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A B S T R A C T

X-ray Photoelectron Spectroscopy (XPS) is known as a powerful experimental technique that provides infor
mation on the chemical states of material surfaces, and curve-fitting analyses based on methods such as least- 
squares are widely used for spectrum analysis. However, a major issue with these analyses is that the number 
of spectral components and other analytical conditions often include qualitative or arbitrary settings. In response 
to this, we applied Bayesian estimation to the spectral data of the oxidized state of silicon (Si) surfaces, which we 
previously reported. Bayesian estimation discussed in this paper is based on stochastic modelling without 
incorporating physical properties such as Si oxidation. By applying this to the time-dependent oxidation spectra 
of Si surfaces, we reconfirmed that latent information on number of peaks, peak positions, intensity changes and 
spin–orbit splitting conditions can be extracted through Bayesian posterior probabilities.

1. Introduction

The photoelectric effect, which occurs when light is irradiated onto a 
material, is a physical phenomenon that makes it possible to capture the 
electrons present in the material. X-ray photoelectron spectroscopy 
(XPS), which measures the kinetic energy of the generated electrons 
(photoelectrons), provides direct information about the binding energy 
of the electrons present in a material. In particular, when light (X-rays) 
of sufficiently high energy is used, it can capture the element-specific 
binding energies of electrons bound to the inner-shell orbitals of 
atoms, making elemental analysis possible. Furthermore, the binding 
energy of the inner-shell electrons of an element of interest varies 
depending on the chemical environment surrounding the element. This 
difference in binding energy is called the chemical shift, which enabled 
Siegbahn to develop electron spectroscopy for chemical analysis (ESCA) 
through the implementation of high-resolution XPS [1]. XPS allows the 
chemical analysis of solids, liquids, and gases, and has been applied to 
not only fundamental science but also engineering.

Among the wide range of XPS applications, the analysis of the 
oxidation state (oxidation number) of materials is of considerable 
importance. Oxides on the surface of semiconductor materials such as 
gate insulators of metal–oxide–semiconductor transistors, interlayer 

dielectrics, or protective films between devices can be analyzed by XPS. 
Himpsel et al. used high-energy-resolution synchrotron radiation as an 
excitation source to separate the chemical shift components corre
sponding to the distinct oxidation number in the silicon (Si) 2p photo
emission spectra of silicon oxides (SiOx) on Si single-crystal surfaces [2]. 
They clarified in detail the differences in the oxidation states at the 
interface between the oxide and substrate depending on the crystallo
graphic orientation of the Si substrate. Since this pioneering report, SiOx 
films and interfaces have been actively studied by high-energy- 
resolution photoemission spectroscopy, and it has been recognized as 
a powerful tool for investigating the chemical state of surface oxides.

The third-generation high-brilliance synchrotron radiation facilities 
that began operating in the late 1990 s have increased the sensitivity and 
energy resolution of XPS. This has enabled us to obtain detailed infor
mation about the chemical state and formation process of surface oxides; 
for example, the charge of oxides, atomic arrangement differences on Si 
single-crystal surfaces, the structure of oxide–substrate interfaces, and 
kinetics of oxide formation. In such precise analysis by XPS using syn
chrotron radiation, the resulting spectrum of, for example, an SiOx film 
on an Si(001) surface, is complicated, as shown in Fig. 1. The Si 2p inner- 
shell orbital line splits into 2p3/2 and 2p1/2 signals because of spin–orbit 
coupling. Each spectrum consists of several peaks with different 
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chemical shifts depending on the electronic state of Si. Such spectra may 
include signals from bulk Si; SiS and SiSS from surface dimers on clean 
surfaces; Si+, Si2+, Si3+, and Si4+ from SiOx; and Siα and Siβ from Si with 
interfacial strain [3–5].

In peak separation analysis of such complex spectra, there is a widely 
known classical approach to remove the 2p1/2 component that appears 
because of spin–orbit coupling and analyze only the 2p3/2 component 
[5]. First, the Proctor–Sherwood algorithm is used to remove the 
Shirley-type background from the spectrum, and then Fourier trans
formation is used to extract the 2p3/2 component. However, this spectral 
processing by Fourier transformation has two important intrinsic prob
lems. First, one needs to find the optimum spin–orbit splitting width and 
branching ratio for each spectrum to remove the 2p1/2 component. The 
determined splitting width is 0.608 eV, which is a good approximation 
to use [6]. The branching ratio then needs to be determined from the 
theoretical value of 0.5 by taking into account slight variations. How
ever, this is difficult because of the noise in the spectrum. The shape of 
2p3/2 spectra extracted by Fourier transformation is sensitive to the 
setting of the branching ratio, which hinders the detection of small 
peaks. The second problem is the loss of information in the noise of the 
observed spectra; because XPS signals are measured as count data, the 
noise is known to follow a Poisson distribution. This noise generation 
process provides useful information for data analysis, but the relation
ship between intensity and noise is lost during the Fourier trans
formation process in the analysis of spectra over a finite energy range. 
For correct analysis, it is desirable to analyze spectra while preserving 
the Poisson character of the noise without background removal or 
Fourier transformation.

