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ABSTRACT

X-ray magnetic circular dichroism (XMCD) and X-ray magnetic linear dichroism (XMLD) are
powerful spectroscopic techniques for probing magnetic properties in solids. In this study, we
revisit the XMCD and XMLD sum rules within a complete magnetic multipole basis that
incorporates both spinless and spinful multipoles. We demonstrate that these multipoles can
be clearly distinguished and individually detected through the sum-rule formalism. Within this
framework, the anisotropic magnetic dipole term is naturally derived in XMCD, offering
a microscopic origin for ferromagnetic-like behavior in antiferromagnets. Furthermore, we
derive the sum rules for out-of-plane and in-plane XMLD regarding electric quadrupole con-
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tributions defined based on the complete multipole basis. Our theoretical approach provides A
termagnet

a unified, symmetry-consistent framework for analyzing dichroic signals in various magnetic
materials. These findings deepen the understanding of XMCD and XMLD and open pathways to
exploring complex magnetic structures and spin-orbit coupling effects in emergent magnetic
materials.
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XAS/XMCD/XMLD sum rules based on the complete multipole basis
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IMPACT STATEMENT

Unified XMCD/XMLD/XAS sum rules on a complete magnetic multipole basis, disentangling
spinless and spinful channels, providing a powerful tool to uncover the microscopic origins of
altermagnets and other emergent magnetic states.

Introduction been extensively applied in synchrotron-based experi-

1.1. X-ray absorption spectroscopy

X-ray absorption spectroscopy (XAS) is a powerful
tool for investigating the electronic and magnetic
properties of materials [1]. Among its various techni-
ques, X-ray Magnetic Circular Dichroism (XMCD)
and X-ray Magnetic Linear Dichroism (XMLD) have

ments to investigate element-specific information on
magnetism [2-5]. XMCD is a phenomenon where the
absorption of circularly polarized X-rays differs
depending on the relative orientation of the photon
helicity and the magnetization. This effect arises from
the spin-orbit interaction in the core-level states, lead-
ing to different transition probabilities for left- and
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right-circularly polarized light. XMCD is widely used
to determine element-specific spin and orbital mag-
netic moments via sum rules [6-9].

It has been extensively applied to transition metal
and rare-earth compounds to study magnetic order-
ing, local electronic structure, and hybridization
effects. XMCD has played a crucial role in understand-
ing magnetic thin films, multilayers, and nanostruc-
tures, especially in spintronics and permanent
magnets [5,10-13]. Due to its sensitivity to both spin
and orbital contributions to magnetism, XMCD
enables separating these components [14], which is
essential for studying phenomena such as spin-orbit
coupling and anisotropy in magnetic materials.

In contrast to XMCD, XMLD refers to the differ-
ence in X-ray absorption between two orthogonal
linear polarizations in a magnetically ordered system
[15,16]. XMLD is primarily sensitive to the anisotropy
of the local electronic structure and provides informa-
tion about orbital occupation and magnetic ordering.
Unlike XMCD, which directly probes net magnetiza-
tion, XMLD is particularly useful for investigating
antiferromagnetic and non-collinear magnetic struc-
tures. XMLD arises from the anisotropic valence state
due to the spin-orbit and exchange interactions, lead-
ing to an anisotropic absorption cross-section. This
makes XMLD a valuable tool for studying magneto-
crystalline anisotropy, spin reorientation transitions,
and antiferromagnetic domain structures in materials
such as transition metal oxides and rare-earth
compounds.

