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Emergence and evolution of electronic modes with temperature
in spin-gapped Mott and Kondo insulators
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Electronic modes emerge within the band gap at nonzero temperature in strongly correlated insulators such
as Mott and Kondo insulators, exhibiting momentum-shifted magnetic dispersion relations from the band edges.
As the temperature increases, the emergent modes gain considerable spectral weights and form robust bands
that differ from the zero-temperature bands. Here, the origin of the emergent modes, their relation to doping-
induced modes, and how their spectral weights increase with temperature are clarified in the ladder and bilayer
Hubbard models and one- and two-dimensional Kondo lattice models using effective theory for weak inter-unit-
cell hopping and numerical calculations. The results indicate that the temperature-driven change in the band
structure reflecting spin excitation, including the change in the number of bands, can be observed in various
strongly correlated insulators even with a spin gap, provided that the temperature increases up to about spin-
excitation energies. The controlled analyses developed in this study significantly contribute to the fundamental
understanding of the band structure of strongly correlated insulators at nonzero temperature.
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I. INTRODUCTION

In a conventional band insulator, wherein interactions be-
tween the electrons can be neglected, the band structure does
not change with temperature. However, in strongly corre-
lated insulators such as Mott and Kondo insulators, the band
structure can change with temperature, even without a phase
transition or lattice distortion. The origin of changes in the
band structure has recently been revealed from the viewpoint
of spin-charge separation of strongly correlated insulators
by considering the selection rules and using numerical cal-
culations [1]. In short, spin excited states, whose excitation
energies are lower than the charge gap, emerge within the
band gap in the electronic spectrum at nonzero temperature,
exhibiting momentum-shifted magnetic dispersion relations
from the band edges [1]. This feature is in contrast to a con-
ventional band insulator, wherein electronic states reflecting
spin excitation of the band insulator do not emerge within the
band gap because spin-charge separation does not occur (the
lowest spin-excitation energy is the same as the charge gap)
(Sec. III J).

The origin of this feature is shared with the doping-induced
electronic mode whose origin has been identified with the
spin excited states of the Mott and Kondo insulators; it has
been shown that an electronic mode emerges from the top
(bottom) of the lower (upper) band via hole (electron) doping,
exhibiting the momentum-shifted magnetic dispersion rela-
tion [2–12]. The spectral weight of the doping-induced mode
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has been numerically and theoretically shown to increase in
proportion to the doping concentration in the small-doping
regime [2–14], forming a robust band that differs from the
undoped bands.

The spectral weights of temperature-induced modes have
been shown to increase with temperature using numerical cal-
culations [1,15–22]. In this paper, to clarify how the spectral
weights increase with temperature theoretically, we consider
decoupled unit cells, whose spectral function can be cal-
culated exactly at any temperature (Sec. III F), extend the
analyses to weakly coupled unit cells using the perturbation
theory (Sec. III I), and verify the validity using numerical
calculations for the ladder and bilayer Hubbard models and
one-dimensional (1D) and two-dimensional (2D) Kondo lat-
tice models.

The analyses and numerical results indicate that the spec-
tral weights of temperature-induced electronic modes can
become comparable to those of zero-temperature bands,
provided that the temperature increases up to about spin-
excitation energies, even in spin-gapped Mott and Kondo
insulators for which one might suspect that the required tem-
perature is about the excitation energy of the thermal state
from the ground state, i.e., the order of the spin gap times the
system size (Sec. III E 2).

II. MODELS AND METHODS

The Hubbard model and the Kondo lattice model (KLM)
are defined by the following Hamiltonians:

HHub = −
∑

〈i, j〉,σ
ti, j (c

†
i,σ c j,σ + H.c.)

+ U
∑

i

(
ni,↑ − 1

2

)(
ni,↓ − 1

2

)
− μ

∑
i,σ

ni,σ , (1)
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HKLM = −
∑

〈i, j〉,σ
ti, j (c

†
i,σ c j,σ + H.c.) + JK

∑
i

Sc
i · S f

i

− μ
∑

i

(∑
σ

ni,σ + 1

)
, (2)

where 〈i, j〉 means that sites i and j are the nearest neighbors.
Here, c†

i,σ and ni,σ denote the creation and number opera-
tors of a conduction-orbital electron with spin σ (=↑,↓) at
site i, respectively, and Sc

i (S f
i ) denotes the spin operator of

a conduction-orbital (localized-orbital) electron at site i. In
the KLM, each localized orbital has one electron. Hereafter,
ti, j = t⊥ between the chains and between the planes for the
ladder and bilayer Hubbard models, respectively, and ti, j = t
in the chains and planes. Unless otherwise mentioned, t⊥ > 0,
U > 0, and JK > 0.

The numbers of electrons, sites, and unit cells are denoted
by Ne, Ns, and Nu, respectively. The unit cell is a pair of sites
connected by t⊥ in the ladder and bilayer Hubbard models
(Nu = Ns

2 ) and a site with a conduction orbital and a localized
orbital in the KLM (Nu = Ns). The hole-doping concentration
δ is defined as δ = 1 − Ne

2Nu
. At half filling, δ = 0, where

μ = 0 unless otherwise mentioned. Hereafter, the units h̄ = 1
and kB = 1 are used. The length and z component of spin
are denoted as S and Sz, respectively. The electronic spin
opposite to σ is denoted as σ̄ : σ̄ =↓ and ↑ for σ =↑ and
↓, respectively. The z component of spin of an electron is
denoted as sz: sz = 1

2 and − 1
2 for σ =↑ and ↓, respectively.

