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Abstract
To implement ceramics in high-reliability components, it is necessary to understand the strength scatter caused by the stochastic distribution of defects in ceramics. In this study, we propose a numerical simulation method to predict the strength scatter of ceramics and its size dependency using microstructural data obtained using X-ray computed tomography and scanning electron microscopy. The generalized Pareto (GP) model, a type of extreme value statistic, was applied to treat the three-dimensional distribution of the pore size. Further, we predicted the bending strengths of the four types of bending tests with different effective volumes, and the results corresponded with the experimental results. Additionally, the method was applied to specimen models with different discretization sizes to verify the advantages of the GP model. The results show the effectiveness of the proposed method for the specimen size dependence of the bending strength and specimen discretization size independence.
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1. Introduction
Ceramics have a higher specific strength than general metallic materials and exhibit several superior properties such as heat, acid, and wear resistance. Recently, they have been used for different applications requiring high reliability, such as electronic components (multilayer capacitors)[1–4], biomaterials (dental implants)[5–7], and structural components (aircraft engines) [8–11]. Generally, the fracture toughness of ceramics is lower than that of metallic materials, and ceramics exhibit a stochastic brittle fracture behavior depending on the distribution of intrinsic defects[12–14]. Hence, the Weibull distribution (or plot) of fracture strength has been widely employed to discuss the strength variation in ceramics[15–22].
The Weibull distribution is useful for examining the fracture probability of the target specimens or components. However, the fracture strength of ceramics depends on the size and shape of the material and the loading conditions[18,23]. Although it is possible to estimate the size dependence of the fracture strength based on Weibull statistics and effective volume, the lower limit of the fracture strength or safety factor is difficult to determine because the Weibull modulus (shape parameter) is neither material-specific nor accompanied by upper/lower limits and confidence intervals[24].
The complementary use of standardized test results, microstructural observations, and numerical simulations to predict the strengths of specimens of different sizes and shapes under arbitrary working load conditions would help solve the abovementioned problems. Hence, a method has been reported for predicting the strength variation (Weibull distribution) of specimens by setting up the spatial distribution characteristics of defects, which are possible fracture initiation points, and performing Monte Carlo simulations[17,18,20,25–27]. Ozaki et al. proposed a method for predicting the strength scatter of ceramics within the framework of finite element analysis (FEA) by incorporating microstructural features into the parameters of a constitutive equation using a fracture mechanics model[28–30]. This permitted the variation in bulk fracture strength to be discussed in relation to microstructural features such as pores and grain boundaries. Takeo et al. applied the FEA method to five rectangular specimens of different sizes and suggested its possible application in predicting the size dependence of the fracture strength of ceramics[31].
Furthermore, Ozaki et al. proposed an extended method to utilize information on the defect density (number of pores per unit volume) obtained using scanning electron microscopy (SEM) and X-ray computed tomography (CT)[32]. However, there exist numerous types of pores of various sizes in ceramics, as shown in Figure 1(a). Hence, the method for handling the probability of pore existence must be refined. Additionally, different types of pores exist depending on the generation mechanism, such as pores within grains and on boundaries, medium-sized pores on triple points, and large defects comprising agglomerated pores around the unsintered powders, as illustrated in Figure 1(b)[33,34]. Hence, treating pores of different origins as belonging to the same population is not appropriate, thereby requiring a more sophisticated method. 
In this study, we used extreme value statistics as a statistical method to focus only on pores on the extreme side of the probability density function (Figure 1(a)), which could be fracture initiation points. The application of extreme value statistics has been widely studied for metallic materials. Numerous attempts have been made to estimate scatter in fatigue strengths[35–39]. Beretta[38] and Beretta et al.[39] summarized the basic concepts for treating the distribution of inclusions in metals using the generalized extreme value (GEV) model for the block maxima concept and generalized Pareto (GP) model for the peak-over threshold concept, respectively. Further, methods for dealing with the presence of different types of inclusions are discussed. Meanwhile, the application of extreme value statistics to ceramic strength scatter has also been attempted[27,40,41]. Chao et al. used the GEV distribution of the estimated pore size from the measured pore size distribution. They reported that the estimated pore size could be combined with linear fracture mechanics to predict the fracture strength distribution of sintered silicon nitride[40].
This study aims to develop a numerical simulation method for the strength scattering of ceramics of different sizes and shapes based on the results of microstructural observations. Hence, we propose a universal method that resolves the dependence not only on the size and shape of the component but also on its discretization. The volume of the discretized region (element) was considered as one block, which was used as the basis for the extreme value statistics. The GP model[42], a type of extreme value statistic, was applied to describe the number density and probability density function for the size of only those pores that may be candidates for the fracture initiation point.
The remainder of this paper is organized as follows: Sections 2 and 3 present the strength and microstructural analyses, respectively, Section 4 describes the proposed simulation method, and Section 5 presents the simulation results and discusses the validity of the proposed method, including its predictive performance for the lower strength limit. Section 6 presents the conclusions of this study.

