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Despite the attempts to apply a quantum annealer to Boltzmann sampling, it is still impossible to perform
accurate sampling at arbitrary temperatures. Conventional distribution correction methods such as importance
sampling and resampling cannot be applied, because the analytical expression of sampling distribution is
unknown for a quantum annealer. Stein correction [Q. Liu and J. Lee, in Proceedings of the 20th International
Conference on Artificial Intelligence and Statistics, Proceedings of Machine Learning Research (PMLR, 2017),
Vol. 54, pp. 952-961] can correct the samples by weighting without the knowledge of the sampling distribution,
but the naive implementation requires the solution of a large-scale quadratic program, hampering usage in prac-
tical problems. In this article, a fast and approximate method based on a random feature map and exponentiated
gradient updates is developed to compute the sample weights and is used to correct the samples generated by
D-Wave quantum annealers. In benchmarking problems, it is observed that the residual error of thermal average
calculations is reduced significantly. If combined with our method, quantum annealers may emerge as a viable
alternative to long-established Markov chain Monte Carlo methods.

DOI: 10.1103/PhysRevResearch.6.043050

I. INTRODUCTION

Boltzmann sampling of the Ising model is central in
the studies of critical phenomena [1,2] and machine learn-
ing [3,4]. Although Markov chain Monte Carlo (MCMC)
methods can generate samples according to Boltzmann dis-
tribution, they often fall short for large models due to slow
mixing [5]. To efficiently perform Boltzmann sampling, vari-
ous improvement techniques such as exchange Monte Carlo
and population annealing have been proposed in statistical
physics [6-8].

As an alternative, quantum annealers (QAs) [9] have been
expected to work as a means to achieve accurate Boltz-
mann sampling [10-15]. Theoretically, it has been shown that
the distribution of quantum annealing samples deviates from
Boltzmann distribution [16]. Nevertheless, scientific discus-
sion is still unsettled about whether QA samples can be used
as samples of a Boltzmann distribution in practical terms. Re-
cently, Nelson et al. argued that the D-Wave quantum annealer
works as an accurate sampler at certain temperatures [10], but
it does not work well at arbitrary temperatures.

To accurately obtain the target distribution, conventional
distribution correction techniques such as importance sam-
pling and resampling [5] are the powerful tools when the
original distribution is known [17]. However, the sampling
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distribution by QAs has not been analytically described, and
these conventional approaches cannot be applied to achieve
Boltzmann sampling at arbitrary temperatures. To solve this
problem, a correction method without knowing the original
distribution is needed when only the target distribution (in
this case, Boltzmann distribution with arbitrary temperature)
is given.

Liu and Lee proposed a “black-box” distribution correction
method based on Stein statistics, where the analytical form of
the original distribution is not needed [18]. The original sam-
ples are assigned the weights to fit to the target distribution via
quadratic programming. In the original paper, the theoretical
properties are largely unsolved, but Hodgkinson ez al. showed
the convergence of Stein correction for samples generated by
a Markov chain [19].

This study investigates how well the Stein correction works
in the distribution correction of QA samples to a Boltzmann
distribution with a given temperature. First, we develop a fast
approximate algorithm of Stein correction, because the O(n*)
computational cost of quadratic programming for the number
of samples, n, is prohibitive for a large number of samples.
Next, in benchmarking studies, we observe that the estimation
error of internal energy, magnetic susceptibility, and Binder
cumulant of some Ising models decreases in a large extent by
Stein correction. This result implies that Stein correction is
useful for improving the sample quality for applications such
as critical phenomena and machine learning.

II. METHOD

A. Boltzmann sampling

We are engaged in sampling from the Boltzmann dis-
tribution p(x) ~ exp[—BHising(¥)], x € {—1, 1}¢, where the
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Hamiltonian is described as

Higing(x) = — Z Jijxixj — th- (D

i,jEE icV
B denotes the inverse temperature, V C [1,d], and E C
[1,d] x [1, d]. Here, we assume that the parameters J;; and

h; are in the range of —1 and 1. The thermal average of
observable O(x) is defined by

TIO(X) eXp ﬂHIsing(x)]
Tr exp[ ﬂHIsing ()]

Since the trace calculation is impossible for large models,
this trace is approximately replaced to the average of some
samples. When BHine(x) is solved by QAs with short an-
nealing time, the distribution of samples is more widespread
around the ground state. If we consider that this distribution
is the Boltzmann distribution and n samples (xi, ..., x,) are
generated by QAs, the thermal average is calculated as

Z O). 3)

However, the distribution by QAs deviates from the Boltz-
mann distribution, and the correction is needed.