The spectral function at temperature T is defined as

A(k, ω) = 1

2�

∑
n,m,σ

e−βEn [|〈m|c†
k,σ

|n〉|2δ(ω − Em + En)

+ |〈m|ck,σ |n〉|2δ(ω + Em − En)], (3)

where � = ∑
n e−βEn and β = 1

T . Here, |n〉 denotes the nth
eigenstate with energy En, and c†

k,σ
denotes the Fourier trans-

form of c†
i,σ . The spectral function can be rewritten as

A(k, ω) = 1

2�

∑
n,m,σ

(e−βEm + e−βEn )|〈m|c†
k,σ

|n〉|2

× δ(ω − Em + En). (4)

The spectral function can also be obtained as

A(k, ω) = − 1

2π

∑
σ

ImGk,σ (ω) (5)

using the Green’s function, which is expressed as

Gk,σ (ω) = −i lim
ε→+0

∫ ∞

0
dteiωt−εt

∑
l l〈β|{ck,σ (t ), c†

k,σ
}|β〉l∑

l l〈β|β〉l
,

(6)

where

ck,σ (t ) = eiHt ck,σ e−iHt , |β〉l = e− βH
2 |I〉l . (7)

Here, H represents HHub and HKLM.
The momentum k for the ladder (bilayer) Hubbard model

has a leg (in-plane) component k‖ and a rung (out-of-plane)
component k⊥: k‖ = kx and k⊥ = ky in the ladder Hubbard

model; k‖ = (kx, ky) and k⊥ = kz in the bilayer Hubbard
model. In the KLM, k‖ = k.

The dynamical spin structure factors of the Hubbard model
and KLM at zero temperature are defined as follows:

SHub(k‖, ω) =
∑
n,α

∣∣〈n|Sc,α
(k‖,π )|GS〉∣∣2

δ(ω − en),

SKLM(k, ω) = 1

2

∑
n,α

|〈n|(Sc,α
k − S f ,α

k

)|GS〉|2δ(ω − en), (8)

where Sλ,α
k denotes the Fourier transform of Sλ,α

i for λ = c and
f ; Sλ,α

i denotes the α component of Sλ
i for α = x, y, and z.

Here, en denotes the excitation energy of |n〉 from the ground
state |GS〉.

The dynamical charge structure factor of the Hubbard
model at zero temperature is defined as

NHub(k‖, ω) =
∑

m

|〈m|ñ(k‖,π )|GS〉|2δ(ω − em), (9)

where ñk = 1√
Ns

∑
i eik·ri (ni − n̄) with ni = ∑

σ ni,σ and n̄ =
Ne
Ns

. Here, em denotes the excitation energy of |m〉 from the
ground state |GS〉.

In this paper, the spectral functions at nonzero temperatures
calculated using the cluster perturbation theory (CPT) [23,24]
are shown. In the CPT, the real-space Green’s functions of
the 1D and 2D KLMs were calculated using the full exact-
diagonalization method, and those of the ladder and bilayer
Hubbard models were calculated using the low-temperature
Lanczos method (LTLM) [25], which is equivalent to the
thermal-pure-quantum-state method with the Lanczos solver
[20,26]. In the LTLM, typically 10 random vectors were gen-
erated for |I〉l in Eq. (7), and orthonormal states obtained
from the random vectors via QP decomposition were used
as the initial vectors of the block Lanczos method. Typically
600 eigenstates obtained by the block Lanczos method were
used to construct the thermal states |β〉l [Eq. (7)] in each
subspace specified by the numbers of up and down spins.
The Green’s functions were calculated in 6-unit-cell clusters
(3 × 2-unit-cell clusters for the bilayer Hubbard model and
2D KLM). The numerical results for the 1D and 2D Hubbard
models obtained using the above method [1] are consistent
with those obtained using the time-dependent density-matrix
renormalization group method [15] and quantum Monte Carlo
method [17,18], respectively.

The spectral function and the dynamical spin and charge
structure factors at zero temperature were calculated using
the non-Abelian dynamical density-matrix renormalization
group (DDMRG) method [5,6,10,11,27–30] in the ladder
Hubbard model for U > 0 and the 1D KLM. The non-Abelian
DDMRG calculations were performed under open boundary
conditions on clusters with Nu = 60, wherein 120 eigenstates
of the density matrix were retained. The spectral function of
the bilayer Hubbard model (2D KLM) at zero temperature
was calculated using the CPT on 3 × 2-unit-cell (3 × 3-site)
clusters with the continued fraction expansion in the Lanczos
method. The lowest spin-excitation energy at each k point in
the bilayer Hubbard model and 2D KLM was calculated under
periodic boundary conditions using the Lanczos method.
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FIG. 1. Electronic excitation of the ladder Hubbard model for t/t⊥ = 0.4 and U/t⊥ = 3. (a-1)–(a-3) A(k‖, 0, ω)t⊥ + A(k‖, π, ω)t⊥, (b-
1)–(b-3) A(k‖, 0, ω)t⊥, and (c-1)–(c-3) A(k‖, π, ω)t⊥ obtained using the non-Abelian DDMRG method for T = 0 at δ = 0 with μ = 0 [(a-
1)–(c-1)]; T = 0 at δ = 0.05 with μ adjusted for δ = 0.05 [(a-1)–(c-2)] and obtained using the CPT for T/t⊥ = 0.25 at δ = 0 with μ =
0 [(a-3)–(c-3)]. Gaussian broadening with a standard deviation of 0.05t⊥ is used. (d-1)–(d-3), (e-1)–(e-3), (f-1)–(f-3) Dispersion relations
obtained using the effective theory for weak inter-unit-cell hopping for T = 0 at δ = 0 with μ = 0 [(d-1)–(f-1)]; T = 0 at δ → +0 with μ of
εB

−π = 0 [(d-2)–(f-2)]; T > 0 at δ = 0 with μ = 0 [(d-3)–(f-3)]. The curves represent ω = −εB
−k‖ (solid brown curves for ω � 0) [(d-1)–(d-3),