2. Materials and strength test
In this study, high-purity alumina AS999 (Ferrotec Material Technologies Corporation, Japan) was used as the target material for experiments and simulations. To determine the size dependence of fracture strength, four types of bending tests with different effective volumes were performed by varying the external and internal span lengths. These comprise two types of three-point bending tests (3pb-S: external span length of 16 mm and 3pb-L: external span length of 30 mm) and two types of four-point bending tests (4pb-S: external span length of 30 mm and 4pb-L: external span length of 60 mm) with internal span lengths of 10 mm. The test method followed the Japanese Industrial Standard (JIS R 1601), and the surfaces of the specimens were mirror-polished. The geometries of the specimens are presented in Table 1. All the specimens used for the bending tests were obtained from the same lot.

Bending tests were performed at a crosshead speed of 0.5 mm/s at room temperature. The bending strength  was calculated using the following equation: 

[bookmark: ZEqnNum114703]		
where P is the peak value of the jig reaction force, S1 the external span length, S2 the internal span length, t the specimen width, and W the specimen thickness, as shown in Figure 2(a).
The bending strength of each specimen was determined using the two-parameter Weibull distribution:
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where m is the Weibull modulus (m-value) and  the scale parameter (-value). We adopted the median rank method to calculate the cumulative probability . The number of specimens was  for each size condition.

The following equation was used to organize the results based on the effective volume [43]:
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where  is the volume of the specimen wherein bending stress is generated. In this study, we evaluated  by substituting the experimental or calculated m-values for each bending test geometry with S1, S2, t, and W into Eq. .


For the size dependence of the -value, the following equation is used if the m-value is independent of [17]:
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where  denotes the scale parameter when the effective volume is V0. In this study, we evaluated the size dependence using Eq.  for comparison with the experimental and simulation results. Although the experimental m-value varied depending on , the m-value obtained from 3pb-S, which had the smallest  of all the tests, was used in Eq. .

The fracture toughness KIC of the target material is required to predict the bending strength based on the fracture mechanics model, as shown in Figure 2(b). The fracture toughness was evaluated using a previously reported method[44,45]and determined by the nonlinear relationship between the three-point bending strength of the cracked specimens and size of a semicircular surface crack ranging from 20 to 310 μm. This was introduced by Vickers indentation with different indent forces ranging from 9.81 to 292.2 N. The fracture toughness of AS999 used in this study was determined to be . 

3. Microstructural feature analysis
This section describes the measurement method for the microstructural data (grain size, pore size, and pore aspect ratio) and the approximation using the respective probability density functions, which serve as input data for the numerical simulation of the fracture strength.