Even if the 2p3/2 component can be extracted, there is another issue 
when further peak separation is performed using the extracted 2p3/2 
component. Although it is known that multiple peaks exist, it is difficult 
to objectively determine their number, which leads to subjectivity. In 
particular, it is difficult to discriminate small peaks at the base of large 
peaks in bulk Si, and the existence of such peaks has long been discussed. 
In the above separation process of the 2p1/2 and 2p3/2 signals of Si 2p 
spectra via Fourier transformation and curve-fitting analysis by the 
least-squares method, the assumptions regarding the analysis environ
ment, such as the computer, the existence of constituent components, 
and the shape of the spectrum, may depend on the knowledge and/or 
subjectivity of the analyst. Clarifying the details of photoelectron 
spectra, such as the number of components and the minimum value of 
signal intensity, which are essential for data processing, is not only 
necessary for capturing the true picture of the chemical state of mate
rials, but also an important issue for efficient data processing.

Along with recent advances in computer hardware, such as machine 

learning, there has been remarkable progress in data science, including 
algorithms and mathematical statistical analysis. In the field of chemical 
analysis, the mathematical analysis of spectra using Bayesian estimation 
has advanced considerably, and its applications are expanding to data 
acquisition and analysis in a wide range of techniques, including nuclear 
magnetic resonance and infrared spectroscopies, X-ray diffraction, and 
electron-beam diffraction. The application of Bayesian estimation to XPS 
is also being pioneered [7].

In this study, we reinvestigate the Si 2p photoelectron spectra of 
thermally oxidized Si(001) surfaces reported by Ogawa et al. [5] by 
taking into account the spin–orbit coupling using Bayesian estimation. 
We discuss the accuracy of the estimation of fitting parameters based on 
Bayesian posterior distributions as well as the model selection of the 
number of peaks. In the Si 2p spectral analysis by Ogawa et al., [5] the 
curve-fitting analysis was performed assuming the existence of various 
chemical states of Si atoms on a clean Si surface and at the interface 
between the oxide layer and Si substrate, as is often done in general peak 
separation. In contrast, our method in this paper does not use such 
chemical-state assumptions and performs spectral analysis without any 
prior information about the positions of Si peaks apart from the prom
inent bulk Si peak. Through the above analysis, we showed that latent 
information on number of peaks, peak positions, intensity changes and 
spin–orbit splitting conditions can be extracted through Bayesian pos
terior probabilities.

2. Theory

2.1. Fitting model

Fig. 2 shows a schematic diagram of the model function used for the 
spectrum fitting. The model function is expressed as the sum of the 
spectrum, which is divided into 2p3/2 and 2p1/2 components by 
spin–orbit splitting, and the background. The model function f(x;θ) is 
defined as: 

f(x; θ) = s(x; θ)+ b(x; θ), (1) 

s(x; θ) = s3/2(x; θ)+ s1/2(x; θ), (2) 

s3/2(x; θ) =
∑K

k=1
AkṼ(x − μk; σk, γk), (3) 

s1/2(x; θ) = R⋅s3/2(x − Δε; θ), (4) 

Fig. 1. Representative silicon 2p spectra measured during thermal oxidation of 
a clean silicon surface.

Fig. 2. Schematic of a model function consisting of two basis functions, 
considering spin–orbit splitting.
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b(x; θ) = (bH − bL)

∫ x
xS

s(xʹ; θ)dxʹ
∫ xE

xS
s(xʹ; θ)dxʹ+ bL, (5) 

where s(x; θ) is the signal function, b(x; θ) is the background function, x 
is the binding energy, and θ is the fitting parameter set. In the case of p 
orbitals, the signal function s(x; θ) is divided into the contribution from 
2p3/2 (s3/2(x; θ)) and the contribution from 2p1/2 (s1/2(x; θ)) because of 
the spin–orbit splitting. Eq. (4) expresses the relation between s1/2(x; θ)
and s3/2(x; θ) by introducing the spin–orbit splitting width (Δε) and 
branching ratio (R). The basis function representing a peak is assumed to 
be the convolutional Voigt function normalized to unity height 
(Ṽ(x; σ, γ)). s3/2(x; θ) consists of the sum of K basis functions, where a 
single basis function Ṽ(x; σ, γ) is defined as: 

