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ABSTRACT: Electronic spectra of solids subjected to a magnetic field
are often discussed in terms of Landau levels and Hofstadter-butterfly-
style Brown—Zak minibands manifested by magneto-oscillations in
two-dimensional electron systems. Here, we present the semiclassical
precursors of these quantum magneto-oscillations which appear in
graphene superlattices at low magnetic field near the Lifshitz
transitions and persist at elevated temperatures. These oscillations
originate from Aharonov—Bohm interference of electron waves
following open trajectories that belong to a kagome-shaped network
of paths characteristic for Lifshitz transitions in the moire superlattice
minibands of twistronic graphenes.
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Lifshitz transitions' (LTs) are generic for electronic bands
in solids. They mark the sign change of the effective band
mass from “electron-like” to “hole-like”, accompanied by
saddle-point dispersion features and van Hove singularities in
the density of states. For two-dimensional (2D) crystals, a LT
also singles out a band energy, ¢(p) = E.p, for which
disconnected closed-loop contours merge into a multiply-
connected network extended over the entire reciprocal space.
Figure la illustrates a characteristic LT contour for lattices that
possess a C; rotational symmetry. Its distinct trihexagonal
kagome network form is generic for minibands formed by
moiré superlattices (mSLs) in graphene-hBN heterostructures
(G/hBN) ,2_5 twisted graphene bilayers,6’7 trilayers,g_u and Figure 1. Characteristic reciprocal space (a) LT contour, € = E_, for
double-bﬂayersls_w (tDBLG). It has a hexagonal part the first miniband in a tDBLG, with (b) ic:’: cor.respo'nding
centered at y and two triangular shapes around the x and x’ trlhexagor?al kagorne.network of real-speceﬁ .balhstlc. .tra]e,ftczrles of
points of the mini Brillouin zone of the mSL. The electrons in a magnetic field, fixed by the initial condition ”in” of the

. . . . considered wave packet. Red and blue indicate miniband energies
corresponding hexagonal and triangular areas in Figure la around k, k', and y above and below E 1 (in K’ valleys this map would

are painted in red and blue, indicating which parts of a be inverted). Green and blue lines in (b) exemplify the shortest paths

particular miniband dispersion are at the energies above and (of the same length, L) responsible for the interference effect. (c)

below E;p, respectively. The example shown in Figure 1 Bifurcations of real-space trajectories due to magnetic breakdown at
. . . 17

corresponds to the first mSL miniband on the conduction band the saddle points of the band dispersion.

side of the tDBLG spectrum. To represent the LT map for the
first mSL miniband on the valence band side of tDBLG, one

would have to swap red and blue colors; more examples are Received: September 14, 2023
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magnetotransport phenomena, as they fully determine the
shape of ballistic electron trajectories in a 2D metal subjected
to a magnetic field, B = Bz. Because the electron’s dynamics is
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Figure 2. Magneto-transport oscillations in a double-gated tDBLG device sketched in (d). (a) Landau fan diagram o,,(n, B) at T = 1.2 K. Arrows
mark Landau levels formed around k (blue) and y (red) edges of the first miniband on the conduction band side shown in the inset. (b) o,y and (c)
0,(n, B) measured at 20 K. Oscillations, periodic in ¢)y/¢, are pronounced in the vicinity of the LTs. (e) Oscillating part of conductivity, Ac,, at n
=3.2 X 10" cm™ and (f) the amplitude of these oscillations, plotted as a function of ¢by/¢h for various temperatures using color coding from (e)

(see SI** for details).

set by p=eBZX i and i=v=Ve(p), the real-space
trajectories can be obtained from constant-energy contours
by a 90° rotation and rescaling using an (eB)~" factor, Figure
Ib. For closed-loop energy contours, this transformation
results in cyclotron orbits, for which the Aharonov—Bohm
interference leads to semiclassical Shubnikov—de Haas
oscillations (SdHOs), the forerunners of Landau levels, and
the quantum Hall effect. Here, we argue that multiply
connected trajectories near LTs, formed through the magnetic
breakdown effect,'” lead to a peculiar interference contribution
to the conductivity which—unlike SdHOs—turns out to be
insensitive to thermal broadening of the Fermi step, spanning
over a finite interval of carrier densities around LTs. We refer
to this behavior, here, observed experimentally in both tDBG
and G/hBN structures, as “kagome oscillations” and identify
those as the low-field forerunners of Brown—Zak mini-
bands'®™*" observed at high magnetic fields in quantum
capacitance3 and magneto—transport.4’5’21_23

