Probability maximization of magnetization switching by spin-orbit torques generated

by a ferromagnet

Tomohiro Taniguchil,* Shinji Isogami?, Shuji Okame?®, Katsuyuki
Nakada®, Tomoyuki Sasaki®, Seiji Mitani?, and Masamitsu Hayashi®*

! National Institute of Advanced Industrial Science and Technology (AIST),
Research Center for Emerging Computing Technologies, Tsukuba, Ibaraki 305-8568, Japan,
2 National Institute for Materials Science, Tsukuba 305-0047, Japan,

3 Advanced Products Development Center, Technology & Intellectual Property HQ,
TDK Corporation, Ichikawa, Chiba 272-8558, Japan,

4 Department of Physics, The University of Tokyo, Tokyo 113-8654, Japan.
(Dated: February 22, 2025)

Spin-orbit torques (SOTSs) caused by spin currents generated in a ferromagnetic electrode enable
a fast and deterministic magnetization switching. One SOT (y-SOT), polarized orthogonal to both
electric current flowing in the electrode and easy axis of a ferromagnetic free layer, causes fast mag-
netization instability. The other SOT (2-SOT) points to the easy-axis direction and leads to the
deterministic switching. Here, we evaluate the magnetization switching probability by these SOTs
for various values of electric current density and the ratio of two SOTs from numerical simulation of
the Landau-Lifshitz-Gilbert (LLG) equation. It is found that the switching probability is maximized
when the electric current density is close to a critical value for the magnetization destabilization
solely by the y-SOT. The origin of such a current dependence is investigated by analyzing temporal
dynamics, spectra of the magnetization distribution, and a steady-state solution of the LLG equa-
tion. We reveal that the maximization of the switching probability originates due to two different
switching behaviors. In the low current region, the magnetization in some trials remains near the
initial state because of the weak y-SOT, and thus, the switching error occurs. The number of such
a trial, as well as the error, decreases as the electric current density increases because both y and
2-SOTs prompt the switching. In the large current region, the large y-SOT immediately tilts the
magnetization toward the switched direction. However, since the y-SOT prefers an in-plane magne-
tized state, the switching error due to a probabilistic return to the initial state after turning off the
electric current density occurs. As a result, the switching probability is optimized when the electric

current density is close to the critical value.

I. INTRODUCTION

Spin-orbit torque (SOT) driven magnetization dynam-
ics [1-3] has attracted significant attention to manipulate
the magnetization in nanostructured ferromagnets. SOT
originates from pure spin current generated by spin-orbit
coupling in nonmagnetic electrode [4-6]. The spin polar-
ization of SOT points to a direction orthogonal to both
electric and spin currents. (In this paper, we use a Carte-
sian coordinate where the electric and spin currents flow
along z- and z-directions, respectively, and therefore, the
SOT points to the y direction). One of the advantages
of SOT, compared to spin-transfer torque (STT) [7, §]
in the conventional two-terminal structures [9-15], is the
fast magnetization destabilization in a perpendicularly
magnetized ferromagnet. SOT directly moves the magne-
tization from the stable (z) direction to an in-plane (|| y)
direction without accompanying magnetization preces-
sion. This is in contrast to the conventional STT switch-
ing [16] that costs a much longer time. However, SOT
fixes the magnetization to the y direction, and there-
fore, the magnetization switching becomes probabilistic
[17]. Although the switching becomes deterministic by
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applying an external magnetic field along the z direc-
tion, this method is not preferable from a practical view-
point. Therefore, various approaches for magnetic field-
free switching have been proposed, such as utilizing lat-
eral structure asymmetry [18], tilted magnetic anisotropy
[19, 20], exchange bias from the antiferromagnet [21], in-
terlayer exchange coupling [22], and STT assistance [23—
27].

Another solution for magnetic field-free switching is to
use SOT's caused by spin currents generated in ferromag-
netic electrode, which have been studied both theoreti-
cally [28-37] and experimentally [38-45]. An advantage
utilizing such SOTs is a possibility to manipulate the
torque direction. For example, the SOT due to the spin
anomalous Hall effect [28, 38, 41, 43] is parallel to the
magnetization direction in the ferromagnetic electrode.
SOTs due to the spin-orbit filtering and spin-orbit pre-
cession effects near the ferromagnetic/nonmagnetic in-
terface [29, 30, 39, 42] and bulk spin Hall effect in the
ferromagnet [44] generate two kinds of SOTs polarized
in y and e, x p directions, where e; (k = z,y,z) and p
are the unit vectors in the k£ direction and in the magne-
tization direction of the ferromagnetic electrode. There-
fore, we can excite both the y-polarized and z-polarized
SOTs, called y and 2-SOTs for simplicity in this paper,
acting on the top free layer simultaneously when a fer-
romagnetic electrode magnetized along the x direction



(p = e;). The y-SOT induces a fast magnetization in-
stability from the easy axis while the z-SOT results in
a deterministic switching. Accordingly, SOTs generated
from a ferromagnetic electrode are expected to be useful
for realizing fast and deterministic magnetization manip-
ulation.

