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Electronic modes induced by spin and charge perturbations in Mott and Kondo insulators
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Electronic band structures usually remain unaffected by doping via a chemical-potential shift or by increasing
the temperature in conventional band insulators. In contrast, it has been shown that those of Mott and Kondo
insulators can be altered by doping or by increasing the temperature: electronic modes are induced within the
band gap, exhibiting momentum-shifted magnetic dispersion relations from the band edges. Here, this study
demonstrates that the underlying mechanism of the remarkable strong-correlation effects can be generalized to
the emergence of electronic modes caused by various spin and charge perturbations, including magnetization of
spin-gapped Mott and Kondo insulators. These emergent modes can alter the band structure if a macroscopic
number of spins or charges are excited by the perturbations at a given moment. The origins and dispersion
relations of these emergent modes, particularly why and how the dispersion relations depend on the momentum
and energy of the perturbations, are elucidated by investigating the selection rules and using the Bethe ansatz and
the effective theory for weak inter-unit-cell hopping. The validity and generality of the theoretical results across
different models and spatial dimensions are verified by numerical calculations for the one- and two-dimensional
Hubbard models, periodic Anderson models, Kondo lattice models, and ladder and bilayer Hubbard models.
This study provides crucial insights into why and how spin and charge perturbations can alter the band structure
in strongly correlated insulators, thereby paving the way for band-structure engineering in strong-correlation
electronics, which enables previously unexplored functionalities by exploiting the unconventional characteristics

revealed in this paper.
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I. INTRODUCTION

A remarkable feature of strongly correlated insulators such
as Mott and Kondo insulators is the emergence of electronic
modes within the band gap by doping or by increasing the
temperature, which exhibit momentum-shifted magnetic dis-
persion relations from the band edges [1-13]. This feature
reflects spin-charge separation, i.e., the existence of spin ex-
citation in the energy regime lower than the charge gap (band
gap). It is contrasted with the feature of conventional band
insulators in which interactions between electrons can be
neglected; electronic modes do not emerge within the band
gap by doping via a chemical-potential shift or by increasing
the temperature in band insulators, because the lowest spin-
excitation energy is equal to the band gap (that is, spin-charge
separation does not occur).

The emergence of electronic modes can be generalized to
the cases driven by various spin and charge perturbations.
In this paper, to demonstrate how and why electronic modes
are induced by perturbations, the band structures of elec-
tronic excitations from spin- and charge-perturbed states are
studied in models of strongly correlated insulators. Spin
(charge) perturbed states are states with spin (charge) quantum

*Contact author: KOHNO.Masanori @nims.go.jp

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOL

2469-9950/2025/112(24)/245110(34)

245110-1

numbers different from those of the unperturbed state whereas
the charge (spin) quantum numbers remain the same. Charge-
perturbed states include not only doped equilibrium states that
can be experimentally realized by chemical doping or applica-
tion of a gate voltage but also nonequilibrium states that can
be caused by photon (light) radiation. Spin-perturbed states
include magnetized equilibrium states that can be realized by
the application of a magnetic field and nonequilibrium states
that can be achieved through neutron radiation.

In previous studies on electronic band structures of
strongly correlated insulators in nonequilibrium, complicated
states have been considered, such as time-dependent states
and excited states involving featureless states [14—19]. In this
study, to clarify the underlying mechanism of the change in
the band structure caused by perturbations, low-energy or
dynamically dominant characteristic spin- and charge-excited
states are considered perturbed states, and a clear theoretical
basis is presented for interpretations of unconventional elec-
tronic states induced by perturbations.

In the conventional view, electronic states induced in the
spectral function by perturbations or in nonequilibrium might
be considered to be due to electronic excited states affected
by perturbations. However, this study theoretically shows that
electronic states are induced by perturbations primarily be-
cause the state from which electronic excitations are made
is changed by perturbations. The situation is similar to the
temperature-induced change in the band structure in Mott and
Kondo insulators; although temperature effects on electronic
excited states would usually be considered a primary cause,
it has recently been shown that spin-excited states involved in
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the thermal state, from which electronic excitations are made,
primarily cause the temperature-induced change in the band
structure [1,2].

In this paper, including the origins and dispersion relations
of the emergent electronic modes, the fundamental charac-
teristics of the change in the band structure caused by spin
and charge perturbations in strongly correlated insulators are
clarified by investigating the selection rules and using the
Bethe ansatz in the one-dimensional (1D) Hubbard model
(HM) along with the effective theory for weak inter-unit-
cell hopping in spin-gapped Mott and Kondo insulators. The
theoretical results are validated by numerical calculations in
the 1D and two-dimensional (2D) HMs, periodic Anderson
models (PAMs), Kondo lattice models (KLLMs), and ladder
and bilayer HMs.

The outline of this paper is as follows: In Sec. II, the mod-
els, parameters, and quantities considered in this paper are
defined. The details of the methods are presented. In Sec. III,
the spectral properties of unperturbed systems are reviewed
for comparison with those of perturbed systems shown in
later sections. In Sec. IV, the spectral properties of charge-
perturbed systems are considered. After reviewing how and
why electronic states are induced by doping [1-13], the char-
acteristics are extended to those of the emergent electronic
states in undoped charge-perturbed systems with nonzero
values of the charge () quantum number, using relations
based on n-SU(2) symmetry. Remarks on nonzero-n states at
half filling are made, because photoinduced 7n-pairing states
have recently attracted considerable attention [20-24], which
are generally nonsuperconducting states. The dispersion re-
lations of electronic modes induced by charge fluctuation
are also derived. In Sec. V, the spectral properties of spin-
perturbed systems are considered. The origins and dispersion
relations of magnetization-induced electronic modes in spin-
gapped Mott and Kondo insulators are explained. Based
on the results, the emergent electronic modes in unmagne-
tized spin-perturbed systems with nonzero values of the spin
quantum number are explained. The dispersion relations of
electronic modes induced by spin fluctuation are also derived.
In Sec. VI, the differences in spectral features between the
strongly correlated insulators and conventional band insula-
tors are discussed to elucidate the strong-correlation effects.
The relevance of spin-charge separation in strongly correlated
insulators to the doping-induced modes and magnetization-
induced modes is clarified. Implications of this study are
described. The paper is summarized in Sec. VII.

The theoretical and numerical results indicate that the spec-
tral weights of the electronic modes induced by spin and
charge perturbations can become comparable to those of the
conventional bands, provided that a macroscopic number of
spins or charges are excited by the perturbations at a given
moment; the spectral weights of the induced modes are pro-
portional to the density of the excited spins or charges in the
small-density regime. The dispersion relations of the emergent
electronic modes can be expressed as combinations of the
electronic and either the spin or the charge dispersion rela-
tions of unperturbed systems. These results can be applied to
the basic principle of band-structure engineering for strong-
correlation electronics, thus guiding the tuning and selection
of perturbations and strongly correlated materials.

II. MODELS AND METHODS
A. Models

The HM, PAM, and KLM are defined by the following
Hamiltonians:

Hum = — Z [i’j(CZUCj,U + H.c.)

(i,j),0
1 1
—wy on, —HY S 1)

Hpam = — Z t,-,j(CL,Cj,(, +H.c.)
(i.)).0

K Z(Czafi,a +He)—A Z n{'g

+U Y nlinl —uY (n, +nf,)
i i,o

—HY (577 +89). )
Hiim = — X:l t,-,j(czgcj,g +H.c.)
{i.j)o
SRS Y o )
—HY (57 + S;f‘z),’ 3)

where (1 J) means that sites i and J are nearest neighbors.
Here, cm and nf . ( flIU and n ) denote the creation and
number operators of a conductlon orbital (localized orbital)
electron with spin o for o =7, | at a site i, respectively,
and SY (Sf ) denotes the spin operator of a conduction orbital

(localized orbital) electron at a site i; S} = (S’\x S” SA )
for L = c and f. In the KLLM, each locahzed orbltal has one
electron. Hereinafter, we set #; ; =t in chains and square-
lattice planes, #; ; = 7, between chains for the ladder HM and
between square-lattice planes for the bilayer HM, and A = %
for the PAM; the PAM with U = 2A is called the symmetric
PAM. The parameters ¢, 1, , tx, U, A, and Jg are assumed to
be positive unless otherwise mentioned.

In this paper, the ground state at © = H = 0 is considered
the unperturbed state. In a doped system (magnetized system),
the chemical potential u (magnetic field H) is adjusted such
that the ground state has the corresponding doping concentra-
tion (magnetization) unless otherwise mentioned.

The numbers of electrons, sites, and unit cells are denoted
by Ne, N, and N, respectively. A unit cell is a site in the
1D and 2D HMs (N, = Ny), a pair of sites connected by 7,
in the ladder and bilayer HMs (N, = %), and a site with a
conduction orbital and localized orbital in the PAM and KLM
(Ny = Ns). The number of doped holes from half filling is
denoted by Ny,: N, = Nsy — N, in the HM and 2N, — N; in the
PAM and KLM. The hole-doping concentration § is deﬁned as
§ = Nh(_ 1— Ne)mtheHM and § = -
PAM and KLM ‘At half filling, § = N;, = 0. In the hofe doped
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case, § > 0 and N, > 0; in the electron-doped case, § < 0 and
M, < 0. Hereinafter, the number of electrons at half filling
is assumed to be even, and the unit of Z =1 is used. The
total spin quantum number and z component of the spin are
denoted by S and S%, respectively. The maximum value of §
at half filling is denoted by Smax: Smax = % in the HM and
N, in the PAM and KLM. The electronic spin opposite to o
is denoted by 5: & =] and 1 for o0 =1 and |, respectively.
The z component of the spin of an electron is denoted by s
s = % and —% for 0 =1 and |, respectively.

B. Spectral function and dynamical structure factors

The spectral function of a state |X) at zero temperature is
defined as

Axtk,0) = Y Ak, ) )
r=c,f
1
=5 2 Al o), )
o=t|
where
Af e, ) = Y AR (k, ), ©)
r=c,f
1
Ak, ©) = 5 DAYk w), (7
o=t
AM (k, ) = —%ImG,ta(a)) 8)

using the following Green’s function:

I o0 . N
Gha() = = [ e X134 00,5 ).
0

Zx = (XIX), ho(t) = ey e ©

in the limit of € — +0. Here, H represents Hywm, HPAM, and
Hxim, and A ., denotes the Fourier transform of k , ford =
¢ and f. For an elgenstate of the Hamiltonian |X) w1th energy
Ex,

AL (k) = 1Z [(nlh o X) P80 — E, + E) |
Zx S [+l o 1X) (@ + E, — Ex)

(10)

where |n) denotes the nth eigenstate of the Hamiltonian with
energy E,. The eigenstates of the Hamiltonian are assumed to
be normalized to unity. In the HM and KLM, A{("’ (k, w) =0.

The momentum k in the ladder (bilayer) HM has the leg
(in-plane) component k and rung (out-of-plane) component
ky:ky =k, and k; = k, in the ladder HM; k| = (k,, k,) and
k) = k; in the bilayer HM. In the 1D and 2D HMs, PAMs,
and KLMs, k = k.

The dynamical spin structure factor S(k, w) and dynamical
charge structure factor N (k, w) at zero temperature are defined
as

Sk, ) = Z |(m|S;*|GS) |28(a) —en), (11)
Nk, w) = D [(mlfig|GS)[*8(e — en) (12)

in the HM and
1 , :
Sk, w) = — Z [(ml (S5 — S,{"")|Gs>|25(w —en), (13)
Nk, ) = Z|(m| —nk |GS) | S(w—ey) (14)

in the PAM and KLM, where ¢,, denotes the excitation en-
ergy of |m) from the ground state |GS), and S,é’”‘ denotes the
Fourier transform of §}** for A = ¢ and f; S denotes the «
component of S? for o = x, y, and z. The charge fluctuation
of a momentum k is caused by the following operator:

1 .
~A § : ik-ri =\
=N, l. o (4

with /it = n} — i1, where n} = ,forAi=cand f;7i =

e in the HM and N° in the KLM and PAM. At half filling,
n =1
The transverse dynamical spin susceptibility of the HM at
zero temperature is defined as

1
Xk, ) = Sk @)+ 3 (K, @),
c 2 c,+ 2
(m|S;T|GS) (m|SZ71GS)
X:t$(k’ Cl)) - _ Z | k : | _ | k : |
-~ w— e, + i€ w+ e, + i€
(16)

for € — 40, where S,i’i =St i

The ground state in the subspace of N, = n is denoted
by |GS)"=" regardless of the value of u for H = 0. In this
paper, unless otherwise mentioned, the ground state means
the ground state at half filling for H = 0, |GS)™=", which
is denoted by |GS). The energies of |GS) and |GS)™=" are
denoted by Egs and Eggzn, respectively.

C. Methods

In the 1D models (1D HM, 1D PAM, 1D KLM, and lad-
der HM), the spectral function of the magnetized (S* # 0)
ground state for the 1D KLM was calculated using the conven-
tional [U(1)] dynamical density-matrix renormalization group
(DDMRG) method [4,25,26], and the spectral function and
dynamical spin and charge structure factors of the undoped
and hole-doped ground states with S = O were calculated us-
ing the spin-SU(2)-symmetric non-Abelian DDMRG method
[1-3,6,7,10-13,27-29]. The DDMRG calculations were per-
formed under open boundary conditions on clusters of N, =
60 in the ladder HM, 1D PAM, and 1D KLLM, and Ny = 120 in
the 1D HM, where 120 (240) eigenstates of the density matrix
were retained in the 1D and ladder HMs and 1D KLM (1D
PAM).

In the 2D models 2D HM, 2D PAM, 2D KLM, and
bilayer HM), the spectral function was calculated using
the cluster perturbation theory (CPT) [30,31] on 4 x 4-
site clusters in the 2D HM, 3 x 3-unit-cell clusters in
the 2D KLM, and 3 x 2-unit-cell clusters in the bilayer
HM and 2D PAM. The symmetrized spectral function
is defined as Ax(k,w) = 1> A%k, ») for AG(k, w) =
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%[A;’((kx, ky, ki, w)+ A% (ky, ke, k1, w)] in the bilayer HM
and %[A;’( (ky, ky, @) + A% (ky, ky, )] in the 2D PAM.

The lowest spin-excitation energy at each momentum in
the 2D models was calculated under periodic boundary con-
ditions using the Lanczos method. The transverse dynamical
spin susceptibility was calculated using the random-phase ap-
proximation [9,32] based on the antiferromagnetic mean-field
approximation [33,34] in the 2D HM.

The spectral function of |GS)*="" for n > 0 was obtained
using that of |GS)*=" via Eq. (A9). The spectral functions of
magnetized states in the HM and PAM were obtained using
the Shiba transformation [Egs. (102) and (103); Sec. VE].
The spectral functions of S *|GS) and 7, |GS) in the HM
and those of J%(S;*z — $J%)|GS) and \/%(ﬁ; — 7i})|GS) in the
PAM and KLM were calculated using CPT on sixteen-site
clusters in the 1D, 2D, and ladder HMs, six-unit-cell clusters
in the bilayer HM and 2D PAM, eight-unit-cell clusters in
the 1D PAM, and nine-unit-cell clusters in the 1D and 2D
KLMs. These calculations were performed using Eq. (10),
where |X) is represented by Y, €4"0;|GS) for O; = S;%, 7i¢,
\%(Sf’z - Slf %), and \/Li(ﬁf - ﬁ{ ), under the assumption that
these states can be effectively identified as the dominant states
in the dynamical structure factors.

The local Green’s functions for the intermediate electron
density, magnetization (S°) density, spin (S) density, and 7
density (Sec. III A 2) were obtained as the weighted averages
of the local Green’s functions of larger and smaller densities
on a cluster in CPT [35]. The numerical calculations were
performed for perturbed and unperturbed states with even
numbers of electrons.

The results with Gaussian broadening were obtained
through deconvolution from those with Lorentzian broadening
[1-13,36,37].

In the figures presented in this paper, the numerical and
theoretical results are shown for U/t = 6 in the 1D HM,
U/t =9 in the 2D HM, U/t = 8 and 7, /t = 4 in the ladder
HM (except for Fig. 16 below), U/t = 16 and ¢, /t = 8 in the
bilayer HM, U/t = 2A/t = 14 and #x /t = 4 in the 1D PAM,
U/t =2A/t =28 and #¢/t = 8 in the 2D PAM, Jx/t =4 in
the 1D KLM, and Jg /t = 8 in the 2D KLM. For the spectral
functions, the dynamical structure factors, and the imaginary
part of the dynamical spin susceptibility, Gaussian broadening
is used with the standard deviations of 0.17 for the 1D and 2D
HMs, 0.16¢ for the ladder HM and 1D PAM, 0.32¢ for the
bilayer HM and 2D PAM, 0.12¢ for the 1D KLLM, and 0.24¢
for the 2D KLM.

III. EXCITATIONS FROM THE UNPERTURBED STATE

A. Excitations from the unperturbed state
in the 1D and 2D HMs

1. Excitations in the unperturbed 1D HM

Before discussing the electronic modes induced by pertur-
bations, the excitations from the unperturbed state (ground
state at half filling) at © = H = 0 are reviewed.

In the 1D HM, the band structure primarily consists of the
upper (w > 0) and lower (w < 0) Hubbard bands, which are
separated by a band gap [Fig. 1(a)]. This band gap is called

Electronic excitation
Numerical results

(a)° ' (b)of ' Y©nof ' 04
5 sl J I 03

Spin excitation  Charge excitation

30 3 3 02
-5 s 1 4l 0.1
_ . . L 0
YTmETm 0wz w0 w2 wm
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Bethe ansatz

(d)IO ' (@)oF ' 1Dy oF
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FIG. 1. Excitation from the ground state at half filling in the 1D
HM. (a) Ags(k, w)t, (b) S(k, w)t/3, (c) N(k, w)t/4. (d)—(f) Disper-
sion relations obtained using the Bethe ansatz. (d) Holon modes
(brown curves), spinon modes (blue curves), and holon-spinon con-
tinua (light-yellow regions) in electronic excitation. (e¢) Two-spinon
continuum (light-yellow region) and lower edge of the continuum
(blue curve) in spin excitation. (f) Two-holon continuum (light-
yellow region) in charge excitation. The solid green lines indicate
w=0.

a Hubbard gap or Mott gap, which becomes larger as the
interaction increases [38—41].

The dominant parts of the electronic, charge, and spin
excitations in the 1D HM are identified in terms of spinons
and holons using the Bethe ansatz, as follows [4,26,40,41]:

In the lower band (w < 0) of the electronic excitation, the
fan-shaped dispersion relation is identified as the holon modes
[brown curves for w < 0 in Fig. 1(d)], and the low-|w| mode
for 0 < k < 7 /2 is identified as the spinon mode [blue curve
for w < 0 in Fig. 1(d)]. The dispersion relations in the upper
band (w > 0) are obtained using the particle-hole transforma-
tion [Appendix A 1; Eq. (A9)],

Ags(k, a)) =Ags(7[—k, —a)). (17)

The spin excitation [Fig. 1(b)] is primarily explained by
the two-spinon continuum [light-yellow region in Fig. 1(e)].
The lower edge is dominant and behaves as a spin mode [blue
curve in Fig. 1(e)].

The continuum in the charge excitation [Fig. 1(c)] corre-
sponds to the two-holon states of My =2 (n=1,n* = —1)
transformed to n° = 0 using the #' operator under 7-SU(2)
symmetry for u =0 (Sec. IIl A2) [light-yellow region in
Fig. 1(f)] [40]. It should be noted that although the two-holon
states of the k- A string solutions [42] exhibit the same disper-
sion relation as this continuum [40], they do not appear in the
charge (n > 0) excitation because they are n-singlet (n = 0)
states [40].