Ṽ(x; σ, γ) = V(x; σ, γ)/V(0; σ, γ), (6) 

V(x; σ, γ) =
∫ +∞

− ∞
G(xʹ; σ)L(x − xʹ; γ)dxʹ, (7) 

G(x; σ) =
(

σ
̅̅̅
2

√ )− 1
exp

(
− x2/2σ2), (8) 

L(x; γ) = γ
(
π
(
x2 + γ2) )− 1

, (9) 

where V(x; σ, γ) is the convolutional Voigt function, G(x; σ) is the 
Gaussian distribution function with standard deviation σ, and L(x; γ) is 
the Lorentz function with half-width γ. The parameter set θ to be opti

mized is θ =
{
{μk,Ak, σk, γk}

K
k=1, bH, bL,Δε,R

}
, where μk,Ak, σk, and γk 

are the peak position, height, standard deviation of the Gaussian dis
tribution function, and half-width of the Lorentz function of the k-th 
peak, respectively. bH and bL are the intensities of the background 
functions at high- and low-binding-energy sides, respectively. The 
background function b(x; θ) is the widely used Shirley background [8].

2.2. Bayesian estimation

Ogawa et al. [5] performed a three-step numerical procedure for 
fitting spectra: background removal, decomposition of spin–orbit split
ting by Fourier transformation, and peak fitting. This method has some 
problems: the effect of noise cannot be evaluated and the results can 
vary depending on the values of spin–orbit splitting and branching ratio 
used. In contrast, the method proposed in this study uses Bayesian 
estimation to handle spin–orbit splitting and background in the fitting 
process, while considering the effect of noise when estimating the pa
rameters of the model.

Bayesian estimation is a framework in which the process of data 
generation is formulated in a probabilistic model, and estimation is 
performed by tracing back causal relationships using Bayes’ theorem 
[7,9]. In ordinary spectral peak fitting, the results depend on initial 
values and tend to fall into local solutions. In contrast, combining 
Bayesian estimation with the exchange Monte Carlo method allows not 
only global peak fitting of spectra, but also confidence intervals for the 
fitting parameters to be obtained from Bayesian posterior probability 
distributions. Furthermore, the number of peaks in a spectrum can be 
estimated by comparing the Bayesian free energies obtained from fitting 
models with different numbers of peaks [10]. Further details are given in 
Appendix A and B.

3. Results and Discussion

3.1. Experimental data

Fig. 1 shows a series of Si 2p spectra of a clean Si surface during 
thermal oxidation [5]. The 2p-level photoelectron spectra split into 2p1/ 

2 and 2p3/2 peaks because of the interaction of spin and orbital angular 

momentum. There is a large doublet peak in the 99–100 eV range that 
originates from bulk Si and a feature in the 100–104 eV range that 
originates from SiOx. Spectrum (1) in Fig. 1 is of the clean Si surface and 
lacks oxide-derived peaks. As oxidation progresses, the oxide-derived 
peaks gradually become larger (spectra (2)–(6)).

3.2. Bayesian estimation calculation settings

In Bayesian estimation, it is necessary to set a prior distribution for 
each parameter to be estimated. The prior distribution is related to the 
search range of the parameters and affects the results of parameter 
estimation and model selection. In the case of a typical spectral analysis, 
the same probability distribution is set for all peaks and a sufficiently 
wide search range is used [7]. Because the data set for this analysis 
traced the oxidation process of an Si surface, bulk Si-derived peaks were 
expected to appear as the main spectral component. Therefore, we set 
the prior distributions corresponding to the bulk peaks separately from 
the prior distributions of other peaks (see Appendix C in detail).

When designing the prior distribution, several parameters were 
extracted from the measured spectral data, as shown in Fig. 3. First, the 
peak top intensity (ytop) and minimum intensity (ymin) of each spectrum 
in the entire data set were extracted. The approximate intensity of the 
maximum peak is ymax = ytop − ymin. These parameters were used to 
design the prior distribution of peak intensity parameters. In addition, as 
a design related to the peak position, the maximum and minimum values 
of the binding-energy of the spectral data were extracted as xmin and 
xmax, respectively. The peak top position of the spectral data was 
extracted as xtop. As a prior distribution design for background param
eters, the average intensities of the left- and rightmost ten points in the 
spectral data were extracted as bH and bL, respectively. Detailed prior 
distribution settings and conditions for the exchange Monte Carlo 
method are provided in Appendix C. The conventional process of 
decomposition of spin–orbit splitting by Fourier transformation is 
described in Appendix D.