3.1 2D/3D microstructure observations
For detailed pore type identification, the microstructure within the wide region on XE −YE plane parallel to both the specimen longitudinal and thickness directions shown in Figure 2(a) was observed using a scanning electron microscope (SEM; ZEISS Gemini SEM 300, Germany) equipped with an electron backscattered diffraction (EBSD) pattern method. As shown in Figures 3(a) and (b), the cross-sectional area (4.085×3.08 mm) was divided into 18×18 sections, and 324 high-resolution SEM images were automatically captured on a bending specimen. The image processing software ImageJ was used to process the pore features, which were classified into two types: “small pores within grains and on boundaries” (hereinafter referred to as small pores) and “medium pores on triple points + large defects comprising agglomerated pores around unsintered powders” (hereinafter referred to as large pores), as shown in Figure 3(c). The machine-learning function (Trainable Weka Segmentation method) in ImageJ software was used for classification. Data with small-sized pores within grains and on grain boundaries can be detected owing to the high resolution of FE-SEM. Furthermore, the two-dimensional (2D) distribution characteristics of the major pore radii R and pore aspect ratio A (ratio of the minor radius to the major radius) were analyzed using an elliptical approximation. The grain size distribution was obtained using the TSL OIM data collection program after the EBSD analysis. The distribution of the local relative density of AS999 was narrow and it was treated as a constant value in this study.
Figure 4 shows the fracture initiation sites in the lowest-strength specimen (bending strength of 335 MPa) in the three-point bending tests (3pb-S). The fracture initiation sites of all the test specimens were confirmed to be internal defects, which corresponds to the large pores (Figure 3(c)).
To obtain the three-dimensional (3D) spatial distribution of the pores in the specimen, direct observations were performed using high-resolution X-ray CT (ZEISS Xradia 520 Versa), as shown in Figure 5. The observation volume was 279.85×214.02×220.52 µm. The obtained data were evaluated using the analysis software VGStudio Max 3.3 to obtain the 3D distribution characteristics. A total of 1399 pores (min: 3.99 µm, max: 44.33 µm) were measured using X-Ray CT.
Owing to the limitations of the measurement volume and resolution of the X-ray CT, it is difficult to assess whether the 3D distributional characteristics of the population are adequately represented using only CT data. Thus, SEM observations with high-resolution and large-area are valuable to obtain distributional characteristics[33,34]. Hence, the 3D distribution data of the pores were evaluated using the SEM images to complement the results of the X-ray CT measurements.
Figure 6(a) shows the 2D size distributions of each type of pore (small and large pores) and their combination, which is classified using the ImageJ software (see Figure 3(c)). As schematically illustrated in Figure 1(a), the distribution characteristics differ depending on the generation mechanism. The size distribution of all the pores created without distinguishing between the types had a peculiar shape. Hence, it is necessary to use data only on the pores, which may be a possible fracture initiation point, to properly approximate the probability density function of the size and determine the number density. We converted the 2D distribution to 3D using the Schwartz-Saltykov (SS) method, a type of stereology[46,47] wherein the number of pores in the size group j per unit volume NV is expressed by the following equation using the number of pores per unit area NA:

		



where k is the total number of size groups and .  is the maximum major pore radius in the observed area, which was 44.33 µm in this study. The following equation for coefficient  was proposed by Takahashi and Suito[46]:

		

Generally, the accuracy of the converted 3D distribution improves with the total number of size groups k when sufficient data are available[46]. Hence,  was adopted.
Figure 6(b) shows the 3D distribution of the pore size (major pore radius R) per unit volume converted using the SS method. The 3D distribution of the pore size per unit volume obtained by X-ray CT is also shown in the figure. The pore data obtained using X-ray CT represents the distribution characteristics of relatively large major pore radii in ceramics which shows significantly fewer pores below 5 µm. This is owing to the removal of pores below 50 µm3 (3.68 m) corresponding to the lower instrumental resolution to reduce the processing costs. The obtained size distribution showed a decrease in the pore number with an increase in the pore size. It was confirmed that the distribution of the SEM data corresponded with that obtained using X-ray CT in the large pore region.

3.2 Approximation using probability density functions
3.2.1　Grain size 
Figure 7(a) shows an inverse pole figure of AS999 obtained via EBSD. Similar to previous studies[28–32,48], the distribution of the grain size c arranged by the area ratio was approximated by a log-normal distribution. The best-fit results obtained using cumulative distribution are shown in Figure 7(b). 