2. 9-SU(2) symmetry
The HM, symmetric PAM, and KLLM on a bipartite lattice
possess not only spin-SU(2) symmetry at H = 0, but also -
SU(2) symmetry for charge at u = 0, and SO(4) (=[SU(2) x
SU2)]1/Z,) symmetry at u = H = 0 [40,41,43].
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Electronic excitation Spin exci(ta)tion
c

10 0.4 0.4
10F 1 101 1
5 0.3 0.3
~ — Sr 1 5t 7
30 0.2 02
-5 0.1 0.1
5t { st ]

! 0,0) (TE,TE}‘(TJT,O) (O,O)0 (0,0) (TE,J'E}EJ‘E,O) (0,0) (0,0) (n,ﬂ}gn,O) (0,0)0

FIG. 2. Excitation from the ground state at half filling in the 2D
HM. (a) Ags(k, w)t. (b) Lowest spin-excitation energies in a 4 x 4-
site cluster (red diamonds). The blue curve indicates the dispersion
relation of the spin-wave mode extracted from (c). (c) ilm x(k, )t
for @ > 0. The solid green lines indicate w = 0.

Each eigenstate of the Hamiltonian, with or without a
chemical potential p or a magnetic field H, can have definite
values of S, %, n, and n* [40,41,43], where n and n* denote
the total n quantum number and eigenvalue of 7, respectively.
The n operators are defined as

= nfﬁ’ =2 77?’7’ =2 ’7;\’2’ (18)

where A = ¢ in the HM; A = ¢ and f in the PAM and KLM,
and

it = (=Yejye]

f.+
irCiye M

[ ptopt
—(findiy
nf'_ = (—)iCi,¢Ci.Ta 7’]{’7 = _(_)ifi,lfi,T’
o Fo_ Lyl 4 nf
it =0y Fniy = 1), =g gy 1),

(19)
- ={

on a bipartite lattice. The eigenvalue of 7° is —%.

for a site i on the A sublattice,

for a site i on the B sublattice (20)

Ladder HM 1D PAM 1D KLM
Numerical results
(a)e T (b)e
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3. Excitations in the unperturbed 2D HM

In the 2D HM, the overall spectral features of the elec-
tronic excitation [Fig. 2(a)] are similar to those of the 1D
HM [Fig. 1(a)], and the dominant electronic excitations of the
momentum k along (0,0)—(r, ) can basically be interpreted
as those of the 1D HM deformed by interchain hopping [5].

The spin excitation in the 2D HM is dominated by a gap-
less mode, which can be identified as the spin-wave mode
(magnon) [Figs. 2(b) and 2(c)] [32,44].

B. Excitations from the unperturbed state in spin-gapped
Mott and Kondo insulators

1. Overall spectral features of unperturbed spin-gapped
Mott and Kondo insulators

In the ladder and bilayer HMs and 1D and 2D PAMs and
KLMs in the regime of large U/t, ¢ /t, tx /t, A/t, and Jk /t,
there are two dominant modes (one for w > 0 and the other
for w < 0) separated by a band gap in the electronic excita-
tion from the ground state at half filling [Figs. 3(a)-3(f)]. In
addition, in the HM and PAM, there are two almost flat modes
in the high-|w| regime (one for w > 0 and the other for ® < 0)
[Figs. 3(a), 3(b), 3(d), and 3(e)].

In the spin excitation, a dominant mode with an excitation-
energy gap exists [Figs. 4(a)-4(f)]. The energy gap of the
spin excitation is smaller than the band gap (charge gap)
[1,2,12,13,45].

In the charge excitation, a dominant mode exists in the
high-w regime in the HM and PAM [Figs. 5(a) and 5(d)].

In addition, the electronic, spin, and charge excitations
have continua [Figs. 3(a)-3(f), 4(a)—4(c), and 5(a)].

2. Excited states and dispersion relations in unperturbed
spin-gapped Mott and Kondo insulators in the effective theory

In the effective theory for weak inter-unit-cell hopping
(Jt| K U, t1, 1, A, and Jg) (Appendix B) [2,11-13,45-48],

Bilayer HM 2D PAM 2D KLM

(e)32 ()24 02
16} ~ 1 l¢f 1 12t
- / N e T——— o e
§ 0 é 0 é 0 0.1
~—— [t —— /-\
Qe | T e { -12f

0

232 -32 —2?
(0,0) (T, )(T,0) (0,0)  (0,0) (TC,JT%(TE,O) 0,00 (0,0) (TCJC}‘(JT,O) 0,0)
I

()32 (k)32 (D24

161 1 l6f 1 12t 1
§0./-' \‘\QO/\\QOT/-\-\—
DO B e I B N

-32 -32 -24
0,0) (R,H%R,O) 0,00 (0,0) (ﬂ,ﬂ%ﬂ,o) 0,00 (0,0) (JT,JT}EJT,O) 0,0)
I

FIG. 3. Electronic excitation from the ground state at half filling in the ladder HM [(a), (g)], 1D PAM [(b), (h)], 1D KLM [(c), (i)], bilayer
HM [(d), (], 2D PAM [(e), (K)], and 2D KLM [(f), (D]. (a)—(f) Acs(k;, 0, )t + Acs(k), 7, @)t [(a)] Ags(k, @)t [(b), (¢), (D], Ags (ky, 0, w)t +
Ags(ky, w, w)t [(d)], and Ags(k, w)t [(e)]. (g)-(1) Dispersion relations of electronic excitations in the effective theory; w = 8,;““ (solid blue

curves), w = _85«“ (solid brown curves), w = 8,:—“ (solid purple curves), w = _85‘\\ (solid orange curves), w = s,;‘;;‘ (light-yellow regions for
® > 0),and o = —e®7__ (light-yellow regions for @ < 0). The solid green lines indicate @ = 0.
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Ladder HM 1D PAM 1D KLM Bilayer HM 2D PAM 2D KLM
Numerical results
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B} . B} s - - 0o - 32 -
o = Y% T T 330.0) L 0) (00) “0.0) @mEL0) 0.0) 0,0) TLANE0) (0.0)
ki k k ki k k
Effective theory
(26 . (h)t6 ()12 ()32 (k)32 ()24
8t 1 8t 1 6t . 16t 1 16t {1 12t
~ ~ T ~ \ ~ ~ ~ I
30 30 13 39 ER 39
-8t {1 -8t -6} . -16} 1 -16f {1 -12f
-16 . -16 : -12 : 32 32 24
2 T 0 72 T 72 T (0,0) (zT,70)(7,0) (0,0) (0,0) (7L,7T)(7,0) (0,0) (0,0) (7T,7T)(7T,0) (0,0)
ki k k ki k k

FIG. 4. Spin excitation from the ground state at half filling in the ladder HM [(a), (g)], 1D PAM [(b), (h)], 1D KLM [(c), (i)], bilayer HM
[(d), ()], 2D PAM [(e), (k)], and 2D KLM [(f), (D]. (a)—(c) Sk, 7w, w)t /3 [(a)] and S(k, w)t /3 [(b), (c)]. (d)—(f) Lowest spin-excitation energies
for N, = +/10 x /10 (orange squares) [(f)], 3 x 3 (magenta circles) [(f)], and /8 x /8 (red diamonds) [(d)—(f)]. The brown curves indicate
the least-squares fitting in the form of w = Jdyy + AE. (g)—(1) Dispersion relations of spin excitations in the effective theory; & = ekT” (solid

blue curves) and w = e;‘ﬁ (light-yellow regions). The solid green lines indicate w = 0.

the modes and continua can be identified as single-particle and
two-particle excitations, respectively.

with an excited state at the unit cell, |X);, and by making a
Fourier transform as

The single-particle excited state with a momentum kj,

1 ik -r
|X )k, is obtained by replacing the ground state at an ith unit Xk, = A Z eHITIX),; l_[ 1G); (22)
cell, |G);, in the effective ground state o J(E)
(Table I; Appendix B).
The energy of the effective ground state is obtained as
GS) = g); 21
as =] 119, Eas = (€g +dégg )N, (3)
up to O(t?) in d dimensions; d = 1 for the ladder HM, 1D
PAM, and 1D KLM, and d = 2 for the bilayer HM, 2D PAM,
and 2D KLM. Here, £x denotes the local energy of a state | X)
Numerical results Effective theory at a unit cell (Tables I-1V), and &xy denotes the bond energy

(221% Ladder HM (1234)‘ Ladder HM (2% Bilayer HM of O(t?) between states X and Y on neighboring unit cells

161 1 32f b
— TABLE 1. Symbols of states in a unit cell for the ladder and
8 1 1er 1 bilayer HMs and 1D and 2D PAMs and KLMs.
of {1 of
) 0o 8 . a1 States Symbols HM PAM KLM
o w2’ o w2 w0 @mmo 00)
ki ® I Ground state g P v S
1D PAM 48 2D PAM States of N, = 1 Ro A,,B, R* R,
L 1 3t Low-energy state of N, = 1 Re B, R> R,
st L 1 16t High-energy state of N, = 1 7_%0 A, R}
0 | |- States of N, = 3 A, Fs, G, P P,
g ( e . | Low-energy state of N, = 3 A, F, P P,
0 2 T 0 7%2 T (60,0) (TE,TE}ETLO) (0,0) High-energy state of N, = 3 A, G, PS
State of § = 1 and §* = y T T T T
FIG. 5. Charge excitation from the ground state at half filling in State of n = 1 and n* = —1 c-! \Y \Y%
the ladder HM [(a), (b)], 1D PAM [(d), (e)], bilayer HM [(c)], and State of 7 = 1 and 7° = 0 co D- D-
2D PAM [(D]. (@), () N(ky, 7. @)t /4 [@)] and Nk o) /4 TQ@L(0), g oy o ,

(c), (e), (f) Dispersion relations of charge excitations in the effective
theory; w = e’ﬁ) (solid orange curves) and w = e,;‘l“?;‘ (light-yellow
regions). The solid green lines indicate w = 0.

The eigenstates in a unit cell are explicitly shown in Tables II-IV.
o=t Jandy =-1,0,1.
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[Egs. (B7)-(B9); Appendix B] [2,12,13,45]. The excitation
energies of |X ), for a boson and fermion X are obtained up
to O(t?) [2,12,13,45] as

ek == 2u¥dyi, + Ex — Eg +2d(6gx — £g0).  (24)

a,)fu = — 21%dyie, + Ex — Eg + 2d(Egx — Egg)
- 2t§fmd(2dykzu - 1), (25)

respectively, where

d
1
Vk” = E E COSkHi (26)
i=1

with kj; =k, and kjp =k, in d dimensions. The effective
nearest-neighbor hopping parameters X; of the boson and
fermion X are O(#2) and O(r), respectively, and the effective
three-unit-cell hopping parameter 73 . of the fermion X is
O(t?) [Egs. (B10)—~(B12); Appendix B] [2,12,13,45].

For shorthand notation, the spin indices are omitted

for spin-independent energies, e.g., ekTH = ekTuy, e;:‘“ = 8,“:”“’,
AT g AT AR AR o — ),

kg = “kypy eku.;PH = Tkyspy ) .
The dispersion relations of the dominant mode and high-w
mode in the electron-addition excitation (w > 0) are obtained
as

w= e,;j}, 27

w= g,;} (28)

by regarding |X); in Eq. (22) as the low-energy and high-
energy states of N, = 3 with spin ¢ at the ith unit cell, namely,
|A,); and | A, );, respectively (Table I; Appendix B). By rep-
resenting the states of N, = 3 with spin o at the ith unit cell
as | A4,)i(= | Ay); and | A, ), Eqgs. (27) and (28) are expressed
as

w=¢. (29)

Similarly, the dispersion relations of the dominant mode
and high-|w| mode in the electron-removal excitation (@ < 0)
are obtained as

w = —e?k“, (30)

w=—5 31)

by regarding |X); in Eq. (22) as the low-energy and high-
energy states of N, = 1 with spin o at the ith unit cell, namely,
|Ro)i and |R,);, respectively (Table I; Appendix B), for the
momentum of —kj. By representing the states of N, =1
with spin o at the ith unit cell as |R)i(= |Ro); and Ry )i),
Egs. (30) and (31) are expressed as

w=—e% . (32)

In the ladder and bilayer HMs and 1D and 2D PAMs and
KLMs, the dispersion relations of the dominant modes in the
electron-addition excitation [Eq. (27)] and electron-removal
excitation [Eq. (30)] are shown by the solid blue curves and
solid brown curves, respectively, in Figs. 3(g)-3(1), which are
consistent with the numerical results [Figs. 3(a)-3(f)]. The

dispersion relations of the high-|w| modes in the electron-
addition excitation (@ > 0) [Eq. (28)] and electron-removal
excitation (w < 0) [Eq. (31)] of the ladder and bilayer HMs
and 1D and 2D PAMs are shown by the solid purple curves
and solid orange curves, respectively, in Figs. 3(g), 3(h), 3(),
and 3(k), which are consistent with the numerical results
[Figs. 3(a), 3(b), 3(d), and 3(e)].
The dispersion relation of the spin mode is obtained as

w= e,;q (33)

by regarding |X); in Eq. (22) as the spin-triplet (S = 1) state
of §*°=y(=—1,0,1) at the ith unit cell, |7"); (Table I,
Appendix B).

In the ladder and bilayer HMs and 1D and 2D PAMs and
KLMs, the dispersion relations of the spin modes [Eq. (33)]
are shown by the solid blue curves in Figs. 4(g)—4(1), which
are consistent with the numerical results [Figs. 4(a)—4(f)].

The dispersion relation of the charge mode is obtained as

o= (34)

by regarding |X); in Eq. (22) as the n-triplet (n = 1) state of
n® = 0 at the ith unit cell, |C°);, in the HM and PAM (Table I;
Appendix B).

In the ladder and bilayer HMs and 1D and 2D PAMs, the
dispersion relations of the charge modes [Eq. (34)] are shown
by the solid orange curves in Figs. 5(b), 5(c), 5(e), and 5(f),
which are consistent with the numerical results [Figs. 5(a) and
5(d)].

The two-particle excited state with a momentum k is ef-
fectively obtained as

1
XY )ieyp, = NN D
x Y eronernxyyy; T 16y 69)
i#] Ui, j)

its excitation energy is approximately obtained as

e,ﬁ‘);'p” = e,’fu —p + egn for a fermion X and boson Y,  (36)
eiﬂfp” = 8,){(” p + sgu for fermions X and Y. 37

The continuum of the electronic excitation corresponds to
|~AGTV>ku;pu for @ > 0 and |RU’7'V),k”;,pH for w < 0, where

sy = :i:%. The continuum of the spin excitation and that
of the charge excitation correspond to the spin-triplet states
and n-triplet states of n°* = 0, respectively, expressed using
| As R )kyp, (Appendix B) [2,12,13].

In the ladder and bilayer HMs and 1D and 2D PAMs
and KLMs, the dispersion relations of the continua in the
electronic excitation are shown by the light-yellow regions in
Figs. 3(g)-3(1), which are consistent with the numerical re-
sults [Figs. 3(a)-3(f)]. The dispersion relations of the continua
in the spin excitation are shown by the light-yellow regions in
Figs. 4(g)-4(1) and are consistent with the numerical results
[Figs. 4(a)-4(c)]. The dispersion relations of the continua
in the charge excitation of the ladder and bilayer HMs and
1D and 2D PAMs are shown by the light-yellow regions in
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Figs. 5(b), 5(c), 5(e), and 5(f) and are consistent with the
numerical results [Fig. 5(a)].

IV. ELECTRONIC MODES INDUCED
BY CHARGE PERTURBATIONS

A. Outline

Section IV discusses electronic modes induced by charge
perturbations, such as doping-induced states (Secs. IV B—
IV E), emergent states corresponding to the doping-induced
states in undoped charge-perturbed systems (Sec. IV F), and
electronic modes induced by charge fluctuation (Sec. IV G).

In Secs. IVB-IVE, the origins, underlying mechanisms,
and properties of the doping-induced states elucidated in
Refs. [1-13] are reviewed. Specifically, Secs. IVB1 and
IV B 2 explain the hole- and electron-doping-induced states
in parallel from the viewpoint of quantum numbers, which
are validated by numerical calculations in the 1D and 2D
HMs. The relation between the hole- and electron-doping-
induced states is mentioned based on particle—hole symmetry
in Sec. IVB3. Section IVD explains the doping-induced
states in spin-gapped Mott and Kondo insulators, using the
electronic excited states arising from perturbed states in the
effective theory for weak inter-unit-cell hopping presented in
Sec. IV C. The behavior of the spectral weights and dispersion
relations of the doping-induced states in the small-doping
regime is explained in Sec. IVE.

In Sec. IVF, the spectral functions of nonzero-n states at
half filling are shown to be obtained from those of the doped
ground states via relations between the spectral functions of 7-
SU(2) symmetric states (Sec. IV F 1). Remarks are also made
on the experimental realization of the nonzero-n states and
on the fact that nonzero-7 states by themselves do not imply
superconducting states (Sec. IV F2).

In Sec. IV G, the dispersion relations of electronic modes
induced by charge fluctuation are derived using quantum-
number analysis (Sec. IV G 1), and the emergence of these
modes is demonstrated with the effective theory and numer-
ical calculations for spin-gapped Mott and Kondo insulators
(Sec. IVG?2).

B. Selection rules for doping-induced states
1. Hole-doping-induced states

The simplest perturbation for charge is the chemical-
potential shift down to the top of the lower band (up to the
bottom of the upper band). This causes hole (electron) doping
in the system. The state obtained by this perturbation is the
hole-doped (electron-doped) ground state. By doping Mott
and Kondo insulators, electronic modes emerge within the
band gap, exhibiting the spin-mode dispersion relation shifted
by the Fermi momentum kp (kg ) of the hole-doped (electron-
doped) system [1-13]. This characteristic can be explained
from the viewpoint of quantum numbers [1-3,6,10-13], as
described below.

By adding an electron with a momentum k and S* = m’
to the one-hole-doped (M, = 1) ground state with the mo-
mentum of —kp and S$* = m, a state with the momentum of
k — kg, S*=m 4+ m, and M, = 0 is obtained. This state can
overlap with the ground state having the momentum of 0 and

§% = 0 at half filling (M, = 0) if k = ki and m’ = —m, which
corresponds to the top of the lower band, as in the case of a
noninteracting band insulator.

In strongly correlated insulators, the electron-added state
can also overlap with the spin-excited state having the mo-
mentum of k — kg and S* = m’ + m at half filling (M, = 0)
and can emerge in the electronic spectrum within the band
gap along

___spin

w e

- k*k; + M—’ (38)

where e;”" denotes the excitation energy of the spin excitation
with a momentum p at half filling, and p_ denotes the w value
at the top of the lower band,

p- =Egs — Egn". (39)

In the one-hole-doped system, u_ = 0.
Equation (38) can be explained as follows: in the electron-
addition excitation from |X) = |GS)ZX‘E1 (one-hole-doped
F
ground state with the momentum of —kp) to |n) = |Spin) k—k;
(spin-excited state with the momentum of k —k; at half

filling) in Eq. (10), |k-k; (Spin|)\,:(, |GS)[X‘};1 |2 can be nonzero,
for whichw = E, — Ex = e;p_”;c, +
F
Egs and Ey = E5i=".
In addition, the electron-added state can overlap with the
charge-excited state having the momentum of k — kg, $° =

0, and N, = 0 if m’ = —m and can emerge in the electronic
spectrum in the high-w regime for @ > 0 along

"+, (40)

spin

+ p_ because E, = i

__ charge, M=
©=C g

where ¢5=™=" denotes the excitation energy of the charge

excitation with a momentum p at half filling. Equation (40)
can be explained by regarding |n) and |X) in the electron-
addition excitation of Eq. (10) as the charge-excited state of
Ny =0 and |GS)]X“;1, respectively.

Furthermore, byF removing an electron with a momentum
k and S° = m from the one-hole-doped ground state with the
momentum of —k; and §* = m, a state with the momentum
of —k —k;, S =0, and N, = 2 is obtained. This state can
overlap with the charge-excited state having the momentum of
—k — ki, 5% = 0,and N, = 2 and can emerge in the electronic
spectrum in the high-|w| regime for v < 0 along

charge, N, =2
w=—e - - u_, 41
k- 2 (41)
where e "®™=* denotes the excitation energy of the charge

excitation with a momentum p and N, = 2 from the ground
state at half filling. Equation (41) can be explained by re-
garding |n) and |X) in the electron-removal excitation of
Eq. (10) as the charge-excited state of N, = 2 and |GS)IX‘;;1,
respectively. '

In hole-doped Mott insulators of the HM, because the
lower band in the momentum regime inside the Fermi sea is
essentially entirely filled with electrons, the electronic states
emerge in the momentum regime primarily outside the Fermi
sea in the electron-addition spectrum.