In this work, we evaluate the magnetization switching
probability by solving the Landau-Lifshitz-Gilbert (LLG)
equation with both y and z-SOTs at finite temperature.
It is found that the switching probability is maximized
when the current density is close to a critical value for the
magnetization destabilization solely by the y-SOT, and
further increase of the electric current density leads to
a reduction of the switching probability (or equivalently,
the error rate increases). This is contrary to the intuition
that the switching probability increases as the electric
current density increases, as found in the previous works
for both STT and SOT switchings [15, 17]. The origin of
such a current dependence of the switching probability
is investigated from temporal dynamics, spectra of the
magnetization distribution, and an analytical solution of
the LLG equation in a steady state. These analyses re-
veal that the maximization of the switching probability is
a result of the competition between two switching behav-
iors. In the low current region, the z-SOT is necessary
for the switching while the y-SOT contributes to reduc-
ing the time necessary to escape from the initial state.
When the current magnitude is small, the magnetization
remains near the initial state for some trials and causes
the switching error. Thus, the switching probability in-
creases as the electric current density increases. When
the electric current density exceeds the critical value, on
the other hand, the magnetization immediately changes
its direction and reach a steady state. The magnetization
direction in the steady state is determined by the balance
between two SOTs: it changes from the switched state to
a state along the film plane as the electric current den-
sity is increased. This change of the steady state causes
a probabilistic return of the magnetization to the ini-
tial state due to thermal fluctuation after turning off the
current and becomes an origin of an error. The switch-
ing probability is therefore optimized when the electric
current density is close to the critical value. The result
indicates that an application of a large electric current
density does not guarantee a reduction of the switching
error and implies a condition for maximizing the switch-
ing probability.

This paper is organized as follows. In Sec. II, we
describe the system under study and show the switching
probability evaluated by numerical simulation of the LLG
equation. In Sec. III, the origin of the switching error
is studied by analyzing the temporal dynamics, evaluat-
ing the magnetization distribution, and solving the LLG
equation analytically. Section IV is devoted to the con-
clusion.
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FIG. 1. (a) Schematic illustration of SOT devices. Electric
current density j flowing in a bottom ferromagnetic electrode
generates spin current, whose spin polarization can be de-
composed into y and z components. Thus, SOT acting on
magnetization m in a ferromagnetic free layer can also be de-
composed into the y and 2-SOTs. (b) An example of temporal
magnetization dynamics for 9. /¢, = 0.4 and j/je,sor = 1.0.
The electric current density is finite from ¢ =0 to ¢ = 1.0 ns
while it is turned off from ¢ = 1.0 ns. The magnetization is
regarded to be switched when m after 10 ns from turning off
j satisfies m, < 0.

II. NUMERICAL SIMULATION

In this section, we first introduce the system under
study and then discuss the dependence of the switching
probability on various system parameters.

A. Landau-Lifshitz-Gilbert equation

Figure 1(a) shows a schematic illustration of the sys-
tem. A top ferromagnetic free layer and the bottom fer-
romagnetic electrode are separated by a thin nonmag-
netic spacer. By applying electric current density j flow-
ing in the z direction to the bottom ferromagnetic elec-
trode, spin currents polarized in the y and z directions
are generated at the interface [29, 30, 39, 42] and bulk
[44]. These spin currents are injected into the top ferro-



magnetic free layer and exert y and 2-SOTs. The mag-
netization dynamics excited in a perpendicularly magne-
tized free layer by such SOTs is described by the LLG
equation,

dm
— =~ ymxH—vHsor,m x (e, x m)
dm D
— vHgsor,.m x (e, X m) + am X —r

where m is the unit vector pointing in the magneti-
zation direction in the free layer. The magnetic field
H = Hxm_.e, corresponds to the perpendicular magnetic
anisotropy field (Hk > 0): other magnetic fields, e.g., the
external magnetic field, are neglected in this study. The
parameters v and « are the gyromagnetic ratio and the
Gilbert damping constant, respectively. The second and
third terms on the right-hand side of Eq. (1) describe
the y and z-SOTs. The k component (k = y,z) of the
SOT strength is

Iy j
2eMd’ (2)

where the parameters M and d are the saturation mag-
netization and the thickness of the free layer. The k
component of the spin Hall angle is denoted as 9J;. The
past experiments indicate that |0, /9, | < 1 [42, 44].

In addition, if the 2-SOT is much stronger than the
y-SOT, the switching becomes similar to the conven-
tional STT switching, which has been studied previ-
ously. Therefore, we consider the parameter region of
[¥,/9,] < 1 in this work. A recent experiment showed
that ¥, /9, in Co-Ni ferromagnets changes as the mate-
rial concentrations change [44]. Therefore, the material
investigation showing a large v,, which originates from
the spin-orbit precession effect at the interface [29, 30]
and spin Hall precession effect inside the bulk [44], will
be one research direction for achieving high switching
probability. The values of the parameters are summa-
rized in Table I [46]. Here Hx is set such that the ther-
mal stability Ay = M HgV/(2kpT), with the volume V
and temperature T at room temperature (7" = 300 K), is
equal to 60.