(e-1)–(e-3)], ω = εF
k‖ (solid brown curves for ω > 0) [(d-1)–(d-3), (f-1)–(f-3)], ω = εG

k‖ (solid orange curves for ω > 0) [(d-1)–(d-3), (e-1)–(e-

3)], ω = −εA
−k‖ (solid orange curves for ω < 0) [(d-1)–(d-3), (f-1)–(f-3)], ω = espin

k‖−π (solid red curves) [(d-2), (f-2)], ω = espin
k‖−π + μ− (solid

red curves for k‖ ≈ 0) [(d-3), (f-3)], ω = −espin
−k‖ + μ+ (solid magenta curves for k‖ ≈ π ) [(d-3), (e-3)]. ω = eD−

k‖−π (dotted red curves for k‖ ≈ π

and ω > 0) [(d-2), (f-2)], ω = −eV
−k‖−π (dotted magenta curves for k‖ ≈ 0 and ω < 0) [(d-2), (e-2)], ω = −espin

−k‖ + εG
0 (dashed red curves for

k‖ ≈ π and ω > 0) [(d-3), (f-3)], and ω = espin
k‖−π − εA

−π (dashed magenta curves for k‖ ≈ 0 and ω < 0) [(d-3), (e-3)]. The light-yellow regions

indicate ω = εF
k‖−p‖ + espin

p‖ for ω > 0 [(d-1)–(d-3), (e-1)–(e-3)] and ω = −εB
−k‖+p‖ − espin

−p‖ for ω < 0 [(d-1)–(d-3), (f-1)–(f-3)]. The solid green
lines indicate ω = 0.

The symmetrized spectral function Ā(k, ω) is defined
as [A(kx, ky, k⊥, ω) + A(ky, kx, k⊥, ω)]/2 and [A(kx, ky, ω) +
A(ky, kx, ω)]/2 for the bilayer Hubbard model and 2D KLM,
respectively. The spectral weight of a band is defined as
1

Nu

∑
k

∫
dωAband(k, ω), where Aband(k, ω) denotes the spec-

tral function of the band.

III. RESULTS AND DISCUSSION

A. Overall spectral features

At zero temperature, the ladder and bilayer Hubbard mod-
els at half filling are Mott insulators. There are two dominant
bands [Figs. 1(a-1) and 2(a-1)]: one for ω < 0 at k⊥ = 0
[Figs. 1(b-1) and 2(b-1)] and the other for ω > 0 at k⊥ = π

[Figs. 1(c-1) and 2(c-1)]. The band gap is defined as the gap
between these two bands, which is also called the Mott gap
or Hubbard gap [31]. The 1D and 2D KLMs at half filling
are Kondo insulators. There are two dominant bands: one for
ω < 0 and the other for ω > 0 [Figs. 3(a-1) and 3(b-1)]. The

band gap is defined as the gap between these two bands. The
band gap is generally different from the spin gap in Mott and
Kondo insulators [32,33] (Sec. III J).

When the Mott and Kondo insulators are doped with
holes at zero temperature, the Fermi level enters the lower
band, and an electronic mode emerges within the band gap
[Figs. 1(a-2), 1(c-2), 2(a-2), 2(c-2), 3(a-2), and 3(b-2)], which
exhibits the magnetic dispersion relation shifted by the Fermi
momentum [2–12].

Similarly, at nonzero temperature, electronic modes
emerge within the band gap [Figs. 1(a-3)–1(c-3), 2(a-3)–
2(c-3), 3(a-3), and 3(b-3)], which also exhibit the magnetic
dispersion relations shifted by the Fermi momenta of the
small-doping limit from the band edges [1].

The dispersion relations of the characteristic modes can be
explained reasonably well by the effective theory for weak
inter-unit-cell hopping [Figs. 1(d-1)–1(d-3), 1(e-1)–1(e-3),
1(f-1)–1(f-3), 2(d-1)–2(d-3), 2(e-1)–2(e-3), 2(f-1)–2(f-3), 3(c-
1)–3(c-3), and 3(d-1)–3(d-3)].
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FIG. 2. Electronic excitation of the bilayer Hubbard model for t/t⊥ = 0.3 and U/t⊥ = 3. (a-1)–(a-3) Ā(k‖, 0, ω)t⊥ + Ā(k‖, π, ω)t⊥, (b-
1)–(b-3) Ā(k‖, 0, ω)t⊥, (c-1)–(c-3) Ā(k‖, π, ω)t⊥ obtained using the CPT for T = 0 at δ = 0 with μ = 0 [(a-1)–(c-1)]; T = 0 at δ = 0.05
with μ adjusted for δ = 0.05 [(a-2)–(c-2)]; T/t⊥ = 0.25 at δ = 0 with μ = 0 [(a-3)–(c-3)]. Gaussian broadening with a standard deviation of
0.05t⊥ is used. (d-1)–(d-3), (e-1)–(e-3), (f-1)–(f-3) Dispersion relations obtained using the effective theory for weak inter-unit-cell hopping for
T = 0 at δ = 0 with μ = 0 [(d-1)–(f-1)]; T = 0 at δ → +0 with μ of εB

−π = 0 [(d-2)–(f-2)]; T > 0 at δ = 0 with μ = 0 [(d-3)–(f-3)]. The
curves represent ω = −εB

−k‖ (solid brown curves for ω � 0) [(d-1)–(d-3), (e-1)–(e-3)], ω = εF
k‖ (solid brown curves for ω > 0) [(d-1)–(d-3),

(f-1)–(f-3)], ω = εG
k‖ (solid orange curves for ω > 0) [(d-1)–(d-3), (e-1)–(e-3)], ω = −εA