(O@)g @

(O@x)§ A _

B. Kernelized Stein discrepancy

Stein discrepancy can measure the difference between two
distributions p(x) and g(x). Kernelized Stein discrepancy [20]
is defined as

S(p, @) = By w~qlky(x, x)] = Trky(x, x)g(x)qg(x"), (4

where kj(x, x) is called the Stein kernel that depends on p(x)
and the base kernel

d

L Ty £ X!
k(x,x") = exp (_ Dini Lx 7 xl}>_ ®)
The function of I{x; # x;} shows 1 for x; # x and O for the

others, respectively. Let us define the difference operator as

Vof @) =[f(x) = f(=1x), ..., f(x) = f(=ax)],  (6)

where —; denotes the sign flip of the ith variable. In addition,
the score function s,(x) € R is defined as

[sp(0)]i =1 — p(=x)/px) (i=1,....d).
The Stein kernel is then defined as
kp(x,x') = 5,(x) T k(x,x)s,(x) — 5,(x) " Vok(x,x')
—5,() Vik(x, x') + Tr[Vy ok, X)) (7)

Notably, k,(x,x’) depends on p(x) only through the score
functions. Here, S(p, g) is always non-negative because
kp(x,x’) is a provably positive definite kernel if k(x,x’) is a
positive definite kernel. In addition, S(p, g) = 0 holds if and
only if p = ¢q [18].

To address the relationship between the probability distri-
butions and their score functions, we consider the three-bit
Ising model with random interactions. Figure 1 shows the
Boltzmann distributions of the same Ising model with dif-
ferent temperatures as 8 = 0.5, 0.4, and 0.05 and their score

functions. When the distributions are similar, their score func-
tions are close, while when the distributions are dissimilar,
their score functions diverge significantly. The Stein discrep-
ancies are also shown in Fig. 1, and we have confirmed that
the relationship between distributions can be correctly evalu-
ated by the Stein discrepancy. Thus, we can understand that
minimizing the difference in the score function minimizes the
difference between distributions. Stein correction follows this
idea of minimizing the difference in score functions.

C. Stein correction

In this study, we use the kernelized Stein discrepancy to
correct the contributions of each sample obtained by QAs. Let
p(x) be the Boltzmann distribution p(x) ~ exp[—BHiging (x)]
and ¢g(x) be an unknown distribution by QAs. Suppose that
n samples are obtained from QAs. However, since g(x) is
unknown, the weight of each sample cannot be obtained.
Thus, we assume that the weight of each sample is w; instead
of g(x;), and the Stein discrepancy defined by Eq. (4) is
approximated as

n
S(p.q) = Y wiwiky(xi, x;) = w' Kyw, (8)
ij=1

where K, is the n x n matrix where elements are k,(x;, x;),
which is called the Stein kernel matrix. In addition, w is
the weight vector for n samples. In Stein correction [18],
the weights are adjusted such that the Stein discrepancy is
minimized,

i = argmin,, wTpr s.t. w; = 0, Z wi=1¢. (9

Then, the samples weighted by i approximate a Boltzmann
distribution p(x). Using the obtained weights, the thermal
average of observables O(x) is approximately obtained by

(O@))5F Z DOX)). (10)

D. Fast Stein correction

A naive implementation of Stein correction requires O(n?)
space and O(n’) time. We reduce the complexity by in-
troducing a random feature map [21] and an exponentiated
gradient descent [22]. Using the random feature map, the
base kernel defined by Eq. (5) is approximated as the inner
product k(x, x') &~ ¢(x) " ¢(x'), where the feature map ¢(x) :
{—1, 1}¥ — R*is computed as follows. Let us draw £ samples
W1, ..., w, from

d

1
=y (v

i=1

h(w)

where w is the d-dimensional vector with each component ;.
Also, by, ..., by are sampled from the uniform distribution
over [0, 2rr]. Then, the feature map is defined as

1 1\
$x) = [z,,,l,b, (%) e (’%)] . a2
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S[p(x), q1(x)] = 0.182

N

p(x) ~ exp[—0.5H 1sing ()]

q1(x) ~ exp[—0.4H 1sing ()]

q2(x) ~ exp[—0.05H sing ()]
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FIG. 1. Relationship between Boltzmann distributions and their score functions in three-bit Ising model with different temperatures as
B = 0.5, 0.4, and 0.05. The Stein discrepancies between distributions are also shown.

where z,, ,(x) = \/% cos(w'x + b) and 1 is the d-dimensional
vector of (1, ..., 1). Since the Stein kernel is a linear function
of the base kernel, it can also be approximated as k,(x, x') ~
qbp(x)Td)p(x), where ¢,(x) is the concatenation of the follow-
ing vectors:
p(—ix)
O (x) = ———0x) —¢(—x) (k=1,....d).
p(x)

