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Abstract

We present a material analysis method that links structure and process in dendritic growth using explainable
machine learning approaches. We employed persistent homology (PH) to quantitatively characterize the
morphology of dendritic microstructures. By using interpretable machine learning with energy analysis, we
established a robust relationship between structural features and Gibbs free energy. Through a detailed analysis of
how Gibbs free energy evolves with morphological changes in dendrites, we uncovered specific conditions that
influence the branching of dendritic structures. Moreover, energy gradient analysis based on morphological feature
provides a deeper understanding of the branching mechanisms and offers a pathway to optimize thin-film growth
processes. Integrating topology and free energy enables the optimization of a range of materials from fundamental

research to practical applications.
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1. Introduction

Thin film growth processes in electric devices play a critical role in the development of applied devices across a
wide spectrum, from semiconductors to communication technologies. Physical properties can vary significantly
depending on microstructural features such as morphology, defects, and interfaces. For beyond-5G advancements,
transistor applications like field-effect transistors and channel materials are gaining significant attention[1-6].
There is also growing interest in applications for mechatronics and IoT sensors[3,6—14]. Notably, graphene and
hexagonal boron nitride (h-BN) multilayer films on copper substrates are expected to exhibit high carrier mobility,
making them promising candidates for applications such as gigahertz-range photodetectors[1,8,9,12,14,15].
Extensive applications are rapidly progressing, spanning semiconductor devices, communication technologies, and
sensor technologies.

To fully harness the performance of these multilayer film devices, it is crucial to precisely fabricate the Cu
substrate serving as a catalyst, in addition to the graphene and borophene layers themselves. This is because the
carrier density of the multilayer films strongly depends on their structural configuration, which in turn affects the
functions such as absorption rate and light-harvesting efficiency [3,16,17]. Significant progress has been made in
structural analyses of graphene and borophene at the atomic scale based on topological methods[15].

However, mesoscale morphological fine structures are known to be significantly influenced by process conditions
such as atmosphere, composition and surface defects. Achieving large-area fabrication of these materials is a
critical step toward the practical application of devices. Yet, dendritic structures that emerge during the growth
process are considered major obstacles hindering large-area fabrication [8,18]. Currently, process optimization
involves considerable trial and error, underscoring the need for analysis of dendrite morphology and systematic
process design.

Dendritic growth is a cause that reduces the flatness of thin films, necessitating control and understanding of the
growth process[19]. Dendritic structures are formed through the precipitation of complex, branched dendrites
during the film growth process. Dendrites are frequently observed in materials such as Cu, graphene, and
borophene, appearing extensively in early growth stage and multilayer films [7-9,17,19,20].

Experimentally, dendritic structures have been observed using microscopy; however, simple visual analysis
requires substantial effort and makes it difficult to delve deeply into the growth mechanisms. Computationally,
phase-field simulations have been conducted, providing precise simulations through large-scale calculations.
Nevertheless, morphological analyses have been performed by simple image analyses (e.g., grain size and
curvature). Particularly, analyses of complex structural morphologies and understanding of their mechanisms
remain underdeveloped, with qualitative and subjective structural analyses persisting over time [16,17,21-24]. It
has been challenging to clarify the conditions leading to dendritic branching that causes functional degradation, and
it has been equally difficult to feed these conditions back into the process. Thereby, many missing links still exist

among structure, process, and mechanism.



In this study, we employed data science approaches to establish a hierarchical connection between structure and
process in dendritic growth (Fig. 1). We focused on dendrite morphology and the free energy—which is crucial in
the growth process—and linked them through data-driven methods. We introduced a mathematical topology
technique called persistent homology (PH) to analyze the dendrite structures, with the core idea of characterizing
their morphology using homology concepts [25-30]. We attempted to investigate the growth and branching of
dendritic structures and to detect the causes of their functional degradation. By employing interpretable machine
learning methods and energy analysis, we robustly connected microstructural features with system stability in
dendritic growth, proposing novel explainable Al models for materials design. As a pilot study, we selected
hexagonal Cu, a simple and widely used substrate. We validated our analytical method using image data generated
through phase-field simulations, thereby establishing the foundation of the method.

