Nsð�; !Þ ’ � �i

vFð�Þ
!

a þ ib
: ðC:8Þ

Thus, the partially spectral function in the superconducting
state is given by

Nsð�; !Þ ’ 1

vFð�Þ Re
!ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

!2 � �ð�; !Þ2
p" #

; ðC:9Þ

while Nnð�; !Þ ¼ 1=vFð�Þ. We should note that, even when Z
depends on temperatures, vF is independent of the temper-
ature since vF is nothing but the Fermi velocity of the bare
band dispersion ϵ.
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