3.2.2　Pore size
The distribution of the major pore radius R was approximated using the GP model. Here, we examine the applicability of the GP model when pores of different generation mechanisms are mixed based on the data obtained using X-ray CT because 3D number density information for large pores is more accurate.
The model estimated extreme values using the GP distribution for the right hem (large side) of the population. The cumulative distribution function H and probability density function h of the GP distribution are expressed using the following equations[49]:

		

		


In the aforementioned equations, u represents the threshold, and  and  the parameters of the GP distribution, which represent the scale and shape of the distribution function, respectively.
To fit the 3D distribution of the major pore radii to the GP distribution, the threshold u was first determined using the sample mean excess plot, which is expressed as follows:

		
where nu is the number of data points above the threshold, Ri the major pore radius, and Rmax the maximum value of the major pore radius. When fitting the GP distribution, the sample mean excess plot of the random variable Ri varies linearly above the threshold u. The larger the amount of data used, the higher the accuracy. In this study, the threshold was set to the smallest u for which the sample mean excess plot could be approximated using a straight line.

Figure 8 shows a sample mean excess plot of the major pore radii obtained from the X-ray CT results. Here, the slope of the plot changes as the threshold increases above 5.9 µm, while the plot can be approximated linearly. The slope further changes above 14 µm. However, this is owing to the limited pores having this measured size, which is insufficient to create the sample mean excess plot. Hence, we set the threshold u to 5.9 µm. The number density of the pores above the threshold was obtained using . This threshold excludes pores that are irrelevant to the fracture initiation point, as shown in Figure 6. This indicates that the GP model employed in this study can extract only the data on candidates of fracture initiation points categorized as “medium pores on triple point” and “large defect comprising agglomerated pores around unsintered powders.” A detailed fit of the GP model to the pore-size distribution of AS999 is provided in the Appendix.
The probability weight moment (PWM) method was used to fit the X-ray CT measurement results to a GP distribution[49]. Figures 9(a) and (b) show the fitting results of the major pore radii in the probability density and exponential probability papers, respectively. The GP distribution estimated using the PWM method reproduced the 3D distribution of the pores obtained using X-ray CT (pore distribution A). However, it is important to consider the presence of large pores that cause strength reduction when numerically predicting the scatter of the ceramic strength and its lower limit. Hence, another distribution was prepared in addition to distribution A by adjusting the scaling parameter σ to match the upper side of the distribution in the probability density (pore distribution B). Furthermore, a distribution caught in between distributions A and B was prepared for verification (pore distribution C).

3.2.3　Pore aspect ratio
The pore aspect ratio A was estimated using the 2D SEM data. The shapes of the pores were approximated as elliptical for this process. Referring to the threshold obtained when approximating the GP distribution of the major radius, only the pores with a major radius R greater than 5.9 µm were extracted and fitted. Similar to previous studies[28–32], a normal distribution was adopted. The best-fit results obtained using the cumulative distribution are shown in Figure 10.

4. Analysis model of bending tests

In this study, the general-purpose interpreter programming language, Python, was used to simulate the bending tests. First, the specimens were discretized using appropriate cubic element sizes to evaluate the bending stress distribution at each location during the bending test, as shown in Figure 2(a). The bending stress of each element, , inside the inner span during a four-point bending test is expressed as
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where PR denotes the jig reaction force, I the moment of inertia of the area, and YE the distance from the neutral plane. The bending stress in an element outside the inner span or during a three-point bending test is expressed follows:
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where XE is the distance from the center cross-section of the specimen to an arbitrary element. In Eqs.  and , the stress evaluation point is the center coordinate of each element, and the stress in an element is assumed to be uniform.