PH is a cutting-edge concept in topology that enables multiscale analysis of holes and connections within geometric
structures, recently developed by Carlsson, Edelsbrunner, and Hiraoka [25-30]. PH can handle topological data
across multiscale and is applicable to point cloud data such as atomic arrangements, as well as two-dimensional
image data. It is particularly effective for analyzing inhomogeneous but not entirely random data, such as
amorphous and porous materials[27-29]. We utilized PH to extract the morphology of dendritic structures as
feature vectors.

Dendritic structures are distinguished by their hierarchical branching and intricate connectivity, setting them apart
from both crystalline grains and amorphous materials. Unlike crystalline structures—characterized by periodic
boundaries—or amorphous materials, which lack well-defined connectivity, dendrites develop complex, tree-like
morphologies that evolve dynamically during growth. Persistent homology (PH) is particularly well-suited for
analyzing these microstructures because it captures essential topological features—such as connected components,
loops, and higher-dimensional voids—that conventional image-processing techniques often overlook. Previous
studies have demonstrated PH’s effectiveness in characterizing biological and physical systems with tree-like
structures, including vascular networks and fracture propagation (https://homcloud.dev/) [31-33]. In the context of
dendritic growth, PH provides a robust quantitative framework for tracking the formation and evolution of branches
across multiple scales, thereby enabling the identification of structural transitions that influence growth
mechanisms and stability. By integrating PH into our analysis, we gain deeper insights into the topological
evolution of dendrites.

By leveraging PH in combination with machine learning-based Topological Data Analysis, we aimed to predict and
classify various material properties effectively. In machine learning, we employed principal component analysis
(PCA), which allows highly interpretable multivariate analysis[34]. PCA's advantage lies in its ability to extract
essential features inherent in the data as basis vectors, enabling the visualization of distances and trends among data
points in a low-dimensional space. The orthogonal nature of PCA's basis vectors preserves Euclidean distances,
allowing us to analyze correlations between these distances and physical parameters without distorting the data
space. Applying PCA to dendritic structures enabled us to comprehensively quantify and analyze structural changes
in complex dendritic morphologies.

Building on the PCA results, we associated structural changes respect to Gibbs free energy to visualize and analyze

the growth process within the data space. Since Euclidean distances are preserved within the PCA subspace, we



could quantitatively assess the total energy cost consumed by structural changes. This approach facilitated a robust
connection between Gibbs free energy—which is crucial in crystal growth processes—and microstructure within
the data space, providing deeper insights into the growth mechanisms of dendritic branching.

In our discussion, we perform correlation analyses between the extracted feature and physical parameters,
providing physical interpretations of these features. Specifically, we analyze the gradient of Gibbs free energy to
explore the conditions under which structural branching occurs. We attempt to extract hidden information
embedded within complex dendritic growth processes. By synthesizing acquired insights, we deepen our
understanding of the mechanisms governing dendrite growth. This series of analyses effectively utilizes image data
to construct a data-driven functional analysis model. Furthermore, building on our proven track record in
developing an “extended Landau free energy model” for magnetic materials [35—42], we expand this concept to
incorporate Gibbs free energy. By applying the modeling techniques developed for closed systems in magnetic
materials to open systems, we enhance the generality of the model. [Fig. 1 near here]

2 Methods

2.1 Input data preparation by phase field simulation

We generated input images of dendritic microstructure growth using phase-field simulations based on the
Time-Dependent Ginzburg-Landau (TDGL) equation.

99 _ SEstal
at 0] (1)

, Where ¢ is the phase-field variable serving as the order parameter of the system. The mobility M is a

SEtotal

material-specific parameter that describes the kinetics of the system's evolution. The term is the derivative

of the total free energy E.q:q; respect to the order parameter ¢. This derivative represents the driving force for
crystal growth of the system. In this study, we employed a typical phase-field simulation. The computational
procedures and parameters are provided in the supplementary material[19,43-45].

We varied the anisotropy strength y and the conditions of the initial nuclei. The anisotropy strength refers to the
magnitude of anisotropy in the interfacial energy. It is known that metallic materials form various microstructures
depending on this anisotropy strength. To replicate these microstructures, we introduced directional
dependence—namely, interfacial anisotropy—into parameters such as surface energy, interfacial energy, and grain
boundary energy. Specifically, we set y = 0.005, 0.015, and 0.025. For the initial nuclei, we prepared three types:
circular, regular hexagonal, and square shapes. To establish fundamental principles, we conducted calculations with
a size of 10 pixels, where the dependence on the initial nucleus is prominently manifested.