−k‖ (solid orange curves for ω < 0) [(d-1)–(d-3),

(f-1)–(f-3)], ω = espin
k‖−π (solid red curves) [(d-2), (f-2)], ω = espin

k‖−π + μ− (solid red curves for k‖ ≈ 0) [(d-3), (f-3)], ω = −espin
−k‖ + μ+ (solid

magenta curves for k‖ ≈ π) [(d-3), (e-3)]. ω = eD−
k‖−π (dotted red curves for k‖ ≈ π and ω > 0) [(d-2), (f-2)], ω = −eV

−k‖−π (dotted magenta

curves for k‖ ≈ 0 and ω < 0) [(d-2), (e-2)], ω = −espin
−k‖ + εG

0 (dashed red curves for k‖ ≈ π and ω > 0) [(d-3), (f-3)], and ω = espin
k‖−π − εA

−π

(dashed magenta curves for k‖ ≈ 0 and ω < 0) [(d-3), (e-3)]. The light-yellow regions indicate ω = εF
k‖−p‖ + espin

p‖ for ω > 0 [(d-1)–(d-3),

(e-1)–(e-3)] and ω = −εB
−k‖+p‖ − espin

−p‖ for ω < 0 [(d-1)–(d-3), (f-1)–(f-3)]. The solid green lines indicate ω = 0.

In the following sections, the origin of the emergent modes
is clarified using the effective theory (Secs. III B–III E), and
how the spectral weights of the temperature-induced states
become significant with temperature is discussed by extending
the effective theory to nonzero temperature (Secs. III F–III I).

B. Effective states of weakly coupled unit cells

At t = 0, the system is decoupled into unit cells. The
eigenstates of the Hubbard model and KLM in a unit
cell are obtained as presented in Tables I and II, re-
spectively [11,12,33–35]. The spin indices are omitted for
spin-independent energies, e.g., ET, ξψ−B, εG

k‖ , and tP
eff .

In the small-|t | regime, effective states are obtained using
the perturbation theory with respect to t . The ground state at
half filling (Ne = 2Nu) can be effectively expressed as

|GS〉2Nu =
Nu∏
i=1

|G〉i, (10)

where |G〉i denotes the ground state at unit cell i: |G〉i = |ψ−〉i

and |S〉i for the Hubbard model and the KLM, respectively
(Table III). The ground-state energy is obtained as

E2Nu
GS = (EG + dξGG )Nu (11)

in d dimensions; d = 1 for the ladder Hubbard model and 1D
KLM, and d = 2 for the bilayer Hubbard model and 2D KLM.
Here, ξXY denotes the bond energy of O(t2) between states X
and Y on neighboring unit cells,

ξψ−ψ− = − 2t2U 2

(U 2 + 16t2
⊥)

3
2

,

ξψ−T = −4t2

U
+ 2t2√

U 2 + 16t2
⊥

,

ξψ−A = ξψ−G = ξψ−ψ−

8
+ 3t2

8t⊥
+ 3t2

2
√

U 2 + 16t2
⊥

,
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FIG. 3. Electronic excitation of the 1D Kondo lattice model for t/JK = 0.2 [(a-1)–(a-3), (c-1)–(c-3)] and the 2D Kondo lattice model for
t/JK = 0.15 [(b-1)–(b-3), (d-1)–(d-3)]. (a-1)–(a-3) A(k, ω)JK obtained using the non-Abelian DDMRG method for T = 0 at δ = 0 with μ = 0
[(a-1)] and δ = 0.05 with μ adjusted for δ = 0.05 [(a-2)] and obtained using the CPT for T/JK = 0.2 at δ = 0 with μ = 0 [(a-3)]. (b-1)–(b-3)
Ā(k, ω)JK obtained using the CPT for T = 0 at δ = 0 with μ = 0 [(b-1)]; T = 0 at δ = 0.05 with μ adjusted for δ = 0.05 [(b-2)]; T/JK = 0.2
at δ = 0 with μ = 0 [(b-3)]. Gaussian broadening with a standard deviation of 0.02JK is used. (c-1)–(c-3), (d-1)–(d-3) Dispersion relations
obtained using the effective theory for weak inter-unit-cell hopping for T = 0 at δ = 0 with μ = 0 [(c-1), (d-1)]; T = 0 at δ → +0 with μ of
εR

−π = 0 [(c-2), (d-2)]; T > 0 at δ = 0 with μ = 0 [(c-3), (d-3)]. The curves represent ω = −εR
−k (solid brown curves for ω � 0) [(c-1)–(c-3),

(d-1)–(d-3)], ω = εP
k (solid brown curves for ω > 0) [(c-1)–(c-3), (d-1)–(d-3)], ω = espin

k−π (solid red curves) [(c-2), (d-2)], ω = espin
k−π + μ− (solid

red curves for k ≈ 0) [(c-3), (d-3)], and ω = −espin
−k + μ+ (solid magenta curves for k ≈ π) [(c-3), (d-3)]. The light-yellow regions indicate

ω = εP
k−p + espin

p for ω > 0 and ω = −εR
−k+p − espin

−p for ω < 0 [(c-1)–(c-3), (d-1)–(d-3)]. The solid green lines indicate ω = 0.

