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P H Y S I C A L  S C I E N C E S

Topological Fermiology of gate-tunable Rashba 
electron gases
Jie Hu1†, Ze-Zheng Fang1†, Feng Sheng1, Chenqiang Hua1*, Chuanying Xi2, Guangli Kuang2, Li Pi2, 
Kenji Watanabe3, Takashi Taniguchi3, Qing-Lin Xia4*, Yi Zheng1,5*

By introducing first-order quantum phases as topological invariants, recent symmetry analysis–based theories 
have reinvigorated magnetic quantum oscillations as a versatile quantum probe for unfolding the Fermi surface 
topology along with the geometry information, i.e., topo-Fermiology. Here, we demonstrate the comprehensive 
topo-Fermiology of high-mobility Rashba two-dimensional electron gases with ultragate tunability of spin-orbit 
coupling parameter in few-layer black arsenic. The remarkable consistencies with the key theoretical predictions 
of period doubling in quantum oscillations, gate-tunable aperiodic beating patterns, and the symmetry-enforced 
Landau level crossing phenomena controlled by the competition between Rashba coupling and the Zeeman 
interaction, which ultimately manifests as all odd-filling factor integer quantum Hall effect with superb 
sensitivity to quantum phases, establish topo-Fermiology as an indispensable methodology for studying topo-
logical quantum matters.

INTRODUCTION
The quantization of two-dimensional electron gases (2DEGs) has 
been a fascinating topic of fundamental research for over five de-
cades, when diverse science frontiers are constantly pioneered by 
the discovery of unconventional quantization phenomena in emer-
gent 2DEG systems (1–6). The periodic quantum oscillations of 
2DEGs in strong magnetic fields, hallmarking the formation of 
quantized Landau levels (LLs), provide the most direct and visual-
ized way for resolving the Fermi surface (FS) geometry by measur-
ing the Shubnikov–de Haas oscillations (SdHOs), the de Haas–van 
Alphen effect, Hall resistance, etc. (7). These well-established Fermi-
ology techniques interpret the field-dependent quantum oscillations 
by the semiclassical Onsager-Lifshitz rule, which directly correlates 
the FS extrema to the magnetic oscillation frequencies by neglecting 
the first-order magnetic coupling energy (H1) (7–9). Despite the tre-
mendous success, the conventional zeroth-order Fermiology has 
encountered serious challenges in identifying topological quantum 
materials, when the prevailing Landau fan diagrams frequently 
yield sample-dependent or even contradicting results (10–13). The 
Landau fan analyses of SdHOs are further plagued by an ambigu-
ity in determining the LL indexes by adopting either oscillation 
peak maximums or valley minimums and by the coexistence of 
multiple trivial/nontrivial FSs and the emergence of strong high-
harmonic components (10, 14, 15).

Recently, Alexandradinata et al. proposed the topological Fermi-
ology (topo-Fermiology) methodology to systematically probe the 
topological band parameters along with the FS geometry, based 
on the Onsager-Lifshitz-Roth quantization theory (16–19). The 
key ingredient of this theoretical proposal is the introduction of a 

first-order quantum phase correction, which unveils the topology of 
the underlying electronic band structures. Because of H1-induced 
symmetry constraints on the quantized cyclotron orbits, the quan-
tum phases can be strictly classified into 10 classes, providing an 
indispensable quantum probe for determining the topological band 
parameters. Here, we use gate-tunable high-mobility Rashba 2DEGs 
in few-layer black arsenic field-effect transistors (bAs FETs) to dem-
onstrate the full power of the topo-Fermiology theory. In the ex-
treme quantum limit, the FS topology of Rashba bands manifests as 
all odd-filling factor (ν) integer quantum Hall effect (QHE) plateaus, 
while fine-tuning the Rashba splitting energy toward the high-ν 
limit enforces drastic quantum phase shifts toward π and a pro-
nounced transition to even-ν QHE plateaus. For fixed Rashba spin-
orbit coupling (SOC) parameters, we use magnetic fields as a single 
parameter to reveal period doubling in the SdHOs, gate-tunable 
aperiodic beating patterns, and the LL crossing phenomena con-
trolled by the competition of Rashba SOC and the Zeeman energy.