3.3. Bayesian estimation calculation results

We will first present the results of the analysis of spectra (1) and (6) 
from Fig. 1. Fig. 4 shows results of the analysis of spectrum (1) in Fig. 1. 
Fig. 4(a) illustrates a model selection based on Bayesian estimation. The 
probability that the peak number K = 4 is 99.1 %, K = 5 is 0.9 %, and 
other probabilities are less than 0.1 %, indicating that K = 4 is plausible. 
Fig. 4(b) shows a fitting result that minimizes cost function E(θ,K), 
defined in Appendix A, with respect to parameter θ when K = 4. The 
thick blue and thick red lines are the Si 2p3/2 and 2p1/2 spectra, 
respectively. The blue areas indicate the individual Voigt functions that 

Fig. 3. Schematic diagram of setting parameters.
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make up Si 2p3/2. There is one prominent bulk Si peak, which is sand
wiched between two smaller peaks. Fig. 4(c) shows the posterior prob
ability distribution of each parameter when K = 4. The gray areas in this 
figure represent the prior distributions. The posterior distributions of 
peak height Ak, Gaussian width σk, and Lorentzian width γk are repre
sented on a logarithmic scale along the horizontal axis. This choice re
flects that these parameters only take positive values and can vary 
significantly between peaks. These posterior distributions are normal
ized to integrate to 1. The posterior distribution of the peak position 
μ0 of bulk Si is much sharper than the prior distribution, meaning that 
the peak position is clearly determined. The prior distribution of the 
peak position μk for the subpeaks other than that of bulk Si is given by a 
uniform distribution, whereas the posterior distribution is unimodal, 
indicating that the peak position is automatically narrowed down. The 
posterior distributions of the other parameters are also unimodal, indi
cating that the fitting model is well refined.

Fig. 5 shows results of the analysis of spectrum (6) in Fig. 1. Fig. 5(a) 
depicts the model selection based on Bayesian estimation. The proba
bility of K = 7 is 97.9 %, K = 6 is 1.7 %, K = 5 is 0.3 %, and the other 
probabilities are less than 0.1 %, indicating that K = 7 is plausible. The 
fitting result that minimizes cost function E(θ,K) for K = 7 is presented 
in Fig. 5(b). Fig. 5(c) shows the posterior probability distribution of each 
parameter for K = 7. Despite the complex shape of the spectrum, the 

peak positions are sharply localized. The posterior distributions of the 
other parameters are also unimodal, indicating that a specific model has 
been derived. The analysis results for spectra (2) to (5) in Fig. 1 are 
presented in Fig. 6.

So far, we have shown the fitting of six spectra selected as snapshots 
of the oxidation process. Actually, Ogawa et al. [5] collected a series of 
70 Si 2p spectra during the thermal oxidation of Si. We analyzed all 70 
spectra using our method. Fig. 7 shows the posterior probability distri
bution of the peak positions obtained from this analysis in chronological 
order of oxidation. Bayesian model averaging [11] was performed for 
each spectrum. Posterior distributions for the peak positions were ob
tained for each of the three to eight candidate peak numbers. As a result 
of the Bayesian estimation, probability for the number of peaks were 
obtained. The probabilities were used to calculate a weighted average of 
the posterior distribution of peak positions. The nine red dotted lines in 
Fig. 7 show the Si 2p peak positions listed in Table 1, which is referred by 
Ogawa et al. [5]. The peaks originating from bulk Si are prominent 
throughout the oxidation process. The spectra contain four peaks during 
in the initial stage of oxidation and then the number of peaks increases 
as oxidation proceeds until finally they contain seven peaks.

In the early stage of oxidation, the S peak (derived from the dimer on 
the Si(001) 2 × 1 surface) appears to gradually shift to the Siα position.

In previous peak separation analysis, S and Siα were treated as 

Fig. 4. Analysis results for spectrum (1) in Fig. 1. (a) Result of model selection by Bayesian estimation. The dots and bars represent the free energy F(K) and the 
probabilities Z(K), respectively, as functions of the number of peaks K. (b) Fitting result when K = 4. (c) Posterior probability distributions for all parameters when K 
= 4. The light gray distribution in each graph is the prior distribution.
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different peaks [5]. This is because the S peak shifts from the SiB position 
due to charge transfer driven by asymmetric dimer formation [12], 
whereas Siα shifts as a result of the charge density change between Si-Si 
bonds caused by strain [13]. Because the Si-Si dimer disappears when 
the Si(001) surface oxidation is completed, the S peak is considered to 
have zero intensity at this point. In contrast, as the oxidation progresses, 
oxidation-induced strain is generated at the oxide/Si interface, and Siα 