For later discussion, it is convenient to introduce criti-
cal current densities. The definition of the critical current
density is that, when the current density becomes larger
than the critical value, the magnetization in the pres-
ence of torque is no longer stable near the initial state
at zero temperature. In the presence of the y-SOT only,
the critical current density is given by [47]

) eMd
Je,80T = WHK (3)

Y

Hsor i =

Using the values in Table I, the critical current density by
the y-SOT, given by Eq. (3), is 89 MA /cm?. We inform
that the formula similar to Eq. (3) was already derived
in Ref. [48] before for a different purpose. Recall also
that Ref. [47] assumes that the trajectory of the mag-
netization switching satisfies m, = 0 to derive Eq. (3).

TABLE I. Parameters used in the numerical calculations:
M, saturation magnetization; Hgk, perpendicular magnetic
anisotropy field; 7, gyromagnetic ratio; «, Gilbert damping
constant; d, thickness of the free layer; V', volume of the free
layer; 9, spin Hall angle of the y-SOT

Quantity Value

M 1500 emu/cm?
Hk 1.172 kOe

v 1.764 x 107 rad/(Oe s)
« 0.030

d 1 nm

V d x 7 x 30* nm®
Dy 0.30

This assumption is valid when the current pulse has a fi-
nite rise time, while it is not applicable to, for example, a
step-function-like input [49]; however, Eq. (3) works well
to estimate the instability by the y-SOT in many cases.
In the presence of the z-SOT only, the critical current
density is the same with that for two-terminal MRAM
driven by spin-transfer torque [16, 50]

2eaMd

o Hc (4)

Je,STT =
Usually, the value of j.sor given by Eq. (3) is much
larger than j. st given by Eq. (4) due to the small quan-
tity a(< 1), which only appears in Eq. (4) [51]. This
is because the y-SOT induced magnetization destabiliza-
tion is a result of the competition between the y-SOT
and the precessional torque [49], while the conventional
STT switching is a result of the competition between
STT and the damping torque [16]. Strictly speaking, the
condition josor > jo,srT is satisfied when 9./, > 2a
holds. In the following calculations, we change the value
of 9. /9, from 0 to 1 with an increment 0.05. Therefore,
Je,.80T > Je,sTT is satisfied in general, except for a nar-
row parameter region v, /9, ~ 0 to 0.1. In the following,
we use ¥, /9, = 0.4 as a representative case. Under such
parameter set, jostT = 13 MA /ecm?. We therefore have
J > Jje,str When j > jesor.

B. Definition of switching probability

We add a random torque —ym x h to the right-hand
side of Eq. (1) to describe the thermally activated mag-
netization dynamics. Component hy (k = z,y, z) of the
random field h satisfies the fluctuation-dissipation theo-
rem [52],

(hi (D) e (1)) =

where T" and V are the temperature and the volume of
the free layer. A numerical method to solve Eq. (1) using
Eq. (5) was described in our previous work [46, 53].
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FIG. 2. Dependence of the magnetization switching proba-
bility on 9. /9, for the electric current densities with respect
to the critical value, j/jc sor, of (a) 0.8, (b) 1.0, (c) 1.5, and
(d) 2.0.

In the present study, we solve the LLG equation with
different random torque 107 times. In each trial, we
initially solve the LLG equation without SOTs during
10 ns with the initial condition of m = +4e. to obtain
distributed initial states induced by thermal fluctuation.
Then we solve the LLG equation with a finite current
density j, where its pulse width is 1 ns. After that, we
solve the LLG equation without SOT's for a duration of 10
ns. The trial is regarded as to be magnetization switch-
ing when m, < 0 at this moment. Figure 1(b) shows
an example of the magnetization dynamics in the pres-
ence of thermal fluctuation, where j/jcsor = 1.0 and
9./9, = 0.4. According to the definition, this case is
classified as magnetization switching. By repeating such
trials 107 times, the switching probability is obtained.

C. Switching probability

Figures 2(a)-2(d) show the dependence of the switching
probability on ¥,/9, for j/jcsor = 0.8, 1.0, 1.5, and
2.0, respectively. In all cases, the switching probability
increases monotonically with 9./, increases. This is
reasonable because the z-SOT moves the magnetization
to the switched direction. We, however, notice that the
details of the switching probability are different.

For small ¥, /9, the switching probability is smaller
than 0.5 when the current is small [j/jc sor < 1.0, Fig.
2(a)] while it is approximately 0.5 or larger for the other
cases [j/je.sor > 1.0, Figs. 2(b)-2(d)]. Recall that the y-
SOT induces a fast destabilization of the magnetization
and moves it to the in-plane direction (parallel to the y
axis) when the electric current density exceeds jcsor. It
is therefore reasonable that the switching probability is
0.5 for j/jc.sor > 1.0 and ¥, = 0. When the electric cur-
rent density is smaller than j. sor, however, the desta-
bilization of the magnetization by the y-SOT becomes

1.0 FJjesor=1.0, 15, 2.0
2 |
= 099 |
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FIG. 3. An enlarged view of the magnetization switching
probability in Fig. 2 near 0.2 < 9./9, < 0.4, where the elec-
tric current density with respect to the critical value, j/jc,soT,
of (a) 0.8 (red), (b) 1.0 (green), (c) 1.5 (blue), and (d) 2.0
(purple).