In the 1D and 2D HMs, the emergence of electronic modes
caused by hole doping in line with the above selection rules
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Numerical results
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FIG. 6. Electronic excitation from the lowest-energy charge-
perturbed states of small 1/N; in the 1D HM. (a)—(c) Ax (k, )t for
|X) of the hole-doped ground state at § = 0.05 (n/N; = 0.025 and
n* = —n) [(a)], electron-doped ground state at § = —0.05 (n/Ns =
0.025 and n* = n) [(b)], and lowest-energy state of n/N; = 0.025 at
8 =0 (n* = 0) [(c)]. (d)—(f) Dispersion relations obtained using the
Bethe ansatz for n/Ny — 40 in the small hole-doping limit [(d)],
in the small electron-doping limit [(e)], and at half filling [(f)]. The
dispersion relations of the emergent modes are w = e[_% + p_ for

T

k > 5 [red curves in (d) and (f)] and w = —eTHv +uy fork <2
[magenta curves in (e) and (f)], where e denotes the excitation
energy of the spin mode. The dispersion relatlons of the other modes
and continua are the same as those in Fig. 1(d) with u adjusted such
that u_ =0 [(d)], u+ =0 [(e)], and w = 0 [(f)]. The solid green
lines indicate w = 0.

[3-5] is confirmed as follows: by representing the excitation
energy of the spin mode as ekT [Figs. 1(b), 1(e), 2(b), and 2(c)]
and noting that the Fermi momentum of the hole-doped sys-
tem is kp = % in the small-doping limit [Figs. 1(a), 1(d), and
2(a)], according to Eq. (38), an electronic mode can emerge
from the top of the lower band (1), exhibiting the dispersion
relation of

w=el - +u- (42)

in the momentum regime outside the Fermi sea (k > ki = 7).

In fact, as shown in Figs. 6(a) and 7(a), an electronic mode
emerges from the top of the lower band outside the Fermi sea
in a hole-doped system, exhibiting essentially the spin-mode
dispersion relation shifted by the Fermi momentum. The dis-
persion relation obtained using the Bethe ansatz [4] [red curve
in Fig. 6(d)] and w value at the top of the emergent mode
expected from Eq. (42) [red arrow in Fig. 7(a)] are consistent
with the numerical results.

2. Electron-doping-induced states

Similarly, by removing an electron with a momentum k
and §* = m’ from the one-electron-doped (M, = —1) ground
state with the momentum of ki and S$° = m, a state with
the momentum of —k + ki, S = —m' +m, and N, =0 is
obtained. This state can overlap with the ground state at half

n/Ne = 0.025
(@ 8=005 (b)  86=-005 () 8=0
10 04
10 5
5 0.3
55 BREN s -
0 0.2
8O — 8-5 = S —
-5 0.1
-5 -10

(0,0) (J‘C,JI}EJ‘C,O) (0,0) (0,0) (JI,J'C}EJI,O) (0,0)-1?0,0) (J‘E,J‘E}EJ‘E,O) (0,0) 0

FIG. 7. Electronic excitation from the lowest-energy charge-
perturbed states of /N, = 0.025 and n°/N, = —§/2 in the 2D HM.
Ax (k, w)t for |X) of the state corresponding to the hole-doped ground
state at § = 0.05 [(a)], electron-doped ground state at 6 = —0.05
[(b)], and lowest- energy state of n/Ns; = 0 025 at 8 = 0 [(c)]. The red
arrows indicate w = e [(@)] and w = en + un [(©)]; the magenta
arrows indicate w = —e,, [(b)] and w = —e,, + e [(c)] where en
denotes the excitation energy of the spin mode atk=12 obtamed
using exact diagonalization in a 4 x 4-site cluster; uy and [Le TEpTE-
sent the chemical potential at § = 0.05 and —0.05, respectively. The
solid green lines indicate w = 0.

filling (M, = 0) if k = k;f and m’ = m, which corresponds to
the bottom of the upper band, as in the case of a noninteracting
band insulator.

In strongly correlated insulators, the electron-removed
state can also overlap with the spin-excited state having the
momentum of —k + ki and $°= —m'+m at half filling
(NMy = 0) and can emerge in the electronic spectrum within
the band gap along

9p1n

0= =P+ i 43)

where . denotes the w value at the bottom of the upper band,
py =EGQ" — Eqs. (44)

In the one-electron-doped system, py = 0.
Equation (43) can be explained as follows: in the electron-
removal excitation from |X) = |GS)N“:_1 (one-electron-

doped ground state with the momentum of kli' ) to |n) =
|Spin)_ e (spin-excited state with the momentum of —k +

ki at half filling) in Eq. (10), | etk (Splnlkka|GS)N}‘—’l|2

spm

can be nonzero, for which w = —E, + Ex = — k+k+ + g
because E, = ™"

Ny=—1
ekt + Egs and Ex = EGg .

In addition, the electron—removed state can overlap with
the charge-excited state having the momentum of —k + ki,

S§¢ =0, and M, = 0ifm’ = m and can emerge in the electronic
spectrum in the high-|w| regime for v < 0 along

. charge, NV, =0
w = e—k+k;: + /’L+! (45)

which can be explained by regarding |#) and |X) in the
electron-removal excitation of Eq. (10) as the charge-excited
state of M, = 0 and |GS)N"_71 respectively.

Furthermore, by addmg an electron with a momentum k
and S = —m to the one-electron-doped ground state with the
momentum of k; and S° = m, a state with the momentum
of k + ki, S =0, and N, = —2 is obtained. This state can
overlap with the charge-excited state having the momentum of
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k+k,S°=0,and N, = —2 and can emerge in the electronic
spectrum in the high-w regime for @ > 0 along

__ charge,N\y=-2 _
- ek+k: /"(’+7 (46)
where ¢5"®™="2 denotes the excitation energy of the charge

excitation with a momentum p and M, = —2 from the ground
state at half filling. Equation (46) can be explained by regard-
ing |n) and |X) in the electron-addition excitation of Eq. (10)
as the charge-excited state of N, = —2 and |GS)N“*_] ,

respectively.

In electron-doped Mott insulators of the HM, because the
upper band in the momentum regime outside the Fermi sea
has essentially no electrons, the electronic states emerge in
the momentum regime primarily inside the Fermi sea in the
electron-removal spectrum.

In the 1D and 2D HMs, the emergence of electronic modes
caused by electron doping in line with the above selection
rules is confirmed as follows: by representing the excitation
energy of the spin mode as ekT [Figs. 1(b), 1(e), 2(b), and
2(c)] and noting that the Fermi momentum of the electron-
doped system is kii = 5 in the small-doping limit [Figs. 1(a),
1(d), and 2(a)], according to Eq. (43), an electronic mode can
emerge from the bottom of the upper band (©.), exhibiting
the dispersion relation of

w = _ez-k_;,_k;f + 47)

in the momentum regime inside the Fermi sea (k < ki = 7).

In fact, as shown in Figs. 6(b) and 7(b), an electronic
mode emerges from the bottom of the upper band inside the
Fermi sea in an electron-doped system, exhibiting essentially
the (inverted) spin-mode dispersion relation shifted by the
Fermi momentum. The dispersion relation obtained using the
Bethe ansatz [4] [magenta curve in Fig. 6(e)] and w value
at the bottom of the emergent mode expected from Eq. (47)
[magenta arrow in Fig. 7(b)] are consistent with the numerical
results.

3. Relation between hole- and electron-doping-induced states

According to the above selection rules, by doping strongly
correlated insulators with holes or electrons, electronic states
can emerge within the band gap, which exhibit the spin-
excitation dispersion relation (j:egpm) shifted by the Fermi
momentum (Fkf) from the band edges (i) [Egs. (38)

and (43)], and in the high-|w| regime, which exhibit
the charge- ex01tat10n dispersion relation (+e$2"*"=" and
:Fef;‘;“ £M=£2) shifted by the Fermi momentum (Fk;) from

the band edges (us and —pus =0 in the doped systems)
[Egs. (40), (41), (45), and (46)].

The dispersion relations of the electron-doping-induced
states exhibit those of the hole-doping-induced states inverted
with respect to (w,k) = (0, 7) as @ - —w and k — 7w —k,
reflecting particle-hole symmetry [Appendix A 1; Eq. (A9)]
[Figs. 6(a), 6(b), 6(d), 6(e), 7(a), and 7(b)].

The general characteristics of doping-induced states, which
are derived based on the quantum-number analysis in
Sec. IV B, can be explicitly demonstrated using the effective

theory in spin-gapped Mott and Kondo insulators [2,11-13],
as shown in Secs. IV C-IV E.

C. Electronic excited states from a perturbed state
in the effective theory

In the effective theory for weak inter-unit-cell hopping
in the ladder and bilayer HMs and 1D and 2D PAMs and
KLMs (Sec. III B 2; Appendix B), by adding and removing
an electron with a momentum k and spin o on a state |X)g,
[Eq. (22)], the following states are obtained [2,13]:

a]:q |X o= Zezku r,el‘IH r/aT |g) |X>j 1_[ |g)[
Uoigj L(F#i,))
1 . n
+ " Zez(k\\+11\|)r,azg|x)i l_[ 1G);, (48)
Yo 1(£i)
ko |X)g, = Ze""” ne g, |G)1X); [ 19)
Uit UCEN))
_ i(—ky+q))ri . .
+ Ze TG, 51X ), H G). (49)
i 1(F#0)
where
+ 1 . 3
a, = eairigh 50
k.o /Nu Z 1,0 ( )
Here, a » denotes the creation operator of an electron with

spin o at a unit cell i,

cz(, for the KLM,
for the PAM, (€28

al = clT and ff
L( io T e”‘icJr ) for the HM,

V2
where i, represents the site within the unit cell i on the mth
leg in the ladder HM and on the mth plane in the bilayer HM.

The first terms on the right-hand sides of Egs. (48)
and (49), which can be expressed using | A, X Vey+ay:a, and
[RsX )—k,+q,:q,> Fespectively [Eq. (35)], exhibit essentially the
same band structure as that in the unperturbed case because
the excitation energy from |X) can be approximately obtained
as

A.X x Eq.G6) 1,
ki+ape, ~ Caq T ko (52)
RsX _ x Ea.G6) R,
—k+q,:9) equ - —k (53)

for a boson X and

As X, x,, B¢.G7) A
e L ’, 54
ky+qy5q, q) ky 54

R X, X, Ba.G7) R,
e—ku+¢1u ) 8‘1n —k) (55)

for a fermion X, . Equations (52) and (54) correspond to
Eq. (29), and Egs. (53) and (55) correspond to Eq. (32) [2,13].

The emergent modes caused by the perturbation of |GS) —
|X)gq, are due to the second terms on the right-hand sides of
Egs. (48) and (49), as shown below.
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D. Doping-induced states in spin-gapped Mott
and Kondo insulators

1. Conventional bands in doped systems

In the effective theory, the one-hole-doped ground state
(My = 1) and one-electron-doped ground state (N, = —1)
with spin o’ are obtained [Eq. (22)] as

GS)™ ! = Ro) e (56)
IGSyM="1 — lAs Dk, (57)
whose energies are ENh l—sR +EGS and Egg__l =

8;{‘& + Egs, respectively, at H =0 [Eq. (25)]. Here, kHF =7
IIF

at the top of the lower band and kﬁF = 0 at the bottom of the
upper band in the ladder and bilayer HMs and 1D and 2D
PAMs and KLMs (Fig. 3).

According to Egs. (39) and (44),

o= =%, (58)

[y =ef. (59)

In the one-hole-doped and one-electron-doped systems, u

is adjusted such that u_ = —87}’(, =0and p, =& =0,
IIE IF

respectively.

The electronic excited states are obtained as Eqs. (48) and
(49) for |X )g, = IGS)M=! = |R,) 4 ki in the one-hole-doped
systemand |[X ), = |GS)M="1 = |«4¢r/)1qF in the one-electron-
doped system. The first terms on the right-hand sides of
Egs. (48) and (49) exhibit essentially the same band structure
as that in the undoped case [Egs. (29), (32), (54), and (55)]
[2,13].

By adding an electron with 0 =&’ and k| = k“F, _

&'

(of k; = 0 in the HM), to |GS)™=!, the undoped ground state
|GS) can appear at the top of the lower band (w = u_ =
Egs — ENi=1), as in the case of a noninteracting band insula-

tor, because (GS|a |R"'>*kﬁp # 0 (for k; = 0 in the HM)
\I
between Eq. (21) and the second term on the right-hand side

of Eq. (48) for |X )qH = |R”/)—k[1: (Tables I-1V; Appendix B).

Similarly, by removing an electron with 0 = ¢’ and k; =
kg, Ay o (of ky =7 in the HM), from |GS)*==1the un-
doped ground state |GS) can appear at the bottom of the
upper band (w = puy = Eggz_ — Egs), as in the case of a
noninteracting band insulator, because (Gslakﬁ},a’LAU')kﬁ. #*
0 (for k; = 7 in the HM) between Eq. (21) and the second
term on the right-hand side of Eq. (49) for [X)g, = | Az ).
(Tables I-1V; Appendix B).

2. In-gap doping-induced states originating
Jfrom spin-excited states

In addition, spectral weights emerge in the electron-
addition spectrum [Egs. (4)—(10)] within the band gap along

o7 R Eq.69) o7

ku —kip Sk T k" ki + (60)

W=
(at k; =7 in the HM) in the one-hole- doped system of
IGSYM=1 = R, ki because g (T7 Ny | Ro) 45, # 0

IE

(for k; =  in the HM) between ITV)kH_k—F [Eq. (22)] and
the second term on the right-hand side of Eq. (48) for | X}, =
|R(,/)_k[F if y = 5%+ 59, where s9 = % and —% for o/ =1
and |, respectively (Tables I-IV; Appendix B) [2,11-13].
Equation (60) corresponds to Eq. (38).

Similarly, spectral weights emerge in the electron-removal
spectrum [Eqs. (4)—(10)] within the band gap along

A Ee.(59 7

— T
0= _e,k”+kﬁrl_ + km_ - e*k\H’kJr + M (61)

(at k;, = 0 in the HM) in the one-electron-doped system of
IGSYM="1 = | Ay} K , because e (T7 |, 0| Ay )k+ #0
(for k; =0 in the HM) between [T )_k“ T [Eq. (22)] and
the second term on the right-hand side of Eq. (49) for | X}, =
|A"'>kﬁy if y = —s* 4 s¥ (Tables I-IV; Appendix B) [2,11-
13]. Equation (61) corresponds to Eq. (43).

The dispersion relations of the in-gap hole-doping-induced
mode [Eq. (60)] are shown by the solid red curves in
Figs. 8(g), 8(j), 8(s), 8(v), 9(g), and 9(j), and those of the
in-gap electron-doping-induced mode [Eq. (61)] are shown
by the solid magenta curves in Figs. 8(h), 8(k), 8(t), 8(w),
9(h), and 9(k), which are consistent with the numerical results
[Figs. 8(a), 8(b), 8(d), 8(e), 8(m), 8(n), 8(p), 8(q), 9(a), 9(b),
9(d), and 9(e)].

3. High-|w| doping-induced states originating
from charge-excited states

In the HM and PAM, electronic modes are induced by dop-
ing even in the high-|w| regime [2,13]. In the one-hole-doped

system of |GS)M=! = |Rgr)7k[F, spectral weights emerge
along
C° R Eq158) o
w= kH —k 871%7 - ekH kHF_’_M_ (62)

(at k; = 7 in the HM) in the high-o regime for o > 0, be-

cause j - <c0|a,tw,|7zg,>,kk # 0 (for k; = 7 in the HM)

o [Eq. (22)] and the second term on the

right-hand side of Eq. (48) for |[X), = |R”/>—k[1: (Tables I-111;

Appendix B) [2,13]. Equation (62) corresponds to Eq. (40).
In addition, spectral weights emerge along

between |C0)ku,k—

EqiSS) C‘ _
= Tk, T M- (63)

(atk; =0in the HM) in the high-|w| regime for w < 0, be-
cause _ ( |akH o' | Ro) ki # 0 (for k; = 0 in the HM)
between |C h_ —ky—ki [Eq. (22)] and the second term on the

=Ry >—kﬁF (Tables I-I1T;

c! R

w = —e - e
—ky—ki ke

right-hand side of Eq. (49) for |[X), =
Appendix B) [2,13]. Equation (63) corresponds to Eq. (41).
Similarly, in the one-electron-doped system of

|GS)yM="1 = |~Aa’>kﬁ., spectral weights emerge along
_ co A Eq_(59) _ co
w = e_k‘|+k‘|+F + gk\J\rF = e—k"-}—k‘TF + M+ (64)

(at k; =0 in the HM) in the high-|w| regime for w < 0,
because _ iz, (COak, o' 1 As i, # 0 (for ky = 0 in the HM)
between |C%)_ e [Eq. (22)] and the second term on the
right-hand side of Eq (49) for |X )g, = | Ay >kﬁp (Tables I-III,
Appendix B) [2]. Equation (64) corresponds to Eq. (45).

245110-11



MASANORI KOHNO PHYSICAL REVIEW B 112, 245110 (2025)

Numerical results Ladder HM 17/(2Nu) =0.025 Bilayer HM
@ 8= 0.05 (b) 6=-0.05 (0?6 6=0 o4 (d 8=0.05 (e) =-0.05 (f)3 5 5=0 s
16 1 gt ) 32t 1 16 ]
L o3 = - i
st o "’ usT o T
30 3] 3T —— " S A~ S 3 I"
| -8 3 _/_ o1 — ~ ~16 L r— 16 :/-
8F , 1 .16t : 6 \ o -16+ 32k i 3 0
0 72 T 0 2 n 0 2 T (0,0) (TLI)E0) (0,0)  (0,0) (FLAYTL0) (0,0) (0.0) (TLI)(TL,0) (0,0)
kH kH kH kH kH kH
Effective theory n/(2Nu) — +0
e &—>+0 (h 85— -0 (136 =0 G 85— +0 & s—-0 (13)2 8=0
16 —1 4 — —_— 32 16 el
8t : 16}
= 3 — S 3,C A5 | 5 F=——
0/ -8;_/_' -8/ 0/\\ -16 ;/\\ -16/\-\'
gk , | , . — t6f B | B 32; | E
0 72 T 0 72 w0 2 T (0,0) (LWL0) (0,0)  (0,0) (TLIY(L0) (0,0) (0,0) (TLI)(TL,0) (0,0)
kH kH kH kH kH kH
Numerical results 1D PAM n/(2Nu) = 0.025 2D PAM
(m) §=005 (n 0 (P 6=0.05 (@ =-0.05 (r)2 8=0 0
16 I SE 32 1 16t ; .
16
A 8; =0 ~\~16g‘ ] = 0= >~ ——
S 3 4k 02 Z oL~ = - 0.1
B == . -16 -
-8F 3 16F
" -16 " -16 " 1o n 32k 5| 32 —lo
0 /2 e 0 ﬂl/f T 0 72 T (0,0) (ﬂ,ﬂ%ﬂ,o) 0,00 (0,0 (TEJE%TU,O) 0,0) (0,0) (TEJE}ETE,O) (0,0)
Effective theory 77/(2N“) - +0
(s) §—+0 () §—-0 () 5=0 V)  8—=+0 W) 8—-0 (x) 8=0
r T 16 T 32
16 3 — N T —— 32 16+
= 8;/—' - 0 b———1 tgl-_/__- ‘\‘16_/-\5 = o b—T— ‘\NIG /\_;
S| E— 8-8/ 30; 3 0 —t—] 6-)16/&'\- 30 L ——
g ) ] - E 16k ! -16}.. 2
-16f 32 . —
0wz m 0w w0 R wm 0.0) @A) 0.0 (0.0) EMEL0) 00) " 0.0) B0 0.0)
k k k k k k