RESULTS AND DISCUSSION
Explicitly, the first-order quantum phase correction λa (16, 17) con-
sists of the geometric Berry phase ϕB (20), the Zeeman phase ϕZ, 
and the orbital magnetic moment phase ϕR (16, 21) (see Materials 
and Methods for the Onsager-Lifshitz-Roth theory and the formula-
tion of λa). Under a perpendicular positive gate voltage (Vg), the 
spin splitting of high-mobility Rashba 2DEGs in few-layer bAs FETs 
is characterized by a differential area δS between the inner and outer 
Rashba FSs (Fig. 1A). For weak Zeeman coupling, the dimensionless 
parameter of l2

B
δS, where lB =

√
ℏ∕eB represents the magnetic 

length, is much larger than the interband magnetic moment of the 
Bloch wave packets. In this limit, the Onsager-Lifshitz-Roth rule

applies to two helical spin-momentum locked Rashba FSs inde-
pendently, in which case only ϕB = π is relevant to λa while the 
intraband ϕZ and ϕR are all zero due to the rotation symmetry of 
the Rashba Hamiltonian (6, 18). By increasing B, the interband 

l2
B
S
(
kz ,E

)
+ λa

(
kz ,E

)
= 2π

(
n+

1

2

)
(1)

1School of Physics and State Key Laboratory of Silicon and Advanced Semiconduc-
tor Materials, Zhejiang University, Hangzhou 310027, P. R. China. 2High Magnetic 
Field Laboratory, Chinese Academy of Sciences, Hefei 230031, China. 3National In-
stitute for Materials Science, 1-1 Namiki, Tsukuba 305-0044, Japan. 4School of Phys-
ics and State Key Laboratory of Powder Metallurgy, Central South University, 
Changsha 410083, P. R. China. 5Collaborative Innovation Centre of Advanced Micro-
structures, Nanjing University, Nanjing 210093, P. R. China.
*Corresponding author. Email: huachenqiang@​zju.​edu.​cn (C.H.); qlxia@​csu.​edu.​cn 
(Q.-L.X.); phyzhengyi@​zju.​edu.​cn (Y.Z.)
†These authors contributed equally to this work.

Copyright © 2024 The 
Authors, some rights 
reserved; exclusive 
licensee American 
Association for the 
Advancement of 
Science. No claim to 
original U.S. 
Government Works. 
Distributed under a 
Creative Commons 
Attribution 
NonCommercial 
License 4.0 (CC BY-NC). 

D
ow

nloaded from
 https://w

w
w

.science.org at N
ational Institute for M

aterials Science on N
ovem

ber 27, 2024

mailto:huachenqiang@​zju.​edu.​cn
mailto:qlxia@​csu.​edu.​cn
mailto:phyzhengyi@​zju.​edu.​cn
http://crossmark.crossref.org/dialog/?doi=10.1126%2Fsciadv.adp8208&domain=pdf&date_stamp=2024-11-20


Hu et al., Sci. Adv. 10, eadp8208 (2024)     20 November 2024

S c i e n c e  A d v an  c e s  |  R e s e ar  c h  A r t i c l e

2 of 7

hybridization becomes non-negligible, and the quantum phases of 
gate-tunable Rashba bands will include the SOC term (l2

B
δS) as well 

as the interband Zeeman contributions (18, 19)

in which the subscript ±, m∗, and m0 stand for the outer and inner 
Rashba FSs, the effective electron mass, and the free electron mass, 
respectively. Here, ϕ′Z is referred as the general interband Zeeman 
phase, in which g′S is the summation of the interband orbital mo-
ment contribution and the conventional Zeeman spin g factor, while 
the second term under the square root represents the non-Abelian 
interband Berry phase (18, 19).