and Siβ peaks appear because of this strain. In the conventional least- 
squares method, Siα and Siβ signals appear near the S and S’ peaks, so 
the positions of the strain-induced Siα and Siβ peaks need to be fixed. If 
the least-squares fitting was attempted with the peak positions as vari
ables, the Siα and Siβ peaks would shift toward the S and SS peaks and 
overlap with them. However, the Siα and Siβ peak positions vary with the 
magnitude of strain [13]. Therefore, it is not desirable to fix the peak 
positions of Siα and Siβ even when fitting by the least-squares method. In 
addition, the shape of both peaks reflects the strain distribution at the 
oxide/Si interface and does not necessarily have the shape of the 
Gaussian or Voigt functions. Until now, it has not been possible to track 
the change in the magnitude of the Siα and Siβ shifts with oxidation 
because of the limitations of data analysis. Therefore, the main focus was 
obtaining the changes in the Siα and Siβ peak intensities during oxida
tion; the changes in strain caused by oxidation were considered only 
qualitatively [14].

In this paper, using Bayesian estimation, we have verified that there 

are seven components reported in the curve-fitting analysis of Si 2p XPS 
spectra of oxidized Si surfaces. This result provides a quantitative evi
dence for the curve-fitting analysis from a mathematical point of view 
and will be important information for the previous XPS analysis of the Si 
oxidation model and the Si substrate-oxide film interface. As mentioned 
above, the results of this analysis are consistent with the physical 
interpretation of the Si 2p XPS spectra of the oxidized surface in our 
previous paper [5], but it should be noted that they do not prove the 
uniqueness of the physical interpretation in the paper. As a future 
research, it is expected that applying this Bayesian estimation to higher 
quality XPS data will enable deeper discussions on more complex 
physical phenomena that were not addressed in previous data analyses, 
such as how strain in Si-Si bonds affects the dynamic response of the 
electronic system (final state effects) [15]. It should be noted that when 
discussing such delicate spectral decomposition, the selection of back
ground models [16] other than the Shirley method used in this study 
should also be taken into consideration.

4. Conclusions

We reinvestigated Si 2p spectra during thermal oxidation through 
Bayesian estimation considering spin–orbit splitting. Then, the model 
selection of the number of peaks was performed, and the estimation 
accuracy of each fitting parameter was obtained from the corresponding 

Fig. 5. Analysis results for spectrum (6) in Fig. 1. (a) Result of model selection by Bayesian estimation. (b) Fitting result when the number of peaks K = 7. (c) 
Posterior probability distributions for all parameters when K = 7. The description of each figure is the same as that of Fig. 4.
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Fig. 6. Fitting results for spectra (2)–(5) in Fig. 1. The description of the fitting results is the same as in Fig. 4(b). The inset of each figure is the result of model 
selection by Bayesian estimation; the description is the same as that of Fig. 4(a).

Fig. 7. Posterior probability distribution of peak positions with Bayesian model averaging, in chronological order of oxidation. The red dotted lines indicate 
representative peak positions assigned in the literature [5].

Table 1 
Silicon Peak Assignments and Chemical Shifts [5].

Peak Si4+ Si3+ Si2+ Si+ SS Siβ SiB Siα S

Chemical shift (eV) 3.48 2.59 1.81 1.15 0.41 0.34 0 − 0.22 − 0.46
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Bayesian posterior distribution. This method allows direct fitting to 
observed spectra without any prior processing such as background 
removal or extraction of the 2p3/2 component. As such, it allows the 
analysis to take into account a stochastic interpretation of the noise 
inherent in the spectrum.

As oxidation progressed, Si+, Si2+, Si3+, and Si4+ peaks appeared 
sequentially, and Siα and Siβ peaks derived from interfacial strain were 
detected instead of S and SS peaks. The shift of Siα, Siβ, S, and SS peaks 
caused by the change of oxidation-induced strain at the oxide/Si inter
face with the progress of oxidation was clearly observed. When the Si 
surface oxidation is completed, the spectra can be deconvoluted into 
seven peaks, which is consistent with a previous study.
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Appendix A. Bayesian estimation

Bayesian estimation is a framework in which the process of generating data in a probabilistic model is formulated and an estimation is made by 
tracing back the causal relationship using the Bayesian theorem [7,9,10]. We first define a probabilistic model. Because XPS measures the number of 
photoelectrons by pulse counting, its statistical noise follows a Poisson process.