The following equation was adopted for the fracture mechanics model to evaluate the local fracture stress  around the intrinsic defects:

[bookmark: ZEqnNum985216]		
In the aforementioned equation, F is the geometric factor and c the initial crack length. 
The most physically reasonable descriptions of the geometric factors in Eq.  for internal defects is expressed as a combination of the stress concentration (pore) and an initial crack[25,50,51]. Based on the fractography, we assumed a fracture mechanics model comprising an ellipsoidal (oblate) pore corresponding to the stress concentration and a circumferential initial crack around the pore, as shown in Figure 2(b)[28–32]. The circumferential initial crack length was assumed to be the length corresponding to one grain around the pore. Hence, the distribution of the grain size c, as presented in Section 3.2, was used.
The geometric factor for an initial crack around an ellipsoidal pore, as shown in Figure 2(b), can be expressed as follows[52]:
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In the aforementioned equations, Kt is the stress concentration factor and  the notch root radius, which is defined by . Further, . The concrete expression for Kt was presented by Ozaki et al.[28]. 
We explain how to numerically obtain the bending-strength scatter using the aforementioned two stress evaluation models. Based on the number density of the pores ND, NE number of pores were generated for each element in the specimen model (Figure 2(a)) according to the volume of the element. In this case, the major pore radius R was set randomly based on the GP distribution using an inverse function method based on the cumulative distribution function.
Because the largest pore among NE pores in an element can be a candidate for the fracture initiation point of each element, the largest pore RE was extracted for each element as follows:

		


where  is the randomly generated pore size based on the GP distribution. In addition to RE, the initial crack length c and pore aspect ratio A were set for each element as random numbers following log-normal and normal distributions, respectively, which were applied to the fracture mechanics model of Eqs. –. The aforementioned operations yielded the geometric factor F and local fracture stress  of the potential fracture initiation point for each element.


Further, we evaluated the respective bending loads P when the bending stress  was calculated using Eqs.  and , which exceeded the local fracture stress of each element. The lowest bending load was later applied to Eq.  as the peak load of the specimen, and the bending strength  was calculated. In this study, we used fine-grained alumina with limited R-curve behavior, as reported in a previous study[53]. Hence, the bending stress at the initial fracture and bending strength (peak value of the bending stress) obtained from the bending test were assumed to be similar.


[bookmark: _GoBack]Based on the aforementioned calculation flow, the bending strengths of  specimens were predicted for the four models presented in Table 1, which were similar to the experiment. The scatter in bending strength was organized using a two-parameter Weibull distribution (Eq. ) and the effective volume (Eq. ). Additionally, the bending strength scatter of the  specimens was simulated to investigate the strength scatter in detail.

5. Simulation results and discussion
5.1 Specimen size dependency



Figure 11(a) compares the Weibull plots of the bending strengths obtained from the experiments and simulations. The element size and GP distribution character used in the simulation were a cube of 0.25 mm per edge and distribution C (Figures 9(a) and (b)), respectively, thereby resulting in a number of pores per element of . The other parameters used in the simulations are presented in Table 2. The -and m-values obtained from the data in Figure 11(a) are presented in Table 3. The simulation results obtained using distribution C accurately described the experimental Weibull plots under all the test conditions. The m-values in the simulation appear to be slightly larger than those in the experiment. This may be owing to the limited number of test specimens () and the influence of the discretization of the bending stress distribution in the specimen models.










Figure 11(b) shows the relationship between the -values and effective volume  for the experimental and simulation results using GP distributions A, B, and C for the major pore radius. The error bars of the -values indicate the upper and lower limits of the bending strength () corresponding to  and 2.3%, respectively. The error bars in  indicate the values estimated from the 90% confidence intervals of the obtained m-values. The size dependence of the -value estimated using Eq.  are represented by the solid and dashed lines, respectively. Figure 11(b) confirms that the -values and overall bending strengths predicted using pore distribution A are higher than those obtained in the experiment. This is because the PWM method focuses on regions with numerous pores, thereby resulting in an underestimation of the probability of the existence of large pores. Conversely, when distribution B was used, the -values and overall bending strengths were lower than those obtained in the experiment. By fitting the higher limit of scatter in the pore distribution measured using X-ray CT, the probability of the existence of large pores was overestimated. In this case, wherein there is some variation in the measured probability density, the probability of existence of large pores lies between distributions A and B. In fact, the numerical results obtained using distribution C can reasonably estimate the -values (Figure 11(b)).