FIG. 8. Electronic excitation from the lowest-energy charge-perturbed states of small 1/(2N,) in the ladder HM [(a)—(c), (g)—(i)], bilayer
HM [(d)-(f), ()-(D], 1D PAM [(m)—(0), (s)-(w)], and 2D PAM [(p)-(r), (V)-(x)]. (a)—(D), (m)—(r) Ax (k). 0, w)r + Ax (k). 7, @)t [(A)—(c)],
Ax(ky, 0, w)t +Ax(ky, w, w)t [(d)-(D)], Ax(k, w)t [(m)—(0)], and Ax (k, )t [(p)—(r)] for |X) of the state corresponding to the hole-doped
ground state at § = 0.05 [n/(2N,) = 0.025 and n* = —n] [(a), (d), (m), (p)], electron-doped ground state at § = —0.05 [n/(2N,) = 0.025 and
n* = n] [(b), (e), (n), (q)], and lowest-energy state of n/(2N,) = 0.025 at § = 0 (n* = 0) [(c), (), (0), (1)]. (g)-(1), (s)—(x) Dispersion relations
from the lowest-energy state of n/(2N,) — +0 for § — 40 [(g), (), (s), (V)], 8 — —0 [(h), (k), (t), (W)], and § = O [(i), (1), (u), (x)] in the
effective theory. The dispersion relations of the emergent modes are w = ekTH_n + w_ (solid red curves), w = e,f“o_n + pu_ for w > 0 (dotted red
c—]
—ky—m
curves), w = —efiu + w4 for w < 0 (dotted red curves), and w = ele — u4 for o > 0 (dotted magenta curves) in (h), (i), (k), (1), (t), (u), (w),
and (x), which are shown in the relevant momentum regimes for comparison with the numerical results. The dispersion relations of the other
modes and continua in (g)—(i), G)—(1), (s)—(u), and (v)—(x) are the same as those in Figs. 3(g), 3(j), 3(h), and 3(k), respectively, with u adjusted
such that u_ = 0 [(g), (j), (s), (V)], uy = 0 [(h), (k), (t), (W)], and p = 0 [(i), (1), (u), (x)]. The solid green lines indicate w = 0.

curves), and w = —¢ — p_ for w < 0 (dotted magenta curves) in (g), (i), (j), (1), (s), (), (v), and x); v = fefku + w4 (solid magenta

In addition, spectral weights emerge along The dispersion relations of the high-|w| hole-doping-
induced modes for w > 0 [Eq. (62)] and w < 0 [Eq. (63)]

are shown by the dotted red curves and dotted magenta

cl A Eq.(59) 1
O =€ T E = G, T M (65)  curves, respectively, in Figs. 8(g), 8(j), 8(s), and 8(v), which

are consistent with the numerical results [Figs. 8(a), 8(d),
(at k, =7 in the HM) in the high-» regime for @ > 0, 8(m), and 8.(p)]: The dispersion relations of the high-|w|
because (! |aT A s %0 (for k, = 7 in the HM) electron-doping-induced modes for w < 0 [Eq. (64)] and w >

k”‘”]‘HF ky,o 10k 0 [Eq. (65)] are shown by the dotted red curves and dotted ma-
between |C >ku+kﬁ’,: [Eq. (22)] and the second term on the genta curves, respectively, in Figs. 8(h), 8(k), 8(t), and 8(w),

right-hand side of Eq. (48) for |X )g, = |A"')kﬁp (Tables I-IIT;
Appendix B) [2]. Equation (65) corresponds to Eq. (46).

which are consistent with the numerical results [Figs. 8(b),
8(e), 8(n), and 8(q)].
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@ 8=005 (b 8=-0.05 (0?2 =0 (d 8=0.05 (e) 8=-0.05 (f)2 , 8=0 o
12f ' 1 ¢l ' ] 24f 1 ol '
6f 103 12+
Né"_/__ NO—_/ - . — NlZ‘:: - 0/\\ - //-\,—
5, Ep— e - E =
—e 1 F ol [ T —] 2] 2 e — _12_-/\
o . 12} . ] ‘ 0' 127 24} 1 o .
0 “]/{2 T 0 ”122 7 0 2 7 0,0 (Tﬂ,ﬂ%ﬂ,o) 0,00 (0,0) (n,rt}gn,O) (0.0) ~(0,0) (TE,TC}ETC,O) (0,0)
Effective theory n/(2Nuw) = +0
® o=+ M s—--0 GO 60 G s—+0 0 8—-0 (@O s=0
i | 6 ] | | 1 12t
s s — ] SPeemTe s T s
~ ~ 130 S ~ = = ] =0 —”_\\
-6t b1 ] -12t -12r ]
-12} 1 24 1
0 2 To0 2 n %0 2 7 (0,0) (FLI)(IT,0) (0,0)  (0,0) (TT,7T)(TT,0) (0,0) '2?0 0) (7T,70)(70,0) (0,0)
k k k k k k

FIG. 9. Electronic excitation from the lowest-energy charge-perturbed states of small 1/(2N,) in the 1D KLM [(a)—(c), (g)-(1)] and 2D
KLM [(d)—(f), ()—-D]. (a)—(f) Ax(k, w)t for |X) of the state corresponding to the hole-doped ground state at § = 0.05 [n/(2N,) = 0.025 and
n* = —n] [(a), (d)], electron-doped ground state at § = —0.05 [n/(2N,) = 0.025 and n* = n] [(b), (e)], and lowest-energy state of n/(2N,) =
0.025 at § = 0 (n* = 0) [(c), (H)]. (2)—(1) Dispersion relations from the lowest-energy state of n/(2N,) — +0 for § — 40 [(g), ()], 6 — —0
[(h), (k)], and § = O [(i), (1)] in the effective theory. The dispersion relations of the emergent modes are w = e,:qf,[ + wu_ (solid red curves) [(g),

1, (), D] and w = —eTku + w4 (solid magenta curves) [(h), (i), (k), (1)], which are shown in the relevant momentum regimes for comparison
with the numerical results. The dispersion relations of the other modes and continua in (g)—(i) and (j)—(1) are the same as those in Figs. 3(i) and
3(1), respectively, with u adjusted such that u_ = 0 [(g), ()], u+ = 0 [(h), (k)], and & = O [(i), (1)]. The solid green lines indicate w = 0.

E. Spectral weights and dispersion relations of doping-induced
states in the small-doping regime

The spectral weights of the doping-induced states
at a momentum k; in the one-hole-doped system are
O(NLH), because |ku—kﬁF<TV|a£‘,,a|R0’>—kﬁF|2 for y = 5% + s,
ki, (€1}, 2R} i 1P and |y, g (C " lag, o[ Ro) g,
are (’)(Nl) according to Eq. (22) for |X)x, = |Ty)ku—k[p’
|Co>ku—kﬁp’ and |C_l>—ku—k[.r and the second terms on the right-
hand sides of Eqgs. (48) and (49) for 1X)g, = |T\’,(,r)7kﬁ_ =
|GS)M=T,

Similarly, the spectral weights of the doping-induced states
at a momentum k; in the one-electron-doped system are
(’)(NLH), because |_p i+ <Ty|aku»<f|“40/>ku+F|2 for y = —s° +

IF
% 0 2 1,0 N2
7, |*"H+"WF (c |aku,o’|~’4tr’)kﬁ}| , and |ku+kﬁ<c |akH,('7’|A(7 >kﬁp|

are (’)(Nlu) according to Eq. (22) for |[X)i, = |Ty>—ku+kﬁ’

IC%) 4,4+ and [C')y, 14+ and the second terms on the right-

hand sides of Egs. (48) and (49) for 1X)q, = |A"’>kﬁ =
|GS)M="1,

In the n-hole-doped (n-electron-doped) system for n <
Ny, because there are essentially n doped unit cells [X); =
[Ro)i (| As);) in the second terms on the right-hand sides of
Egs. (48) and (49), the probability of adding (removing) an
electron on the doped unit cells is essentially » times as large
as that for the one-hole-doped (one-electron-doped) system;
the spectral weights of the doping-induced states essentially
become n times as large as those of the one-hole-doped (one-
electron-doped) system. This means that the spectral weights
of the doping-induced states increase proportionally to the
doping concentration |§| in the small-|§| regime and that

the doping-induced modes and changes in the band struc-
ture can be observed, provided that a macroscopic number
O(N,) of holes or electrons can be introduced via doping
[2,3,11,13,49,50].

The dispersion relations of the doping-induced modes in
the small-doping regime are almost the same as those of
the small-doping limit because the momentum of the n-
hole-doped (n-electron-doped) ground state generally differs
from that of the (n — 1)-hole-doped ((n — 1)-electron-doped)
ground state by the Fermi momentum, which is almost the
same as that of the small-doping limit in the small-doping
regime. The dispersion relations of the spin and charge ex-
citations in the small-doping regime are also almost the same
as those of the small-doping limit [1,2].

F. Emergent states corresponding to doping-induced states
in undoped charge-perturbed systems

1. Spectral function of the lowest-energy charge-perturbed state
of a nonzero value of 1 at half filling

The doping-induced states discussed in Secs. IV B, IV D,
and I'V E are electronic excited states from the ground states of
Ny # 0. Reflecting particle-hole symmetry (Appendix A 1),
the spectral function of the electron-doped ground state
|GS)M="" is symmetric with that of the hole-doped ground
state |GS)M=" ag

Agsie(k, 0) = Aggr— (T — k, —), (66)

regardless of whether w is adjusted for the electron den-
sity, where (n,—pn = —n,=—n. OF u =0 [Appendix Al;
Eq. (A9)]. Here, y,=» denotes the value of w for the n-hole-
doped system.
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Furthermore, owing to 1-SU(2) symmetry, the spectral
function of the undoped state (n°=0) of the n-SU(2)-
multiplet with the doped ground states (|n°| =) of n =
n,|n=n,n* =0) = H)"|GSYM=>" = (77)"|GS)N="2", for
1 = 0 can be obtained as

An:n,r]Z:O(k’ (1))
= LAggm-22(k, ) + Aggy-s (T — k, —)]

Eq.(66) |

HAgswen (k, @) + Agsin-—2 (k, ®)] (67)

using the spectral functions of the 2n-hole-doped and 2n-
electron-doped ground states for © =0 [Appendix A2;
Eq. (A10)]. This state (|n = n, n* = 0)) is the lowest-energy
state of n = n at half filling (* = 0), because the doped
ground states at N, = £2n are the lowest-energy states of
n =n and n°* = Fn, provided that phase separation in the
electron density does not occur at N, = £2n for H = §* = 0.

Thus, the charge perturbation that excites particle-hole
pairs each having an excitation energy as large as the band
gap (u4+ — p—) induces electronic modes exhibiting the dis-
persion relations of Egs. (38), (40), (41), (43), (45), and (46)
for u = 0.

The dispersion relations of electronic excitations from the
lowest-energy charge-perturbed state in the small n-density
limit at half filling obtained via Eq. (67) using the Bethe ansatz
and the effective theory are shown in Figs. 6(f), 8(i), 8(D),
8(u), 8(x), 9(i), and 9(1). The spectral functions of the state
corresponding to the lowest-energy charge-perturbed state of
small n-density at half filling obtained via Eq. (67) using
numerical calculations are shown in Figs. 6(c), 7(c), 8(c), 8(f),
8(0), 8(r), 9(c), and 9(f).

If the emergent modes cross the Fermi level, the band
structure can be regarded as metallic at half filling [1].

2. Remarks on nonzero-y states at half filling

By the definition of #f=3Y, (n}, +nl —1)]
[Egs. (18) and (19)], the eigenvalue of #° is —%. Hence,
n® is zero only at half filling, and any doped state has
n 2 |n°l > 0. In addition, at half filling, all the excited
states from the ground state of n =0 have n > 0 except
those caused by n-singlet operators (rank-0 spherical tensor
operators for 7 [Appendix A 2; Eq. (A15)]); charge (n > 0)
excited states generally have n > 0. States of n > 0 at half
filling (n° = 0) by themselves do not imply superconducting
states [20-24], as doped states (n = |n*| > 0) by themselves
do not mean superconducting states.

The ground state in a doped system can be realized by a
chemical-potential shift that moves the Fermi level into the
lower or upper band. In this case, a macroscopic number
O(N,) of charges (holes or electrons) can be introduced. The
change in the band structure caused by doping can be ob-
served (Sec. IV E) if the chemical potential is kept in a band,
for example, by the application of a gate voltage or chemical
doping.

On the other hand, to realize the lowest-energy charge-
perturbed state of a nonzero value of » at half filling, an equal
number of particles and holes should be introduced around
the bottom of the upper band and top of the lower band,
respectively. To observe the change in the band structure, a

macroscopic number O(N,) of particle-hole pairs should be
kept excited at the time of measurement.

In the case of photon (light) radiation, because a particle-
hole pair can be excited by a photon, a macroscopic number
O(N,) of photons that excite the particle-hole pairs (excluding
reflected and transmitted photons that are irrelevant to the ex-
citations) should be injected every lifetime (relaxation time) of
the particle-hole excited states to keep the number of excited
particle-hole pairs macroscopic, as in a steady state, during
the measurement.

G. Electronic modes induced by charge fluctuation

1. Selection rules for electronic excitation from a state
perturbed by charge fluctuation

Electronic modes can also be induced by charge fluctu-
ation. As a charge-perturbed state, we consider ﬁ2|GS) at
half filling for A = ¢ and f [Eq. (15)]. The charge-perturbed
state ﬁ;|GS) has the momentum of ¢, M, = 0, and S* = O for
the unperturbed ground state |GS) with the momentum of 0,
M = 0, and S = 0. The excitation energy of each eigenstate
in 7i2|GS) from |GS) is denoted by .

The electron-addition (N, = —1) and electron-removal
(Nn = 1) excited states with a momentum k in the conven-
tional bands from |GS) are represented by |A); and |R)x;
their excitation energies from |GS) are denoted by 8]‘:,4 and 85’
respectively. The dispersion relations of the electronic modes
from |GS) are w = 8,;4 for w > 0 and w = —87}" for w <0
[Figs. 1(a), 1(d), 2(a), and 3].

The state obtained by adding an electron with a momen-
tum k to ﬁ:}|GS) has the momentum of k 4+ ¢ and N, = —1.

Since this state can overlap with Ifl)kﬂ, electronic states can
emerge in the electron-addition spectrum, exhibiting

0= 8,“iq — ef;o. (68)
Similarly, the state obtained by removing an electron with
a momentum k from ﬁ;|GS) has the momentum of —k + ¢

and N, = 1. Since this state can overlap with |7~2)_k+q, elec-
tronic states can emerge in the electron-removal spectrum,
exhibiting

w= —8Rk+q + ego. (69)

Thus, electronic modes exhibiting the dispersion relations
of the conventional bands (8,;4 and —87_2k) shifted by the
. . CO CO
charge-excitation energy (—e, and e, ) and momentum (¢)
[Egs. (68) and (69)] can emerge in the electronic spectrum
from the charge-perturbed state ﬁ; |GS).

The charge-perturbed state ﬁ;}|GS) includes all the eigen-
states at the momentum of ¢ at half filling caused by fzj},
i.e., V|m) which satisfies (m|ﬁ2|GS) # 0 [Egs. (12) and (14)].
However, if a single state dominates at the momentum of ¢ in
the charge excitation, fzfl‘lGS) can effectively be regarded as a
single state, and the emergent states can be well identified as
the emergent modes.

To observe the emergent modes, a macroscopic number
O(N,) of charges (], fz"}i) should be kept excited at the time
of measurement, as mentioned in Sec. I[IVF 2.
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FIG. 10. Electronic excitation from the charge-perturbed states of small 1/(2N,) caused by charge fluctuation in the ladder HM [(a),
(b)], bilayer HM [(d), (e)], 1D PAM [(g), ()], and 2D PAM [(j), (K)]. (), (d), (), (j) Ax (k). 0, w)t + Ax(k), 7, @)t [(a)], Ax(ky, 0, )t +
Ax(ky, 7w, o)t [(d)], Ax (k, )t [(g)], and Ay (k, @)t [(§)] for [X) of the state corresponding to ], iig |GS) at ¢; = (0, ) in (a) and (d); H,-(fl;i -
ﬁ{;’ )IGS) atg; = 0 in (g) and (j) for n/(2N,) = 0.05. (b), (¢), (h), (k) Dispersion relations of electronic excitations from i, ,|GS) [(b), (¢)] and

(7ig — ﬁg )|GS) [(h), (k)] in the effective theory. The dispersion relations of the emergent modes are w = —87_2kH + eﬁo (dotted brown curves),
w = s,f‘“ — ego (dotted blue curves), w = —a?ku + ego (dotted orange curves), and w = sﬁ — ego (dotted purple curves), which are shown in

the relevant momentum regimes for comparison with the numerical results. Here, eoc0 denotes the excitation energy of the charge mode at
ky = 0 [red arrows in (c), (f), (i), and (1)]. The dispersion relations of the other modes and continua in (b), (e), (h), and (k) are the same as those
in Figs. 3(g), 3(j), 3(h), and 3(k), respectively. The up and down arrows on the right sides of (b), (e), (h), and (k) indicate w-shifts from the
unperturbed modes by ego and —eoco, respectively. (c), (f), (i), (I) Dispersion relations of charge excitations in the effective theory in the ladder
HM [(c)], bilayer HM [(f)], 1D PAM [(i)], and 2D PAM [(1)]. The red arrows indicate the excitation energy of the charge mode at k; = 0,
ie., ego. The dispersion relations of the modes and continua in (c), (f), (i), and (1) are the same as those in Figs. 5(b), 5(c), 5(e), and 5(f),
respectively. The solid green lines indicate w = 0.

If the emergent modes cross the Fermi level, the band (for A, =F, and Rs = A; atky =0; A, =G, and Rs =
structure can be regarded as metallic. Bs at k;, = 7 in the HM), because — Al a’tw |C°)q” £0
and g 1q (Rslak, o1C%y, # 0 (for A, =F, and R = A;

2. Electronic modes induced by charge fluctuation in spin-gapped at k, =0; A, =G, and Rs; = B; at k, = 7 in the HM)

Mott and Kondo insulators between |.A, Vy+q, and |7~25>—ku+11u [Eq. (22)] and the sec-
In the ladder and bilayer HMs and 1D and 2D PAMs, ond terms on the right-hand sides of Eqs. (48) and (49) for
1X)g, = 1C°), (Tables I-11I; Appendix B). Equations (71) and
ﬁq” IGS) o (72) correspond to Egs. (68) and (69), respectively.
—— =|C )q” (70) The dispersion relations~ of the emergent modes are those of
(GS|n_g,ng, |GS) the unperturbed modes (8,;? and _SBcH) shifted by the charge-

excitation energy (—eguo and eguo) and momentum (g,) [red

in the effective theory, where ny = Mq,.7) for the ladder  ,irows at k; = 0(= g,) in Figs. 10(c), 10(f), 10(i), and 10(1)]
and bilayer HMs and 7 — ﬁ{;H for the 1D and 2D PAMs  as Egs. (71) and (72)‘ [dotted curves in F'ig& 10(b), 10.(6),
[Eqs. (12), (14), (15), (21), and (22); Tables I-III]. The 10(h), anq 10(k)], which are con51stent.w1th the numerical
electron-addition and electron-removal excited states from  results [Figs. 10(a), 10(d), 10(g), and 10(j)].

this state are obtained as Egs. (48) and (49) for [X), = |CO)qH.

The first terms on the right-hand sides of Eqgs. (48) and (49)

exhibit essentially the same band structure as that in the un- V. ELECTRONIC MODES INDUCED

perturbed case [Eqgs. (29), (32), (52), and (53)] [2,13]. BY SPIN PERTURBATIONS
In addition, spectral weights emerge along A. Outline
oA an Secj,tion V discusses elegtropic Ipodes induced by spin per-
ki+q) 9’ turbations, such as magnetization-induced states (Secs. V B—
5 co VE), emergent states corresponding to the magnetization-
w=—ef ey (72)

induced states in unmagnetized spin-perturbed systems
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(Secs. VF and V G), and electronic modes induced by spin
fluctuation (Sec. V H).