Given a dataset D =
{
xi, yi

}n
i=1 of narrow photoelectron spectra, the probability that the measured count number is yi when the intensity calculated 

from the model function at xi is fi = f(xi; θ) can be expressed using the Poisson distribution function as p(yi|xi,θ) = fyi
i e− fi/yi!,where θ is a parameter set 

of the model function. Assuming that data 
{
yi
}n

i=1 are independent and identically distributed, using the cost function E(θ,K), we obtain the con
ditional probability p(D|θ,K) of data set D as: 

p(D|θ,K) =
∏n

i=1
p(yi|xi, θ)∝exp( − E(θ,K) ), (A.1) 

E(θ,K) =
∑n

i=1
(f(xi; θ) − yilogf(xi; θ)+ logΓ(yi + 1) ). (A.2) 

A smaller value of the cost function E(θ,K) indicates a better fit between the model and spectral data.
In the Bayesian estimation, we regard not only the data D but also the parameter set θ and the number of peaks K as random variables; i.e., we 

construct a model of the simultaneous probability distribution p(D, θ,K): 

p(D, θ,K) = p(D|θ,K)p(θ|K)p(K)
∝exp( − E(θ,K) )p(θ|K)p(K). (A.3) 

Here, p(K) and p(θ|K) are prior distributions, and they should be set in advance. According to Bayes’ theorem, the simultaneous probability 
distribution can also be expressed as p(D, θ,K) = p(θ|D,K)p(D,K). Here, p(θ|D,K) is the posterior probability distribution of the fitting parameters 
given the spectral data and the number of peaks, and it can be calculated as follows: 

p(θ|D,K) =
p(D, θ,K)
p(D,K)

=
p(D, θ,K)

∫
p(D, θ,K)dθ

=
exp( − E(θ,K) )p(θ|K)p(K)

p(K)
∫

exp( − E(θ,K) )p(θ|K)dθ

=
1

Z(K)
exp( − E(θ,K) )p(θ|K)

(A.4) 

where 

Z(K) =
∫

exp( − E(θ,K) )p(θ|K)dθ. (A.5) 

This technique for obtaining θ that maximizes the posterior distribution p(θ|D,K) is a maximum a posteriori (MAP) estimation, and θ at this stage is 
called the MAP estimator. Bayesian estimation has the advantage that both the optimum value of θ and its confidence interval can be evaluated by 
obtaining the width of the posterior distribution p(θ|D,K).

We used the posterior probability p(K|D) to estimate the number of peaks K by adopting the procedure of probability marginalization: 
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p(K|D) =
p(D,K)
p(D)

=

∫
p(D, θ,K)dθ

∑K
k=1

∫
p(D, θ,K)dθ

=

∫
exp( − E(θ) )p(θ|K)p(K)dθ

∑K
k=1

∫
exp( − E(θ) )p(θ|k)p(k)dθ

=
p(K)Z(K)

∑K
k=1p(k)Z(k)

(A.6) 

where 
∑K

k=1 represents the sum of all peaks, labelled with k. The denominator in Eq. (A.6) does not depend on K because it is the sum of all peaks. We 
thus obtain: 

p(K|D)∝p(K)Z(K). (A.7) 

Therefore, to obtain the posterior probability p(K|D) with respect to the number of peaks, we need to calculate Z(K). The Bayesian free energy is 
defined as: 

F(K) = − logZ(K)

= − log
∫

exp( − E(θ,K))p
(

θ|K
)

dθ. (A.8) 

If p(K) is uniformly distributed, the maximization of the posterior probability p(K|D) is equivalent to the minimization of the Bayesian free energy 
F(K). The number of peaks K can therefore be estimated by minimizing the Bayesian free energy.

Appendix B. Exchange Monte Carlo method

The replica exchange Monte Carlo (EMC) method, one of the Markov chain Monte Carlo methods, was used to evaluate the confidence intervals of 
the posterior probability distribution p(θ|D,K) and Bayesian free energy F(K) [7,9,10,17]. We prepared multiple distributions: 

pβ(θ|D) =
1

Zβ(K)
exp( − βE(θ,K) )p(θ|K), (B.1) 

Zβ(K) =
∫

exp( − βE(θ,K) )p(θ|K)dθ, (B.2) 

in which the inverse temperature β was introduced into the posterior distribution, and simultaneously performed sampling in parallel. That is, the 
target distribution became the simultaneous distribution: 

p(θ1,⋯, θL) =
∏L

l=1
pβl (θl|D). (B.3) 

Here, the inverse temperature {βl}
L
l=1 is 0 = β1 < β2 < ⋯ < βL = 1 and L is the number of prepared temperatures. θl is the fitting parameter for inverse 

temperature βl. When βL = 1, pβL (θL|D) matches the posterior distribution p(θ|D,K).
The algorithm of the EMC method has two updates.
Metropolis sampling for each temperature. For each inverse temperature βl, we sampled θl from the distribution of pβl (θ|D) using the Metropolis 

algorithm.
State exchange between adjacent temperatures. We exchanged states between adjacent temperatures and set {θl, θl+1}→{θl+1, θl}. We determined 

whether to exchange on the basis of the probability: 

p(θl ↔ θl+1) = min(1, v), (B.4) 

v =
pβl (θl+1|D)pβl+1 (θl|D)
pβl (θl|D)pβl+1 (θl+1|D)

= exp{(βl+1 − βl)(E(θl+1,K) − E(θl,K) ) }.
(B.5) 

As a result, the parameter θL obtained from the L-th inverse temperature βL can be regarded as sampling from the posterior distribution p(θ|D,K). Thus, 
by repeating the above procedure a sufficient number of times and recording θL, we obtained a sample sequence from the posterior distribution 
p(θ|D,K), which allowed us to determine the maximum a posteriori (MAP) estimators and confidence interval.