ξψ−B = ξψ−F = ξψ−ψ−

8
− 3t2

8t⊥
+ 3t2

2
√

U 2 + 16t2
⊥

,

ξψ−V = ξψ−Z = ξψ−D− = 4t2

U
+ 2t2√

U 2 + 16t2
⊥

(12)

in the Hubbard model [11], and

ξSS = − 2t2

3JK
, ξST = −2t2

JK
, ξSP = ξSR = − 3t2

4JK
(13)

in the KLM [33].
The single-particle excited state with momentum k‖ for

spin, charge, and electrons can be effectively expressed as

|X (k‖)〉 = 1√
Nu

Nu∑
i=1

eik‖·ri |X 〉i

∏
j( �=i)

|G〉 j, (14)

where |X 〉 denotes a unit-cell state in Tables I and II. For
the spin excited states, |X 〉 = |T 〉, where |T 〉 represents the
Ne = 2 spin-triplet (S = 1) states in a unit cell: |T1〉, |T0〉,
and |T−1〉 (Table III). For the electron-addition excited states,
|X 〉 = |Ãσ 〉, where |Ãσ 〉 represents the Ne = 3 states with
S = 1

2 in a unit cell: |Fσ 〉 and |Gσ 〉 in the Hubbard model and
|Pσ 〉 in the KLM (Table III). For the electron-removal excited
states, |X 〉 = |R̃σ 〉, where |R̃σ 〉 represents the Ne = 1 states
with S = 1

2 in a unit cell: |Aσ 〉 and |Bσ 〉 in the Hubbard model
and |Rσ 〉 in the KLM (Table III). For the charge excited states,
|X 〉 = |D−〉, |V〉, and |Z〉 in the Hubbard model.

The spin-excitation energy from the ground state is ob-
tained using the second-order perturbation theory [11,33] as

TABLE I. Eigenstates of the dimer Hubbard model.

Ne S k⊥ Eigenstate Energy

4 0 0 |Z〉 = | ↑↓,↑↓〉 EZ = U
2 − 4μ

3 1
2

π |Fσ 〉 = 1√
2
(| ↑↓, σ 〉 − |σ,↑↓〉) EF = −t⊥ − 3μ

0 |Gσ 〉 = 1√
2
(| ↑↓, σ 〉 + |σ, ↑↓〉) EG = t⊥ − 3μ

1 π
|T2sz 〉 = |σ, σ 〉

ET = −U
2 − 2μ|T0〉 = 1√

2
(| ↑,↓〉 + | ↓,↑〉)

2
0 |ψ−〉 = u+|S〉 + u−|D+〉 Eψ− = E− − 2μ

0 0 |ψ+〉 = −u−|S〉 + u+|D+〉 Eψ+ = E+ − 2μ

π |D−〉 ED− = U
2 − 2μ

1 1
2

π |Aσ 〉 = 1√
2
(|σ, 0〉 − |0, σ 〉) EA = t⊥ − μ

0 |Bσ 〉 = 1√
2
(|σ, 0〉 + |0, σ 〉) EB = −t⊥ − μ

0 0 0 |V〉 = |0, 0〉 EV = U
2

The state with |αi〉 at site i(= 1, 2) in a dimer is denoted as |α1, α2〉.

|S〉 = 1√
2

(| ↑, ↓〉 − | ↓, ↑〉), |D±〉 = 1√
2

(| ↑↓, 0〉 ± |0,↑↓〉),

E± = ±
√

U 2 + 16t2
⊥

2
, u± =

√√√√1

2

(
1 ± U√

U 2 + 16t2
⊥

)
.

sz = 1
2 and − 1

2 for σ =↑ and ↓, respectively.

035123-5



MASANORI KOHNO PHYSICAL REVIEW B 110, 035123 (2024)

TABLE II. Eigenstates of the single-site Kondo lattice model.

Ne S Eigenstate Energy

3 1
2 |Pσ 〉 = | ↑↓, σ 〉 EP = −3μ

1
|T2sz 〉 = |σ, σ 〉

ET = JK
4 − 2μ|T0〉 = 1√

2
(| ↑, ↓〉 + | ↓, ↑〉)

2

0 |S〉 = 1√
2
(| ↑,↓〉 − | ↓, ↑〉) ES = − 3JK

4 − 2μ

1 1
2 |Rσ 〉 = |0, σ 〉 ER = −μ

The state with |αc〉 in the conduction orbital and |α f 〉 in the localized
orbital is denoted as |αc, α f 〉. sz = 1

2 and − 1
2 for σ =↑ and ↓,

respectively.

follows:

espin
k‖ = Jeff dγk‖ + ET − EG + 2d (ξGT − ξGG ), (15)

where Jeff denotes the effective exchange coupling of O(t2)
between neighboring |T 〉 and |G〉,

Jeff =
⎧⎨
⎩

8t2

U − 4t2√
U 2+16t2

⊥
for the Hubbard model,

4t2

JK
for the KLM,

(16)

and

γk‖ = 1

d

d∑
i=1

cos k‖i (17)

with k‖1 = kx and k‖2 = ky in d dimensions.
The electronic excitation energy is obtained as

εX
k‖ = − 2tX

effdγk‖ − 2t3uc
eff d

(
2dγ 2

k‖ − 1
) + EX − EG

+ 2d (ξGX − ξGG ), (18)

where tX
eff denotes the effective inter-unit-cell hopping of O(t ),

tA
eff = −t−

eff , tB
eff = −t+

eff , tF
eff = t+

eff , tG
eff = t−

eff (19)

with t±
eff = t

2 (1 ± 4t⊥√
U 2+16t2

⊥
) for the Hubbard model [11], and

tP
eff = t

2 , tR
eff = − t

2 (20)

for the KLM [33]. Here, t3uc
eff denotes the effective three-unit-

cell hopping of O(t2) [33],

t3uc
eff =

⎧⎨
⎩

− t2U 2

4(U 2+16t2
⊥ )

3
2

for the Hubbard model,

− t2

6JK
for the KLM.

(21)

TABLE III. Symbols of states in a unit cell.

States Symbols Hubbard model KLM

Ground state G ψ− S
Low-energy state with Ne = 1 Rσ Bσ Rσ

Low-energy state with Ne = 3 Aσ Fσ Pσ

States with Ne = 1 R̃σ Aσ , Bσ Rσ

States with Ne = 3 Ãσ Fσ , Gσ Pσ

Spin-triplet states T Tγ Tγ

σ =↑, ↓ and γ = 1, 0, −1.