In Secs. VB-VE, the origins, underlying mechanisms,
and properties of the magnetization-induced states are eluci-
dated. Section V B explains the magnetization-induced states
from the viewpoint of quantum numbers. Their emergence
is demonstrated in spin-gapped Mott and Kondo insulators
using the effective theory for weak inter-unit-cell hopping
and numerical calculations in Sec. V C. Section VD shows
that electronic modes are not induced inside the band gap
by magnetizing insulators with gapless spin excitation. Sec-
tion V E shows that the spectral functions of the magnetized
states can also be obtained from those of the correspond-
ing doped states in the models with —U via the Shiba
transformation.

In Sec. VF, the spectral functions of unmagnetized
nonzero-$ states are shown to be obtained from those of the
magnetized ground states. In Sec. V G, remarks on nonzero-
S states are made, particularly regarding experimental
realizations.

In Sec. V H, the dispersion relations of electronic modes in-
duced by spin fluctuation are derived using quantum-number
analysis (Sec. VH 1), and the emergence of these modes is
demonstrated with the effective theory and numerical calcula-
tions for spin-gapped Mott and Kondo insulators (Sec. V H?2),
as well as in the 1D and 2D HMs (Sec. V H 3).

B. Selection rules for magnetization-induced states

Electronic modes are also induced by magnetizing spin-
gapped Mott and Kondo insulators. By adding a &-spin
electron with a momentum k to the ground state of S° = 257,
which has the momentum of ¢, at half filling, a state with the

momentum of k 4+ ¢, $* = 5%, and N, = —1 is gbtained.
This state can overlap with the state |A;)xi, having
the momentum of k + ¢, S = s, and M, = —1 in the con-

ventional electron-addition bands and can emerge in the
electron-addition spectrum for &-spin electrons along

_ A T
w=¢&l —e (73)

where 8,“:: . denotes the electron-addition excitation energy of
I./Zln )k+¢ under the magnetic field from the unperturbed ground

state |GS) of S = 0 at half filling, and eqTZS‘ denotes the lowest
spin-excitation energy for S° = 2s° under the magnetic field
from |GS); the magnetic field H is adjusted for the magnetized
ground state of §* = 2s*.

Similarly, by removing a o -spin electron with a momentum
k from the ground state of S° = 2s°, which has the momentum
of ¢, at half filling, a state with the momentum of —k + ¢,
S§* = s%, and N, = 1 is obtained.

This state can overlap with the state |7~2(,),k+q having
the momentum of —k + ¢, S = 5%, and N, = 1 in the con-
ventional electron-removal bands and can emerge in the
electron-removal spectrum for o -spin electrons along

w=—ef, +el (74)

where 87_2,: va denotes the electron-removal excitation energy

of |7~€J),k+q under the magnetic field from |GS).

In the case of gapless spin excitation (ef“ — 0atH =0),
because an infinitesimal magnetic field (H — 0) can cause
magnetization, the emergent states are essentially degenerate
in w with the conventional bands (Sec. V D). However, in
spin-gapped Mott and Kondo insulators, because a magnetic
field as large as the spin gap Agpi, is required for magnetiza-
tion, electronic states different from those of the conventional
bands can generally emerge, exhibiting the dispersion rela-
tions of Egs. (73) and (74) (Sec. V C).

C. Magnetization-induced electronic modes in spin-gapped
Mott and Kondo insulators

1. Dispersion relations of magnetization-induced modes
in spin-gapped Mott and Kondo insulators

To demonstrate the emergence of electronic modes caused
by magnetizing spin-gapped Mott and Kondo insulators, we
consider the lowest-energy states of $* = +1 at half filling in
the ladder and bilayer HMs and 1D and 2D PAMs and KLMs
as perturbed states, which are obtained as |7+'), [Eq. (22)]
in the effective theory. In these models, ¢, = =, and the spin
gap is obtained as Agyin = el at H =0 (Fig. 4).

The electronic excited states from |7'il)q,H are obtained as
Egs. (48) and (49) for [X), = [T*'),,. The first terms on the
right-hand sides of Egs. (48) and (49) exhibit essentially the
same band structure as that in the unperturbed case [Eqs. (29),
(32), (52), and (53)].

In addition, spectral weights emerge along

— oA _ T 5
w= ng‘HIH e‘lu n Ams‘ (k, w)7 (75)
_ R, T
= E_kH +q + equ mn A’EZHX‘ (kv (1)) (76)

(for A, =F, and R, = A, atk, =0; A, = Gs and R, =
B, at ki = 7 in the HM), because g, 4, (Ay Icz,:H,(_,|7'Qsj)qH #*
0 and g, 4q, (Rolar, o | T )g, # 0 (for A, =F, and R, =
A, atky =0; A, =G, and R, = B, atk; = 7 in the HM)
between Iflg)k”HH and |7~20>*ku+qu [Eq. (22)] and the second
terms on the right-hand sides of Egs. (48) and (49) for |X), =
|T%")q, (Tables I-IV; Appendix B). Equations (75) and (76)
correspond to Egs. (73) and (74), respectively.

In the ladder and bilayer HMs and 1D and 2D PAMs
and KLMs, electronic modes originating from the A4 mode
emerge within the band gap in the electron-addition spec-
trum for |-spin electrons, exhibiting the dispersion relation
of Eq. (75) for A, = A, (Tables I-1V; Appendix B) [dotted
blue curves in Figs. 11(g), 11(), 11(s), 11(v), 12(g), and 12(j)]
from the magnetized ground state of S° = 1 ($°/Smax — +0),
which are consistent with the numerical results [Figs. 11(a),
11(d), 11(m), 11(p), 12(a), and 12(d)].

In the electron-removal spectrum for 1-spin electrons,
electronic modes originating from the R4 mode emerge
within the band gap, exhibiting the dispersion relation of
Eq. (76) for R, = R+ (Tables I-1V; Appendix B) [dot-
ted brown curves in Figs. 11(h), 11(k), 11(t), 11(w), 12(h),
and 12(k)] from the magnetized ground state of S$* =1
(5%/Smax — +0), which are consistent with the numerical
results [Figs. 11(b), 11(e), 11(n), 11(q), 12(b), and 12(e)].
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FIG. 11. Electronic excitation from the lowest-energy spin-perturbed states of small S/S.x in the ladder HM [(a)—(c), (g)—(1)], bilayer HM
[(d)~(D), G)-(D], 1D PAM [(m)~(0), (s)-(w)], and 2D PAM [(p)~(1), (V)=(x)]. (), (b), (d), (e), (m), (n), (p), (@) A (K|, 0, w)t + A% (ky, 70, w)t [(2),
O], AL (ky, 0, w)t + A% (ky, 7, w)t [(d), ()], AL (k, w)t [(m), (n)], and A% (k, w)t [(p), (q)] for |X) of the state corresponding to the magnetized
ground state of §/Spax = 0.05 and §* = S for o =] [(a), (d), (m), (p)] and 1 [(b), (&), (n), (Q]. (c), (D), (0), (r) Ax(k, 0, w)t + Ax(k), 7w, w)t
[(©)], Ax (ky, 0, w)t + Ax (ky, 7, w)t [(D)], Ax (k, @)t [(0)], and Ax (k, w)t [(r)] for |X) of the state corresponding to the lowest-energy state of
S/Smax = 0.05 and §* = 0. (g)—(1), (s)—-(x) Dispersion relations from the ground state of S/Sy.x — +0 for |-spin electrons [(g), (j), (s), (V)]
and 1-spin electrons [(h), (k), (t), (w)] under the magnetic field of H = Agyin (87/Smax — +0) [(g), (h), (§), k), (s), (1), (v), (W)] and without a

magnetic field (S° = 0) [(i), (1), (u), (x)] in the effective theory. The dispersion relations of the emergent modes are w = 8,:?1” — eTI (dotted

blue curves) and w = A eIl (dotted purple curves) in (g), (i), (), (1), (s), (u), (v), and (X); w = & + eT (dotted brown curves)

8k”+ﬂ —k|+m
and w = —87}]:” i ez—l (dotted orange curves) in (h), (i), (k), (), (t), (u), (w), and (x), which are shown in the relevant momentum regimes
for comparison with the numerical results. The dispersion relations of the other modes and continua in (g)—(i), j)—(1), (s)—(u), and (v)—(x) are
the same as those in Figs. 3(g), 3(j), 3(h), and 3(k), respectively, with the effective chemical potential of pter = — A“z"‘" for |-spin electrons
[(2), (), (s), (v)] and # for 1-spin electrons [(h), (k), (t), (w)] under the magnetic field of H = Ay, and per = 0 [(3), (1), (), (x)] without a
magnetic field. The solid green lines indicate w = 0.

In addition, in the ladder and bilayer HMs and 1D (8% /Smax — +0), which are consistent with the numerical re-
and 2D PAMs, electronic modes originating from the ftT sults [Figs. 11(a), 11(d), 11(m), and 11(p)].
mode emerge in the high-w regime for w > 0 in the In the electron-removal spectrum for 4-spin electrons,
electron-addition spectrum for |-spin electrons, exhibiting electronic modes originating from the R mode emerge in the
the dispersion relation of Eq. (75) for A, = flT (Tables I- high-|w| regimefor w < 0, exhibiting the dispersion relation
IV; Appendix B) [dotted purple curves in Figs. 11(g), 11(j), of Eq. (76) for R, = R4 (Tables I-1V; Appendix B) [dotted
11(s), and 11(v)] from the magnetized ground state of $° = orange curves in Figs. 11(h), 11(k), 11(t), and 11(w)] from the
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FIG. 12. Electronic excitation from the lowest-energy spin-perturbed states of small S/S,x in the 1D KLM [(a)—(c), (g)—(1)] and 2D KLM
[((@)-D), G)-D]. (a), (b), (d), (e) A% (k, w)t for |X) of the state corresponding to the magnetized ground state of S/Sy.x = 0.05 and §° = S for
o = [(a), (d)] and 1 [(b), (e)]. (¢), (f) Ax(k, w)t for |X) of the state corresponding to the lowest-energy state of S/S.x = 0.05 and §° = 0.
(g)—(1) Dispersion relations from the ground state of S/S,.x — +0 for |-spin electrons [(g), (j)] and 1-spin electrons [(h), (k)] under the
magnetic field of H = Agin (57/Smax — +0) [(2), (h), (), (k)] and without a magnetic field (§° = 0) [(i), ()] in the effective theory. The

dispersion relations of the emergent modes are w = 8]:7 17[ — e,Tl (dotted blue curves) [(g), (1), (), )] and @ = —SSJH ot e,Tl (dotted brown
curves) [(h), (i), (k), (D], which are shown in the relevant momentum regimes for comparison with the numerical results. The dispersion
relations of the other modes and continua in (g)—(i) and (j)—(I) are the same as those in Figs. 3(i) and 3(1), respectively, with the effective
chemical potential of pe = — % for | -spin electrons [(g), (j)] and # for 1-spin electrons [(h), (k)] under the magnetic field of H = A,

and perr = 0 [(1), (1)] without a magnetic field. The solid green lines indicate w = 0.

magnetized ground state of S =1 (5°/Smax — +0), which .
are consistent with the numerical results [Figs. 11(b), 11(e), le = Agpin — 25°H, (81)
11(n), and 11(q)].

H — Agin  for  8%/Spma — +0. (82)

2. Absence of insulator-metal transition caused
by magnetization-induced modes in spin-gapped The dispersion relations of the conventional electron-
Mott and Kondo insulators addition and electron-removal modes for o-spin electrons,

which correspond to those of the first terms on the right-hand
sides of Eqgs. (48) and (49) for 1X)g, = ITl)qH, under the
magnetic field of H = Ag, [Egs. (29), (32), (52), and (53);
ical potential required for insulator—metal transition under the solid curves in Figs. 11(g), 1 1'(h)’ 1@, 11(k), 11(s), 11(),
magnetic field does not change between the cases with and ~ 11(V); 11(W), 12(g), 12(h), 12(j), and 12(k)] are expressed as

without the magnetization-induced modes. These characteris- A

Even though the magnetization-induced modes emerge
under the magnetic field, the system remains insulating in
spin-gapped Mott and Kondo insulators at 4 = 0. The chem-

— A EA o
tics are explained as follows: ® = &y =5 Aspin, 1N A771'H (e, @), ®3)
By rewriting Eqgs. (75) and (76) for o =1 using the o —tR _GAL in A° k. ) 84)
excitation energies at H =0 (élﬁ ey’ 57_2k” .y and Agin —ki spin To

[Egs. (79)—(82)]), the dispersion relations of the emergent
modes [dotted curves in Figs. 11(g), 11(h), 11(), 11(k), 11(s),
11(t), 11(v), 11(w), 12(g), 12(h), 12(j), and 12(k)] can be
expressed as

Because the charge gap A parge, Which is equal to the band
gap between the bottom of the upper band and top of the lower
band (4 — p—), is larger than the spin gap in spin-gapped

Mott and Kondo insulators at H = 0, i.e.,
Aspin

w = g,;‘hqu — = i A%IH k, ), (77) N )
w= —57},‘”“” AT" in A%h k, ), 78) g
where N Py z éé > é,ﬁ _ m’ 86)
€krgy = Chytgy TS H, (79) ) . A2h ,
812’:\&‘1” = gizkuw” —s°H, (80) 55‘” 2 EE‘FF - % ®7)
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at u =0, where uy = —u_ = %,
Ao Eq.B86) A Ao Eq. (85)
= A Sspin charge — “spin q
&k, > > > — > 0, (88)
5 Agin B4 6D A Agpin Eq. (85)
R spin charge spin B4
—Ey T > Y ) < 0 (39)
at u = 0. Here, gA 3 and 8Rk, denote ¥ and % at H = 0,
ki IF ki _kuF

respectively.
Thus, the Fermi level (w = 0) is located within the band
gap between the emergent mode [Eq. (77) for AiT1 (k, w) and
9

Eq. (78) for Al 7 (k, w)] and conventional mode [Eq. (84) of
o= forATl (k w) and Eq. (83) of 0 =1 for Al 7 (k, w)]; the

system remalns insulating even if the magnetlzatlon -induced
modes emerge under the magnetic field at u© = 0.

The gap between the emergent mode [Eqs. (77) and (78)]
and conventional mode [Eq. (84) of o =| and Eq. (83)
of o =1] is obtained as Acparge — Agpin iN A%IH (k, w) and

A%,u (k, w) [Eqgs. (88) and (89)] in spin-gapped Mott and

Kondo insulators.
For u # 0, because

S (1) = e (0 =0) — . (90)
e (W) = g (W =0)+pt o1

[Eq. (25); Tables I-IV; Appendix B], all dispersion relations
of electronic excitations shift by —u.

Both the magnetization-induced mode [Eq. (77) or (78)]
and conventional mode [Eq. (83) for 0 =1 or Eq. (84) for
o =]] cross the Fermi level (& = 0) for || > 1(Acharge —
Agpin) [Egs. (88) and (89)].

Thus, the system becomes metallic for || > %(Achmge —
Agpin) and remains insulating for |u| < %(Acharge — Agpin)
under the magnetic field of |H| = Ay, regardless of the
appearance of the magnetization-induced modes.

D. Absence of magnetization-induced in-gap modes
in spin-gapless Mott and Kondo insulators

Although electronic modes are induced within the band
gap by magnetizing spin-gapped Mott and Kondo insulators,
electronic modes are not induced inside the band gap by
magnetizing insulators with gapless spin excitation.

In the case of gapless spin excitation, because the lowest
spin-excitation energy at H = 0 is essentially zero, the mag-
netic field for S?/Sn.x — =0 is also essentially zero [e —
0 and H — 0in Eqgs. (73) and (74)]. Hence, the dlspersmn re-
lations of the emergent modes satisfy the following relations:

Eq.(73) A, T2 _A _A Eq.(44)
W =g, T T ELg ZE = M4 (92)
Eq.(74) R, T2 B R Eq.(9)

w = =g, +e, — -85, < =8 e n—,
93)
A, As R _
where ek+ and 8_k+ denote Eiq and € Gqq At H =0, re-

spectively, and &4 ++ and st, represent the excitation energies
kg —Kg

S/ Smax = 0.05
5%/ Smax = 0.05
(a) |-spin electron (b) 1-spin electron (c)

5
30 é 3
-5

FIG. 13. Electronic excitation from the lowest-energy spin-
perturbed states of S/Spna. = 0.05 in the 1D HM. (a), (b) A% (k, w)t
for |X) of the magnetized ground state of S* = S for o =| [(a)] and
1 [(b)]. (c) Ax (k, w)t for |X) of the lowest-energy state of S/Sp.x =
0.05 and $* = 0. The solid green lines indicate w = 0.

LhOLh
L)IOUI
(=

f=4

= =1

0

of the low-|w| electron-addition and electron-removal conven-
tional modes at the Fermi momentum for H = 0, respectively.
Equations (92) and (93) imply that the emergent modes appear
in the w regimes of w > p4 and w < p_; electronic modes
are not induced inside the band gap by magnetizing insulators
with gapless spin excitation.

In fact, in the 1D HM, the spectral functions of the magne-
tized ground state of S°/Smax = 0.05 [Figs. 13(a) and 13(b)]
are almost the same as that of the unmagnetized ground state
[Fig. 1(a)]; magnetization-induced modes do not appear inside
the band gap, reflecting the gapless spin excitation.

E. Spectral function of magnetized states
via Shiba transformation

Under the transformation of
fiv = =) f, (94)

which is called the Shiba transformation [38,51,52], the
Hamiltonians of the HM and symmetric (U =2A) PAM
[Egs. (1) and (2)] on a bipartite lattice are transformed
[38,40,41,51,52] as

ci,y — (—)iczl,

H H
HHM(t,U, /JL,H)_> HHM<I7_U7 372:[1’) + (3 _/“(’>NS’
95)

H
Heam(t, tx, U, u, H) — HPAM(LfK, -U, bR 2M>

+ (H —2u— %)N (96)

The spin operators at a site i are transformed [40,41,52] as

Sit =iy = 0t =,

It =flhy — R COWAVA

ST =clyein = niT = (g,
SIT=fl i = ol T == firfir,

it =50y —niy) = Pt =gy iy - 1),
=l ) ol =y ool

o7
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Hence, the spin operators are transformed into the 1 operators,

S (98)

1 e A o o o
$=-8"+8), §==@E"-8§), $F=) s

1 1
AX st | oA Y (pt N 1.z
—2(n +07), # 2l.(n f7), ;n,
99)
with
$E= s =) (100)
i\

i
where A = ¢ for the HM and A = ¢ and f for the PAM and
KLM [Egs. (18) and (19)].

The | -spin-electron operators in the momentum space are
transformed [Eq. (94)] as

Ck,| —> Cj-rfk,J,’

¥
_fnfk,\L'

Accordingly, under the Shiba transformation, a magnetized
stateof S = jand S° =matH =2 and u = % for H(U) is
transformed into the corresponding doped state of n = j and
" =mat u=fi and H = H for H(—U), where H(U) and
‘H(—U) represent the Hamiltonians before and after the Shiba
transformation, respectively [Egs. (95) and (96)].

The spectral function of a magnetized state of S = j, S* =
m, and n = 0 for o-spin electrons, A;:j,s:=m(k’ w), at H =
2fi and p = 0 for H(U) can be expressed using those of the
doped states of n = j, n* = +m, and § =0 at ©u = £z and
H = 0 for H(—U) [Appendix A 4; Eqgs. (A31) and (A32)] as

Sy — (101)

AS =7,5% —m(k a)) at H = Q,,EL fOI' H(U)
_Ai; Jﬁ—m(k’ w) at = for H(=U)
Eq. (A9) A;L . ,]:_m(]l'—k, “w) at = —f for H(~U).
(102)
AS 7,8 —m(k 6()) at H = 2[7, fOI' H(U)
Eq. (ml)A,, (T =k, —w) at = fifor H(-U)
Eq. (A9) An i ek, ®) at p = —p for H(-U),

(103)

where u =0 for H(U), H =0 for H(—U), and the spec-
tral function for H(—U) is represented by /ﬁ( k, w)[=
I3 Ak, )]s Ax (k, w) = Y, A% (k, ).

Thus, the magnetization-induced electronic states appear
from the ground state of S = |S*%| > 0 for H(U) in spin-
gapped strongly correlated insulators, as the doping-induced
electronic states appear from the ground state of n = |n*|(=
ly > 0 for H(-U).