Let us consider an electron following a kagome network at
the LT (such as in Figure 1b), where the propagation direction
along each segment is set by the direction of the out-of-plane
magnetic field, thus making the network chiral. Due to the
quantum nature of electrons, their propagation along such a

602

network mimics an interferometer. The meandering-like paths
bifurcate at their intersections, Figure lc, associated with the
saddle-point features in the band. This branching is captured

N

o . 25-30 "

by transmission amplitudes:**~*° S toward encircling x or x’
2

pockets and S toward the encircling y pocket of the miniband

dispersion.
~
S| _ e—E o A
T=eﬂ;ﬂ=i—( LT); ISP+ ISP =1
S| eBr/h (1)

where 4 is the electron miniband energy counted from the LT
toward the closest ¥ miniband edge (that is, we use “+” when «
and K’ pockets are electron-like, as at the conduction band LT

in tDBLG, and “—” when & and x’ pockets are hole-like) and

. « . » . B
normalized by a “magnetic breakdown” energy window, %, set

by the Gaussian curvature of the saddle-point dispersion,

r=h_||det 7c(p) Also, ar: g(ar Sar gar 1—‘(l +i /271')
- agapi . ) Arg g g g 2 H

p Inlu/2mel /27 , where I is the Gamma-function.
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Figure 3. Similar behavior of o,, oscillations around LTs in moiré superlattice minibands in tDBLG and G/hBN. (a) Oscillations of o,,( n,B)
around the LT in the first miniband on the conduction band side of the tDBLG spectrum (b) computed using the Hamiltonian from refs 31 and 32
for a = 1.9° twist angle. The experimental data are plotted after subtracting a smooth background from data in Figure 2 (see ref 24 and Figures S2
and S3 for details); T = 20 K. (c) Electronic spectrum of G/hBN superlattices’>**) which features a clear LT in the first miniband on the valence
band side of graphene’s spectrum (white contour). Dots mark the shift of the maxima of oscillations” amplitudes upon the increase of the magnetic

field.

Interference of electron waves, branched into, e.g., green and
blue paths (with lengths £ ~ B™Y) in Figure 1b, affects the
probability for an electron to reach an “out” state from an “in”
state (see SI Section S4 for details), (The LT networks are not
set in stone—they are linked to the initial position and
velocity, lin), of an electron, whereas the pairs of relevant (e.g,
shortest) paths depend on the detection point lout), as
discussed in Figure S4 SI Section S3

n3n2 n3n2

(outlin) = agg + €[S S + S § HA ML

A by
A=A+ Ay + Ay= —2 = ——.

(eB) AB )

These two paths are composed of equivalent ballistic segments
2 N

explored in a different order (the powers of S and S are set by
the numbers of left and right turns), making the electron-
energy-dependent dynamical phase of the electron wave,

@ = % /1 :m p-dr, the same for both of them. This makes their

mutual phase shift and the interference contribution set only
by the encircled magnetic field flux, AB (Ag; and A are the

mSL Brillouin zone area and unit cell area, respectively, and ¢,
= h/e), independently of the electron’s energy deviation from
E, 1. This ballistic contribution comes on top of an amplitude,

Qg related to the diffusive propagation and a factor e /" that
accounts for a suppression of ballistics by scattering by

disorder and phonons. As £ ~ B™', scattering is also the
reason for considering the shortest paths in Figure 1b, in
particular, at low magnetic fields. As a result, we arrive at an
interference correction,

Y 6

0
— cos 0 x 72/ /deﬁls S |
AxB oe

Ao ~

(©)

to conductivity, o, = 6, + Aoy, which oscillates periodically
as a function of B™', spans from the LT point (e.g, as a
function of carrier density), and sustains the thermal
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broadening, ~k;T, of the Fermi step, ny(¢). The LT networks
are not set in stone—they are linked to the initial position and
velocity, lin), of an electron, whereas the pairs of relevant (e.g,
shortest) paths depend on the detection point lout), as
discussed in Figure S4 in SI. Note that for each pair of
trajectories we account for the additional contribution of
Maslov phases, as described in SI Section S3.