The charge-excitation energy from the ground state is ob-
tained using the second-order perturbation theory as

eX
k‖ = −2tX

effdγk‖ + EX − EG + 2d (ξGX − ξGG ), (22)

where tX
eff denotes the effective inter-unit-cell hopping of

O(t2),

tD−
eff = −tV

eff = −tZ
eff = ξψ−V. (23)

C. Excitation spectra at half filling at zero temperature

1. Electronic modes

At zero temperature, the dispersion relations of electronic
modes at half filling are obtained from Eq. (3) as

ω = εX
k‖ for 〈X (k‖)|a†

k‖,σ |GS〉2Nu �= 0,

ω = −εX
−k‖ for 〈X (−k‖)|ak‖,σ |GS〉2Nu �= 0, (24)

where a†
k‖,σ denotes the Fourier transform of a†

i,σ for momen-
tum k‖,

a†
k‖,σ = 1√

Nu

Nu∑
i=1

eik‖·ri a†
i,σ , (25)

and a†
i,σ denotes the creation operator of an electron with spin

σ at unit cell i,

a†
i,σ = c†

i,σ for the KLM,

a†
i,σ = 1√

2
(c†

i1,σ
+ eik⊥c†

i2,σ
) for the Hubbard model (26)

for sites i1 and i2 in unit cell i.
Specifically, in the Hubbard model [11,35],

ω = εG
k‖ and ω = −εB

−k‖ for k⊥ = 0,

ω = εF
k‖ and ω = −εA

−k‖ for k⊥ = π (27)

because |Gσ 〉, |Bσ 〉, and |GS〉2Nu have k⊥ = 0; |Fσ 〉 and |Aσ 〉
have k⊥ = π [Table I; Eqs. (10) and (14)]. In the KLM
[12,33],

ω = εP
k‖ and ω = −εR

−k‖ . (28)

These modes [Eqs. (27) and (28); solid brown curves in
Figs. 1(d-1)–1(f-1), 2(d-1)–2(f-1), 3(c-1), and 3(d-1)] explain
the dominant modes shown in Figs. 1(a-1)–1(c-1), 2(a-1)–2(c-
1), 3(a-1), and 3(b-1).

2. Electronic continua

The two-particle excited state defined as

|XY (k‖; p‖)〉 = 1√
Nu(Nu − 1)

×
∑
i �= j

ei(k‖−p‖ )·ri eip‖·r j |X 〉i|Y 〉 j

∏
l ( �=i, j)

|G〉l

(29)

can also appear in the electronic spectrum, provided that

〈XY (k‖; p‖)|a†
k‖,σ |GS〉2Nu �= 0,

〈XY (−k‖; −p‖)|ak‖,σ |GS〉2Nu �= 0. (30)

035123-6



EMERGENCE AND EVOLUTION OF ELECTRONIC MODES … PHYSICAL REVIEW B 110, 035123 (2024)

FIG. 4. Spin excitation of the ladder Hubbard model for t/t⊥ = 0.4 and U/t⊥ = 3 [(a-1), (a-2)], the bilayer Hubbard model for t/t⊥ = 0.3
and U/t⊥ = 3 [(b-1), (b-2)], the 1D Kondo lattice model for t/JK = 0.2 [(c-1), (c-2)], and the 2D Kondo lattice model for t/JK = 0.15 [(d-1),
(d-2)] at T = 0 and δ = 0. (a-1) SHub(k‖, ω)t⊥/3, (c-1) SKLM(k, ω)JK/3 obtained using the non-Abelian DDMRG method. Gaussian broadening
is used with a standard deviation of 0.05t⊥ [(a-1)] and 0.02JK [(c-1)]. (b-1), (d-1) The lowest spin-excitation energy at each momentum k‖ (for
k⊥ = π in the bilayer Hubbard model) obtained using the Lanczos method on lattices of

√
10 × √

10 unit cells (purple squares) [(d-1)], 3 × 3
unit cells (magenta circles) [(d-1)], and

√
8 × √

8 unit cells (red diamonds) [(b-1), (d-1)]. The sold brown curves indicate the least-squares
fitting in the form of ω = Jdγk‖ + �E using the exact-diagonalization data [(b-1), (d-1)]. (a-2)–(d-2) Dispersion relations obtained using the

effective theory for weak inter-unit-cell hopping. The solid blue curves represent ω = espin
k‖ [(a-2)–(d-2)]. The light-yellow regions indicate

particle-hole continua: ω = εF
k‖−p‖ + εB

p‖ [(a-2), (b-2)] and ω = εP
k−p + εR

p [(c-2), (d-2)]. The solid green lines indicate ω = 0.

In the ladder and bilayer Hubbard models, |Fσ ′Tζ (k‖; p‖)〉
and |Bσ̄ ′T−ζ (−k‖; −p‖)〉, where Sz of σ is equal to that of σ ′
plus ζ , can satisfy the condition [Eq. (30)] and form continua
[11],

ω ≈ εF
k‖−p‖ + espin

p‖ for k⊥ = 0,

ω ≈ −εB
−k‖+p‖

− espin
−p‖ for k⊥ = π, (31)

respectively [light-yellow regions in Figs. 1(d-1)–1(f-1) and
2(d-1)–2(f-1)]. The corresponding continua can be seen in the
electronic spectra in Figs. 1(a-1)–1(c-1) and 2(a-1)–2(c-1).

Similarly, in the 1D and 2D KLMs, |Pσ ′Tζ (k‖; p‖)〉 and
|Rσ̄ ′T−ζ (−k‖; −p‖)〉, where Sz of σ is equal to that of
σ ′ plus ζ , can satisfy the condition [Eq. (30)] and form
continua,

ω ≈ εP
k‖−p‖

+ espin
p‖

,

ω ≈ −εR
−k‖+p‖

− espin
−p‖ , (32)

respectively [light-yellow regions in Figs. 3(c-1) and 3(d-1)].
The corresponding continua can be seen in the electronic
spectra in Figs. 3(a-1) and 3(b-1).