We conducted simulations on a grid size of 350 x 350 pixels, obtaining images as 8-bit grayscale data. Simulations
were performed up to 30000 steps. In the dataset used for this study, we acquired a total of 301 images at intervals

of every 100 steps, repeating the simulations three times under identical conditions to ensure reproducibility. The



dendritic structures were set to exhibit sixfold symmetry. Notably, the total free energy was not used in the machine
learning process; only the images served as input for machine learning. The dataset employed in this study
comprised five different anisotropy strengths, five levels of noise, and three types of initial nucleus shapes. To
confirm reproducibility, simulations were conducted three times under each condition, generating 301 images per
trial. In total, we prepared 67,725 images and used for machine learning.

2.2 Persistent homology analysis

We extracted the morphology of dendritic structures as feature using PH (Fig. 2) [25,27-29,35,40]. We applied
filtration to binary data, where each pixel in the images stores either a 1 (white) or a 0 (black), corresponding to the
presence or absence of material, respectively (Fig. 2(a)). In PH analysis, we calculated the distance transform for
each pixel based on the Manhattan distance, using the boundaries between white and black pixels as reference
points. By continuously varying the threshold values in the Manhattan distance, we expanded and contracted the
boundary surfaces (Fig. 2(b)). During this process, we recorded the threshold b at which "holes" are created (birth)
and the threshold d at which they disappear (death), thereby extracting structural features (Fig. 2(c)). The pairs (b,
d), known as generators, serve as information characterizing the shapes of the holes. By processing these thresholds
across the entire image, we constructed a persistence diagram (PD), which visually represents these fine structure
(Fig. 2(d)).

For example, in stripe-like structures, the values of b and d are approximately equal, so generators appear along the
diagonal of the PD (I and Il). In bubble-like structures, generators appear in the upper region of the PD where d > b
(111 and 1V). Curved structures generate generators in distinct regions of the PD corresponding to their geometric
properties (V). By processing the boundary movements in both positive and negative directions—thickening the
structures in the positive case and thinning them in the negative case—we could describe not only the holes but
also the connectivity of the structures. The PD encapsulates the structural information of the data, enabling
quantitative analysis of microstructure morphology. By utilizing the distribution of (b, d)pairs that appear on the
PD, we can effectively describe microstructures. In this study, we obtained feature vectors by applying Gaussian
kernels and weighting functions to the acquired PDs. Furthermore, the generators in the PD can be inversely
mapped to their corresponding original spatial coordinates, allowing us to trace back to the coordinate information

in the original images. [Fig. 2 near here]

2.3 Dimensionally reduction by PCA

PCA is one of popular unsupervised machine learning and is a method used to reduce high-dimensional vectors

{x; |5, ...,x;',} to low-dimensional vectors {y; | (y{ y,‘n) m < p} [34]. This technique involves constructing a
projection matrix W = {wy,...,w; | w; = (wy, ...,w,)} to compress the high-dimensional variance information

into a lower-dimensional space while preserving as much of the original data variability as possible (Equation (1)).

y = Wx##(1)



,where x = {x4, ..., x,,}, ¥ = {y1, ..., ¥n}. The vectors w; constituting the projection matrix W are the basis
vectors (PCA loadings), and the projected vectors y; = (1, ..., y},) are the principal components. Principal
components are denoted sequentially from the first principal component as PC1, PC2, ..., PCm, with lower
numbers indicating higher explainability. Specifically, we transformed the persistence diagrams (PDs) into vectors
according to a positive-definite kernel and stacked the series of data from the dendritic growth process to create a
large composite matrix. We then applied PCA to reduce the dimensionality from 3,240 dimensions to 2 dimensions.
For the PCA analysis, we used data from steps 4,000 to 30,000. This approach is expected to visualize the complex
structural changes in dendritic growth within a low-dimensional space. By analyzing the correlation between the
extracted feature vectors and physical parameters, we determined the physical interpretation of these features.
Additionally, we conducted correlation analyses focusing on Gibbs free energy to analyze the growth process and
to gain insights into the underlying mechanisms.