TABLE II. Switching probabilities for various j/jc,sor and
9. /9, obtained from 107 trials of the LLG equation.

Je,soT Y

1 19_;:0.20 0.25 0.30 0.35 0.40

0.8 0.9708238 0.9956011 0.9994168 0.9999065 0.9999861
1.0 0.9876308 0.9983098 0.9999070 0.9999991 1.0000000
1.5 0.9846845 0.9967647 0.9995187 0.9999465 0.9999968
2.0 0.9837671 0.9961923 0.9993042 0.9998977 0.9999879

weaker, and thus, the magnetization does not reach the
in-plane direction in many cases. As a result, the switch-
ing probability becomes much smaller than 0.5 for a small
9, /9, when j/jcsor < 1, as shown in Fig. 2(a).

For j/jesor > 1.0 [Figs. 2(b)-2(d)], one may con-
sider the switching probability is approximately indepen-
dent of the electric current density. However, the details
show a non-trivial behavior. In Fig. 3, we show an en-
larged view of the switching probabilities of Fig. 2 for
0.2 < 9,/9, < 04. We also rearrange the probabil-
ities as a function of the electric current density with
respect to jesor in Fig. 4, while their numerical values
are listed in Table II. It shows that the switching prob-
ability is maximized near j/jcsor = 1.0. One might
consider that the difference of the switching probability
for the different electric current density is negligible in
these cases. However, their differences are non-negligible
for practical purposes such as magnetoresistive random
access memory. For example, an error rate less than
1073 for storage memory or 10~Y for working memory
is required [15, 54, 55]. In such applications, it will be
required to clarify the origin of the current dependence
of the switching probability. Note that the switching
probability for a large current region (j/jcsor 2 1.0)
decreases as the electric current density increases. The
result is against the intuition that the switching proba-
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FIG. 5. Examples of temporal dynamics of magnetization
(m:) in the presence of electric current densities, j/jsor = 0.8
(red), 1.0 (green), 1.5 (blue), and 2.0 (purple). The value of
9. /9y = 0.4.

bility increases as the electric current density increases,
which has been found in both STT and SOT switchings
[17, 53]. Therefore, we develop theoretical analyses to
clarify the current dependence of the switching probabil-
ity in the present system.

III. THEORETICAL ANALYSIS

In this section, we investigate the origin of the switch-
ing error found in Sec. II. We analyze the temporal
dynamics in details, evaluate the spectra of the magneti-
zation distribution, and derive an analytical solution of
the LLG equation in a steady state.

A. Temporal dynamics

We firstly study the temporal dynamics from the nu-
merical solution of the LLG equation. Figure 5 show
examples of the time development of m, in the presence
of the electric current density (0 < ¢ < 1.0 ns), where
the electric current density is j/jcsor = 0.8 (red), 1.0
(green), 1.5 (blue), and 2.0 (purple) while 9, /9, = 0.4.
First, the time scale of the temporal change of m, be-
comes shorter as the electric current density increases.
This is because strong SOTs drive fast magnetization
dynamics. In particular, m, reaches a steady state for
relatively large electric current densities (j/jc.sor = 1.5
and 2.0) while it seems to be on a way to a steady state for
relatively small electric current densities (j/jc.sor = 0.8
and 1.0); see also Appendix A. Second, when the electric
current density is turned off (¢ = 1.0 ns), m. becomes
closer to the switched state (m, = —1) when the electric
current density is small, or in other words, the magne-
tization stays close to the in-plane direction when the
electric current is large. This is because a large electric
current density leads to a strong y-SOT, which prefers to
fix the magnetization to the y direction. In Sec. IIIC,
we verify this finding from an analytical solution of the
LLG equation.

These results partially explain the current dependence
of the switching probability in Figs. 3 and 4, in par-
ticular for the large current cases (j/jesor = 1.5 and
2.0). As mentioned, a strong y-SOT originated from a
large electric current density forces the magnetization to
the in-plane (y) direction. When the magnetization lo-
cates close to the in-plane direction, even if m, < 0,
thermal fluctuation causes a probabilistic return to the
initial state (m, = 1). It results in the reduction of the
switching probability, or equivalently, in an increase of
the switching error. Accordingly, the switching proba-
bility decreases as the electric current density increases
when j/jcsor > 1.0. This is consistent with the result
for j/jesor = 1.0, 1.5, and 2.0 shown in Figs. 3 and 4.

We should, however, recall that, for the case of small



electric current density, the switching probability in-
creases as the electric current density increases; see the
switching probabilities for j/jc sor = 0.8 and 1.0 in Figs.
3 and 4. This result indicates that the current depen-
dence of the switching probability cannot be explained
solely by the y-SOT. To clarify the switching mechanism
in this small current region, an analysis on one temporal
dynamics here is not enough. Therefore, in the following
sections, we perform statistical analysis and analytical
calculation.