3. Spin mode and particle-hole continuum

The dispersion relation of the spin mode is expressed as

ω = espin
k‖ (33)

[Eq. (15)] [11,12,33], which explains the numerical re-
sults reasonably well [Figs. 4(a-1)–4(d-1) and 4(a-2)–4(d-2)].
The particle-hole continuum of |Fσ Bσ (k‖; p‖)〉 and 1√

2

∑
σ

|Fσ Bσ̄ (k‖; p‖)〉 in the ladder and bilayer Hubbard models and
that of |Pσ Rσ (k‖; p‖)〉 and 1√

2

∑
σ |Pσ Rσ̄ (k‖; p‖)〉 in the 1D

and 2D KLMs [12],

ω ≈ εF
k‖−p‖ + εB

p‖ ,

ω ≈ εP
k‖−p‖

+ εR
p‖

, (34)

respectively [light-yellow regions in Figs. 4(a-2)–4(d-2)], ap-
pear above the spin modes [Figs. 4(a-1) and 4(c-1)].

D. Doping-induced states at zero temperature

1. Hole-doping-induced states

The one-hole-doped ground state, which is the lowest-
energy state in the subspace of Ne = 2Nu − 1, is |Rσ (−k−

‖F)〉
with k−

‖F = π for t > 0 [Eqs. (18), (19), and (20)] [11,12],
where |Rσ 〉 represents the Ne = 1 low-energy state in
a unit cell: |Bσ 〉 for the Hubbard model and |Rσ 〉 for
the KLM (Tables I, II, and III). Here, k−

‖F denotes the
Fermi momentum in the small-hole-doping limit, i.e., the
momentum k‖ at the top of the lower band at zero tem-
perature. The energy of the one-hole-doped ground state is
obtained as

E2Nu−1
GS = εR−k−

‖F
+ E2Nu

GS . (35)

The chemical potential μ is adjusted such that

E2Nu−1
GS = E2Nu

GS (36)

for the one-hole-doped system at zero temperature.
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The electron-addition excited state in the one-hole-doped
system at zero temperature is obtained as

a†
k‖,σ |GS〉2Nu−1

σ ′ = 1

Nu

∑
i, j

eik‖·ri e−ik−
‖F ·r j a†

i,σ |Rσ ′ 〉 j

∏
l ( �= j)

|G〉l

(37)

= 1

Nu

∑
i �= j

eik‖·ri e−ik−
‖F ·r j a†

i,σ |G〉i|Rσ ′ 〉 j

∏
l ( �=i, j)

|G〉l

+ 1

Nu

∑
i

ei(k‖−k−
‖F )·ri a†

i,σ |Rσ ′ 〉i

∏
l ( �=i)

|G〉l ,

(38)

where |GS〉2Nu−1
σ ′ represents the one-hole-doped ground state

with spin σ ′.
The energy of the first term of Eq. (38) is approximately

εÃk‖ + εR−k−
‖F

+ E2Nu
GS , where |Ãσ 〉 represents the Ne = 3 states

in a unit cell (Table III). Because E2Nu−1
GS = εR−k−

‖F
+ E2Nu

GS

[Eq. (35)], the states of the first term of Eq. (38) appear in
the electron-addition spectrum of the one-hole-doped system,
exhibiting the dispersion relations of ω ≈ εÃk‖ , which are basi-
cally the same as those at half filling [Eqs. (27) and (28)].

When k‖ = k−
‖F and σ ′ = σ̄ , the second term of Eq. (38)

includes the component of |GS〉2Nu [Eq. (10); i〈G|a†
i,σ |Rσ̄ 〉i �=

0 (for k⊥ = 0 in the Hubbard model) (Tables I, II, and III)]
with energy E2Nu

GS (= E2Nu−1
GS ) [Eq. (36)], which corresponds to

the top of the lower band.
The second term of Eq. (38) also includes the component

of |T (k‖ − k−
‖F)〉 [Eq. (14); i〈T |a†

i,σ |Rσ ′ 〉i �= 0 (for k⊥ = π

in the Hubbard model) (Tables I, II, and III)] with energy
espin

k‖−k−
‖F

+ E2Nu
GS . This component appears in the electron-

addition spectrum (for k⊥ = π in the Hubbard model) in the
one-hole-doped system [10–12] along

ω = espin
k‖−k−

‖F
+ E2Nu

GS − E2Nu−1
GS

Eq.(36)= espin
k‖−k−

‖F
. (39)

Thus, the electronic mode emerges along ω = espin
k‖−k−

‖F
in

the one-hole-doped system, as indicated by the solid red
curves in Figs. 1(d-2), 1(f-2), 2(d-2), 2(f-2), 3(c-2), and
3(d-2) [Figs. 1(a-2), 1(c-2), 2(a-2), 2(c-2), 3(a-2), and 3(b-
2)]. In general, by doping Mott and Kondo insulators, spin
excited states emerge in the electronic spectrum, exhibit-
ing the magnetic dispersion relation shifted by the Fermi
momentum [2–12].

Because the component of |T (k‖ − k−
‖F)〉 in the second

term of Eq. (38) is 1√
Nu

|T (k‖ − k−
‖F)〉WT R, where WT R =

i〈T |a†
i,σ |Rσ ′ 〉i = O(1), the spectral weight is O( 1

Nu
) in the

one-hole-doped system. In the Nh-hole-doped system where
Nh unit cells are |Rσ ′ 〉, the probability that an electron is added
to |Rσ ′ 〉 becomes Nh times as large as that of the one-hole-
doped system, and the spectral weight of the emergent mode
becomes O( Nh

Nu
). This implies that the spectral weight of the

doping-induced states is proportional to the doping concentra-
tion in the small-doping regime [Figs. 5(a-1)–5(d-1)] [2–14].