1.2. Magnetic dipole order in antiferromagnet

Recent studies in magnetism have revealed that phe-
nomena traditionally associated with ferromagnets,
such as the anomalous Hall effect (AHE), the magneto-
optical Kerr effect (MOKE), and XMCD can emerge
even in antiferromagnetic materials, provided that the
magnetic ordering symmetry allows for magnetic
dipole components. This behavior has been observed
in both non-collinear antiferromagnets, such as Mn;Sn
[17,18], and collinear antiferromagnets recently classi-
fied as altermagnets, including manganese oxides [19-
21], organic antiferromagnetic [22], RuO, [23-26] and
MnTe [27,28]. In these systems, although the net mag-
netization vanishes in real space, the presence of sym-
metry-allowed magnetic dipole moments, i.e.
specifically the anisotropic magnetic dipole term (t;),
enables ferromagnetic-like responses such as AHE and
XMCD to appear [29-33]. This underscores that the
key condition for the emergence of these effects is not
the specific spin configuration (collinear or non-
collinear), but the magnetic dipole symmetry permitted
by the crystal and magnetic structure. These observa-
tions collectively emphasize that optical responses such
as XMCD do not directly probe the net magnetization,
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but are determined by the magnetic multipole symme-
try inherent to the system. Therefore, to properly inter-
pret the spectroscopic signals, including XAS and
XMLD, it is essential to establish the corresponding
sum rules within a complete magnetic multipole frame-
work, ensuring all contributions from hidden multipole
moments.

1.3. Complete multipole basis

Multipole expansions systematically describe various
physical properties, such as charge and magnetic dis-
tributions, in condensed matter systems. The conven-
tional classification distinguishes between electric
multipoles Q (arising from charge distributions) and
magnetic multipoles M (associated with current and
spin distributions). However, recent developments by
Hayami and Kusunose et al., have established
a complete magnetic multipole basis that extends this
classification to include electric toroidal multipoles
G and magnetic toroidal multipoles T [34,35]. The
multipole representation of four-type multipoles
enables a comprehensive understanding of various
electronic properties and physical phenomena
observed in materials.

The general form of a multipole operator in spinless
Hilberlt space is expressed as X1< where | and m
denote the quantum numbers of the orbital angular
momentum, and X represents the type of multipole
(X = Q,M, T, G). The multipole operator in the spin-
ful space is obtained by angular momentum coupling
between the spinless multipole and the spin angular
momentum [34,35], which is given by

E o Z Cl+km n;sn lil;cbzn na-sn (1)
n=-—s

where Cl "mlm, 18 the Clebsh-Gordan coefficient,
s=0,1 and —s < k < s (k is integer). The spin opera-
tor is expressed using the Pauli matrices oy, in the spin
space, defined as ogy = 0¢ (the identity matrix),
010 =0, and 0141 = F(ox £ iay)/ﬂ. Magnetic
multipoles are classified based on their transformation
properties under spatial inversion (Z) and time-
reversal (7)) symmetry. In this paper, we focus only
on multipoles that possess spatial inversion symmetry
(Z), namely, electric monopoles Qq, magnetic dipoles
M., and electric quadrupoles Qy,.

Spinless multipoles (s =0) are expressed as
X( 0 X(Orb) 0o. Since 0y is the identity matrix, the
type of magnetic multipole basis coincides with that
of the orbital multipole basis, namely, Q;&o) = Q;::b)
and ]\A/Il(::l’o) (Orb) . On the other hand, in the spinful
space (s = 1), since the time-reversal symmetry of spin

should be

In addition, since the spin is

is odd, the time-reversal symmetry of X;;l’k)

opposite to that of X(Orb)
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the axial vector, a spinful multipole is composed of
orbital multipoles with different spatial parity. For
example, the electric multipole (X = Q) contains
three spinful multipoles (s = 1, k = —1,0, 1),

b) A
chm n;ln l(::: n01n; (2)

lil lil orb) o
E Clilm n;ln l:l:lm nOlns (3)

suggesting that spinful charge multipoles are gener-
ated from the combination of magnetic toroidal
moments with the same [ (T7) and magnetic multipoles
with [ differing by one (Myg1). As well as, the magnetic
multipole (X = M) has

orb
_lzclm n;ln lm nolm (4)

(1,£1) 1j:1 (orb)
Mlm - Z Cl:k:l m—11; anlil m—nO1ns )

indicating that spinful charge multipoles are generated
from the combination of electronic toroidal moments
with the same [ (Gl) and electric charge multipoles
with | differing by one (Qps1). The relationship
between these complete magnetic multipole bases
and the spinless and spinful bases is summarized in
Table 1.