The numerical results for A; (k, w) and A)i((k, w) for |X)
of the state corresponding to the magnetized ground state
of § =58%> 0 for H(U) [Figs. 11(a), 11(b), 11(d), 11(e),
11(m), 11(n), 11(p), 11(q), 13(a), and 13(b)] were obtained
via Egs. (102) and (103) using those of Ay (k, w) for |X) of

the state corresponding to the doped ground state for H(—U)
in the HM and PAM.

F. Emergent states corresponding to magnetization-induced
states in unmagnetized spin-perturbed systems

The state of |S=j, 5 =0)=(S")/|GS)S= =
(87)/|GS)5=/ is the lowest-energy state of S = j for
H = 5% = 0, where |GS)=" denotes the magnetized ground
state of S° = m, because the magnetized ground states of
S§* = £ are the lowest-energy states of § = j and §* = £,
provided that phase separation in the magnetization density
does not occur at §* = £j for u = § = 0.

The spectral function of the lowest-energy state of S = j
and $* = 0 for u = H = 0 can be expressed using those of
S§*==jas

A 5ok, )

Eq. (5) 1 Mo
= 5 ZA_S':j,SZ:O(k’ )

Eqgs. (102) and (103) ~;
A* (k, w)
n=jn*=0\">

Eq_(67) 1
2

Egs. (102) and (103) 1 o
= EZAS ek, @)

(A ik )+ AL (K, )]

n=j.n*=j

LY AL U, ). (104)
The relation of A§_; ¢._o(k, ) = As_; sy ;(k, @) at H =0
can also be derived using spin-SU(2) symmetry [Eq. (A22);
Appendix A 3].

Thus, the spin perturbation that excites spins each having
an excitation energy as large as the spin gap without a mag-
netic field or magnetization in spin-gapped Mott and Kondo
insulators can induce electronic modes corresponding to the
magnetization-induced modes [Eqs. (73) and (74)] along

w=cp,—el, (105)
=8 +el (106)

where 8,;4 and slza denote the electron-addition and electron-
removal excitation energies of the states in the conventional
bands with a momentum k, respectively, and ef denotes the
excitation energy of the lowest-energy spin-excited state of
$% = 0, which has the momentum of ¢, from |GS) at H = 0.

The dispersion relations of the emergent modes for
S/Smax — +0 at S = 0 obtained via Eq. (104) using those for
S/Smax = S°/Smax — =0 in the effective theory are shown by
the dotted curves in Figs. 11(i), 11(1), 11(u), 11(x), 12(i), and
12(1). The spectral functions of the state corresponding to the
lowest-energy state of S/Syax = 0.05 and $* = 0 obtained via
Eq. (104) using the numerical results for S/Spax = S%/Smax =
0.05 are shown in Figs. 11(c), 11(f), 11(0), 11(r), 12(c), 12(f),
and 13(c).

If the emergent modes cross the Fermi level, the band
structure can be regarded as metallic.
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G. Remarks on nonzero-S states

As in the case of the doping-induced states (Sec. IV E)
[2,3,11,13,49,50], the spectral weights of the magnetization-
induced states should be proportional to the density of
the excited spins (|S%|/Smax) in the small-|S?| /S regime.
To observe the magnetization-induced states, a macroscopic
number O(N,) of spins should be excited. The magnetized
ground state can be obtained by applying a magnetic field
larger than the spin gap: |[H| > Agpin.

Note that the magnetic field causes not only the Zeeman
effect but also the cyclotron motion of electrons. In a mag-
netic field, Landau quantization might considerably affect the
electronic states. Furthermore, in angle-resolved photoemis-
sion experiments, the magnetic-field effects on the electron
trajectory should be considered. These effects of the magnetic
field, which are neglected in this study, should be considered
for accurate comparison with experimental results.

To observe the emergent electronic states corresponding to
the magnetization-induced states in unmagnetized systems, a
macroscopic number O(N,) of spins should be kept excited
by the spin perturbation without a magnetic field at the time
of measurement.

In the case of neutron radiation, because a single spin can
be excited by a neutron, a macroscopic number O(N,) of
neutrons that excite spins (excluding reflected and transmit-
ted neutrons that are irrelevant to the excitations) should be
injected every lifetime (relaxation time) of the single-spin ex-
cited states to keep the number of excited spins macroscopic,
as in a steady state, during the measurement, as mentioned in
Sec. IVF2. Photons can be used instead of neutrons if they
can generate spin excitation [53].

H. Electronic modes induced by spin fluctuation

1. Selection rules for electronic excitation from a state
perturbed by spin fluctuation

Electronic modes can also be induced by spin fluctuation,
as in the case of charge fluctuation (Sec. IV G). As a spin-
perturbed state, we consider S;*Z|GS) at half filling at H =0
for . = c and f. The spin-perturbed state Sg’z |GS) has the mo-
mentum of ¢, N, = 0, and S* = 0 for the unperturbed ground
state |GS) with the momentum of 0, N, = 0, and S* = 0. The
excitation energy of each eigenstate in S2=Z|GS) from |GS) is

denoted by eZ—O.
The state obtained by adding an electron with a momentum
kto S;*Z |GS) has the momentum of k + g and N, = —1. Since

this state can overlap with |fl)k+q [electron-addition excited
states in the conventional bands from |GS) (Sec. IVG1)],
electronic states can emerge in the electron-addition spectrum,
exhibiting
A Il
W= €y € (107)
where 8{1 q denotes the excitation energy of |.A) k+¢ from |GS).
Similarly, the state obtained by removing an electron with a
momentum k from S :I\*Z |GS) has the momentum of —k + ¢ and
M, = 1. Since this state can overlap with |7~3)_k+q [electron-
removal excited states in the conventional bands from |GS)
(Sec. IV G 1)], electronic states can emerge in the electron-

removal spectrum, exhibiting

w=—%, +el (108)
rglse;e 873( g denotes the excitation energy of |7~€),k+q from

Thus, electronic modes exhibiting the dispersion relations
of the conventional bands (8,;4 and —87},() shifted by the

spin-excitation energy (—eZ—o and e;—U) and momentum (q)
[Egs. (107) and (108)] can emerge in the electronic spectrum
from the spin-perturbed state S;*Z |GS).

The spin-perturbed state S,’]\’Z|GS) includes all the eigen-
states of S* = 0 at the momentum of g caused by Sg*z, ie.,
V|m) which satisfies (m|S;'Z|GS) # 0 [Egs. (11) and (13)].
However, if a single state dominates at the momentum of ¢
in the spin excitation, S}ZIGS) can effectively be regarded as
a single state, and the emergent states can be well identified as
the emergent modes.

To observe the emergent modes, a macroscopic number
O(N,) of spins (J; S;;z) should be kept excited at the time
of measurement, as mentioned in Sec. V G.

If the emergent modes cross the Fermi level, the band
structure can be regarded as metallic.

2. Electronic modes induced by spin fluctuation in spin-gapped
Mott and Kondo insulators

In the ladder and bilayer HMs and 1D and 2D PAMs and
KLMs,

$: 1GS)

=T, (109)

(GS| ¢

—q

S‘;u |GS)

in the effective theory, where 3'2“ = qui -y for the ladder and

bilayer HMs and S;"‘Z — S(J;H’Z for the 1D and 2D PAMs and
KLMs [Egs. (11), (13), (21), and (22); Tables I-IV]. The
electron-addition and electron-removal excited states from
this state are obtained as Egs. (48) and (49) for |[X )g, = |’T0)q” .
The first terms on the right-hand sides of Eqs. (48) and (49)
exhibit essentially the same band structure as that in the un-
perturbed case [Egs. (29), (32), (52), and (53)] [2,13].
In addition, spectral weights emerge along

_ A T
@O = Ek+g, T Gy (110)
_ R T°
= =04 1q Ty (111)

(for A, =F, and Rs = A; atk, =0; A, = G, and Rs =
Bs at ki = 7 in the HM), because k1, (Ao |a,t”’(f I’TO),I” #0
and g, 1q,(Rslak, o[ T ), #0 (for A, =F, and Rs = A5
at k, =0; A, =G, and Rs =B at k, = 7 in the HM)
between |“Zl0>ku+qu and |7~€5),ku+qH [Eq. (22)] and the sec-
ond terms on the right-hand sides of Eqgs. (48) and (49) for
X )q” = |7'0)q“ (Tables I-1V; Appendix B). Equations (110)
and (111) correspond to Egs. (107) and (108), respectively.
The dispersion relations of the emergent modes are those
of the unperturbed modes (8;“} and —szzku) shifted by the

spin-excitation energy (—eqTH0 and eqT”o) and momentum (g)
[red arrows at kj = 0(= ¢) in Figs. 14(c), 14(), 14(i), 14(1),
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Numerical results Ladder HM Effective theory Numerical results Bil HMEffective theory
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FIG. 14. Electronic excitation from the spin-perturbed states of small S/S,,,x caused by spin fluctuation in the ladder HM [(a), (b)], bilayer
HM [(d), (e)], 1D PAM [(g), ()], 2D PAM [(j), (k)], 1D KLM [(m), (n)], and 2D KLM [(p), (q)]. (a), (d), (g), (j), (m), (p) Ax (k). 0, w)r +
Ax(ky, T, )t [(@)], Ax(ky, 0, w)t + Ax(ky, w, w)t [(d)], Ax(k, w)t [(g), (m), (p)], and Ay (k, w)t [(j)] for |X) of the state corresponding to
[ 1 S57IGS) at ¢; = (0, ) in (a) and (d); [[;(S;* — S({l;z)lGS) at ¢; = 0 in (g), (j), (m), and (p) for S/Smax = 0.1. (b), (&), (h), (k), (n), (q)
Dlspersmn relations of electronic excitations from S;’(’fﬂ)|GS) [(b), (e)] and (S~ — S{;’Z)|GS) [(h), (k), (n), (q)] in the effective theory. The

dispersion relations of the emergent modes are w = —EFkH + eg'(] (dotted brown curves), w = 8,;““ — egm (dotted blue curves), w = —efzku + e(T 0

(dotted orange curves), and w = e,{‘} — e{)r 0 (dotted purple curves), which are shown in the relevant momentum regimes for comparison with

the numerical results. Here, 90 denotes the excitation energy of the spin mode at k; = 0 [red arrows in (c), (f), (i), (1), (0), and (r)]. The
dispersion relations of the other modes and continua in (b), (e), (h), (k), (n), and (q) are the same as those in Figs. 3(g), 3(j), 3(h), 3(k), 3(i),
and 3(1), respectively. The up and down arrows on the right sides of (b), (e), (h), (k), (n), and (q) indicate w-shifts from the unperturbed modes
by egﬂ and —eT) , respectively. (c), (), (i), (1), (0), (r) Dispersion relations of spin excitations in the effective theory in the ladder HM [(c)],
bilayer HM [(f)], 1D PAM [(i)], 2D PAM [(1)], 1D KLM [(0)], and 2D KLM [(r)]. The red arrows indicate the excitation energy of the spin
mode atk; =0, i.e., eg— . The dispersion relations of the modes and continua in (c), (f), (i), (1), (0), and (r) are the same as those in Figs. 4(g),
4(j), 4(h), 4(k), 4(i), and 4(1), respectively. The solid green lines indicate @ = 0.

14(0), and 14(r)] as Eqgs. (110) and (111) [dotted curves in
Figs. 14(b), 14(e), 14(h), 14(k), 14(n), and 14(q)], which
are consistent with the numerical results [Figs. 14(a), 14(d),
14(g), 14(j), 14(m), and 14(p)].

and the dispersion relations of the electron-addition and
electron-removal modes from the unperturbed ground state
|GS) are represented as w = 8,‘;4 Rk, respectively
[Figs. 1(a), 1(d), and 2(a)].

The numerical results for the spectral function of the spin-
perturbed state corresponding to [ [; S;;Z|GS) for g; = 5 show
that electronic modes are induced by the spin fluctuation
[Figs. 15(a) and 15(c)].

and w = —¢

3. Electronic modes induced by spin fluctuation
in the 1D and 2D HMs

In the 1D and 2D HMs, electronic modes can be induced by

spin fluctuation. According to Egs. (107) and (108), electronic
modes induced by the spin fluctuation of S exhibit the
dispersion relations of

w=c¢t, —el, (112)
=8, +el (113)

where eZ—o denotes the excitation energy of the spin mode
at the momentum of ¢ [Figs. 1(b), 1(e), 2(b), and 2(c)],

The emergent electronic modes in the 1D HM [Fig. 15(a)]
can be identified as the holon modes shifted by the
spin-excitation energy (q:ezo) and momentum (%) [dotted

2

brown curves in Fig. 15(b)], consistent with Eqs. (112)
and (113).

The emergent electronic modes in the 2D HM can be iden-
tified as the dominant modes around the bottom of the upper
band and top of the lower band shifted downward and up-

ward, respectively, by the spin-excitation energy (:Fe ) and
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FIG. 15. Electronic excitation from the spin-perturbed states of
small S/S;,.x caused by spin fluctuation in the 1D HM [(a), (b)] and
2D HM [(©)]. (a), (c) Ax (k, w)t for |X) of the state corresponding to
IL S4°IGS) of §/Smax = 0.1 for g; = 7. The magenta and red arrows

in (c) indicate w = —eT) 4+ uy and w = 374) + u_, respectively,

where e,, denotes the excitation energy of the spin mode at k =
in the 2D HM. (b) Dispersion relations from Sﬁ,"|GS) in the 1D HM

holnn _

Dotted brown curves indicate w = &g 7;0 (upper curve) and

w = eh‘f‘jr“,, + e? (lower curve), where s,}{“’"’" and e7
7

1 * denote the
excitation energy of the holon mode with a momentum k and that of
the spin mode at k = 7, respectively. Only the relevant holon modes
induced by the spin fluctuation for comparison with the numerical
results are shown. The dispersion relations of the other modes and
continua in (b) are the same as those in Fig. 1(d). The solid green

lines indicate w = 0.

momentum (%), as in Eqs. (112) and (113) [Fig. 15(c)]. The
magenta and red arrows in Fig. 15(c) indicate the w values of
the bottom of the electron-addition emergent mode expected
from Eq. (112) at k=0, v = 8“5 7;] Fat ﬂ + Uy,
and top of the electron- removal emergent mode expected
from Eq. (113) atk =x, w = —8735 + 67;) Ea. 09 67;0 + u—,
2 2

2
respectively.

VI. DIFFERENCES FROM CONVENTIONAL
BAND INSULATORS

A. Outline

To elucidate the unconventional nature of the electronic
modes induced by spin and charge perturbations in strongly
correlated insulators, the spectral features of conventional
band insulators are reviewed in Sec. VIB for comparison.
Since the emergence of these electronic modes reflects spin-
charge separation in strongly correlated insulators, Sec. VIC
first reviews spin-charge separation in interacting metals on
a chain and points out that it is not well-defined in terms
of the spectral-weight distribution of electronic excitation.
Section VID then explains spin-charge separation in strongly
correlated insulators.

In Sec. VIE, the relation between doping-induced in-gap
electronic modes and spin-charge separation of strongly corre-
lated insulators is clarified. Section VIF discusses the relation
between magnetization-induced in-gap electronic modes and
spin-charge separation.

Implications of this study are described in Sec. VIG.

(a) Electronlc excitation (b) Spin and charge excitation
0.4 0.4

16
161 1
8/ 0.3 e 0.3
=20 02 = o2
-8 4 0.1 0.1
8t i
-16 L 0 . 0
0 T2 T 0 T2 T
kl\ kl\

FIG. 16. Electronic, spin, and charge excitations of the non-
interacting (U = 0) ladder HM for ¢, /t =6 at u = H = 0. (a)
Ax(ky, 0, w)t + Ax(ky, , )t for | X) of any eigenstate of the Hamil-
tonian. The dotted orange lines indicate the bottom of the upper
band and top of the lower band; the band gap is the region between
the dotted orange lines. (b) S(ky, 7, w)t/3 and N(k, w, w)t /4. The
dotted orange lines indicate the lowest spin- and charge-excitation
energies and w = 0; the lowest spin- and charge-excitation energies
are the same as the band gap. The solid green lines indicate w = 0.

B. Conventional band insulators

In the noninteracting (U = 0) HM and PAM, the Hamilto-
nians [Eqs. (1) and (2)] can be diagonalized with electronic-
quasiparticle operators in the momentum space as

Himly=o = Y _(Ex — . — SH)ej oo (114)
Hpamlu=0 = Z Z (E,f —u - szH)a,iTgoz,iU, (115)
k.o (=%
where
E — &k for the 1D and 2D HMs,

k= ex, —tLcosk,  for the ladder and bilayer HMs,

(116)
L a—A V(e + A+ 4t
ES = 5 + 5 , (117)
ex = —2dty, (118)
Uy = Ui Cho F SEUIK)U fio (119)
A

= I (120)

1
5 2 2 ’
(e + A+ 4eg

and s° = % and —% for o =1 and |, respectively. The ground
states for 6 > 0 are expressed as

GS) =[] []ci.l0 (121)
o keFS

GS)=[]]] e (122)
o keFS

for the noninteracting (U = 0) HM and PAM, respectively,
where [ [, g indicates the product over the momenta k within
the Fermi sea.

The band structure [Fig. 16(a)] does not change with the
chemical potential w; only the Fermi level (w = 0) shifts
[Egs. (114) and (115)], even in doped systems. Similarly, the
band structure for 1-spin and | -spin electrons does not change
with the magnetic field H; only the Fermi levels for 1-spin and
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J-spin electrons shift by % and —%, respectively [Egs. (114)
and (115)], even in magnetized systems.

Thus, doping-induced states and magnetization-induced
states do not appear in band insulators where the interaction
between electrons can be neglected, which is in contrast to the
case of strongly correlated insulators (Secs. IVB, IVD, VB,
and V C; Figs. 6-9, 11, and 12).

This implies that the emergence of the electronic modes
caused by doping and magnetization within the band gap rep-
resents a remarkable strong-correlation effect, which does not
occur in band insulators. The differences originate from spin-
charge separation of strongly correlated insulators (Sec. VID)
[1-13,36,37].

C. Spin-charge separation of interacting metals on a chain

Spin-charge separation means that the lowest spin-
excitation energy differs from the lowest charge-excitation
energy. In interacting metals on a chain, it is known that
the velocity of spin excitation generally differs from that of
charge excitation; spin-charge separation occurs in the energy
scale of O(%), where L denotes the number of sites on a
chain [40,54-58]. This characteristic is contrasted with that
of a Fermi liquid [59], where spin and charge excitations are
obtained as particle-hole excitations of electronic quasiparti-
cles. In a Fermi liquid, the lowest spin-excitation energy is the
same as the lowest charge-excitation energy, and spin-charge
separation does not occur.

In the hole-doped 1D HM, the spectral function has two
dominant gapless modes for w < 0 [Figs. 6(a) and 6(d)]. The
lower-|w| and higher-|w| gapless modes for @ < 0 can be
identified as the spinon and holon modes [blue and brown
curves in Fig. 6(d)], respectively.

In the low-energy effective theory (bosonization) [40,54—
58], the dispersion relations for @ > 0 and w < 0 are sym-
metric with respect to @ = 0 and k = kp (Fermi momentum).
This is correct in the |w| — O limit, which can be verified
using the Bethe ansatz as follows: The spinon and holon (an-
tiholon) modes smoothly cross the Fermi level (w = 0). The
slope (velocity) is the same between @ — —0 and @ — +0
in the |w| regime of O(%) for both the spinon and holon
(antiholon) modes. Hence, the eigenstates of the Hamiltonian
for the spinon and antiholon modes exist for w > 0, which
correspond to those of the spinon and holon modes for v < 0,
respectively, in the lower band of a hole-doped system; this is
consistent with the low-energy effective theory.

However, for @ > 0 in the lower band of a hole-doped
system, a significant amount of spectral weight is concen-
trated along the upper edge of the spinon-antiholon continuum
[4] rather than along the spinon and antiholon modes, and a
single dominant gapless mode exists, i.e., the doping-induced
mode [Fig. 6(a); red curve in Fig. 6(d)]. The spectral-weight
distribution does not exhibit the band structure of two dom-
inant gapless modes for @ > 0 in the lower band although
spin-charge separation occurs. This shows that spin-charge
separation can occur even if the spectral-weight distribution
of electronic excitation exhibits the band structure consisting
primarily of a single dominant gapless mode as in a noninter-
acting metal or Fermi liquid.