B. Magnetization distribution

To clarify the dependence of the switching probability
on the electric current density in small current region,
we evaluate the distribution of m, when the electric cur-
rent density is turned off. Figure 6 shows the spectra of
the distribution of m, as a function of the tilt angle of
the magnetization from the z axis, cos™! m,, for various
9./Vy. The initial and switched states correspond to 0°
(m, = 4+1.0) and 180° (m, = —1) while the in-plane
magnetized state corresponds to 90°. First, we notice
that the peaks of the distribution move from close to the
switched state to the in-plane magnetized state as the
electric current density increases, which is consistent with
m, found in Fig. 5. Second, we notice that the distribu-
tions for large electric current densities (j/jc.sor = 1.5
and 2.0) are relatively sharp. This is because a strong y-
SOT makes the magnetization dynamics approximately
deterministic against thermal fluctuation. Third and im-
portantly, the distribution for the small electric current
density (j/je.sor = 0.8) shows a wide width, and m, in
some trials remains in the non-switched (m, > 0) state.
The presence of such non-switched trials results in reduc-
ing switching probability, even though the peak position
of the distribution is closer to the switched state than
those of the larger current densities.

The presence of the non-switched state for the small
electric current density (j/jc.sor = 0.8) is explained as
follows. Recall that jcsor is the critical current den-
sity for the magnetization destabilization solely by the y-
SOT. Therefore, y-SOT is insufficient to move the magne-
tization to the negative m, region. Both the y-SOT and
the 2-SOTs are necessary for the magnetization switch-
ing. The 2-SOT is necessary to move the magnetization
to the region of m, < 0. However, the switching by
the 2-SOT is similar to the conventional STT switching
and thus, costs a long switching time because the STT
switching accompanies the magnetization precession [16].
In particular, the time necessary to escape from the ini-
tial state dominates the switching time. The y-SOT con-
tributes to reducing this time, even though its magnitude
is smaller than the critical value, by moving the mag-
netization from the easy (z) axis immediately; see also
Appendix A, where we compare the magnetization dy-
namics in the presence of both torques and solely by the
z-SOT. We should also recall that the switching speed is

relatively slow for small current; see Appendix A again.
Accordingly, the magnetization sometimes remains near
the initial state for this case and leads to an increase of
the switching error.

To summarize the analyses up to this point, the current
dependence of the switching probability in Figs. 3 and 4
is explained from two viewpoints, as follows. In the small
current region (j/jc.sor < 1), the switching probability
increases as the electric current increases. This is because
the number of the trials remained near the initial state
decreases as the electric current density increases. In
the large current region (j/jcsor = 1), in contrast, the
y-SOT forces the magnetization to lie in the xy-plane
and causes a probabilistic return after turning off the
current. Therefore, the switching probability decreases
as the electric current density increases. Accordingly,
the switching probability is maximized when the electric
current density is close to the critical value, j. sor.

C. Steady state solution

The above analyses for large current region are also
verified by deriving a steady state solution of the LLG
equation. By introducing the zenith and azimuth angles,
0 and p, as m = (sin f cos ¢, sin f sin p, cos §), the steady
state solutions of the LLG equation are determined by

psinf — cosfsing = 0, (6)

sin 6 cos 0 — gcoscp: 0. (7)

For simplicity, we introduce dimensionless quantities r
and p given by

J
r = - . 8
Je,80T ( )

v,
b= 19_y (9)

A solution of m, = cos# obtained from Egs. (6) and (7)
is given by

_— _\/4—3(1+p2)r2+2A1/3+A2/3

where A is

5 11/2
A=3 [48p21"2 —3(1+20p* —8p")r* +3 (1 +p?) 7"6}

+8—9(1-2p*)r% .
11

The steady state is determined as a result of the com-
petition between two SOTs and the precessional torque
due to the magnetic anisotropy field. The magnetic
anisotropy field appears through the definition of j. sor
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2.0 (purple), while ¥, /9, is (a) 0.2, (b) 0.3, and (c) 0.4. . Note that the magnetization direction near § = 0° is the initial state,
6 = 90° is the in-plane magnetized state, and # = 180° are the switched state.

in 7, while two SOTs appears in p. The damping torque
is proportional to dm/dt and thus, jesrr < o does not
appear to determine the steady state (dm/dt = 0) solu-
tion. In the low current region, z-SOT intends to move
the magnetization near m, = —1 while the y-SOT is
compensated to the precessional torque and is insuffi-
cient to induce the switching [49]. Thus, the steady state
is mainly determined by the z-SOT and locates near
m, = —1. When the electric current density exceeds
Je,sor, the y-SOT overcomes the precessional torque.
Then, the contribution of the y-SOT to determine the
steady state becomes relatively large. Since the y-SOT
prefers to fix the magnetization to the y-direction, the
steady state moves toward m, = 0. In the large current
limit (r — o0), the steady state solution is determined
by the competition between two SOTs, and Eq. (10) sat-
urates to —1/4/1 4 (1/p?). This value becomes 0 (—1)
in the limit of p — 0 (00), in which only the y (2) SOT
acts on the magnetization and moves it to the in-plane
(switched) direction.