The physical meaning of Eq. 2 tells that λ± are controlled by the 
competition between the Rashba SOC ΔR-induced phase 

(
l2
B
δS∝ΔR

)
 

and ϕ′Z (see Materials and Methods), while both FSs have a com-
mon π Berry phase originating from the spin-momentum locking 
band topology. In this hybridization regime with intermediate and 
small l2

B
δS parameters, the inner-outer Rashba FSs become nearly 

degenerate, quantizing into twofold spin-polarized LLs (18, 19). Fol-
lowing Eq. 1, the resulting ± LLs are characterized by a quantum 
phase offset of δλ = (λ+−λ−) (18), which also enforces an LL spin 
energy splitting of ΔE± = Ecδλ/2π with the cyclotron energy defined 
by Ec = ℏωc. The correlation between δλ and ΔE± becomes evident 
by moving λa to the right side of Eq. 1, which is essentially the spin-
split Landau quantization formula of E± =

(
n+1∕2+λ±∕2π

)
ℏωc 

with a δλ-dependent spin energy shift of ΔE± (see Materials and 
Methods for detailed discussions).

For quantum oscillations in few-layer bAs FETs, δλ and ΔE are 
both gate tunable and B tunable by manipulating ΔR and ϕ′Z, re-
spectively. Uniquely, the Rashba energy ΔR of our bAs 2DEGs can 
be widely tuned from 0.04 to 1.71 meV by continuously breaking 
the structure inversion symmetry of bAs channels using a local 
graphite gate (6). In complementary with a 38-T steady magnetic 
field facility (see Materials and Methods), we are able to widely 
and continuously tune δλ from the l2

B
δS≫ ϕ�

Z
 limit down to the 

l2
B
δS < ϕ�

Z
 regime, which opens the unprecedented possibility to 

verify the topo-Fermiology theory by either fine-tuning ΔR with 
fixed B set points (QHE regime) or by ramping B with gate-tuned 
ΔR (SdHO spectroscopy).

As a quantum signature of the helical spin-momentum locked 
bands, which has a Dirac point at k = 0 due to the time reversal 
symmetry-enforced Kramers degeneracy, bAs Rashba 2DEGs in the 
extreme quantum limit show hallmarking all-odd QHE plateaus for 
vanishing Rxx, where ΔR is less than the Zeeman energy EZ (l2

B
δS < ϕ�

Z
). 

As shown in Fig. 1B, the Rxy plateaus are well defined for ν = 3,4,5,6,7; 
however, using vanishing Rxx as a full-quantization criterion, it is evi-
dent that the integer QHE of bAs Rashba 2DEGs is characterized by 
all-odd filling factors. In stark contrast, for topologically trivial few-
layer black phosphorus (BP) with the same puckering square lattice 
but negligible SOC, the quantization above 30 T is prevailed by the 
Zeeman effect, producing all-even QHE plateaus (22).
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Fig. 1. Integer QHE and gate-tunable quantum phases of bAs Rashba 2DEGs in the extreme quantum limit. (A) Left: Centrosymmetric bAs lattice consisting of 
puckered BP-type monolayers. Right: Vg-tunable Rashba band formations in few-layer bAs by structure inversion asymmetry. (B) Integer QHE of bAs high-mobility Rashba 
2DEGs, showing all-odd QHE plateaus manifesting the helical spin-momentum locking band topology. Inset: Optical image of FET-S6, where local graphite gate, top hBN, 
and bottom hBN are outlined by blue, white, and red dashed lines, respectively. (C) SdHO of high-mobility FET-S9, exhibiting a conspicuous triple-peak structure in ΔRxx 
for δλ ≈ π. In Rxy, an anomalous 1/2 shift symbolizes the entry of the δλ ≈ π zone but should not be interpreted as fractionally quantized Hall states. (D) Rxy versus B in the 
QHE regime for FET-S6 with fixed ΔR. Note that, for δλ = π, all the ν = 9 plateaus show an anomalous shift of 1/2. (E) Rxy versus Vg in the QHE regime with different B set 
points, in which the 1/2 plateau shift is well reproduced for δλ = π.
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Intriguingly, by reducing B set points, there emerges a distinctive 
triple-peak structure in ΔRxx, i.e., the SdHO amplitude after sub-
tracting a smooth background, when ΔR is ramped continuously by 
Vg toward l2