5.2 Discretization dependency
Examining the effect of the discretization of the stress evaluation point (element size) is also important for discussing the versatility of the proposed method. The GP distribution C was used for the simulation. To study the discretization dependency in terms of estimating the strength scatter, specimen models were discretized using different sizes of cubic elements with dimensions of 0.125 and 0.5 mm per edge in addition to 0.25 mm. The simulation parameters are presented in Table 2. The number of pores generated per element NE was adjusted based on the element volume. It is noteworthy that the number density of pores ND is identical for all models, irrespective of the discretization size.



The Weibull plots created from the simulation results for element sizes of 0.125 and 0.5 mm are shown in Figures 12(a) and (b), respectively. The results for the element size of 0.25 mm are shown in Figure 11(a). Figure 13 shows a summary of the relationship between the strength scatter and effective volume . As shown in Figures 12 and 13, the characteristics of the -values and lower limit of the strength decrease as the effective volume  increases, which are reproduced independently of the element size. Particularly, the results for the element sizes of 0.25 and 0.125 mm were similar, whereas only those of 0.5 mm were slightly higher. The proposed method based on the GP model can obtain similar results even when the element size varies within a certain range.

The overall higher predicted strengths for the element size of 0.5 mm are not because of the statistical treatment of the major pore radii using the GP model but because of the accuracy of the calculation of the stress distribution . In the case of simple tensile analysis, even the element size of 0.5 mm yields almost similar results as the element size of 0.125 mm. However, in the bending tests, the finer the discretization, the more accurately the stress distribution can be evaluated (Eqs.  and ). Hence, even when the proposed method is used, sufficient discretization is necessary to reproduce the stress gradient and stress concentration based on the shapes of the components and loading conditions. This restriction is similar to that of ordinary FEA. The proposed method is expected to be applicable for discretizing a single model (specimen or component) by combining elements of different sizes because it uses the number-density information fitted by the GP model.

5.3 Discussion





The proposed numerical simulation method can reasonably estimate the size-dependent bending strength and its scatter directly from the microstructural features, suggesting the various advantages for reliability-assurance of brittle ceramics. We summarized the size dependency of m-values (Figure 14(a)) and -values (Figure 14(b)) as the main indices of scatter and strength, respectively. The error bars of the m-values in Figure 14(a) correspond to 90% confidence intervals[24]. The error bars of the -values indicate the bending strengths corresponding to  and 2.3%. The simulated results obtained from the  bending tests are shown in the figures 14(a) and (b). The error bars of the m-value for  were sufficiently small to be ignored[18,24].








As shown in Figure 14(a), the experimental m-values showed a large scatter in the case of  tests, and the m-values were not constant depending on . The simulated m-values also showed some scatter in the  test. Conventionally, a Weibull plot obtained from small and simple-shaped test pieces is used as a reference to estimate the reliability (fracture probability) of ceramic components, assuming that the m-value is constant with respect to the effective volume (Eq. ). Our results imply that it is not possible to determine whether the m-value is independent of  in  tests. More importantly, this indicates that the m-value simulated by the  tests is almost independent of , at least within the tested  range. 