Figure 7(a) shows the dependence of Eq. (10) on
j/je,sot for ¥,/9, = 0.4. The result is partially consis-
tent with the temporal dynamics shown in Fig. 5. For ex-
ample, m, deviates from the switched state (m, = —1.0)
as the electric current density increases. The steady state
solution shows a sudden change near j/j. sor = 1.0. The
values of m, for j/jcsor = 1.5 and 2.0 in Fig. 7 are
close to those in Fig. 5. Therefore, we can conclude
that the magnetization for j/jcsor = 1.5 and 2.0 in
Fig. 5 reaches the steady state (the value of m, satu-
rates to —0.37 when j — oo in this case). We should,
however, notice that the values of m_, between the tem-
poral dynamics in Fig. 5 and the steady state solu-
tion in Fig. 7 are different when the electric current
density is small (j/jc.sor = 0.8 and 1.0). This is be-
cause the y-SOT in Fig. 5 is small and the switching
speed is slow; therefore, m. in Fig. 5 does not reach the
steady state before turning off the electric current den-
sity. This point is verified by evaluating the values of
m, at the pulse width (¢ = 1.0 ns) and the magnetiza-
tion reaches the steady state (¢t — oo) from the numeri-
cal simulation of the LLG equation at zero temperature;
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FIG. 7. (a) Dependence of the steady state solution of m.,
given by Eq. (10), on the electric current density with respect
to the critical value, j/jc,sor. The value of 9. /19, is 0.4. De-
pendence of m; at (b) t = 1.0 ns and (c) ¢ — 20 ns estimated
by solving the LLG equation at zero temperature on j/jc,sot
and ¥,/ is also shown. Remind that the electric current
density is kept being constant until ¢ = 20 ns in the simula-
tion to clarify whether the pulse width of 1 ns is enough to
reach a steady state, while the electric current is turned off
at ¢ = 1 ns in other simulations. Their difference of (b) and
(c), m=(t =20 ns) — m.(t =1 ns), is shown in (d).

see Figs. 7(b) and 7(c), which show m, at ¢ = 1.0 and
20.0 ns. Note that Figs.7(b) and 7(c) are obtained by
the numerical simulation with the constant electric cur-
rent density, i.e., j is kept being finite until ¢ = 20.0
ns, while the electric current is turned off at ¢t = 1.0 ns
in other simulations such as Fig. 1(b). This is because
the purpose showing these figures is to clarify whether
the pulse width of 1.0 ns is enough or not to reach the
magnetization to a steady state (see also Appendix A,
where it is confirmed from the temporal dynamics that
t = 20.0 ns is enough to estimate the saturated value
of m.). We confirm that the values of m, between
Figs. 7(b) and 7(c) are the same for large current region



(j/de,sor 2 1.0) while they are different for the small
current region (j/je.sor < 1.0); see also Fig: 7(d), which
shows their difference, m,(t = 20 ns) — m,(t = 1 ns). It
indicates that the magnetization reaches (does not reach)
the steady state when the current is turned off for the
large (small) current region. In Fig. 7, the lowest cur-
rent is limited to j/j. sor = 0.8 because we are interested
in a steady state satisfying m. < 0 here. For one having
an interest in the phase diagram over a wide range of the
electric current density, see Appendix A.

These results explain the current dependence of
the switching probability in the large current region
(4/jesor 2 1) again. When the electric current density
is large, m, reaches the steady state during the appli-
cation of the current pulse. The magnetization moves
from close to the switched state to the in-plane magne-
tized state as the electric current density increases due to
the large y-SOT. It is consistent with the result in Fig. 6,
where the peak of the spectra moves to the in-plane direc-
tion (90°) when j/jc sor changes from 1.5 to 2.0. As are-
sult, the rate of the probabilistic return to the initial state
increases. Therefore, the switching probability decreases
as the electric current density increases. On the other
hand, the steady state solution in Fig. 7 cannot be com-
pared to the temporal dynamics in Fig. 5 directly when
the current density is relatively small (j/jcsor S 1).
The existence of such a difference, however, still signi-
fies that the switching behavior must be separated into
two regions, j/jcsor 2 1 and j/jesor < 1, in order
to understand the current dependence of the switching
probability.

At the end of this subsection, we provide comments for
readers who are interested in the steady state solution
from the mathematical viewpoint. Note that Eq. (10) is
not a unique solution of the LLG equation in a steady
state. There are other steady state solutions of the LLG
equation, and the magnetization reaches one of these pos-
sible states, depending on the values of the parameters
and the initial condition. For example, m, = 41 are the
steady state solutions in the absence of SOTs (j — 0).
Equation (10) represents one of the steady state solutions
near the switched state. Therefore, it might differ to the
solution of numerical simulation in some cases; for exam-
ple, while Fig. 7(a) shows that m, — —1 in the limit of
7 — 0, the solution of numerically solved LLG equation
does not reach this switched state because of the absence
of SOTs. In the present work, however, since the cur-
rent density is always finite, Eq. (10) works for the most
cases. Note also that Eq. (10) is applicable to some val-
ues of r and p, however, it becomes complex number and
provides unphysical solution for the other values of r and
p. Some of the other steady state solutions are tedious
and also give unphysical solutions, depending on the val-
ues of r and p. For Eq. (10), for example, the quantity
A in Eq. (11) is a real number for an arbitrary r only
when p > 1/(2v/2) ~ 0.35; however, when p < 1/(2v/2),
the discriminant of the square root in Eq. (11) becomes
negative, and thus, A becomes a complex number for

some values of r (especially near r ~ 1). Therefore, we
show Eq. (10) only for p = ¥,/9, = 0.40 in Fig. 7(a).
We, however, notice that, in reality, Eq. (10) is still a
real number and well describes the steady state solution
even for a small p[< 1/(2v/2)] for a wide range of 7.In
addition, without such a strict mathematical treatment
of the steady state solution, the origin of the switching
error can be well analyzed by Eq. (10), as done above.
Therefore, we believe that Eq. (10) is enough for the
present work.