3. Results and discussion

3.1 Input data

Figure 3 presents dendritic structures generated via phase-field simulations, which serve as the input data for our
machine learning analysis. These simulations were conducted under varying anisotropy strengths (0.005, 0.015, and
0.025) and with different initial nucleus shapes (square, circular, and hexagonal), thereby providing a diverse
dataset that captures the influence of both initial geometry and anisotropy on dendritic growth morphology.

For square nuclei, branching occurs consistently in the primary arms across all anisotropy strengths, with these
branches persisting throughout the growth process (Fig. 3a). The pronounced effect of the square nucleus is evident
in the robust and stable branching observed in the primary arms. In the case of circular nuclei, branching also
appears in the primary arms (Fig. 3b); however, its stability is dependent on the anisotropy strength. At a low
anisotropy of 0.005, the branches remain prominent throughout the growth process, whereas at higher anisotropy
levels (0.015 and 0.025), the branches become less stable and gradually merge, leading to smoother structures. For
hexagonal nuclei, dendritic growth progresses symmetrically without any branching in the primary arms, regardless
of the anisotropy strength (Fig. 3c). The resulting structures maintain a sixfold symmetry, reflecting a smooth and
uninterrupted pattern. of crystal growth. Overall, Figure 3 underscores the diverse dendritic growth behaviors
governed by physical parameters such as initial nucleus shape and anisotropy, thereby illustrating the relationship
between these factors and the morphological evolution of the structures. Thus, we were able to visually confirm the
complex-morphological changes in the dendritic structures.

[Fig. 3 near here]

3.2 Characterization of dendrite morphology by PH

The morphological features of dendritic structures were extracted using persistent homology (PH) and vectorized as
persistence diagrams (PDs) (Fig. 4). In these diagrams, the generators are distributed in regions slightly offset from
the diagonal, thereby capturing distinct structural characteristics of the dendritic growth process. As the dendritic
structures evolve, the generators systematically shift toward the lower right in the PDs, corresponding to specific

microstructural features (see the supplementary movie).



To establish a direct correspondence between the PD and the dendritic morphology, the generators in the PD are
mapped back to the original images as red dots. In Fig. 4, generators located around (-30, -28) represent the thickest
primary arms, those near (-20, -18) correspond to moderately thick primary arms with branching, and those around
(-8, -6) capture the finer secondary arms. This clear segregation demonstrates that the PDs effectively distinguish
the branching characteristics inherent in dendritic morphology. Furthermore, the distribution of PD generators
reflects the influence of the initial nucleus shape. For square and circular initial nuclei (Figs. 4a and 4b), where
branching occurs in the primary arms, generators are densely clustered around (-20, -18), effectively capturing the
features of the branched primary arms. In contrast, for hexagonal initial nuclei (Fig. 4c), which naturally lack
branching in the primary arms, the PDs exhibit significantly fewer generators near (-20, -18). This absence is
consistent with the unbranched morphology observed in the hexagonal configuration. These findings underscore
the effectiveness of persistence diagrams in capturing the morphological features of dendrites—particularly their
branching behavior—and demonstrate the robustness of persistent homology across varying initial conditions.

The statistical stability of persistence diagrams (PDs) is a crucial element in topological data analysis. Previous
studies have demonstrated that persistent homology (PH) provides a robust framework for characterizing structured
patterns, such as magnetic domains [46]. For instance, PDs generated from domain patterns with identical
macroscopic magnetic states—but with varying microstructures—exhibited remarkably consistent profiles, yielding
an average cosine similarity of 0.992. In contrast, when an external magnetic field induced simultaneous changes in
both macroscopic and microstructural properties, the similarities between PDs varied widely (ranging from 0.2 to
1), reflecting the underlying transformations. These results confirm that PH effectively captures microstructural
variations while maintaining statistical consistency, thereby underscoring its reliability for analyzing dendritic
growth and identifying structural changes during crystal growth processes.