As shown in Figure 14(b), the size dependence of -values is often estimated using Eq.  within the range of the effective volume, for which the m-value is assumed to be constant. However, the conventional method is required to evaluate the effective volume in advance, ideally in more than 1000 tests, and to obtain information from a reference strength test. In some cases, there is a risk of danger-side reliability evaluations. Contrarily, it is noteworthy that the proposed method does not require an effective volume evaluation in advance and naturally predicts strength scatters and their lower limits for specimens of arbitrary sizes. Another significant advantage of this method is its ability to perform calculations more than 1000 times at high speed and low cost. As shown in Figure 14(b), the proposed method can predict the strength corresponding to an arbitrary fracture probability (99.9, 97.7, 63.2, 10, 2.3, 1, and 0.1%) for an arbitrary number of tests, thereby resulting in a safe-side evaluation of the reliability. Thus, the features of this method provide a significant advantage in ensuring the reliability of brittle ceramics.
Generally, ceramic components have larger and more complicated shapes than the test specimens. The proposed method can be applied to the FEA used for the stress analysis of various components with complicated shapes in accordance with previous studies[28–32]. This enables us to examine the design of components in accordance with safety requirements, considering the lower limit of strength even for brittle materials.
One open issue is how to fit pore size distribution to the GP model reasonably. In addition to the PWM method, several other methods such as the maximum likelihood method could be used and must be considered in the future. Furthermore, it is necessary to enrich the large-pore data by extending the measurement volume of the X-ray CT and area of SEM. This also makes it possible to extract only large defects composed of agglomerated pores around unsintered powders using a sample mean excess plot.

6. Conclusion
In this study, a numerical simulation method for the strength scatter of ceramics based on microstructural data was proposed by employing the GP model, a type of extreme value statistic, to estimate the internal defects that could be the origin of fracture. The validity of the proposed method was verified by comparing its results to the experimental results of four types of bending tests. Based on the results of the X-ray CT measurements, the strength scatter and its lower limit for the same lot of specimens could be predicted by applying the GP model to the probability density function of the major pore radius, regardless of the specimen size and loading condition. Additionally, simulations were conducted using different discretization sizes of the specimens, and the validity of the proposed method for the size dependence of the bending strength and discretization size independence was demonstrated. Unlike conventional metallic materials, it is difficult to evaluate the strength scatter in ceramics based on the results of standardized tests, such as bending tests. However, the proposed method can overcome this problem.
Although the R-curve behavior was ignored in the present numerical simulation, it can be handled using the FEA method, which implements a damage model[28–32]. In the future, we plan to expand the proposed method to FEA to consider different microstructures, strengths, toughness, and R-curve behaviors.
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Appendix
In this Appendix, we describe in detail the fitting of the GP model to the pore size distribution of AS999.
Customarily, we determined the threshold value as the minimum value when plots to the right of the threshold value were considered close to a straight line. Hence, an optimal threshold must be selected for accurate data analysis. When the threshold is small, more data points exceed it, thereby worsening the fit of the GP distribution. Hence, the variance in the estimation reduced, although the bias increased. Conversely, when the threshold was large, there were fewer data points. However, the GP distribution was better fitted. In this case, the estimation bias decreased, whereas the variance increased. As shown in Figure 8, the threshold was set at 5.9 μm, while the data to the right of the threshold were considered to contain the straight line with the positive slope. In the data with 1399 pore sizes, 891 data points were above the threshold value of 5.9 μm. It is noteworthy that the number of data above a larger threshold (14 μm), which appears to be a straight line at first impression, is only 32.
Figures 15(a) and (b) show the probability and quantile plots, respectively, based on the GP distribution, wherein the threshold value was 5.9 μm. The probability plot shows that the data were distributed without a considerable offset from the diagonal line, thereby indicating that the fit of the GP distribution was sufficient for the pore size distribution in the target ceramics. The quantile plot also showed that the data were distributed without deviating from a linear relationship, thereby confirming the fit to the GP distribution. Only the rightmost data deviated from the straight line. However, it was within the 95% confidence interval and considered to be within the range of variation caused by the small amount of data.
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Figure and table captions
Fig. 1. 	Application of extreme value statistics to the probability density function of large pores, which could be the fracture initiation points: (a) schematic of the size distributions of three types of pores and the extraction of pore distribution of possible fracture initiation points using the Generalized Pareto model; (b) schematic of the different types of pores with different generation mechanisms.
Fig. 2. 	Bending test analysis model with the fracture mechanics model implemented: (a) discretization of the specimen using cubic elements and the microstructural data set for each element; (b) schematic of the fracture mechanics model (the circumferential circular crack emanating from an ellipsoidal pore).
Fig. 3. 	2D images obtained using SEM for alumina ceramics (AS999): (a) bending test specimen geometry and observed area on the cross section of the specimen, (b) number of SEM images on the cross section, and (c) high-resolution image showing the types of internal pores classified using the machine-learning function in the ImageJ software.
Fig. 4. 	SEM image of the fracture surface of a specimen after the bending test (3pb-S, bending strength: 335 MPa). Here, a large pore including unsintered powders is confirmed at the fracture initiation point.
Fig. 5. 	3D image obtained using X-ray CT for alumina ceramics (AS999). The image shows 1399 pores within a volume of 220.52×214.02×279.85 µm.
Fig. 6. 	Size distributions of different types of pores obtained from SEM images: (a) 2D size distribution of each type of pore (small pores and large pores) and their combination; (b) comparison of pore size distribution per unit volume converted using the SS method.
Fig. 7. 	Grain size features: (a) EBSD images; (b) cumulative frequency of the grain size distribution measured using EBSD and the best-fit curves using the log-normal distribution with an expectation and variance of Ec = 6.8×10-3 mm and Vc = 12.6×10-6 mm2, respectively. 
Fig. 8. 	Sample mean excess plot of pore size obtained using X-ray CT. 
Fig. 9. 	Approximation of the pore size distribution using the GP distribution: (a) probability density functions; (b) exponential probability plots.
Fig. 10 	Cumulative frequency of the aspect ratio obtained from pores with sizes larger than 5.9 μm and the best-fit curves using the normal distribution with a mean value and variance of A = 0.485 and σA = 0.156, respectively.