B
δS > ϕ�

Z
. As shown in Fig. 1C, for B = 15 T, the ϕ′Z-

predominant double-peak structure below Vg = 4 V makes a drastic 
transition into a triple-peak zone, which is followed by reemergent 
double-peak patterns above Vg = 5 V. Considering that EZ is fixed 
(6), the Zeeman energy splitting of LLs cannot explain the emer-
gence of the triple-peak zone, which is apparently ΔR dependent. 
However, by taking the quantum phases of Eq. 2 into account, the 
Vg-dependent evolution of Rxx can be consistently elucidated by the 
competition of ΔR and EZ, which continuously tunes the LL spin 
splitting energy by ΔE± = Ecδλ/2π. Consequently, the LL spectrum 
periodically evolves from quasi-degenerate (δλ ∼ 0) to equidistant 
(δλ ∼ π) when sweeping Vg or B. For the latter, the SdHO peaks are 
nearly equidistant and show the characteristic destructive interfer-
ence behavior, i.e., the SdHO beating node. The triple-peak struc-
ture corresponds to a δλ = π transition from the ϕ′Z-predominant 
regime to l2

B
δS > ϕ�

Z
. Such a δλ = π transition controlled by compet-

ing ΔR and EZ is further confirmed by analyzing the Vg-dependent 
ΔRxx ratios between the odd-filling and even-filling peaks (22). As 
shown in fig. S5, the ΔRodd/ΔReven ratio of the SdHO curve in Fig. 
1C monotonically increases by tuning down Vg and becomes large 
than 1 by crossing the triple-peak zone.

Intriguingly, for Hall resistance Rxy, δλ = π manifests as an 
anomalous 1/2 shift in the QHE plateaus (see Materials and Meth-
ods), as indicated in Fig. 1C. However, such an anomalous 1/2 shift 
also reflects the continuous δλ-dependent evolution in the LL spin 
splitting energy, which should not be interpreted as fractionally 
quantized Hall states. The ultrasensitivity of QHE plateaus to δλ, 
which is not considered by the original theoretical proposal (17), 
makes Rxy a superb probe for topo-Fermiology in the extreme quan-
tum limit. In Fig. 1D, we show the evolution of Rxy as a function of 
B for bAs FET-S6 with Vg-set ΔR. Distinctively, for δλ = π, all the 
ν = 9 Rxy plateaus show an anomalous shift of 1/2, which gradually 
decreases to zero below ν = 5 when the integer QHE takes over. 
Because δλ is both Vg and B dependent, we also verify the quantum 
phase origin of the 1/2 shift by directly measuring Rxy in the extreme 
quantum limit via continuously tuning ΔR with different B set 
points. As shown in Fig. 1E, the δλ-shifted QHE plateaus are excel-
lently aligned in energy; however, they shift to lower Vg when B set 
points are reduced from 33 to 23 T, providing an unambiguous evi-
dence of the interplay between ΔR and EZ.

Amazingly, the triple-peak structures symbolizing the δλ ≈ π zone 
are readily observed in the SdHO spectra, in which B-dependent δλ is 
predicted to introduce gate-tunable aperiodic beating patterns, os-
cillation period doubling, and the LL crossing behavior (18, 19). As 
shown in Fig. 2A, the locations of the prominent triple-peak zone of 