[Fig. 4 near here]

3.3 Visualization of the energy landscape in data space

We performed dimensionality reduction using Principal Component Analysis (PCA) (Fig. 5). Since the evolution
data of the PDs constitutes a high-dimensional dataset, we compressed it into a low-dimensional space with PCA.
Applying PCA to the matrix constructed from the PDs yielded two eigenvectors, PC1 and PC2, which represent the
complex changes in the PDs. Each point in the scatter plot represents an image, with the symbols indicating the
initial nucleus shapes and the anisotropy strength also noted. The coordinates of the scatter plot are the PC1 score
and PC2 score, and the distance of the points corresponds to changes in the images. The PCA results represent the
continuous evolution of dendritic growth mapped onto a two-dimensional plane. Furthermore, because each point is
associated with the total energy, we can analyze the relationship between image changes and changes in total
energy. Particularly, since Euclidean distances are preserved within the PCA subspace, we can quantitatively
analyze the total energy cost consumed by structural changes. In other words, this figure illustrates the relationship
between the structural evolution and the total energy, effectively representing the correspondence between structure

and process (system stability) in a single comprehensive diagram. [Fig. 5 near here]



3.4 Energy analysis in data space

Through the correlation analysis between the obtained features and physical properties, we discussed detailed
insights into the dendritic growth process (Fig. 6). The total energy E;,:q;, as defined in Sect. 2.1 (Eq. 1), is used
for analyzing the relationship between morphological evolution and free energy. We observed that PC1 increased
and total energy monotonically decreased with the growth of dendritic structures (Fig. 6(a)). Notably, total energy
E:o:ai—2 key physical quantity in the dendrite growth process—exhibited a clear correlation with PC1. It indicates
that PC1 is a useful feature representing both dendritic growth and total energy. Moreover, we confirmed a distinct
kink around PC1 = -1, where a sudden decrease in total energy occurs.

We then examined the physical interpretation of PC2 (Fig. 5). The sign of PC2 corresponds to the presence and
absence of branching in the primary arms. Importantly, this distinction remains consistent regardless of anisotropy
strength or initial nucleus shape, suggesting that PC2 serves as a useful feature for characterizing branching in
complex dendritic growth. Further analysis is required to interpret the physical significance of PC2. [Fig. 6 near
here]

Since the region where branching occurs corresponds precisely to the kink in the Total Energy vs. PC1, we focused
on this area to perform a detailed analysis of the energy gradient (Fig. 6(b)). Given that PC1 was a useful feature
representing morphological growth, we differentiated the total energy with respect to PC1. B4

By analyzing the energy gradient within the data space [35,37], we were able to manifest kink in the total energy as
an outlier. In systems where the total energy decreases monotonically without a kink, the branching of the primary
arms does not fill in, and the structure continues to grow as is. In systems with a kink, the branching of the primary
arms fills in early, and the sixfold symmetrical structure growth progresses smoothly. It is considered that filling in
the branches reduces the total energy, stabilizes the system, and promotes the growth of a highly symmetrical
crystal. Linear dimensionality reduction with energy outlier analysis may have uncovered nonlinear behavior.

We aim to deepen the discussion regarding the physical interpretation of the gradient analysis results. In the TDGL
equation, the gradient of total free energy Ej,:q;With respect to the order parameter ¢ (structure) is defined as the
driving force as described in equation (1). In our analysis, the gradient involves differentiating the total free energy
with respect to structural features extracted by PH, thereby treating the driving force from a data science
perspective. We here refer to this quantity, which encapsulates information about the driving force, as the
“feature-extended driving force”. In system with a monotonous gradient, the feature-extended driving force
changes monotonously, indicating smooth thin-film growth occurs. Conversely, in systems where the gradient
varies, the feature-extended driving force also changes, suggesting discontinuous crystal growth. In other words,
this captures changes in the acceleration of crystal growth, and indeed, variations in the gradient correspond to
branch filling (Fig. 6(b)). Such energy gradient data analysis would offer the discussion of the underlying
mechanisms in growth process.

Furthermore, the coordinates where branching occurs were almost identical regardless of the initial nucleus shape
or anisotropy strength. This suggests that we have obtained an useful feature applicable to various materials. The
coordinates of PC1 and PC2 may represent a distinct phase boundary that governs branching. In other words, we
have acquired useful features that lead to flat thin-film growth.

In this study, we establish the relationship between structure and process in dendritic growth using explainable



machine learning approaches. By employing PH, we quantitatively described the morphology of dendritic
structures. Additionally, we used highly interpretable dimensionality reduction techniques to robustly construct the
relationship between structural changes and free energy within the data space. Specifically, by thoroughly
analyzing the relationship between Gibbs free energy and the morphological evolution of dendrites, we elucidated
the growth mechanisms of dendritic branching. As a result, we obtained useful features PC1 and PC2 determining
the branching, and new insights into flat thin film growth. This model would generalize the concept of the extended
Landau free energy, which we previously developed for magnetic materials, from a closed system to an open
system[35-37,39-41].