The matrix element of Xl(;k)
given by

on |l,, m,;1my) basis is

1
(lvm |Xl |l mv,2m$>
(11X |8

V2l + 1

s+kClm L m’ %mi
Kussn - L,mysp -mg 1

(6)
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with k = [+ k and y — n. <lv||f(,(c°rb)||lv> is the reduced
matrix element, whose explicit expression for X = Q
and M are given in Equation 8 and Equation 9 in Ref

[34]. Using the spherical tensor for mult
ipole for [1=0,1,2,--- and its z-component
m=—-L—-1+1,---]
4m
Op = Vi (7 7
I TEURL () )

with 7 =r/r and the spherical harmonics Y}, the
electronic and magnetic multipoles are given by

Ql(:;rb) = Oy, and

M(orb

ILm

[(Vozm) my + iy - (VO,)] (8)

with ; = 28/(1 + 1), respectively. For example, VOy,,
corresponding to the magnetic dipole (I =1) and
octupole (I = 3) can be explicitly given in Table 2.

2. Theoretical framework of X-ray absorption

In recent decades, the development of sum rules for
X-ray absorption spectroscopy has significantly
advanced our understanding of the electronic and
magnetic properties. Sum rules link the integrated
intensity of XAS and dichroism spectra to ground-
state quantities such as spin, orbital magnetic
moments, and charge distribution. These relationships
have provided profound insights into magnetic aniso-
tropy, spin-orbit coupling, and electronic correlations.
This work presents sum rules for X-ray absorption
based on the complete magnetic multipole bases.

The theoretical framework for X-ray absorption for
electric dipole transition is rooted in the Fermi Golden
Rule, which relates the absorption coefficient to the
transition probability y, (hw) defined by

Table 1. Classification of spinful multiples (s = 1) with the inversion symmetry, i.e.
electric monopole, magnetic dipole, and electric quadrupole moment, for possible k

parameters.
(s.k) (1,-1 (1,0) (a1
K - - b
O(()SO) _C??n n1n So;lnm"
K orb b
ngn> C&n,;' n1n00,rrnzno1"‘ ’C1“rr;1 n1nGgor’nlno1” 7C;rr';7 n1n02?r:11n01"
(s:k) (orb) (orb) b)
Ozfn C12mm n1nM1(.jrrn—no1" Icgrrnn n1nT20nr1—no1n _Cgrrnn n1nM§?;7—n01"

Table 2. Explicit expression of VO, relating magnetic dipole
(/=1) and octupole (/ = 3) with the position operator
r = (x,y,z) and the unit vector e = (e, e, ;).

(I,m) VO

(1,%1) Fllextiey)

(1,0) e,

(3,+3) T35 (x +iy) (e, £ iey)

(3,£2) 1 \/§(x +iy) [22(e, +iey) + (x £ iy)e,]

(3,£1) FL[(522 — r)(ex +iey) +2(x + iy) (5z¢, — 1))
(3,0) —3z(xex +ye,) +3 (322 — r’)e,
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Table 3. Classification of sum rules for X-ray absorption spectrum (XAS), X-ray magnetic circular dichroism
(XMCD), and X-ray magnetic linear dichroism (XMLD) based on the complete multipole basis.