In addition, the spectral-weight distribution continuously
changes with increasing interchain hopping towards higher-

dimensional systems; in the Fermi-liquid theory, the higher-
|w| mode should be interpreted as a contribution of the
incoherent part. In metals, the spin and charge degrees of
freedom are generally coupled with each other in the w regime
away from the w — O limit in any spatial dimension. This
implies that even if the overall spectral-weight distribution
seems to exhibit a band structure consisting primarily of two
dominant gapless modes in a metal, the occurrence of spin-
charge separation remains undetermined unless the nature
of the excitations in the w — 0 limit (i.e., spin and charge
velocities) is clarified.

Thus, spin-charge separation is not well-defined in terms
of the spectral-weight distribution but is well-defined only
through the excitations in the w — O limit (i.e., spin and
charge velocities) in a metal.

D. Spin-charge separation of strongly correlated insulators

Although spin-charge separation is difficult to verify in
metals unless information regarding the excitations in the
o — 0 limit can be obtained, it is usually clear in strongly
correlated insulators.

Insulators generally have a nonzero charge gap. In strongly
correlated insulators, spin excitation exists in the energy
regime lower than the charge gap. If the charge gap is much
larger than the spin-excitation energies, the spin degrees
of freedom can be effectively described using spin models
such as the Heisenberg model [60]. According to its defini-
tion (Sec. VIC), spin-charge separation generally occurs in
strongly correlated insulators in any spatial dimension be-
cause the lowest charge-excitation energy (= charge gap)
differs from the lowest spin-excitation energy.

In contrast, spin-charge separation does not occur in band
insulators in which the interaction between electrons can be
neglected. This is because spin and charge excitations are
described as particle-hole excitations of noninteracting elec-
trons, as in a Fermi liquid. The spin-excited state for S,i’+
in a band insulator is obtained by removing a |-spin elec-
tron with a momentum ¢q (cz,) from the filled lower band
(w < p-) and adding an 1-spin electron with the momentum
of k+¢q (c,t e, T) to the empty upper band (w > uy). The
lowest-energy spin-excited state is obtained as the particle-
hole excited state of

|PH)g+ = C/L;,TCkEd'GS) (123)
in band insulators, such as the noninteracting (U = 0) ladder
and bilayer HMs at half filling. The lowest spin-excitation
energy is equal to the band gap (u4 — @), which is equal
to the charge gap (Fig. 16); spin-charge separation (Sec. VIC)
does not occur in noninteracting systems.

Thus, spin-charge separation is a general characteristic of
strongly correlated insulators in any spatial dimension and
is a strong-correlation effect that does not occur in band
insulators.

E. Relation between doping-induced in-gap electronic modes
and spin-charge separation of strongly correlated insulators

According to the quantum-number analysis (selection
rules) for doping-induced modes in Sec. IV B, the dispersion
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relations of the doping-induced in-gap modes are expressed
[Egs. (38) and (43)] as

= jj’";‘, +n-, (124)
w=- Sp,f;ﬁ + s (125)

which implies that the emergent in-gap electronic modes ex-
hibit the spin-excitation dispersion relation (+¢’F") shifted by
the Fermi momentum (Fk{) from the band edges (i4).

If the lowest spin-excitation energy, eflpi", is lower than the

charge gap, 4+ — u_, i.e.,

spin

0<e <py—p-, (126)

the lowest-energy spin-excited state emerges as an electronic
excited state [Eqs. (124) and (125)] within the band gap, as
follows:

po <P+l < g, (127)
po <=M 4y < pg, (128)

which are obtained by rewriting Eq. (126). Thus, electronic
modes can emerge within the band gap if spin-charge separa-
tion [Eq. (126)] occurs [1,2,10-13].

In the case of gapless spin excitation (esPn — 0), be-

spin spin spin .
cause €, and € ekt > e, , gapless electronic modes
emerge in the band gap from the band edges (v = ezp”llf +
n— = st-i—luL - U anda)——gpm+-}-,u+ _e;P1“+

U+ — ) [Egs. (124) and (125)] [1,3- 1 1,36,37].
On the other hand, if spin-charge separation does not occur,
ie.,

spm

=Pt — M, (129)

according to the selection rules, the lowest-energy spin-
excited state can appear as an electronic excited state
[Eqgs. (124) and (125)] at the band edges, as follows:

Eq. (129)

w=eM+pu ="y, (130)

Eq. (129)

w = espm + s =" n_.

; (131)

spin spin > e spm
joi- and el >

modes [Eqgs. (124) and (1 25)] can appear outside the band gap

__spin spin _ _ spm
(w = ekk,—i—,u Z2e +u_=p4 and 0= k+k+—|—

Uy < —eq " + u, = p_); in the absence of spin-charge sep-
aration, the electronic modes do not emerge within the band
gap after doping.

Thus, the doping-induced in-gap modes reflect spin-charge
separation of strongly correlated insulators [1-13,36,37];
these do not appear in conventional band insulators without
spin-charge separation.

The emergence of in-gap modes in the electronic excitation
from the lowest-energy state of a nonzero value of n at half
filling (n* = 0) [Sec. IV F; Figs. 6(c), 6(f), 7(c), 8(c), 8(f), 8(1),
8(1), 8(0), 8(r), 8(u), 8(x), 9(c), 9(f), 9(1), and 9(1)] also reflects
spin-charge separation.

Because e the emergent electronic

F. Relation between magnetization-induced in-gap electronic
modes and spin-charge separation of strongly
correlated insulators

1. Emergence of magnetization-induced modes within the band
gap in spin-gapped Mott and Kondo insulators

Similarly, according to the quantum-number analysis (se-
lection rules) for magnetization-induced modes in Sec. VB,
the dispersion relations of the magnetization-induced in-gap
modes are expressed [Eqgs. (73) and (74)] as

A T &
w=¢l —e in Aqu(k,a)),

] (132)

w=—c  +e] in AT (k, @), (133)
where 8;‘4” and 87_2,;’ represent the excitation energies of the
low-|w| electron-addition and electron-removal modes of the
conventional bands under the magnetic field, respectively,
from the unperturbed ground state of $* = 0 at half filling.
Equations (132) and (133) imply that the emergent electronic
modes exhibit the conventional electronic dispersion relations
(67 and —¢™¢) shifted by the excitation energy (—efr and

eZ%) and momentum (q) of the lowest-energy spin-excited
state.
Equations (132) and (133) for ¢ =1 can be rewritten us-

ing the excitation energies at H = 0 (élf'_q, é?k g and Agpyiy

[Egs. (136)—(139)]) [Eqgs. (77)—(82)] as

Agpin .
©=5— = i ALK o), (134)
R Aspin 1
w=—85,+ > A771' (k, ), (135)
where

e =By, — 5°H, (136)
87_3,g+q =%, — SH. (137)
el = Agin — 25°H, (138)
H — Agpin  for  8%/Smax — +0. (139)

The spin gap at H = 0 is denoted by Agyip.
If the lowest spin-excitation energy, Agyn, is lower than the
charge gap, uy — u—,at H =0, i.e.,

0< Aspin < MUy — M-, (140)

the lower-|a)| band edges of the emergent electronic rnodes
(élfi - “"‘" [Eq. (134) at k+q =k{] and —8%_ + 5‘“'”
F

[Eq. (135) at —k + g = —kg]) are located within the band gap
[(u— — s*H)—(u4+ — s°H) for o-spin electrons], as follows:
_A Aspin

+H
_<8+_
M- K >

> in Ail(k ),

(141)

H
<M++3

in ALk, w),
q
(142)

H
_< _——
) “H+T S

which are obtained by rewriting Eq. (140) using H — Agyn,
R

élﬁ =y, and =7 _ = p_.
F F
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Thus, electronic modes can emerge within the band gap
by magnetizing spin-gapped insulators if the lowest spin-
excitation energy is lower than the charge gap [Eq. (140)]
(spin-charge separation occurs).

In the case of gapless spin excitation, as mentioned in
Sec. VD (Fig. 13), the magnetization-induced modes do
not emerge inside the band gap even though spin-charge
separation occurs. This is because the emergent modes are
essentially degenerate in @ with the conventional bands
[Egs. (132) and (133) with ¢] — 0 and H — £0 for
S%/Smax — £0].

2. Absence of magnetization-induced modes within the band gap
in insulators without spin-charge separation

If spin-charge separation does not occur, i.e.,

Aspin =Mt — K-, (143)

the bottom of the emergent upper band for |-spin electrons

(é,é — A% [Eq. (134) atk 4+ q = k;]) and top of the emer-

gent lower band for 4-spin electrons (—E?k, + AT“ [Eq. (135)
F

at —k + g = —kg ]) are located at the top of the conventional
lower band for |-spin electrons (u— + %) and bottom of
the conventional upper band for 1-spin electrons (u4 — %),
respectively, as follows:

_A Aspin Eq. (143)

H . l
Bt — n_ + > in Aﬁ' k, w), (144)
_ Agpin Eq. (143) H
—R + —;’ = — 5 in A%l (k, ) (145)

using H = Agpins éé = u4, and _57—21:; =[_.

= A =A =R =R
Because Eiiiq > sk; and &g > s_k;, the emergent elec-

tronic modes [Eqgs. (134) and (135)] can appear within the
band gap [w = é,ﬁq — B >4 Zin A%, (k, w) and w =
_élzk+q + % < My —
of the selection rules.

However, if spin-charge separation does not occur, the
lowest-energy spin-excited state and lowest-energy charge-
excited state are the particle-hole-excited states at the bottom
of the particle-hole continuum [Fig. 16(b)]. The lowest-
energy spin-excited state of S* =1 is expressed as |PH)g+
of Eq. (123). The electronic states of the emergent modes
obtained by adding and removing an electron on |PH)g+ are
as follows:

2
2 in ATT, (k, w)] from the viewpoint
q

i _ .t
Ck;,¢|PH>S+ = _Ck;r,¢|GS>’ (146)

s 4 [PH)s+ = ¢ | IGS), (147)
and c,(j()r |PH) ¢+ of the other momenta or spin contribute to the
same band structure as that in the unperturbed case [similar to
the first terms on the right-hand sides of Egs. (48) and (49);
Sec. IVC].

The momentum and spin of the added and removed elec-
trons in Eqs. (146) and (147) are the same as those of the
removed and added electrons at the band edges for the lowest-
energy particle-hole excitation, respectively [Eq. (123)]; the
emergent electronic states in Eqs. (146) and (147) also con-

tribute to the same band structure as that in the unperturbed
case at the band edges. Thus, if the lowest-energy spin-excited
state is a particle-hole excited state, electronic modes are not
considered to emerge with magnetization.

3. Spin-mode formation as a manifestation of spin-charge
separation in spin-gapped Mott and Kondo insulators

From the above consideration, the formation of the spin
mode (triplon mode) separated from the particle-hole con-
tinnum can be considered the key characteristic for the
emergence of electronic modes with magnetization. As shown
in Figs. 4 and 5, the spin mode (triplon mode) appears below
the particle-hole continuum, and the charge mode appears
above the particle-hole continuum in spin-gapped Mott and
Kondo insulators. Because the lowest excitation energy of the
spin mode is lower than that of the particle-hole continuum,
which is equal to the lowest charge-excitation energy, the
formation of the spin mode below the particle-hole continuum
is a manifestation of spin-charge separation in spin-gapped
Mott and Kondo insulators.

Thus, the emergence of magnetization-induced modes
within the band gap reflects spin-charge separation, which is
realized as the formation of the spin mode below the particle-
hole continuum, in spin-gapped Mott and Kondo insulators.

The emergence of in-gap modes in the electronic excitation
from the lowest-energy state of a nonzero value of S without
magnetization at half filling [Sec. V F; Figs. 11(c), 11(f), 11(1),
11(D), 11(0), 11(x), 11(u), 11(x), 12(c), 12(f), 12(i), and 12(1)]
also reflects spin-charge separation.

4. Strongly correlated insulators of attractively
interacting electrons

In the insulators of attractively interacting electrons (U <
0) which are obtained by applying the Shiba transforma-
tion (Sec. VE) to spin-gapped Mott and Kondo insulators
with repulsive interactions (U > 0), because the roles of
spin and charge are interchanged by the Shiba transforma-
tion [Egs. (97) and (98)], the charge mode appears below
the particle-hole continuum. In this case, the doping-induced
modes appear within the band gap, reflecting spin-charge
separation (the lowest charge-excitation energy is lower than
the lowest spin-excitation energy, which is opposite to the
repulsive case).

Similarly, the results for the doping-induced states
in repulsive-interaction systems (U > 0) (Sec. 1V)
[1-5,8,9,12,13] can be used straightforwardly for the
magnetization-induced states in attractive-interaction systems
(U < 0) via the Shiba transformation (Sec. V E).

G. Implications

Although various interpretations of electronic states
in strongly correlated systems have been considered [1—
24,26,30,31,33-37,39,40,45,47,49,50,54-59,61-75], the
view presented in this paper along with Refs. [1-13,36,37]
can consistently explain unconventional features of the
electronic states induced not only by temperature increase,
doping, and magnetization but also by spin and charge
perturbations that cause nonequilibrium states around Mott
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and Kondo insulators (Secs. IV and V). Furthermore, this
view can clarify the differences from the conventional features
of the temperature-, doping-, and magnetization-independent
band structure of noninteracting band insulators (Sec. VI).

According to this view, electronic modes, whose dispersion
relations can be expressed as combinations of the electronic
and either the spin or the charge dispersion relations of un-
perturbed systems, can be induced by various spin and charge
perturbations as well as by temperature increase in strongly
correlated insulators [1-13,36,37]. This characteristic can be
applied to band-structure engineering, which makes it pos-
sible to increase the number of electronic bands, control the
band gap, and even change the insulating band structure to a
metallic one at half filling by appropriately tuning and select-
ing perturbations and strongly correlated materials.

Although the particle-hole-symmetric case has been con-
sidered an unperturbed system in this study, electronic modes
should be induced by spin and charge perturbations even in the
nonsymmetric case. In particular, the dispersion relations ob-
tained through the quantum-number analysis (selection rules)
[Secs. IVB, IVG1, VB, and VH1; Egs. (38), (40), (41),
(43), (45), (46), (68), (69), (73), (74), (107), and (108)]
should remain valid, and the experimentally obtained spin-
and charge-mode dispersion relations can also be used to
interpret the emergent electronic modes in strongly correlated
materials.

In this study, only the low-energy or dynamically dominant
characteristic spin- and charge-excited states have been con-
sidered perturbed states. Nevertheless, the results would be
useful for interpreting essential spectral features, which are
represented by the dominant part of the spectral-weight dis-
tribution, for more complicated nonequilibrium or perturbed
states.

VII. SUMMARY

Building upon the understanding of doping- or
temperature-induced electronic modes exhibiting momentum-
shifted magnetic dispersion relations, this study generalizes
the underlying mechanism and demonstrates that various spin
and charge perturbations can induce electronic modes and
alter the band structure in strongly correlated insulators, pro-
vided that a macroscopic number O(N,) of spins or charges
are excited. The origins and dispersion relations of these
emergent electronic modes, particularly why and how the
dispersion relations depend on the momentum and energy of
the perturbations, are elucidated by investigating the selection
rules and using the Bethe ansatz and the effective theory
for weak inter-unit-cell hopping. The validity and generality
of the theoretical results across different models and spatial
dimensions are verified by numerical calculations for the 1D
and 2D HMs, PAMs, KLMs, and ladder and bilayer HMs.

For charge perturbations, not only the chemical-potential
shift that causes hole or electron doping but also the perturba-
tion that generates the lowest-energy state of a nonzero value
() of n at half filling (M, = 0) can induce electronic modes.
The induced electronic modes at half filling exhibit the same
dispersion relations as those of the doping-induced modes at
|[Nn| = 27 for u = 0, reflecting n-SU(2) symmetry. In addi-
tion, the charge fluctuation that leads to effectively a single
dominant state at a given momentum in the charge excitation

can induce electronic modes. The charge perturbations at half
filling can be realized by photon (light) radiation.

For spin perturbations, the magnetic field that magnetizes
spin-gapped Mott and Kondo insulators can induce electronic
modes within the band gap. The spin perturbation that gen-
erates the lowest-energy state of a nonzero value (§) of S
without magnetization (S§° = 0) can also induce electronic
modes, which exhibit the same dispersion relations as those
of the magnetization-induced modes at |S%| = § for H = 0,
reflecting spin-SU(2) symmetry. In addition, the spin fluc-
tuation that leads to effectively a single dominant state at a
given momentum in the spin excitation can induce electronic
modes. The spin perturbations without a magnetic field can be
realized through neutron or photon radiation.

The dispersion relations of the emergent electronic modes
can be simply expressed as combinations of the electronic
and either the spin or the charge dispersion relations of un-
perturbed systems because the emergent modes exhibit the
dispersion relations of unperturbed systems shifted by the mo-
mentum and energy (i.e., a point in the dispersion relations) of
the perturbations. The results can be used to interpret changes
in the band structure caused by perturbations, including the
emergence of electronic states in nonequilibrium systems.
Furthermore, the energy and momentum regimes of the emer-
gent electronic states can be controlled by tuning and selecting
perturbations and strongly correlated materials based on these
results. This approach can be applied to the basic principle of
band-structure engineering for strong-correlation electronics,
utilizing the unconventional characteristics of strongly corre-
lated insulators.
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APPENDIX A: SYMMETRY OF SPECTRAL FUNCTION

1. Particle-hole symmetry

Under the transformation of

Cio = (e, fio > —(=)f, (A1)
for o0 =1 and |, where
i 1 for asite i on the A sublattice,
=)= {—1 for a site i on the B sublattice (A2)

on a bipartite lattice, the Hamiltonians of the HM, symmetric
(U = 2A) PAM, and KLM [Egs. (1)-(3)] are transformed as

HHM(I5U7 M’H) - HHM(IaUy —HM, _H)_ZNS/"(/’ (A3)

Heam(, tx, U, u, H) = Hpam(t, tx, U, —p4, —H) — 4N,y 1,
(A4)
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Hrm(t, Jx, n, H) — Hgm(t, Jx, —p, —H) — 4Ny .
(A5)

This transformation is called the particle-hole transformation.
At u = H = 0, the Hamiltonians are invariant under the trans-
formation [40,41].

Under the particle-hole transformation [Eq. (A1)],

Cho = Copor Jio = =10 (A6)
1X) of § = 8y — |X') of § = —8y, (A7)

and the spectral function [Eq. (10)] is transformed as
ARk, 0) — AR (x — k, —w) (A8)

for A =cand f.
Thus, Ax/(k, w) of the electron-doped eigenstate |X') is
obtained as Ay (r — k, —w) of the hole-doped eigenstate |X),

and vice versa. According to Egs. (A3)—(AS),
Ax(k,w) at ]

=Ayxy(r —k, —w) at

w=p, H=H,

n= _ﬁt
in the HM, symmetric PAM, and KLLM on a bipartite lattice.

2. Spectral function of nonzero-y states

In the HM, symmetric PAM, and KLM on a bipartite lat-
tice, by applying (7)™ to a 2m-hole-doped state (7° = —m)
or by applying (7;7)" to a 2m-electron-doped state (n°* = m),
an undoped state (n° = 0) can be obtained (Sec. III A 2). The
spectral function of an undoped eigenstate of the Hamil-
tonian with n =n(> 0) for u = H =0, A, o(k, w), can be
obtained from those of the 2m-electron-doped and 2m-hole-
doped eigenstates withn = nforu = H = 0, A, 1m(k, w), as

An,O(kv a)) = %[An,m(ka (1)) +An,—m(k» (,())]

= HAumk, 0) + Apu(m —k, —w)]  (A10)

for —n < m < n, where A, ,,(k, ) denotes the spectral func-
tion of the state with n =n and n*=m in an n-SU(2)
multiplet. Equation (A10) is obtained as follows:

The Wigner-Eckart theorem states that the matrix element
of a rank-J spherical tensor operator 7}, between states | j, 1)
and |j’, m') (total angular-momentum quantum number j©
and z component of the angular momentum m’) can be ex-
pressed as
y 7o

s IR =
(o T m) = (=1) (_m, A

)(J'/IIT’IIJ'),
(A11)
where (j'||T7||j) is a quantity that does not depend on m,

m', or M, and the Wigner 3-j symbol (y{;‘l rfz ,fjs) has the
following properties:

oo B\ _(J
my my m3) \my m3 my

_ 1y N J2 J3
= (=1 (—ml iy _m3>, (A12)

<j1 J2 J3> — (_1)j1+m1+2j2

my  —my—j3 J3

« 2j3)!(s — 2j3)!1(G1 — m)!(jo +my + j3)!
(s 4+ DIs — 27D — 211 + m)!(a—my—j3)!
(A13)
where s = ji + jo + ji.