Our method offers a versatile approach to material analysis. For instance, in two-dimensional materials such as
CVD graphene, borophene, and silicene [8,9,14,15,21], defects are incorporated as network structures, enabling the
analysis of their atomic-scale geometric configurations[15,47]. Additionally, free energy serves as a critical

physical property that characterizes various functionalities, including oscillation characteristics and power
consumption in applied device. This capability facilitates a hierarchical connection between atomic-scale
microstructures and macroscopic functionalities, paving a way for future advancements.

Moreover, by leveraging the versatility of thermodynamic concepts, we can integrate various energy terms into free
energy. For example, conducting multiphysics analyses of interactions between electrons and forces opens up
possibilities for sensor applications. Notably, our expertise in analyzing magnetostriction—where magnetization
and strain interact—demonstrates the effectiveness of our approach [38]. Consequently, we anticipate establishing a
robust hierarchical connection between structure and function across a wide range of applied materials.
Fundamentally, energy landscape analysis within data spaces could lead to advancements in nonequilibrium
physics. Analyzing the stability and dynamics of energy landscapes could present excellent research opportunities
[27]. Additionally, incorporating nonlinear dimensionality reduction techniques may facilitate the analysis of
nonlinear phenomena. Specifically, latent features such as PC2 obtained in this study have the potential to uncover
knowledge that was previously inaccessible. Utilizing data science could help organize and resolve some of the
challenges associated with complex systems. Thus, the fusion of mathematics and physics is anticipated to drive

diverse developments, ranging from fundamental research to practical applications.
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Fig. 1. Workflow of this study: Hierarchical connection between structure and process in dendritic growth using

data science approach.

We generated large-scale data of dendritic structures using phase-field simulations. The-morphology of the

dendrites was extracted as features using persistent homology. Utilizing unsupervised machine learning, we

visualized the dendritic growth process in a low-dimensional space. This approach allowed us to construct the

relationship between structure and process. By analyzing the correlations between free energy and structural

features, we elucidated the branching mechanisms in dendritic growth.
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Fig.2 Persistent Homology analysis

To characterize the morphology of dendrite, we begin with binarized input images where each pixel is assigned a
Manhattan distance index from the boundary (a). By systematically varying the distance threshold, we identify the
points at which islands emerge (birth) and merge (death) (b). These birth and death events are then used to
construct a persistence diagram (PD) (c). The PD effectively captures the connectivity of the islands and the
presence of voids or holes within the structure. PD describes the fine structural patterns, such as bubbles, stripes,
and constricted shapes, as depicted in a schematic diagram (d).
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Fig. 3. Dendritic structures generated via phase-field simulations under varying initial nucleus shapes and
anisotropy strengths.

(a) Square nuclei exhibit consistent primary arm branching across all anisotropy strengths, with branches persisting
throughout growth. (b) Circular nuclei also produce primary arm branching, but its stability decreases with higher
anisotropy, leading to smoother final structures. (c) Hexagonal nuclei result in symmetric, branch-free dendritic
growth, maintaining sixfold symmetry regardless of anisotropy. These simulations illustrate the influence of initial

geometry and anisotropy on dendritic morphology, providing input data for machine learning analysis.
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Fig. 4. Relationship Between the Persistence Diagram (PD) and the Morphology of Dendritic Structures.
Generators in the PDs are systematically distributed, shifting towards the lower right as thickness of dendrite arm.
Generators around (-30, -28) correspond to the thickest primary arms, those near (-20, -18) represent branched
primary arms, and those around (-8, -6) capture secondary arms. The PD distributions also reflect the influence of
initial nuclei, with square (a) and circular (b) nuclei showing dense generators near (-20, -18) due to branching,
while hexagonal nuclei (c) exhibit fewer generators in this region, aligning with their unbranched morphology.