Technique / m s k multipole basis sum rule
XAS 0 0 0 0 Qég’b)ao np

1 1 Mg?ibzﬂ'm /_’ﬁ
XMCD 1 m 0 0 M(orb l,

1 -1 Q wb)gm s

1 ! Qzl‘jrffnam e,
XMLD 2 m 0 0 Q(Orb 0o Q3szrz s sz

1 -1 Mﬁo,f)nom s

! ! M5 01 my™ @),

2 _ l,m, S
pi0)=3" |ty |E - rly)| 8(F — By — ), ©) Wylrulve) = > CoamCrm i,
f:M {m}
1
with polarization vector E = Eye of the incident x-ray ! ——E (1|10 || 1) (13)

polarization and position operator r. They can be
expanded as the vector product in terms of spherical
tensor operators,

E-r:EO i (—
M=-1

I)MS_MT"M (10)

where ry is the spherical tensors of rank 1, and
e = F(ex Lt igy)/ V2 and ¢ = ¢, corresponding to
the circular and linear polarization, respectively. E,
(Er) indicates the energy of initial (final) states, and
hw is the photon energy. [y,) = [y(I})) denotes any
state of the ground configuration of the outer shell, i.e.
a valence electronic state of n electrons with the azi-
muthal angular momentum [,. The final state config-
6,y (1)) where

Ci,, stands for a hole in a core level. This formulation

uration is represented by |1//f> =

captures the core-level transitions induced by the elec-
tric multipole interaction, which dominates in XAS
experiments.

The integral of XAS concerning the electric dipole
transition from a core state with jy =1, :l:% is
expressed as

2= | wio)da = X B e,
Jx MM
(11)

with

Pron= D (Wl Ly yplmly). (12)

fejx

Using the Wigner-Eckart theorem, the matrix element
of photoelectron transition from the core state jm; to
the valence state I,m, by the electric dipole moment ry,
is given by

V2L, +1

where CB™ is the Clebsh-Gordan coefficient and the

Limy;Lmy
index of {m} indicates the summation for all m.
Here, b im; ( ) denotes the annihilation (creation)
operator actlng on core-electron states characterized by

quantum numbers j, m;, whereas a,y, (alvms) refers to
the annihilation (creation) operator for valence states
labeled by m,, m;. In addition, (I,||O||l.); denotes the
reduced matrix element, which in this paper is approxi-
mated as independent of m and energy. The Wigner -
Eckart theorem establishes the selection rules for elec-
tric dipole transitions: I.—1,=0,%1,
m. —m, = 0,£1, and the spin of both the core and
valence states is conserved. '

By substituting Equation 12 into Equation 11, P’Af, M
can be rewritten as

l my Jmj ’”
Z Z Ciom,; 1MCl nju g lm M’ Ci lemim,
vr {m}
X (Y lbh, ¥ g lal, b YR, (14)

with [L,]=2L, + 1 and R;, = |(L||O1]|L)|*
the sum over m; while noting that m} = m; for the

. By taking

absorption process, we arrive at the following equa-
tion 1:

lvm; I.m, ams

Clcmlf;lM/Clcmé;s.fnCz Rl (15)
with [ab--]=(2a+1)(2b+1)---. Here, a'(l) is
a coefficient depending on the core state
j+ = 1.+ 1/2 and expressed as
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&y (Jx+3 (s=0)
“i@(i S0 =1 9

This parameter implies that the absorption intensity
can be divided into processes in which the spin does
not flip (s=0) and those where the spin flips
(s=1). By summing the absorption intensities
from both ji, the spin-flip processes cancel out,
leaving only the information from the spin nonflip
process. By calculating the absorption intensity for
j+ separately and taking the appropriate difference,
the information on the spin-flop process can be
obtained. In other words, observing the absorption
process of the spin-flop transition requires absorp-
tion in the inner core levels split by the spin-orbit
interaction.