Fig. 11.	Comparison of experimental and simulation results of bending strength: (a) comparison of Weibull plots using distribution C; (b) specimen size dependence of bending strength. Three kinds of GP distributions of the pore size are examined, as shown in Figure 9. Closed and open plots correspond to β-values obtained from the experiment and simulation, respectively, and the respective error bars show fracture probabilities of 2.3% and 97.7%. The error bars of  indicate the values estimated from 90% confidence intervals of the obtained m-values. For discrimination purposes, plot sizes are increased in the order of 3pb-S, 3pb-L, 4pb-S, and 4pb-L.
Fig. 12.	Comparison of Weibull plots between simulation results under different discretization sizes and experimental results. In this case, distribution C is adopted: (a) the discretization size is 0.125 mm; (b) the discretization size is 0.5 mm. 

Fig. 13.	Comparison of experimental and simulation results for the specimen size dependence of bending strength. Three kinds of discretization sizes are examined using distribution C. Closed and open plots correspond to β-values obtained from the experiment and simulation, respectively, and the respective error bars show fracture probabilities of 2.3% and 97.7%. The error bars of  indicate the values estimated from 90% confidence intervals of the obtained m-values. For discrimination purposes, plot sizes are increased in the order of 3pb-S, 3pb-L, 4pb-S, and 4pb-L.

Fig. 14.	Simulation results of parameters of Weibull plot obtained from N = 1000 specimens using distribution C. Closed and open plots correspond to parameters obtained from the experiment and simulation, respectively: (a) comparison of m-values with experimental results; the error bars of  indicate the values estimated from 90% confidence intervals of the experimentally obtained m-values, and (b) specimen size dependence of strength scatter. The error bars of the experimental data show fracture probabilities of 2.3% and 97.7%. For discrimination purposes, plot sizes are increased in the order of 3pb-S, 3pb-L, 4pb-S, and 4pb-L.
Fig. 15. Fitness of the GP model to the pore size distribution: (a) probability plot; (b) quantile plot.
Table 1. Dimension of the test specimen and span length of the bending test.
Table 2. Parameters of pore distribution used to examine the effect of the discretization size. The number density of pores, ND, is 69151 mm-3.
Table 3. - and m-values obtained from the experiments and simulations (N = 30).
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