These results demonstrate the effectiveness of PH in characterizing dendritic growth and structural variations.
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Each point represents an image, and the distance of data points corresponds to the microstructure changes. Each

point is also associated with its Gibbs free energy. By visualizing the changes in energy consumed during structural

growth, we established the relationship between structure and process. It is confirmed that the PC1 score shows

clear correlation with growth evolution and the total energy, while PC2 is a feature that determines the presence and

absence of branching inprimary arm.
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Fig. 6. (a) Correlation Between PC1 and Total Energy.

PC1 increased and total energy monotonically decreased with the growth of dendritic structures. A clear correlation
indicates that PC1 is a useful feature representing both dendritic growth and total energy. Although energy
variations are mostly linear, a kink is observed near PC1~=-1. (b) To analyze around the kink in detail, we
differentiated the total energy with respect to PC1 to examine the energy gradient. As a result, we found that the
system consumes total energy to fill in the primary arms, after which the system stabilizes and promotes the growth

of a highly symmetrical structure.
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We introduce a novel method that bridges structure and process in dendritic growth by integrating persistent

homology with energy analysis. Our framework quantitatively maps dendritic morphology to Gibbs free energy

variations, revealing energy gradients that drive branching behavior. This approach provides new insights into

crystal growth and offers a powerful, data-driven pathway for optimizing thin-film fabrication.



Supplementary material

1. Phase-Field Method and Free Energy

1.1. Phase-Field Method and Free Energy

The phase-field method is employed to simulate the evolution of microstructures during phase transitions by
minimizing the total free energy F of the system. This free energy is a combination of different contributions,
represented as

F= f [fchem(§0) + fgrad ([790) + fdouh(@)]dv
|4

fenem 15 the chemical free energy, which depends on the composition of the phases in the system. f,,, is the
gradient energy, capturing the energetic cost associated with spatial variations in the phase field variable. f;,,, is
the double well energy, which stabilizes the phase field variable at specific values. The phase field variable ¢
represents the state of the material, varying between 0 and 1, where 0 corresponds to the solid phase and 1 to the
liquid phase.

The phase-field evolution is governed by the Allen-Cahn equation,

, Wwhere M denotes the mobility and g—; is the variational derivative of the free energy, acting as the driving force

for phase changes.

1.2. Anisotropy and Dendritic Growth
Anisotropy strength vy is a key factor in shaping the morphology of dendritic growth. It modulates the interface

energy, affecting the directional dependence of interface dynamics. In this study, anisotropy is expressed as

¥(0) = yo (1 + € cos(n6))

, Where y,is the isotropic interface energy, € represents the anisotropy strength, and nnn controls the anisotropic
symmetry. Higher anisotropy strength € leads to more pronounced directional growth, resulting in well-defined
dendritic structures.

The development of dendritic structures is governed by the interplay between thermal diffusion and the phase field

dynamics, described by the temperature equation and the phase field equation, respectively.

The temperature field in the solidifying material is modeled by the heat conduction equation,



aT dp
— = 2 =
3t aV T+L6t

, Where T is the temperature, t istime, o isthe thermal diffusivity, L is the latent heat of fusion.

To solve numerically, the Allen-Cahn equation can be approximated to*"*%

- M[V(yozw) 2 (v 2O 2y, 220
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where x and y are spatial coordinates, y, is the anisotropy strength, W is the double well potential, T, is the
melting temperature, and & represents noise or fluctuations in the system that can influence the phase transition.

And the heat conduction equation

T Lo
— = Kv2T+3o¢2(1—¢)ZEa—dt)

where « is the thermal diffusivity, and c is the specific heat capacity. The term 30¢? (1 — ¢)? accounts for the
contribution of the phase transition to the heat flow, ensuring that the release or absorption of latent heat is properly
incorporated into the temperature evolution.

The parameters used for the simulation are displayed bellow:

Melting point T, 1728 K

Temperature of supercooled liquid Ty 1511.2 K

Thermal conductivity K 84.01 W-m™1.-K™1
Specific heat C,, 542x10°]-K1-m™3
Latent heat L 2.35%x10%]-m™3
Interfacial Kinetic coefficient 2.0 m-K1s71
Difference block length Ax 30 nm

Interfacial width & 6 = 3AX nm

[S1] J.A. Warren and W. J. Boettinger, Acta Metall. Mater., 43 (1995), p. 689
[S2] T. Takaki and A. Yamanaka, Phase-field method, Yokendo-Ltd., (2012), Section 5.3 (in Japanese)