3. Polarization sum rules of X-ray absorption

To relate X-ray absorption to the physical symmetry of
the holes in the valence state, here, we introduce
a multipole with the quantum numbers | and m
defined as

S = Z c P (17)

M lm™ M M
MM

giving some descriptions of the sum of XAS with
different X-ray polarizations. The sum of XAS for
isotropic polarization is linked to the electric mono-
pole, which is confirmed by S]jE =L * + ij + I'* due

to C'M,

1’100 = 8,,¢- The dipole moment quantum num-
Sho =

= \/5 (P — ) due to

. 0= IZMSMM/, which corresponds to XMCD

when the incident X-ray is aligned along the z axis.
In addition, we consider (i) perpendicular and (ii) in-
plane X-ray magnetic linear dichroism (XMLD). The
perpendicular XMLD is expressed by a quadrupole

moment Sh = \/#1—0(163E + I*

ber gives

—ZI];), representing
the difference in XAS with linear polarization between
the perpendicular and in-plane directions. In contrast,
the in-plane XMLD, i.e. the difference in XAS with
linear polarization between the in-plane x- and y-
directions, can not be described by a single Sj,.

3 j+ ey s
However, using a relation of S2 =Pl it s

confirmed that its difference is linked to the in-plane
XMLD as sziz + sziz = \/% (I{,i — E) as discussed
below.

Substituting Equation 11 into Equation 16 results in
a product of four Clebsch-Gordan coefficients invol-
ving summation over m,, m., M, and M . By applying
the transformation formula for the Wigner-9j
symbol2, Equation 16 can be rewritten as

Y. YAMASAKI et al.

D DN

sk {m)

(WelClm o o I amal, ) (18)

Kt = 1m! ieu Tmgisn

where s =0,1 and |s — I| <k < min(2l,,s+1) (x is
integer). The coefficient ﬁfs’x) is independent of any m

and expressed using the Wigner-9j symbol as

(1, I L
ﬁl(sm) (l{:) ZV7 L) = m ZV lC L RIC (19)
LD |k s )

where [ab-- Ji={(2a+1)(2b+1)---} and { .}
indicate the Wigner-9j symbols. Here, we consider
a complete multipole operator for holes in the valence

of the ground state |y,) expressed by sz;k) based on
the analogy of Equation 1. Consequently, the sum of
XASat j.s = l. & § core state can be rewritten by using
the expectation value of complete magnetic multipoles
for holes and Equation 6 as

i = B (X0 + B ({7

Im

—ap" ’“)@“ 0y, (20)

Im
with
(Sk s+k lm
& Zw Z{m} wg‘cwsn [ ;m' mumma / f|V/g>

Since <X§fn )) contains only the expectation value for
angular information of the complete multipole basis, it
can be represented by equivalent operators [36].
Noted that the Wigner-9j symbol in Equation 18

becomes zero when s =1 and k = I, and therefore

ﬁ;l’l) = 0. This means that the sum rule of dipole
transition can capture the information for electric
and magnetic multipoles, Q and M on a complete
magnetic multipole basis, and cannot directly apply
to electric and magnetic toroidal moments, G and T.

Using the relations oc(+1) + o) =0, the sum over

o . .
§},, on the two core states j. = I, &1 is expressed as,

S+ 8] = (LB x, 1)

Im

suggesting that it gives expectation values for the

spinless multipoles. Hereafter, it will be referred to

as the spinless sum rule. Similarly, by using
: 0) _ L+1,(0) —

a relation a}’ —*=al” =0, another sum rule can

be derived,

i l+1
s - L =y U

2 ) - A

(22)

which allows for the detection of only spinful multi-
poles. Hereafter, it will be referred to as the spinful
sum rule. In other words, depending on the method of
calculating the absorption sum with the core as the
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reference, it is possible to extract either spinless or
spinful magnetic multipoles selectively.

4. Explicit expression of magnetic multipoles
in sum rules

In the present paper, we will examine the relationship
between the XAS, XMCD, and XMLD sum rules, and
magnetic multipoles concretely using the case of the
dipole transition [, =1 (2p orbitals) — [, =2 (3d
orbitals) as an example. The relation between the
polarization sum rules and the complete magnetic
multipole basis and physical quantity is classified in
Table 3.