The features of the above-described interference contribu-
tion to conductivity can be recognized among the magneto-
transport characteristics, Figure 2, observed in Hall-bar
devices’**” made of a 1.9°twisted double-bilayer graphene
(tDBLG). Figure 2a displays a color-scale map of low-
temperature 0,,(n, B) with clear SAHOs fanned from both
conduction and valence band edges of bilayer graphene and
miniband edges (which are not reached within the explored
range of carrier densities, n). The high conductivity on this
map (at B = 0) points at the LT density in the sample, which
agrees with the value estimated from the tDBLG dispersion’”
(an icon in the panel) and coincides with the density where the
low-field Hall conductivity (o,, in Figure 2b) changes sign.

In Figure 2c we show a typical conductivity map for the
temperature range 10 K < T < 50 K where SdHOs (which
reflect on the variation of the density of states of 2D electrons,
p, due to the formation of Landau levels) are suppressed by
27zszT P
B/,
- 0,%in particular, around LTs, where the density of states is
high. The remaining high-temperature oscillations have o,,
maxima when the magnetic flux through the mSL unit cell,
¢ = BA,, is commensurate, ¢ = ¢ho/q with an integer g, with

thermal broadening of the Fermi step, Acgyyo o sech

the flux quantum, ¢, = h/e, independently of the gate-induced
carrier density, n. The latter feature of the remaining
oscillations formally coincides with the conditions for the
formation of Brown—Zak minibands'®'® (also known as
Hofstadter butterﬂyzo). However, at the low magnetic field
end and at elevated temperatures, the energy scale of the
corresponding minibands and minigaps is much smaller than
kgT. Hence, the observed effect does not reflect the density of
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states variation in the Brown—Zak minibands; instead, it points
at an interference phenomenon present only in the electron
transport characteristics. Also, these high-temperature oscil-
lations in Figure 2¢ have the largest amplitude near the LTs,
indicating that these are the above-described kagome
oscillations.

To corroborate the generality of kagome oscillations in
graphene superlattices, we compare, in Figure 3, oscillations
observed around the LT in tDBLG with the earlier-observed
high-temperature conductivity oscillations in a highly aligned
graphene-hBN heterostructure (G/hBN) ,¥° now traced to the
low magnetic field range, 1 T < B < 3 T. In the latter system,
the mSL has a 15 nm period and the LT in the first miniband
at n —1.9 X 10" cm™ on the valence band side of
graphene’s spectrum. In both data sets in Figure 3 one can
notice that the kagome oscillations are visible over a finite
interval of carrier densities near the LT which slightly shifts
upon the increase of magnetic field. By inspecting Figure 2,
one can also notice that in tDBLG’s conduction and valence
bands such a shift occurs in the opposite direction.

The above-mentioned trend and its relation to common
features of mSL minibands in Cj;-symmetric graphene
superlattices can be understood using eqs 2 and 3. In those,
an unbalanced product of right-turn and left-turn amplitudes
reflects the trihexagonal shape of the LT networks, character-
istic for the C;-symmetric band dispersions shown in Figure
3b,c (for other examples, see SI Figure SS5).

64 o2
The resulting factor, IS S | =

~
~

m, n eq 3 has the

energy dependence skewed toward the k and " pockets of the
miniband dispersion. A saddle-point evaluation of the integral
in eq 3, recalculated from the Fermi energy into carrier density
dependence (using the density of states in the band, p,
averaged over a kT interval around the LT), results (see SI) in
the following expression for the low-field oscillations,

27
Aoy r 525_(n_nm“)z/ﬁnze_ZL(B)/l(T) cos —d)o
n

Here, + accounts for the type of dispersion inside the
trigonal pockets of the mSL Brillouin zone around x and «': it
is “+” for electron-like pockets, as shown in Figure 3b) and “—”
for hole-like pockets, which is the case in the first miniband on
the valence band side of tDBLG.