A B

C D

Fig. 2. Aperiodic beating patterns of SdHO with Vg-tunable and B-dependent quantum phases. (A) Vg-dependent SdHO of FET-S6, showing that δλ ≈ π linearly in-
creases as a function of Vg. The triple-peak feature of Vg = 5 V is well resolved on a logarithmic scale, mainly due to the limited measurement resolution of the steady 
high–magnetic field facility. (B) Vg-dependent SdHO of bAs FET-S9, exhibiting the same linear δλ ≈ π versus Vg relation. (C) 2D mapping of SdHO ΔRxx versus Vg and B for 
FET-S9, where the triple-peak zone is highlighted by the yellow polygon. Note that the ΔRxx 2D map is collected by sweeping Vg while slow scanning B in steps of 0.1 T. 
(D) Simulation of the experimental 2D map using the spin-polarized SdHO formula.
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FET-S6 monotonically shift to higher B values when ΔR is linearly 
increased by Vg. The linear dependence of δλ = π on Vg for even 
lower ΔR is evident in Fig. 2B, in which FET-S9 exhibits robust 
SdHOs above 2 T, allowing the low-Vg evolution of δλ to be fully un-
folded using a commercial 15-T cryostat. For Rashba 2DEGs, δλ = 
π defines the last SdHO beating node, across which EZ gradually 
predominates the Rashba SOC because l2

B
δS is inversely proportion-

al to B. Thus, the gate-tunable linear growth of the triple-peak struc-
tures (δλ ≈ π) as a function of Vg (ΔR) compellingly demonstrates 
the aperiodic beating pattern prediction of the topo-Fermiology 
theory for Rashba 2DEGs. By identifying the quantum phase origin 
of the triple-peak structures, we are able to simulate SdHOs as well 
as the 2D mapping of ΔRxx as a function of both Vg and B by incorpo-
rating λ± into the spin-polarized SdHO formula (23) (see Materials 
and Methods for details). As shown in Fig. 2 (A and B), the simula-
tions capture all the essential features of Vg-dependent SdHO spectra, 
including the emergence of the triple-peak structure for δλ ≈ π 
followed by the EZ-controlled double peaks. In Fig. 2 (C and D), we 
show the outstanding agreement between the experimental map-
ping data and the simulation results, showing nearly identical SdHO 
peak positions and the evolution of the triple-peak locations.

The second key prediction of the topo-Fermiology theory for 
Rashba 2DEGs is the smooth SdHO period doubling in the unit of 
1/B when B sweeping continuously drives δλ from 2π to π (18). In 
Fig. 3A, we show a representative SdHO curve with a large ΔR of 
1.18 meV, which requires a large EZ of B ∼ 14 T to reach the δλ ≈ π 
zone followed by the extreme quantum limit. After determining δλ ≈ π, 
we simulated the SdHO curve by the spin-polarized SdHO formula. 
The extracted fitting parameters were then used to construct the LL 
dispersion versus B−1 diagrams, in which red and blue lines repre-
sent the spin-polarized LLs of the inner and outer Rashba FSs, 
respectively. As shown in the bottom-left panel of Fig. 3A, at ~6 T, 
the LLs of FET-S6 is quasi-degenerate when δλ approaches 2π. By 
sweeping B toward 28 T, δλ smoothly decreases until reaching the π 

zone, where the LLs are quasi-equidistant. Intriguingly, by setting 
ΔR = 0.01 meV, we used the same set of fitting parameters to simu-
late the corresponding SdHO curve in the l2

B
δS≪ ϕ�

Z
 limit, which is 

not experimentally feasible for a steady high–magnetic field facility. 
As shown in the right panel of Fig. 3A, without the Vg-tunable con-
tributions of l2

B
δS, the LL dispersions are independent of B and show 

constant separations between the opposite spin LLs, in excellent 
agreement with the theoretical work (18).

Such a smooth SdHO period doubling phenomenon is intrinsi-
cally controlled by the competition between the Rashba SOC and EZ 
but not related to sample quality or the absolute magnetic field in-
tensity. In Fig. 3B, we show the analyses of the LL versus B disper-
sion for FET-S4, which has substantially higher electron mobility 
than FET-S6 and thus reaches δλ = π at B ∼ 7 T with a small ΔR of 
0.59 meV. Except that the SdHO starts at a much lower B threshold 
of ~2 T, the evolution of the B-dependent SdHO periods is essen-
tially the same for both devices. The quantum phase nature of 
continuous SdHO period doubling is further validated by angle (θ)–
dependent SdHO experiments, which effectively reduce Ec while 
leaving both ΔR and EZ unchanged. As shown in Fig. 3C, by plotting 
SdHO characteristics as a function of both θ and the equivalent out-
of-plane magnetic field (B⊥), it is plain to see that the triple-peak 
structures, i.e., the δλ = π zone, emerge at the same B⊥ values. Such 
an θ-independent behavior of the δλ = π zone can be well repro-
duced by the SdHO simulation results, as shown in Fig. 3D.