4.1. Monopole sum rule

The sum rule on the isotropic XAS
(B = B+ + I*) gives the complete multipole
basis of charge monopole [ =0,m = 0. Since the
V= Q" = Ow,
the spinless sum rule (s = 0) is expressed as

spinless monopole is given by Q(()%’

Bl + By = (m)C, (23)

where n,, indicates the number of holes in the [, state
and C is the normalized constant factor including the
radial matrix element of the dipole transition and
multipoles. On the other hand, the spinful monopole
is given by

s (orb 1 /s
Q(()%) - ch—nln l—n) lnzﬁ(l's)a (24)

which involves the spin-orbit coupling (gﬁ.ﬁ)) in the
I, state. Consequently, the intensity of thé spinful

. . 1,1 .
monopole sum rule is proportional to Q((JO ), and is
expressed as

it op-
IXAS - 2IXAS

(1-3)c, (25)

(a) Circular polarization

(b) Linear polarization ||z

Y. YAMASAKI et al.

where C is the same normalized factor as in
Equation 23. This means that when the spin — orbit

interaction in I, is zero, the intensity ratio of I, to
B s is 2:1, and conversely, as the interaction becomes

stronger, the absorption intensity of I, decreases.

These results suggest that spinful electric dipole
transitions offer a pathway to probe the spin-orbit
interaction in the valence states. However, in early
3d transition metals, such as V and Cr, the L;/L,
branching ratio significantly deviates from the
expected 2:1 value, tending toward 1:1 due to strong
electron-core-hole interaction and the small spin-orbit
splitting of the 2p core levels [37,38]. This highlights
the need for caution when interpreting branching
ratios in such systems.

4.2. Dipole sum rule

The sum rule for / = 1 represents that for the XMCD
spectrum (Ioy,cp = P — F%) and involves the first-

order multipoles associated with the magnetic dipole

moment. Here, we consider m =0, that is,
S = 7 (P — %), which gives the component of

each dipole moment projected onto the z direction
[see Figure 1(a)]. Since the spinless dipole moment is

given by M(0 0= Mg?)rb) =[,, the spinless sum rule
(s = 0) is expressed as
i 1
Bvien + Basep = — 5 (L)C, (26)

indicating that the sum rule of the XMCD selectively
extracts information on orbital angular momentum in
magnetization [6].

On the other hand, spinful dipole moments have

two components: one is the pure spin represented by
My = = C30.0Q™ g, = 0, and the other is a term
arising from the coupling between the electric quad-
rupole and the spin,

(c) Linear polarization || x,y

E||x

Figure 1. Experimental setup of x-ray absorption with the incident polarization of (a) circular, (b) linear (E||z), and (c) linear (E||x

and £||y).
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b
z Z C2 —n; ang?in)o-ln

= ﬁzi:(.’)zri —

with r being operators for the unit vector of position
[35]. The latter is proportional to the anisotropic
magnetic dipole , term [39], which provides informa-
tion on the anisotropy of the electron spin-density
distribution. Consequently, the spinful sum rule
(s = 1) is expressed as

r*5,, )0, (27)

i 2 7
IQI_\/[CD 2Bvep = — (g (s,) + 3 <£z>> C, (28)

with t, =1 (3[L,(1-5)], — 2P%;) in the equivalent I
orperator form [40].

XMCD is used to separate spin and orbital contri-
butions, and is particularly valuable in ferrimagnetic
materials because it allows element-specific evaluation
[41]. Additionally, the spinful multipole term ¢, has
been used to uncover the role of hidden multipoles in
magnetic materials. For example, in an exchange-bias
Fe/MgO system, an electric-field - driven XMCD
response has been observed, which originates from
changes in the anisotropic spatial distribution of spin
involved with the anisotropic magnetic dipole term ¢,
[12]. The ¢, component of the spinful dipole is a good
descriptor for the characteristics of the exchange bias
effect and its response to an electric field. Additionally,
the t, term has recently been identified as a key origin
of XMCD signals in antiferromagnets lacking net
magnetization, as exemplified by chiral antiferromag-
netic Mn;Sn [29,30] and collinear antiferromagnetic
(altermagnetic) systems, such as RuO, [42] and MnTe
[43]. Magnetic materials that exhibit XMCD despite
being antiferromagnetic can be classified, within
a magnetic multipole basis, as spinful magnetic
dipoles; adopting this framework is essential both for
categorizing such materials and for interpreting their
behavior. Indeed, it has even been theoretically pro-
posed that the spinful magnetic dipole ¢, underlies the
emergence of anomalous Hall effect in antiferromag-
net [44].