Using the random feature map, the Stein discrepancy can be
approximated as

13)

; 2
Z widp(x:)| (14)

i=1

S(p.q) =

which is strictly positive. The optimization problem defined
by Eq. (9) is a convex optimization problem with non-
negativity and normalization constraints. When the standard
gradient descent algorithm is applied, the constraints are vi-
olated every time the parameters are updated. In this case,
exponentiated gradient descent is known to work well [22],
because constraint violation never happens. The update is
described as

w; i exp(=n[V f(w;)];)
Z, ’

Wryl,i =

s5)

where

Fw) =) wigy(xi), (16)

i=1

Z; = Z w; ; exp{—n[V f(w,)];},

i=1

an

and 7 is the learning rate. The modification shown above re-
duces the space requirement to O(n{). Each update takes only
O(n) time, enabling us to deal with a large number of samples.
The implementation of a fast Stein correction can be found on
GitHub (see Ref. [23]). We have confirmed that approximately
the same accuracy is obtained with the exact calculation of
the Stein correction by our approximate algorithm (see the
Supplemental Material, Fig. S1 [24]). Furthermore, we have
measured the computation time as a function of the number of
bits in the problem, d, with the number of samples fixed at 2
and the number of random feature maps £ = 5000. The results
are shown in Fig. S2 in Ref. [24], and the O(d 2) computation
time is required for the problem size.

III. RESULTS

In our experiments, we employ 16-bit Ising Hamiltonians
proposed by Nelson et al. [10] for benchmarking. They are
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FIG. 2. Results for Stein correction on GSD_8. (a) Computational time of exact and fast Stein corrections depending on the number of
samples n when £ = 5000. The inset is the log scale figure. (b) Residual error of the Stein kernel matrix K, against the number of random
features ¢ when n = 1000. Five independent runs were performed, and the means and standard deviations are plotted as lines and error bars,
respectively. The target Stein kernel matrix is common and random features are different towards five runs.

called GSD_X and the number X indicates the number of
degenerated ground states. The Hamiltonians are designed to
fit the chimera topology of D-Wave 2000Q systems, but here
the samples are generated by Advantage System 6.2, because
2000Q is already out of service in their cloud platform. Hamil-
tonians are embedded in the Pegasus topology of Advantage
using the MINORMINER PYTHON package [25].

First, we evaluate the efficiency and approximation error
of fast Stein correction using GSD_8. Throughout the paper,
the learning rate is 7 = 10~ and the number of updates is
3000 in the fast Stein correction. In addition, an exact cor-
rection was performed by CVXOPT [26]. Figure 2(a) shows
the computational time of Stein correction depending on the
number of samples when ¢ = 5000. The fast correction was
orders of magnitude faster than the exact one against the
number of samples. Figure 2(b) shows the residual error of the
Stein kernel matrix K),, which is defined as || K}, — K;||/||K;||,
depending on the number of features £. Here, K is the exact
matrix. The residual error by the random feature map de-
creases as the number of features is increased, showing that
the more random features are preferred for accurate approxi-
mation. In the following analysis, calculations are performed
with £ = 5000, indicating a sufficiently better residual error
and taking computational time into account. Note that residual
errors depending on the system size d are shown in Fig. S3
in Ref. [24], and when the number of features is larger than
20 000, the residual error becomes efficiently small up to 1024
bits.

Next, we observe how fast Stein correction improves the
accuracy of estimating observables on GSD_8, GSD_38, and
GSD_F_6. For GSD_F_6, the finite fields /; are imposed. The
calculated thermal averages of observables are the internal
energy E (), the magnetic susceptibility x (8), and the Binder
cumulant Uy (B), defined by

E(ﬂ) = <HIsing(x)>ﬁ, (18)
x(B) = Bl(XL x)’), (19)
UGB =1—((Zix) )3 Zhin) ) 0

where d is the system size. For each observable, we compute
the residual error as ||y — y*||/y*, where y is the thermal aver-
age of observables calculated by Egs. (3) and (10) and y* is the
exact value computed via brute-force enumeration. For each
B, 10 000 samples are generated by a D-Wave QA by setting
num_reads = 10 000 with an annealing time of 5 us. For this
setting, when B is increased, the number of unique samples
is decreased in 10 000 (see Fig. S4 in Ref. [24]). In addition,
the Metropolis method with single-spin flip, a basic MCMC
method, has also been applied. In our implementation, the
initial state is randomly generated at each temperature, and the
MCMC calculation is quenched at the target temperature. In
the MCMC calculation, we restart the Markov chain when the
length of the chain reaches 2000. This corresponds to the fact
that a single MCMC run consists of 5 independent Markov
chains. To match the number of QA samples, the first 1500
samples are used for burn-in and the remaining 500 samples
are used for estimation. Computing time comparisons for each
inverse temperature between Stein-corrected QAs and MCMC
calculation are shown in Fig. S5 in Ref. [24].