There are two advantages of the EMC method. The first is that heating and annealing effects can be introduced by stochastically exchanging 
samples between adjacent temperatures during the sampling of each distribution. We thereby escape local solutions and efficiently search for global 
solutions. This is an important advantage for the accurate estimation of MAP estimators and confidence intervals. The second is that the free energy 
F(K) can also be calculated using the results of the EMC method. We introduced the inverse temperature β into the free energy: 

f(β) = − log
∫

exp( − βE(θ,K) )p(θ|K)dθ. (B.6) 

At the high-temperature limit β = 0, it holds that f(β) = 0. The desired free energy F(K) = f(β = 1) is expressed as: 
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F(K) = f(β = 1) =
∫ 1

0
dβ

∂f
∂β
, (B.7) 

∂f
∂β

=

∫
E(θ,K)exp( − βE(θ,K) )p(θ|K)dθ
∫

exp( − βE(θ,K) )p(θ|K)dθ

=

∫

E(θ,K)pβ(θ|D)dθ ≡ 〈E(θ,K)〉pβ(θ|D).

(B.8) 

F(K) is therefore an integral of the expected value 〈E(θ,K)〉pβ(θ|D) under the probability distribution pβ(θ|D) with respect to the inverse temperature β in 
the range from 0 to 1. In addition, because the results of the EMC method provide samples at each inverse temperature βl, the expected value 
〈E(θ,K)〉pβl (θ|D)

can be calculated. Therefore, by using the piecewise quadrature method, we can calculate the free energy and perform model selection 
[7,17].

Appendix C. Settings used in Bayesian estimation analysis

Here we describe the prior distribution of each parameter used in the Bayesian estimation process. It is easy to identify the peak derived from bulk 
Si because of its position and strong intensity relative to those of other peaks. Therefore, we set a different prior distribution for the peak parameter of 
peak number 1, which is derived from bulk Si, than for the other peaks. The prior distributions for different parameters are summarized in Table C.1. 
Details of other parameters (xtop, xmin, xmax, hmax, bH, and bL) can be found in the main text. The distribution types denoted as Gauss, Uniform, and 
Gamma refer to Gaussian, uniform, and gamma distributions, respectively.

Fig. 3 in the main text shows a schematic diagram of a spectrum illustrating setting parameters. We supposed that the peak top position and height 
of the target spectral data were xtop and ytop, respectively, and the minimum value of the spectral data was ymin. xmin and xmax were assigned as the 
minimum and maximum values of the binding energy of the spectral data, respectively. The prior distribution of the peak position μ1 of bulk Si was 
assumed to be Gaussian with a mode of xtop and standard deviation of 0.1 eV. Assuming that the locations of the peaks other than that of bulk Si were 
completely unknown, the prior distributions of their peak positions {μk}

K
k=2 were considered to be uniform in the range of (xmin, xmax). The prior 

distribution of the bulk Si peak height A1 was determined according to the height of the target spectrum and was a gamma distribution with mode 
hmax = ytop − ymin and standard deviation of 0.05hmax. The prior distributions of peak heights {Ak}

K
k=2 for the peaks other than that of bulk Si were 

gamma distributions with a mode of 1000.0 and standard deviation of 250.0. These values were determined based on the subpeak heights of a series of 
spectral data. The prior distributions of the Gaussian and Lorentzian widths of the peaks, σk and γk, respectively, were empirically chosen to be gamma 
distributions of 0.300 ± 0.010 eV and 0.050 ± 0.016 eV, respectively. The prior distribution of the spin–orbit splitting of Si 2p, Δε, was assigned as a 
gamma distribution with a mode of 0.608 eV and standard deviation of 0.001 eV by referring to the literature [6]. Because it is obvious that the 
branching ratio R of the spin–orbit splitting of the p orbitals is approximately 0.5, the prior distribution of R was assumed to be a gamma distribution 
with a mode of 0.50 and standard deviation of 0.01. The Lorentzian widths {γk}

K
k=1 were assumed to be the same for all peaks; this is because all peaks 

originated from Si 2p and the lifetime of holes associated with photoionization can be considered to be identical. The prior distributions of the 
endpoint intensities bH and bL on the high- and low-binding-energy sides of the background were Gaussian distributions of bH ±

̅̅̅̅̅̅
bH

√
and bL ±

̅̅̅̅̅
bL

√
, 

respectively, where bH and bL are the average of the intensities of ten spectral data points from each endpoint.