4.3. Quadrupole sum rule for out-of-plane XMLD
(zXMLD)

The sum rule for [ = 2 represents that for the XMLD
spectrum and involves the second-order multipoles asso-
ciated with the electronic quadrupole moment. First, we

consider m = 0, that is, S); = 75 (EF + If —21Y),
which shows the difference in x-ray absorption intensity
when the polarization is applied within the xy plane and
along the out-of-plane direction [see Figure 1(b,c)]. The
spinless multipole of the quadrupole moment is given by

Qg(()),o) = Qg‘(;rb), which represents the electronic
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quadrupole moment Oy = (32> — r*), corresponding
to ds,_,» orbital. Therefore, the spinless sum rule
(s = 0) is expressed as,

(Q.)C. (29)

with the equivalent operator Q. =1 (12 —1%) [36].
This result reflects the anisotropy of charge distribu-
tion between the out-of-plane and the in-plane
direction.

The spinful electronic quadrupole moments are
composed of magnetic dipole and octupole terms.
The magnetic dipole one is given by

(1,-1) (orb)
QZO E :Cl—nln l—n O1n =

i+
I zXMLD + IZXMLD

(31252 —1-5s),

%!

(30)

indicating the anisotropy of the spin-orbit coupling
(Al - s), which enables the probing of the magnetocrys-
talline anisotropy [45]. The equivalent operator is
given by P, = %(3125;; —1-s) [36,40]. The octupole
term in the spinful quadrupole moment is expressed as

Qg};l)_ ZCS nln 30r'~:1 O1n (31)

where the magnetic octupole operators are shown in
the Table 2. For example, when the spin is oriented
along the z-axis, the explicit expression by extracting
only the term proportional to s, is given by

Mg(())rb)az =

3 3
-3 [zxl 4 zyly) s, + 5 (322 — r)s,

(32)

which reflects a quantity combining the electric quad-
rupole and spin-orbit coupling. Consequently, the
spinful sum rule is expressed as,

i 2 3
IJZ;MLD 2Bxuip = (g (Pz) + 5 <&>> C, (33
where

R =1[5L(1-s)l, — (P —2)l- s — (2" 4+ 1)Ls;] is the

equivalent operator of Qgg’n [36,40]. In the case of the
electric quadrupole sum rule, it is difficult to sepa-
rately measure the spinful magnetic dipole and mag-
netic octupole. As a result, it is also useful to express as
I]Z;MLD ZIJZ;MLD = (U,,)C using the total opera-
tor U, = L(1-s)l, —2l,s, — 1 - .

Out-of-plane XMLD has been used to determine
magnetic anisotropy, for example in perpendicularly
magnetized Fe/MgO films [46] and Mn;_sGa alloys
[47]. Since it can detect magnetic multipoles corre-
sponding to the anisotropic components of the spin -
orbit interaction [45], it holds promise for estimating
the perpendicular magnetic anisotropy energy based
on the spinful electronic quadrupole multipoles.
Moreover, when a magnetic field is applied to



Sci. Technol. Adv. Mater. 26 (2025) 8

a magnetic octupole state, the response corresponds to
R,, multipole, suggesting potential applicability for
detection and quantitative evaluation of magnetic
octupole order through the XMLD sum rule such as
in CeBg [48].