With the rotational symmetry, the topo-Fermiology theory also 
predicts robust symmetry-enforced LL crossings in bAs Rashba 
2DEGs, when gate-tunable and B-dependent δλ reverses the energy 
ordering of the two spin-split Rashba LLs without violating the 
Wigner–von Neumann “noncrossing rule” (18,  24). Because LL 
crossings are essentially the manifestation of competing the Rashba 
SOC and EZ, the Vg-tunable ΔR of high-mobility bAs Rashba 2DEGs 
gives us the unprecedented advantage to test the theoretical proposal 
by fully exploring δλ from the l2

B
δS≫ ϕ�

Z
 limit down to the l2

B
δS < ϕ�

Z
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Fig. 3. SdHO period doubling controlled by B-dependent quantum phase corrections. (A) Continuous SdHO period doubling for FET-S6 with a large ΔR of 1.18 meV, 
which requires B ∼ 14 T to reach the δλ ≈ π zone. (B) Smooth SdHO period doubling for FET-S4 with ΔR = 0.59 meV, which pushes the δλ ≈ π zone to start at B ∼ 7 T. 
(C) Angle-dependent 2D mapping of SdHO ΔRxx versus B⊥ for FET-S4. (D) Simulation of the 2D ΔRxx map in Fig. 3C with the spin-polarized SdHO formula.
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regime. As shown in Fig. 4, for large ΔR (Vg), a strong SdHO of high-
mobility FET-S3 (5000 cm2 V−1  s−1) starts in the l2

B
δS≫ ϕ�

Z
 limit 

and exhibits an extra beating node at ~3.8 T, which corresponds to the 
l2
B
δS-dominated δλ ≈ 3π regime. By further increasing B, the rapid 

decrease in l2
B
δS monotonically pushes λ± toward the l2

B
δS < ϕ�

Z
 

regime, when δλ produces the 2π beating maxima followed by the 
triple-peak structures of δλ ≈ π. As illustrated in Fig. 4B, the con-
tinuous 3π-to-π changes in δλ enforce an LL crossing when spin-↑ 
and spin-↓ reverse their energy ordering at B ∼ 6 T (δλ ≈ 2π). Above 
10 T, the ϕ′Z-predominant double-peak structures prevail, when the 
Rashba 2DEG approaches the QHE regime. It should be emphasized 
here that the observed LL crossing phenomena, along with the 
aforementioned SdHO period doubling and ΔR-dependent aperi-
odic beating patterns, are nontrivial and protected by the centro-
symmetric bAs lattice (6, 18, 19).

The amazing experimental verifications of the topo-Fermiology 
theory based on bAs 2DEGs, a model Rashba system with high 
carrier mobility and ultragate tunability, call for more systematic 
topo-Fermiology studies on complex quantum matters with the 
coexistence of nontrivial and trivial electronic bands. Our results 
determined that both the inner and outer FSs of bAs Rashba 2DEGs 
are topologically nontrivial in the QHE regime, as evident by robust 
ϕB = π for both Rashba orbits, suggesting that the square lattice 
warping and the associated SOC hierarchic structures (25, 26) 
play an insignificant role in determining quantum phase correc-
tions. To the best of our knowledge, the anomalous integer QHE of 

gate-tunable Rashba 2DEGs is also the very first report among 2D 
materials, providing a tempting platform for exploring unconven-
tional quantization phenomena interwoven with topology. It should 
also be emphasized that the all-odd quantum Hall plateaus of bAs 
Rashba 2D hole gases have a rather different origin in the spin-valley 
symmetry (6, 27).