As a result, the inverted form of minibands on the valence

and conduction band sides of the tDBLG spectrum sets the

2p1B

opposite shifts, n;p + S for the oscillations’ interval in n-
(

and p-doped tDBLG (see Figure 3b), whereas the similar
topology of the highlighted minibands in Figures 3b and 3c
prescribes the same direction of a shift in the first miniband on
the conduction band side of tDBLG (Figure 3a) and the first
miniband on the valence band side of G/hBN (Figure 3d).
Moreover, from the computed mSL minibands, we estimate
r~ 1.5 eVnm® for tDBLG and r % 6 eV nm*for G/hBN**
and find that 6n is temperature-limited up to B ~ 10 T for
tDBLG at T =20 Kand up to B~ 5 T for G/hBN at T = S0 K,
explaining a weak B-dependence of the width of the regions
where the oscillations occur in Figures 3a and 3d.

604

As the kagome oscillations come from the interference of
ballistically propagating electrons, their amplitude is sup-
pressed by scattering (both elastic and inelastic). In eq 3, this is

accounted for by the factor e leading to an exponential
decay of oscillations at low magnetic fields, which is a natural
consequence of scaling, £(B) B!, of the lengths of kagome
network segments. The exponential decay of the measured
amplitudes of kagome oscillations, over 2 orders of magnitude,
is apparent in Figures 2e and 2f (also see Figure S6 in SI),
suggesting that those appear in the scattering-dominated
transport regime. By fitting the measured magnetic field
dependence of the oscillation amplitudes in Figure 2f with eq
4, we determine /(T) for the studied temperature range, 10 K
< T < 50 K, and find that it both is temperature-dependent—
pointing toward the dominance of inelastic processes—and is
shorter than the electron mean free path (estimated from
conductivity at the LT and B = 0, see Figure S7 in SI); the
latter feature is naturally expected, as / is affected by both large-
and small-angle inelastic scattering via decoherence. Then, we
use the obtained values of scattering length / to determine
conditions for the formation of Brown—Zak minibands in the
mSL, sketched in Figure 4. For Brown—Zak minibands to

0
0 10

20 30

T(K)

Figure 4. Crossover between kagome oscillations and Brown—Zak
miniband regimes in the graphene mSL at n & ny . The dotted line
corresponds to B* such that ZLq(B*) = I(T), with the values

6300 nm
I(T) ~ ®
For B < B*, Brown—Zak minibands are undermined by scattering,
whereas kagome oscillations are detectable, though with an
exponentially small amplitude; B > B* corresponds to the truly
ballistic regime where Brown—Zak minibands are stabilized.

40 50

obtained from fitting the data in Figure 2f using eq 4.

form, an electron needs to explore several magnetic super-
cells;'®1%3° hence, the scattering length / should be, at least,
twice longer than the magnetic supercell perimeter,

L, ~4 l% 4 Ag (where q = ¢o/¢), which is reflected by

the dashed line on the B—T plane.

While the studies of kagome oscillations in this paper were
focused on moiré superlattices with trigonal (C;) symmetry,
we expect similar forerunners of Brown—Zak oscillations to
exist in crystals with a C, symmetry,””*” too. However, we
note that they would be suppressed in systems with lower
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Nano Lett. 2024, 24, 601-606


https://pubs.acs.org/doi/suppl/10.1021/acs.nanolett.3c03524/suppl_file/nl3c03524_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.nanolett.3c03524/suppl_file/nl3c03524_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.nanolett.3c03524/suppl_file/nl3c03524_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.nanolett.3c03524/suppl_file/nl3c03524_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.nanolett.3c03524?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.nanolett.3c03524?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.nanolett.3c03524?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.nanolett.3c03524?fig=fig4&ref=pdf
pubs.acs.org/NanoLett?ref=pdf
https://doi.org/10.1021/acs.nanolett.3c03524?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Nano Letters

pubs.acs.org/NanoLett

symmetry. This is because LT contours in low-symmetry
crystals have the form of quasi-1D block-chains of intertwining
meanders”*® which do not provide pairs of paths needed for
the energy-independent Aharonov—Bohm interference. There-
fore, breaking the C; rotational symmetrz of the mSL by
straining one of the 2D crystals in a stack®”*” and violating the
kagome topology of the LT network would suppress these
novel low-magnetic-field high-temperature quantum oscilla-
tions.
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