D. Applicability of present analysis

One might consider that the decrease of the switch-
ing probability as the electric current density increases
in the large current region also appears for the conven-
tional SOT switching, where only the y-SOT exists and
an in-plane external magnetic field is applied to devices.
Although a similar role of the y-SOT may exist in the
conventional SOT switching, it is difficult to compare
the present work to it due to the following reason. An
issue in the conventional SOT switching is a sensitivity
of the switching condition on the electric current den-
sity even at zero temperature [47]. The meaning of the
sensitivity is as follow. For certain current magnitude
larger than a critical value, the magnetization moves close
to the switched state by the SOT, and relaxes to the
switched state when the current is turned off. When
the current magnitude is slightly changed, however, the
magnetization returns to the initial state after turning
off the current. This is in contrast to the conventional
STT switching, where the magnetization switching al-
ways occurs when the current magnitude exceeds the
critical value [16]. This sensitivity in the conventional
SOT switching originates from precessional dynamics of
the magnetization around the external magnetic field af-
ter turning off the current and has a deterministic na-
ture, not a probabilistic one due the thermal fluctuation.
Such precessional dynamics, and thus the sensitivity of
the switching condition on the current, are unavoidable
as the electric current density increases [49]. The exis-
tence of this sensitivity provides an additional difficulty
to analyze the switching probability by the conventional
SOT switching. Although the previous work observed a
monotonic increase of the switching probability as the
electric current density increases, its current value is lim-
ited to a relatively low current region [17]; thus, it re-
mains unclear how these factors (the probabilistic return
due to thermal fluctuation and the precessional dynamics
around the external magnetic field) affect the switching
probability in a large current region. We keep this issue
as a future work.

Let us also comment on the role of the pulse width on
the switching probability. Regarding the above results,
one might consider that the result depends on the pulse
width of the electric current. When the pulse width is suf-
ficiently long, high switching probability will be achieved



even if the electric current density is small (when the
condition j/jecspr > 1 is satisfied). Such a switching,
however, is basically similar to the conventional STT
switching and has been already studied extensively [16].
Therefore, such a switching is out of interest in this work.
When the pulse width is sufficiently short, on the other
hand, large current is necessary to make the switching
time short. Therefore, the switching probability increases
as the electric current density increases. In such a case, a
careful evaluation of the pulse shape from a circuit sim-
ulator might be necessary, as in the case of a different
switching scheme [56], which is beyond the scope of this
work. In our opinion, the value of the pulse width used
in this work (1.0 ns, or more generally on the order of a
few nanoseconds) is reasonable for developing SOT-based
spintronics applications. Therefore, we believe that the
present results will be applicable to a wide range of spin-
tronics research even in the presence of such an applicable
range.

IV. CONCLUSION

In conclusion, the magnetization switching probability
due to SOTs caused by spin currents generated in a fer-
romagnetic electrode was studied theoretically. The nu-
merical simulation of the LLG equation indicates that the
probability of the magnetization switching is maximized
when the electric current density is close to the critical
value for the magnetization destabilization solely by the
y-SOT. This is contrary to the intuition, as well as the
previous reports, that the switching probability increases
as the electric current density increases. The origin of the
increase of the switching error was investigated by ana-
lyzing the temporal dynamics, evaluating the spectra of
the magnetization distribution, and deriving an analyt-
ical solution of the steady state LLG equation. These
analyses reveal that the maximization of the switching
probability is a result of the current dependence of the
switching probability in two different current regions. In
the low current region, the time necessary to escape from
the initial state becomes relatively long. Then, the mag-
netization in some trials remains near the initial state
when the current is turned off and results in the switch-
ing error. Therefore, a large current is necessary to in-
crease the switching speed. As a result, the switching
probability increases as the electric current density in-
creases. When the electric current density exceeds the
critical value, on the other hand, the magnetization im-
mediately saturates to the steady state due to a strong
y-SOT. Since the y-SOT moves the magnetization to the
in-plane direction, the magnetization in a steady state
changes from close to the switched state to the in-plane
magnetized state. The change of the steady state causes
a probabilistic return of the magnetization due to ther-
mal fluctuation and results in an increase of the switch-
ing error. Therefore, the switching probability decreases
as the electric current density increases. In summary,

the switching probability is maximized when the electric
current density is close to the critical value, and an ap-
plication of large electric current does not guarantee a
high switching probability.
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Appendix A: Zero temperature dynamics to steady
state

In Sec. TIT A, we mention that the magnetization for
j/jesor = 0.8 and 1.0 does not reach a steady state,
while the magnetization for j/j. sor = 1.5 and 2.0 satu-
rates its direction. This argument was confirmed in Sec.
IIIC by deriving an analytical solution of the steady
state. Here, we confirm the argument again from the
temporal solution of the LLG equation.