Using Egs. (A11)-(A13), the following relation is ob-
tained:

2

1
M=%

2 2

1
Tyi1j, m)

’

1
<j:|:§,m+M

R R
K]iz'lT [17)

2j+1
(Al14)

which does not depend on m.
1

The electronic operators (c};a, 28°Cr_k.5), where s* = 3

and —% for 0 =4 and |, respectively, behave as rank-%

11
spherical tensor operators (T;, T : ) for 7, as follows:

(7" Ti] = VU FM)J £M + DT,
(7%, Ty = MTy;. (A15)

The sum of the spectral functions Ay , (k, w) and A}, , (& —
k, —w) for u = 0 can be expressed as

A;,m(k’ w) +A;,m(7t - k’ _w)
\iley , In, m)[8(e — &)

1 +(ilex g ln, m)*8(w + €)

2Zn,m i,o +|<i|cj‘[,k’g|n, m)|25(—w — E,‘)
+ (il Cn—k5 11, m)[*8(—w + €;)
[ ey ko 2 ]
[T I m)["8(0 — &)
o s—k, 0
1 T2 I m) P8 + €)

_1
= ZZn,m Z Z Z %z;nfk,o

o {:i% ie(n+¢) +| <l|T

1
2

TR

in,m)|*8(w + €)

s 2
25, m)| 8w — €)
2 —

Eq. (A14) 1
T 202n+ 1)z,

DIDD

Lo ko 2
o oy icare |+ SNT R ) [T + €)
(A16)

|+ T 57 ||y *8(0 — &)

1. 1. .

where (Tf’k’a, T_il’k'g) = (Cch,a’ 25%Cn—k.6)s Znm =
(n, m|n, m) =ZZn, and 2i € (I) means that |i) has n =1.
The quantities with subscript i indicate those for |i), and the
excitation energy of |i) from |n, m) is denoted by ¢;.

In Eq. (A16), because the energies of |n & %, m') for |m’'| <
n+ % are the same regardless of m’ in an SU(2) multiplet,
€; does not depend on n* of |i) in an n-SU(2) multiplet, and

1
(n', m'|T); |n, m) can be nonzero only forn’ = n + % andm’ =
m+M.
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Equation (A16) means that A}, (k, ) + A; (T — k, —w)
does not depend on m at u = 0,
ALk 0) + A (T —k, —w)
=A ko) + A, (T —k —w) =
=A, _(k,0)+ A,  (t—k, —o). (A17)

At u = H = 0, using particle-hole symmetry,

AS o, @) LY L[ AC (k. @) + AL (2 — k, —)]
Eq. (A17) 1[ nm(k a))—}-AL (n_k, _C())]
BOD LAk 0)+AS (o). (AIS)

In the symmetric PAM for © = H = 0, because the elec-
tronic operators ( f,i o —285% fr_ks) also behave as rank-%

1 1
spherical tensor operators (T,*, T *, ) for ),
2 2

AL e, ) = L[AL (k@) + AT (x — K, —0)]
= [AL(k, 0) + A] _,,(k, )], (A19)

By combining Eqgs. (A18) and (A19), Eq. (A10) is obtained
[Eq. (4)].

3. Spectral function of nonzero-S states
The electron creation operators (CZ . c,t ¢) and annihilation
operators ( ck 1» Ck,1) behave as rank—— spherical tensor op-
erators (T T2 ) for S.

The electron addition and electron-removal spectral func-
tions of an eigenstate of the Hamiltonian with S =n and
S$* = m for H = 0 can be expressed as

A;:nt(k a))

=57 D (ilcp o In. m)[*8(w — ;)

i,0

(s 2
Y iy [T In,m)["3(0 — €)

1
= 2Zym 2.

(s 2
s=td [+ Dicn-1) |(I1T2 In, m)|"8(w — €)
Eq. (Al4) 1
T 202n+ 1)z,

icos ) i+ T 1n) |80 — &)

AT (A20)
+ Vet ifn = 3 [|T21Im)[8(0 — &)
1 1
with (T7,T2,) = (¢ . c ) and Z, = Z, ., and
2 2 ’ ’
Afl:};(k w)
2znm D (ilck.oIn, m)|*8(w + €)
1
| 3 (i|T3|n m)|*8(w + €)
 2Zum

| +Zl€(nn)| l|T |n, m) | 8w+ ¢€)

Eq. (Al4) 1
T 202n+ 1)z,

et lifn + T3 m) 80 + €)

o (A21)
+ Xicw-t) ifn = 3[|T2 1) ["8(e + &)

with (T T )_( Ck,»Ck,y) and Z, =Z,,, where i€

(n+1l ) means that |i) has S = n :I: , and the quantities with
subscrlpt i indicate those for |i); the excitation energy of |i)
from |n, m) is denoted by ¢;. Here, ¢€; does not1 depend on S$¢
of |i) in a spin-SU(2) multiplet, and (n’, m'|T,? |n, m) can be
nonzero only for ' = n+ 1 and m' = m + s°.

Equations (A20) and (A21) mean that A;;i(k, w) do not
dependonm at H = 0:

AGsk,w) = A5y (ko) = =AgTk,w). (A22)

This relation generally holds true for spin-SU(2)-symmetric
systems. In the PAM for H =0, Agsi (k, w) are similarly
shown to be independent of S*.

4. Relation between spectral functions before
and after Shiba transformation

The spectral function of an eigenstate of the Hamiltonian
|X) for A(= ¢, f) electrons of spin o (=1, | ) can be expressed
[Eq. (10)] as

1 l(nlr} I1X)1?8(w — E, + Ex)

Ak,a k, - k,o .

x () ZxXn:[+|<n|xkﬁ|X>|28<w+En—E@]
(A23)

Under the Shiba transformation [Eq. (94)], the | -spin-electron

operators and spin operators are transformed [Eqs. (98) and
(101)] as

A

_fylk,y S— 1

Accordingly, the |-spin-electron spectral function of a state
|X) of § = j and S = m for H(U),

A ke w) = ZLXZ[

is transformed to

(A24)

Ck,| — CT

Tk, |° fk,$ g

(il 1X)128(w — &)

}, (A25)
+(i|Ak, 1X) [*8(w + €;)

(il Am—ry [X")[*8(0 — éi):|
(n k,—w) =

1
Zv Z Lum;_k, X P8 + €)
(A26)

for H(—U), where |X’) is the state of n = j and n° = m. Here,
the excitation energy of |i) from |X) or |X’) is denoted by
€, and H(U) and H(—U) denote the Hamiltonians before
and after the Shiba transformation, respectively [Eqgs. (95)
and (96)]. To distinguish the spectral functions before and
after the transformation, the spectral function after the Shiba
transformation is denoted by A;’,” (k, w). The 1-spin electron
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spectral function is transformed as

1 i X 28 (w — €
A e, @) — _Z I(.I il /)IZ ( ) (A27)
Zx S| i 1X )28 (w + €)
= Ak, w). (A28)
If the state |X') is a spin-singlet (S = 0) state,
At e, w) = Ak, 0) = A (k, w) (A29)

at H = 0 for H(—=U) [Eq. (7)] because
Z| (ilA) 4 1X) 28(@—6)_Z| il 1X") 8w — €),

D Wil X8+ €) = Y il 1X) 8w + €).
l l (A30)

Hence, the spectral functions of an n-singlet (n = 0) state
of S =jand S* =m, |S = j, S* = m), for 1-spin and |-spin
electrons at u = 0 for H(U) can be expressed as that of the
corresponding spin-singlet (S = 0) state of n = j and n* = m,
In=j,n*=m),at H=0for H(—-U) as

(As s _nk, )

)at,u:Ofor’H(U)
AS ]S—m(k w)

_ (Bior=n. @)
- at H = 0 for H(—-U),
An —jiem (T —k, —w)

(A31)

which can further be rewritten using the relation of the
particle-hole transformation [Eq. (A9)] as

B r =k, —0)
A* (k, )

n= j 7] =—m

) at H = 0 for H(~U), (A32)

where the sign of u for H(—U) is reversed by the particle—
hole transformation.
At = H = 0,using Egs. (A18), (A19), (A31), and (A32),

A 5ok, ) for H(U)

= 3[AL_ pmme @) HA_ o (m —k, —w)] for H(=U)
= 3[Ah e @) + AL o, (k, )] for H(=U)

(A33)

for —j <m < j.

Thus, the spectral functions of an eigenstate with § = j,
S$* = m, and n = 0 at half filling (n* = 0) at u = 0 for H(U)
can be expressed using those of the eigenstates with n = j,
n*==4m, and S =0 at H =0 for H(—U) as Eqgs. (A31)-
(A33); in particular, the spectral functions of the magnetized
ground state at half filling for H(U) can be expressed using
those of the doped ground states for H(—U ).

APPENDIX B: EFFECTIVE THEORY FOR WEAK
INTER-UNIT-CELL HOPPING IN SPIN-GAPPED
MOTT AND KONDO INSULATORS

1. Effective states and energies in systems of weakly
coupled unit cells

Without inter-unit-cell hopping (¢ = 0), the system is de-
coupled into unit cells. The eigenstates in a unit cell for the
ladder and bilayer HMs and 1D and 2D symmetric (U = 2A)
PAMs and KLMs are obtained as shown in Tables II-IV
[2,12,13,45,47,48]. For shorthand notation, the spin indices
are omitted for spin-independent energies, e.g., elfH = S};‘" for
H =0, 3 =ty 15 = ty7, and §y-p = &y, -

In the regime of weak inter-unit-cell hopping (small |¢]), ef-
fective states and energies are obtained using the perturbation
theory with respect to the inter-unit-cell hopping parameter ¢
[2,11-13,45-48]. The ground state at half filling (N. = 2N,)
and single-particle excited state of X can be effectively ex-
pressed [Egs. (21) and (22)] as

=[]

X, = \/—Z M

where G represents the ground state in a unit cell (Table I).
The ground-state energy (Egs) and single-particle excitation
energies at a momentum k; for a boson X (e,’fu) and fermion X

(eX ) are obtained [Eqgs. (23)-(25)] [2,12,13,45] as

IGS) (B1)

i [T19),

J(F#D)

(B2)

Egs =(Eg + d&gg )Ny, (B3)

e, = — 2%pdyk, + Ex — Eg +2d(Egx — §gg),  (B4)
&, = — 2dyr, + Ex — E + 2d(gx — bgg)

— 263,.d(2dy — 1) (B5)

in d dimensions; d = 1 for the ladder HM and 1D PAM and
KLM, and d = 2 for the bilayer HM and 2D PAM and KLM,
where

d
1
Yiy = 7 ; cos ky; (B6)
with kj; = k, and kj» = k, in d dimensions [Eq. (26)].
The bond energies of O(t%) between states X and Y on
neighboring unit cells (§xy) are obtained as

: 212U : 4¢* N 212
$71ﬂ7 =_+5 (ﬁ’TZ__ T —
(U2 + 1612)> U Jur+ e
—y- 32 312
Ey-a =8y = 51#81# to T
L2 Jur 462
£y 3t? 32
é(//’B—éllf’Fz%_S_ - >
L2 /U 4162
412 212

(B7)

v Jur+ e
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TABLE II. Eigenstates of the dimer HM.

N, S ¢ n n° ki Eigenstates Energies

4 0 0 1 1 0 1Z) =—I1{, 1) E=Y—4u

2 0 0 1 0 b4 D) &-=Y%-2u

0 0 0 1 -1 0 [V) =0, 0) &v=%

2 1 2s 0 0 T IT>) = |o, o) Epe ==Y —2u—25H
2 1 0 0 0 b IT% = 551, L) + 11, 1) Er=-%-2u

2 0 0 0 0 0 [¥*) = uF|S) F sgn(ty )u*|DT) Eyr =ET =2

3 : 5 : : T |Fs) = ﬁ(l? o) —=lo, M) &, = —t. —3p—s°H
1 i 5 i -1 0 B,) = %(|0,a)+|0,0)) &, = —t, —u—5H
3 3 5 3 3 0 IGo) = (1 4, 0) +lo, 1) &G, =t —3u—s°H
1 3 5 3 -3 T [As) = %(IO,cr)—Icr,O)) En, =1L —p—s°H

The state with |o;) and |ap) at sites 1 and 2, respectively, in a dimer is denoted by |o, a2). |S):%(|¢,¢)—|¢,T)),

£y 1 £ _ g Ued [y U :_ 1 i _ :
[IDF) = (11 4,00 £ 10, M), E¥ = £3—; Lou*t = E(lim)'s = ; and —; for 0 =1 and |, respectively.

in the HM [2,12],

(A% + 272 A* 4 1921)

Ey-y-=— )
613 (A% + 1612
_ £2 A2+8t]% 3(A2+12t§)
Ey-1 = 82 . m ’
294" 4810g A” 455681
Eypr =&y re = — r (A2+1612)2 |

9611% i11A4+144z,§A2+408z;§
(A24412)3

2| A2+ 82 3(AT+12i3)

Ey-v=8p-7z=E8D

T 82 A
K A2+ 1682
(B3)
in the PAM, and
272 212 3¢2
= ——, = ——, = = —— B9
&ss 3k &st T &sp = &sr VA (B9)

in the KLM [45].

The effective inter-unit-cell hopping parameters of O(t?)
for bosons X (tX;), those of O(¢) for fermions Y (t!;), and
the effective three-unit-cell hopping parameters of O(t?) for
fermions Y (tSYuC) are obtained [2,12,13,45] as

T D- v z
lg =&y, legp = —logr = —logg = §yv,
F _ B _ .+ G _ A _ -
lep = —lotr = lefr>  Teit = Lot = Legrs
A _ B _ ,F _G_Ew*w*
t3uc - t3uc - t3uc - t3uc - 8 (BIO)

with 1 = £(1 + ) in the HM [2,12],

A
U167

2 2 2 2 2
Sl -Gt/ S-SR U
e 2 s
| A JA% + 1612
b v g P AR A+l
legt = Tt = —legg = a2 A ,
K VA 1667
Pi__Ri_L 1 A2+8II%
lefp = —left = AT ;
J(A2 +4) (a2 + 167)
AT 42T1g AP +1921¢
2 | — o a3
Pt _ R* _ t (A2+1612)2
t3uc - t3uc - 48l]% A4+9t]%A2+24t]§ (Bl 1)
(A24412)2
in the PAM, and
T p R p R r
legg = &STs Lo = —lofp = 50 Bue = lue = Tl (B12)

in the KLM [45].

2. Symmetry of effective parameters

Under the particle-hole transformation [Eq. (Al)], a
fermion of N, = 3 with a momentum k is transformed to a
fermion of N, = 1 with the momentum of & — k [Eq. (A6)].
Thus, particle-hole symmetry at u=H =0 [Eq. (17)]
requires

F _ _B G _ _A
€y = En—kyr Cky = Em—ky
P+ _ _R* P _ _R
€y = Enkpr Eky = En—ky (B13)
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TABLE III. Eigenstates of the single-site PAM for U = 2A.

N. S §° n n? Eigenstates Energies

4 0 0 1 1 1Z) ==t ., 1)) & =—4p

2 0 0 1 0 D-) & =24

0 0 0 1 -1 [V) =10, 0) Ey =0

2 1 2s 0 0 IT>) = |o, o) Epe = —A —2u —25°H
2 1 0 0 0 IT% = 551, L) + 11, 1) Eo=—A—-2p

2 0 0 0 0 [y %) = uf, IS) F sgn(ex)us, [DT) Eyr =Ey —2u

3 : 5 : : [PE) = uf |1 |, o) £ sgn(rc)ui o, 1) Epr = EX —3u—sH
1 ] 5 : -1 IR¥) = u |0, o) F sgn(tx)u;c |o, 0) &t =Ef —n—sH

The state with |a.) in the conduction orbital and |of) in the localized orbital is denoted by |o.,cy). [S) = %(M, W=,

D) = (1t 4.0) £ 10,44, B = 2+ Y = g x

K 2

which implies

&y-r=&y8B, &y-c=E&ya,
Ey-pr =&y-re, Ey-p =&yr,
Lot = —lefrs Ty = —1eips
’ep}? = _teRffi ol = L
t3FUC = t3BllC’ tglc = t:ﬁlc’
fhie = ther e = e (B14)
in the HM, symmetric PAM, and KLLM, because Vak, = —Vk

[Eq. (B6)] and Eq. (BS5). The relations in Eq. (B14) are satis-
fied in Egs. (B7)—(B12).

In the HM, the energies of the bonding electronic state
with k; = 0 and antibonding electronic state with k; = 7 are
interchanged by the transformation of t; — —7,

Ep, (1) =En, (—tL), &g, (L) =CEk (—t1),

e (1) = &7 (—11), & () =¢gr(=11),  (BIS)
which implies [Eq. (B5)]
§y-B(L) =&y-a(—11), &y-c(tr) =&y-r(—11),
13) = thi(—t0), 15 = t5(—11),
the(tl) =t (—t1), t5.(t) =t (—t1).  (B16)

These relations are satisfied in Eqs. (B7) and (B10).

A

z 1 1 _ .
m). s° = 5 and —; for o =1 and |, respectively.

In the HM and symmetric PAM at ©w =0, ﬁi shifts a
momentum k by & because of (—)' [Egs. (18) and (19)],

D-

€y = e’\‘/n'*'” = 61%"_,_,,, (B17)

which implies

Ey-p- =&y-v=2E&y-z,

e = —t5, (B18)

D~ —
—logp =

lep =

because yg,+x = —¥x, [Eq. (B6)] and Eq. (B4). These rela-
tions are satisfied in Egs. (B7), (BS), (B10), and (B11).

Under the Shiba transformation [Eq. (94)], the spin-excited
states for H (U ) correspond to the 1 (charge) excited states for
H(—U) in the HM and symmetric (U = 2A) PAM [Egs. (97)
and (98)], where H(U) and H(—U) denote the Hamiltoni-
ans before and after the Shiba transformation, respectively
[Egs. (95) and (96)]. This is fulfilled as

Ey-1(U) = §y-p-(=U) = §y-v(=U) = §y-z(=U),

15 U) =t (~U) = —1%:(~U) = —t%(=U) (B19)
in the HM [Egs. (B7) and (B10)] and symmetric (U = 2A)
PAM [Egs. (B8) and (B11)].
In the limit of U =2A > |tx|, the symmetric PAM
2
reduces to the KLM with Jx = 4% [13]. The effective parame-
ters of the symmetric PAM [Eqs. (B8) and (B11)] in this limit

TABLE IV. Eigenstates of the single-site KLM.

N S §? n n? Eigenstates Energies

2 1 25° 0 0 IT>) = |0, o) Epe = & —2p —25°H
2 1 0 0 0 T = 2011, V) + [, 1) Ero =% —2u
2 0 0 0 0 1S) =51, 1) = 1. 1) £ = —2u

3 ! 5 : i [P,) =11 1{,0) &, =-3u—sH

1 : s : -3 Ro) =10, 0) &, =~ —s°H

The state with |e.) in the conduction orbital and |« ) in the localized orbital is denoted by e, o). 5* = % and —% foro =1 and |, respectively.
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reduce to those of the KLM [Eqgs. (B9) and (B12)] as

1% of the PAM — 1), of the KLM,

p- p R- R
Tefp = Tege>  Lefp — Lefps

P~ P R~ R
t3uc - t3uc’ t3uc - t3uc’
§y-1 — &sT,

&y-r- — &sr.

Ey-y- —> &ss,

&y-p- — &sp, (B20)
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