The results over a range of inverse temperatures are shown
in Fig. 3. For each case, five independent runs are conducted
and the mean values of residual error are evaluated. The
accuracy of fast Stein correction outperforms the original
QA samples in all cases, showing the effectiveness of our
approach. The temperature dependence for internal energy be-
haves nonmonotonically, and there is a temperature at which
the residual error reaches a minimum. If appropriate sam-
ples are obtained from D-Wave QAs for each temperature,
the results by Stein correction will be more accurate. Thus,
we consider that the temperature with the minimum error is
close to the effective temperature of the D-Wave QA, which
is considered to give the best sampling. On the other hand,
the accuracies by the Stein correction and QA samples are
low at lower inverse temperatures (high temperatures) in the
internal energy. Even if high temperatures are set, the low-
energy states are obtained by QAs and these are not important
samples in the thermal averages. Thus, if the temperature is far
from the effective temperature of D-Wave QAs, the accuracy
can be expected to improve by adding appropriate non-QA
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FIG. 3. Residual errors of internal energy E(f8), magnetic susceptibility x (8), and Binder cumulant U,(8). The thermal averages were
calculated by MCMC, a naive average by quantum annealers (QA) and Stein correction (SC), respectively. The number of samples was fixed
as n = 10000, and the results depending on n are shown in Fig. S6 in Ref. [24] when 8 = 0.4. Five independent runs were performed, and the
means and standard deviations are plotted as lines and shaded areas, respectively.

samples. In addition, the residual errors depending on the
number of samples when 8 = 0.4 are summarized in Fig. S6
in Ref. [24], resulting in the case that the error does not always
decrease with more samples. One reason is that the number
of unique samples is smaller and smaller as the temperature
is decreased. In fact, many samples are the same in the QA
samples (see Fig. S4 in Ref. [24]). In particular, errors on
magnetization and the Binder cumulant are not decreased as
the number of samples is increased. This suggests that expec-
tation calculation of magnetization and the Binder cumulant is

essentially more difficult and sensitive to samples compared to
the internal energy.

Furthermore, the error by fast Stein correction was com-
parable to that by MCMC except for the internal energy at
high-temperature regions. These results show that fast Stein
correction has the potential to expand the applicability range
of quantum annealers significantly and may replace MCMC
in diverse tasks of discrete sampling.

Since the 16-bit system is used, the exact distribution de-
pending on the temperature can be obtained by brute-force
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FIG. 4. Total variation distance between exact distributions and Stein-corrected distributions for energies of states (Z:f:lx,-)2 and

(Z;lzl x;)*, respectively. The results by QA samples are also shown.

technique. Thus, we can compare the exact distributions and
the Stein-corrected distribution directly, and the total varia-
tion distance depending on the temperature is summarized in
Fig. 4. The energies of states (Z;lzlxl-)2 and (Zflzl x;)* are
the target observables. By comparing with the results of QAs,
we confirm that the Stein correction can fit the distributions to
multiple observables simultaneously.

IV. CONCLUSION

We demonstrated that fast Stein correction is a helpful
companion of quantum annealers and fundamentally enhances
their usability. The proposed method will play a role as
an efficient postprocessing for quantum annealing [11] to
achieve temperature-dependent Boltzmann sampling. Since
our approach is a general method that can obtain the desired
distribution given arbitrary samples, it can be applied to other
software- and hardware-based sampling methods. The advan-
tage of QA samples is that they are not locally concentrated,
whereas MCMC samples have difficulty covering the whole
space. We believe that our proposed method combining QAs
and Stein corrections is useful in many kinds of applications
where MCMC does not work efficiently and high-quality sam-
ples cannot be obtained by random sampling. For example,
our method is effective for constrained optimization prob-
lems. When dealing with problems with equality constraints,
random walk does not work efficiently because some states

satisfying constraints are not reachable from each other by a
single spin flip. Generating random samples by MCMC is thus
difficult in constrained problems. On the other hand, QAs can
consider equality constraints by using appropriate procedures
when designing the Ising model [27]. Therefore, high-quality
samples can be obtained even when such constraints are
included.

Although Stein correction cannot bring the distributional
error to zero, it would be particularly useful to sample
from highly constrained spaces [28], where global mixing
by MCMC is extremely hard. Our future work involves the
application of our method to machine learning and statistical
physics and other highly scalable Ising machines such as
coherent Ising machines [29] and GPU-based algorithms [30].
It can also be applied to general quantum computers including
NISQ, where distributional error is unavoidable due to envi-
ronmental noise [31].
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