MATERIALS AND METHODS
Physical properties of bAs and FET fabrications
BAs is a van der Waals material in which puckered monolayers are 
AB stacked along the out-of-plane direction, which is referred as 
the group V analog of the renowned BP (9). The centrosymmetric 
square lattice of bAs belongs to the space group Cmce (no. 64), 
which has a principal twofold rotation axis and a mirror plane per-
pendicular to the C2 axis. As constrained by the inversion symmetry 
and time reversal symmetry, the energy bands of bAs are spin de-
generate, unless the structure inversion symmetry is broken by an 
external gate Vg.

The bAs FETs consisting of bAs/hexagonal boron nitride (hBN)/
graphite heterostructures were assembled by the polycarbonate-
based dry transfer technique (28, 29), followed by the patterning of 
Pd/Au (2 and 60 nm, respectively) electrodes by standard electron 
beam lithography and thermal evaporation technique. In the final 
step, the prepared FETs were encapsulated by a top hBN layer to fin-
ish the device structures of hBN/bAs/hBN/graphite. Detailed infor-
mation on bAs FET fabrications and basic device characterizations 
can be found in ref. (9).

The Onsager-Lifshitz-Roth quantization theory
The semiclassical Onsager-Lifshitz rule correlates the frequencies of 
magnetic quantum oscillations to the FS extrema by

in which l2
B
= ℏ∕eB and S(kz, E) represent the magnetic length and 

the FS extrema for cyclotron movement, respectively, while γ = π is 
the Maslov phase factor introduced by circular cyclotron orbital 
movement. Equation 3 is equivalent to the seminal Landau quan-
tization formula of En = (n+1∕2)ℏωc, considering a parabolic 
band with EF =

(
ℏkF

)2
∕m∗.

By considering higher-order-in-B corrections, the effective 
Hamiltonian can be expanded in B as

in which H0(k) is the zeroth-order Peierls-Onsager Hamiltonian for 
the Onsager-Lifshitz relation. For the H1(k) correction, this term is 
linear in B and can be explicitly expressed as (19)

The three terms of M(k) in Eq. 6 correspond to the conventional 
Zeeman coupling, the orbital magnetic moments, and the non-
Abelian Berry phases, respectively (17, 19). It is also noteworthy that 
the last two terms include both intraband and interband contribu-
tions when interorbital hybridization is non-negligible (17, 19).

l2
B
S
(
kz ,E

)
+ γ = 2πn (3)

H(k) = H0(k) +H1(k) + … (4)

H1(k) = −B ⋅M(k), in which (5)
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Fig. 4. Symmetry-enforced LL crossings in bAs Rashba 2DEGs. (A) Low-Vg SdHO 
of high-mobility Rashba 2DEGs (bAs FET-S3), allowing ultrawide tuning of the com-
petition between ΔR and EZ from the l2

B
δS ≫ ϕ�

Z
 limit down to the l2

B
δS < ϕ�

Z
 regime. 

Below 5 T, δλ is dominated by l2
B
δS, which produces the extra 3π beating node 

at ~3.8 T. (B) Schematic of LL crossings as a function of B. To fully unfold the con-
tinuous 3π-to-π changes, large Rashba SOC and high electron mobility are 
two prerequisites.
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By taking the first-order magnetic field coupling into account, 
the Onsager-Lifshitz-Roth quantization theory becomes

where λa(kz, E) is the quantum phase corrections encoding the topo-
logical band parameters, and the subscript index a represents the LL 
degeneracy. Explicitly, λa(kz, E) is contributed by three first-order 
coupling terms

in which ϕB, ϕZ, and ϕR are the Berry geometric phase, the Zeeman 
phase, and the orbit magnetic momentum phase, respectively.

To see the critical role of λa on determining the QHE and SdHO, 
it is convenient to move γ and λa to the right side of Eq. 7

From Eq. 9, it is clear that the H1-induced λa will not only intro-
duce an extra phase shift to the SdHO spectra but also enforce an LL 
energy splitting of ΔE = Ecδλ/2π. For the special case of δλ = π, all 
LLs are shifted by 1/2, which explains the anomalous quantum Hall 
plateaus when Vg tunes bAs Rashba 2DEGs out of the extreme 
quantum limit.