Table C1 
Prior Distribution Settings for Various Parameters.

Parameter Distribution type Distribution properties

μ1(eV) Gauss mode = xTop std = 0.100
μk(k ∕= 1)(eV) Uniform min = xMin max = xMax

A1 Gamma mode = hmax std = 0.05hmax

Ak(k ∕= 1) Gamma mode = 1000 std = 250
σk(eV) Gamma mode = 0.300 std = 0.010
γk(eV) Gamma mode = 0.050 std = 0.016
Δε(eV) Gamma mode = 0.608 std = 0.001
R Gamma mode = 0.500 std = 0.005
bH Gauss mode = bH std =

̅̅̅̅̅̅
bH

√

bL Gauss mode = bL std =
̅̅̅̅̅
bL

√

The gamma distribution is commonly expressed in terms of shape and scale parameters. However, in our case, we represented the gamma distribution 
using its mode and standard deviation to associate it with meanings of the spectrum. The shape parameter ηG and scale parameter θG of the gamma 
distribution can be easily calculated when the mode mG and standard deviation σG of the gamma distribution are given as follows: 

θG = 0.5
(

− mG +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

m2
G + (2σG)

2
√ )

, (C.1) 

ηG = 1+
mG

θG
. (C.2) 

As a configuration for the calculation of the exchange Monte Carlo (MC) method, the number of inverse temperatures was set to L = 96, and each 
inverse temperature was assigned as follows: 
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βl =

{
0 (for l = 1)
1.2l− L (otherwise) . (C.3) 

In the MC simulation, 10,000 MC steps were used for the burn-in and a subsequent 10,000 MC steps for the sampling.

Appendix D. Deconvolution of spin–orbit splitting by Fourier transformation

Here we describe a procedure for extracting Si 2p3/2 from an Si 2p spectrum with spin–orbit splitting using Fourier transformation, and point out 
the problems involved with this process. The spectrum y(x) of the 2p orbital after removing the background is the sum of the 2p3/2 component y3/2(x)
and 2p1/2 component y1/2(x). Assuming that the spin–orbit splitting width is Δε and the branching ratio is R, then we have: 

y(x) = y1/2(x) + y3/2(x)
= R⋅y3/2(x + Δε) + y3/2(x).

(D.1) 

Fourier transformation and inverse transformation give: 

F [y](ω) =
(
1+ReiωΔε)F

[
y3/2

]
(ω), (D.2) 

∴y3/2(x) = F
− 1
[

F [y](ω)
1 + ReiωΔε

]

(x). (D.3) 

Although the formula is simple, it is difficult to manually search for an appropriate combination of splitting width and branching ratio {Δε,R}. We 
used the negative area of y3/2(x) relative to the positive area as a possible criterion and searched for a model in which this criterion became small. The 
target spectral data were Si 2p spectra of thermally oxidized Si films, which are available on COMPRO software [18]. Figure D.1(a) shows a grid search 
of Δε and R in the ranges of [− 1.0, 0.0] eV and [0.0, 1.0], respectively, where the red region indicates that the criterion value is small. In the case of Si 
2p, it is known that good separation can be obtained in the vicinity of {Δε,R} = {0.6,0.5}, and it was confirmed that such a good region does indeed 
exist. However, the shape of the resulting y3/2(x) is sensitive to parameters. As an example, Figure D.1(b) shows y3/2(x) calculated by fixingΔε = −

0.608 eV and changing R from 0.4 to 0.6. A small change in the value of R causes a large change in the shape of y3/2(x), especially in the low intensity 
region from 100 to 102 eV. This is especially critical for the initial stage of Si oxidation, which is the target of this study. Changing the value of {Δε,R}
may affect the presence or absence of small subpeaks, and the Fourier transformation may produce artifactual peaks. Thus, the combination of {Δε,R}
produces numerous candidate solutions, but the choice of the optimal value is left to the final judgment of the analyst, which introduces subjectivity.

Fig. D1. Example of deconvolution of an Si 2p spectrum of a thermally oxidized Si film by Fourier transformation. (a) Heatmap of the determined values when the 
spin–orbit splitting width and branching ratio R are varied. (b) Si 2p3/2 spectra for Δε = − 0.608 eV and R = 0.4 to 0.6.

Data availability

Data will be made available on request.
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