4.4. Quadrupole sum rule for in-plane XMLD
(xyXMLD)

Next, we consider =2 and m =42 «cases,
j+ 3 pit .
Sy40 = \/EP’ﬂ_’II, corresponding to the cross term

of left and right circular polarization, which is not
possible to directly observe in absorption which can
only describe the polarization of the incident x-rays as
shown in Equation 8. Therefore, we consider the
combination of sum rules for m = %2, and then it
becomes clear that the signal can be observed as an in-

plane xyXMLD [I{;(MLD Sy AR

component
using SJZJL2 + sz,i,z = \/—1—5 (B — Iﬁ,i) [see Figure 1(c)].

The corresponding spinless multipole of quadrupole
moment is given by Q (orb) 4 Q (orb) ;s consequently, the

spinless sum rule is expressed as
. -
IinMLD + IinMLD = <sz_yz>C7 (34)

with the operator equivalent sz,yzE(lﬁ — /e,
reflecting the anisotropic charge distribution within
the xy-plane.

The spinful electronic quadrupole moments are
composed of magnetic dipole and octupole terms.
The magnetic dipole one is given by

- - 1
S Qs =S s —bs)  (39)

(L=1) = (L,

Q- Y=a}

WIth leiZ Z Cf ig nln goib; naln’ lndlcatlng

the anisotropy of the spin-orbit coupling within the

xy-plane. On the other hand, the octupole term is
expressed as

) _ 2,42 b)
2 = ZC3 T2-nln 3012 nO1n (36)

where the magnetic octupole operators are given in
Table 2. For example, when the spin is oriented along
the z-axis, extracting only the term proportional to s,
results in

T T 15
(M(o R M§° b2>) = \/E[lex -yl s,
+ (xz _yz)lzsm (37)

which reflects a quantity combining the electric quad-
rupole and spin-orbit coupling involving the in-plane
anisotropy. Consequently, the spinful sum rule for
xyXMLD is expressed as
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2

j+ -
L ZIiYXMLD = (g <Bx2*)’2> +

xyXMLD

> <sz_yz>> c

5
(38)

with the operator equivalents Py_p2=2(Ls, —Iys))
and Rp_,=3{l,(I-s)l, — L(I- s)L}. These operators
reflect the in-plane anisotropy of the spin - orbit
interaction.

For example, such in-plane XMLD has been
employed to visualize the spatial domain structure of
the Néel vector in antiferromagnetic NiO [49]. With
the present formalism, it is expected that information
on anisotropic spin - orbit interactions can be
extracted from the integrated XMLD spectrum, pro-
viding crucial insight for evaluating the magnetic ani-
sotropy energy of antiferromagnetic materials.
Additionally, since these electric quadrupole moments
have the same symmetry as the magnetic toroidal
quadrupole moment with the applied magnetic field,
it is expected to detect the anisotropy of the electronic
states in d-wave altermagnets such as in MnF, [50]
and NiCo,04 [51].

5. Conclusion

In this study, we have reconsidered the sum rules for
X-ray absorption spectroscopy based on a complete
magnetic multipole basis. We have demonstrated that
it naturally derives the anisotropic magnetic dipole
term in the XMCD, which plays important role in
the s-wave altermagnetic system. Additionally, we
have shown that the sum rules for out-of-plane and in-
plane X-ray Magnetic Linear Dichroism (XMLD) can
be derived using the electric quadrupole contribu-
tions. This approach provides a unified theoretical
framework to analyze and interpret dichroic signals
in a wide range of magnetic materials. Our findings
not only enhance the understanding of XMCD and
XMLD but also pave the way for further research in
complex magnetic structures. Future studies incorpor-
ating this multipole-based methodology could further
refine our insights into spin-orbit interactions and
hidden magnetic orderings in advanced magnetic
materials.

Notes

1. Here, we use the following relation.
im im,
ij C;m]dc:%ms Cﬁlcn{t’c‘%m
1 V3L +1)
+ Zn:q ek szs Cleme

2[+1 mlnlmln

Ji+ ms l.m,
2l5+1 —m ;00 lm ;00

2. The function for finite summation involving four
Clebsh-Gordan coefficients used here is found in
https://functions.wolfram.com/07.38.23.0029.01.
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