For nearly degenerate Rashba bands (δS/S ≪ 1), the quantum 
phases of the cyclotron orbits of spin-momentum locked quasipar-
ticles can be solved in the energy basis of the Rashba Hamiltonian

The second quantity under the square root in Eq. 10 repre-
sents the general Zeeman phase (ϕ′Z), which includes both ϕZ 
and the interband geometric Zeeman interaction introduced by 
field-induced hybridization between the Rashba SOC split orbits. In 
the strong hybridization limit of l2

B
δS≪ ϕ�

Z
, δλ = 2 ∣ λ± ∣ = πgsm∗/m0, 

which corresponds exactly to the well-known Zeeman energy of 
EZ = gsμBB for LL spin degeneracy splitting in the absence of 
Rashba SOC.

SdHO simulations with topological quantum 
phase corrections
We carried out the spin-polarized SdHO simulations based on ana-
lyzing the two pocket magnetoresistivity of a nearly degenerate 
Rashba 2DEG system (23). By including the topological quantum 
phase corrections, the LL energy is spin split by an energy of 
ΔE = ℏωcδλ∕2π. Following Eq. 10, the corrected LL energy spec-
trum of nearly degenerate Rashba bands can be rewritten as follows

where the Fermi energy EF is a tunable parameter for generating 
the LL dispersion, and ΔR correlates to δS by ΔR =

ℏ
2

2πm∗
δS. It is 

clear that E±
n

 represents the energy of the nth LLs with spin up (+) 
and spin down (−), respectively. In the strong hybridization limit,  

δλ = πgsm∗/m0 and thus E±
n
= En ±

δλ

2π
ℏωc =

(
n+ 1

2

)
ℏωc ±

1

2
gsμBB, 

which corresponds to the LL spin degeneracy splitting by the 
Zeeman coupling.

For a Rashba 2DEG at 0 K, the magnetoconductance can be ex-
pressed as (23)

in which Γ0 = ℏeBSdH ∕m
∗ represents the LL broadening, and the 

spin-polarized LL energy E±
n

 encodes the quantum phase offsets. 
Here, BSdH is the critical field at which SdHOs emerge. For a quan-
tized 2DEG, magnetoresistivity ρxx is given by

where the prerequisite of σxy ≥ σxx is satisfied for most of the SdHO 
regime. Using Eq. 13, we can readily extract the Vg-dependent and 
B-dependent quantum phase contributions by analyzing the spin-
polarized SdHO of bAs Rashba 2DEGs.

Note that, to make the experimental verifications of the topo-
Fermiology theory more reliable, we have adopted a single parame-
ter (ΔR) approach for the Rxx fitting. Despite the simplicity, the 
simulations of Rxx capture all the essential features such as the evolu-
tion of the triple-peak structures with Vg and B and the double-peak 
structures away from the δλ ∼ π zone.

Quantum transport measurements
SdHOs and Vg-dependent and B-dependent Rxx and Rxy were mea-
sured with multiple SR830 lock-in amplifiers using a typical excita-
tion current of 100 nA at 13.33 Hz. The gate voltage was supplied by 
a Keithley 2400 source-measure meter. The He3 temperature quan-
tum transport measurements were performed using a home-made 
insert in the 38-T steady magnetic field end-station of the High 
Magnetic Field Laboratory of Chinese Academy of Sciences (CAS). 
A 14-T TeslatronPT Cryofree system (Oxford Instruments) was 
used to measure the SdHO of high-mobility FET S3, S4, and S9 and 
angle-dependent Rxx of FET-S4. Regarding the direction of mag-
netic field, we mounted the samples on a ceramic leadless chip 
carrier, which can be rotated in situ by ±100° with reference to 
the magnetic field, and a Hall sensor is attached to the socket for 
calibrating θ.
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