In Figs. 8(a)-8(d), we show the temporal dynamics of
m,, for j/jc.sor of 0.8, 1.0, 1.5, and 2.0, respectively, by
black lines. Here, the temperature is set to be zero, and
the electric current density is constant to estimate the
steady state. These results confirm that the magnetiza-
tion for j/jcsor = 0.8 and 1.0 is not saturated to the
steady state solution when ¢t = 1.0 ns, while the magneti-
zation for j/jesor = 1.5 and 2.0 immediately reach the
steady state during the application of the electric current
density.

In Sec. III B, we described that the switching speed by
the z-SOT becomes fast as the electric current density in-
creases. This argument can be verified both numerically
and analytically. First, we show the temporal dynamics
of m, solely by the z-SOT (or in other words, we ne-
glect the y-SOT) in Fig. 8 by blue lines. Since 9, = 0.3
and ¥, /9, = 0.4 were mainly used in the main text, we
use ¥, = 0.12 in Hgor,, in the following. On the other
hand, we set Hsor,, = 0 because we are interested in
the magnetization dynamics solely by the z-SOT. Note
that the initial state of the magnetization is set to be
m(0) = (sinfp, 0, cosfp) with 0y = 1/v/Ag [50], in con-
trast to m(0) = +e, before thermalization in the main
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where s = j/jcstr. Equation (Al) provides the mag-
netization tilt angle # = cos™'m, at time t. We note
that this equation is applicable for an arbitrary value of
s. When the 2-SOT is larger than the damping torque
and thus, s > 1, the magnetization moves from the initial
state 0y to the switched direction, 6 = =, i.e., 8(t) > 6.
On the other hand, when the z-SOT is smaller than the
damping torque (s < 1), the magnetization relaxes from
0o to 0 = 0, ie., O(t) < by. Therefore, the time ¢ be-
comes positive value by substituting 6 > (<)fy into Eq.
(A1) when s > (<)1. If we substitute the opposite value,
ie., 0 < (>)0 for s > (<)1 into Eq. (Al), t becomes
negative because it describes a process going backward
to the past. In both cases, t is the real value. In the
present study, jcsTr = 13 MA/cm? by using the parame-
ters in the mentioned above, while j. soT = 89 MA /cm?,
as already mentioned in the main text [note that jc.sor
does not appear in Eq. (A1) because only the z-SOT
is taken into account here, although we use the value
of je.sor to give the value of j quantitatively]. Accord-
ingly, j/jestr > 1 is satisfied in all cases in Fig. §;
therefore, @ increases as time increases, and the magne-
tization switching is achieved. Equation (Al) indicates
that the switching speed by the z-SOT becomes shorter
as the electric current density increases. Equation (Al)
also implies that the time necessary to tilt from the z
axis becomes long when the initial state (6p) is close
to the z axis. Therefore, we concluded that both the
y and z-SOTs prompt the switching in the low current

Ll (tanh™" cos @ — tanh ™" cos ) + 1
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text. This is because a finite tilt angle of the magnetiza-
tion is necessary to make the z-SOT finite at the initial
state. Figures 8(a)-8(d) indicate that the switching speed
becomes faster as the electric current density increases.
This result can also be confirmed by deriving an analyt-
ical solution of the LLG equation as
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FIG. 9. Extensions of Fig. 7 to lower current region. A black
solid line in (c) is derived from Eq. (4).

region. The y-SOT contributes to moving the magnetiza-
tion from the z axis and reduce the switching time, even
though the current density is below the critical value and
thus, the y-SOT cannot induce the switching solely by it-
self. The z-SOT contributes to moving the magnetization
close to the switched state.

In Figs. 7(a)-7(d) in Sec. IITC, we show the analytical
solution of the steady state, the values of m, at t = 1.0 ns



and 20.0 ns and their difference obtained from the numer-
ical simulation, respectively. The lowest electric current
density is limited to j/j. = 0.8 because we are interested
in the magnetization switching, and thus, m. should be-
come at least negative for given parameters. One might
be, however, interested in extending the results for the
lower current region. Figure 9 summarizes the extension
of Fig. 7 to j/j. = 0. Recall that the magnetization does
not move to the region of negative m, when the current
is small, while Eq. (10) is derived by assuming m, < 0;
therefore, there are differences between the analytical so-
lution in Fig. 9(a) [or Eq. (10)] and the numerical solu-
tion in Fig. 9(c) for the steady state. Comparing Figs.

11

9(b)-9(d), we notice that the region of m, ~ 1.0 in Fig.
9(b) is greatly suppressed in Fig. 9(c), i.e., the mag-
netization does not reach the steady state within 1.0 ns
(recall that the electric current is kept being constant in
these calculations, and thus, the magnetization can move
to the switched direction by the SOTs even after t = 1.0
ns). We notice that the boundary between m, > 0 and
m, < 0 in the low current region of Fig. 9(c) is well
fitted by Eq. (4), which is shown by a black solid line in
the figure. This result supports the above argument that
the 2-SOT moves the magnetization close to the switched
state when the electric current density is small.
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