The dispersion relation of the doping-induced mode re-
mains almost unchanged in the small-doping regime. This can

be explained as follows: In the Nh-hole-doped system, the spin
excited states in the (Nh − 1)-hole-doped system appears as
electron-addition excited states. The ground-state momentum
in the Nh-hole-doped system always differs from that of the
(Nh − 1)-hole-doped system by the Fermi momentum. Hence,
the spin excited states of the (Nh − 1)-hole-doped system ap-
pears in the electronic spectrum of the Nh-hole-doped system
with the magnetic dispersion relation shifted by the Fermi mo-
mentum. In the small-doping regime, the Fermi momentum
and the spin-excitation dispersion relation are almost the same
as those in the small-doping limit.

In the ladder and bilayer Hubbard models, the second term
of Eq. (38) also includes the component of |D−(k‖ − k−

‖F)〉 be-

cause i〈D−|a†
i,σ |Bσ̄ 〉i �= 0 for k⊥ = π . The dispersion relation

of the corresponding doping-induced mode is obtained as

ω = eD−
k‖−k−

‖F
(40)

[dotted red curves in Figs. 1(d-2), 1(f-2), 2(d-2), and 2(f-2)].
In addition, because i〈V|ai,σ |Bσ 〉i �= 0 for k⊥ = 0, the doping-
induced mode appears for ω < 0, exhibiting

ω = −eV
−k‖−k−

‖F
(41)

[dotted magenta curves in Figs. 1(d-2), 1(e-2), 2(d-2), and 2(e-
2)]. These high-|ω| modes can be seen in the numerical results
[Figs. 1(a-2)–1(c-2) and 2(a-2)–2(c-2)]. The high-|ω| doping-
induced modes have also been shown to appear in the periodic
Anderson model [12].

2. Electron-doping-induced states

The one-electron-doped ground state, which is the lowest-
energy state in the subspace of Ne = 2Nu + 1, is |Aσ (k+

‖F)〉
with k+

‖F = 0 for t > 0 [Eqs. (18), (19), and (20)], where |Aσ 〉
represents the Ne = 3 low-energy state in a unit cell: |Fσ 〉 for
the Hubbard model and |Pσ 〉 for the KLM (Tables I, II, and
III). Here, k+

‖F denotes the Fermi momentum in the small-
electron-doping limit, i.e., the momentum k‖ at the bottom
of the upper band at zero temperature. The energy of the
one-electron-doped ground state is obtained as

E2Nu+1
GS = εAk+

‖F
+ E2Nu

GS . (42)

The chemical potential μ is adjusted such that

E2Nu+1
GS = E2Nu

GS (43)

for the one-electron-doped system at zero temperature.
The electron-removal excited state in the one-electron-

doped system at zero temperature is obtained as

ak‖,σ |GS〉2Nu+1
σ ′ = 1

Nu

∑
i, j

e−ik‖·ri eik+
‖F ·r j ai,σ |Aσ ′ 〉 j

∏
l ( �= j)

|G〉l

(44)

= 1

Nu

∑
i �= j

e−ik‖·ri eik+
‖F ·r j ai,σ |G〉i|Aσ ′ 〉 j

∏
l ( �=i, j)

|G〉l

+ 1

Nu

∑
i

ei(−k‖+k+
‖F )·ri ai,σ |Aσ ′ 〉i

∏
l ( �=i)

|G〉l ,

(45)
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FIG. 5. Doping dependence, temperature dependence, and inter-unit-cell-hopping dependence of spectral weights. (a-1)–(d-1) δ depen-
dence at T = 0, (a-2)–(d-2) T dependence at δ = 0 in the ladder Hubbard model for t/t⊥ = 0.4 and U/t⊥ = 3 [(a-1), (a-2)]; the bilayer
Hubbard model for t/t⊥ = 0.3 and U/t⊥ = 3 [(b-1), (b-2)]; the 1D KLM for t/JK = 0.2 [(c-1), (c-2)]; the 2D KLM for t/JK = 0.15 [(d-1),
(d-2)]. (a-3)–(d-3), (a-4)–(d-4) t dependence at δ = 0 in the ladder Hubbard model for U/t⊥ = 3 at T/t⊥ = 0.25 [(a-3)] and 0.4 [(a-4)]; the
bilayer Hubbard model for U/t⊥ = 3 at T/t⊥ = 0.25 [(b-3)] and 0.4 [(b-4)]; the 1D KLM at T/JK = 0.2 [(c-3)] and 0.25 [(c-4)]; the 2D KLM
at T/JK = 0.2 [(d-3)] and 0.25 [(d-4)]. In (a-1)–(a-4), (b-1)–(b-4), (c-1)–(c-4), and (d-1)–(d-4), the spectral weights of the upper dominant band
Wu (open blue squares with a dashed blue curve), the lower dominant band Wl (open orange circles with a dashed orange curve), and the in-gap
bands WinG (solid red diamonds with a solid red curve) indicated in (a-5)–(d-5) and (a-6)–(d-6) are shown. The curves are guides for eyes.
(a-5), (a-6) A(k‖, 0, ω)t⊥ + A(k‖, π, ω)t⊥ of the ladder Hubbard model for t/t⊥ = 0.4 and U/t⊥ = 3, (b-5), (b-6) Ā(k‖, 0, ω)t⊥ + Ā(k‖, π, ω)t⊥
of the bilayer Hubbard model for t/t⊥ = 0.3 and U/t⊥ = 3, (c-5), (c-6) A(k, ω)JK of the 1D KLM for t/JK = 0.2, (d-5), (d-6) Ā(k, ω)JK for
t/JK = 0.15 at δ ≈ 0.067 and T = 0 [(a-5)–(d-5)]; δ = 0 and T/t⊥ = 0.4 [(a-6), (b-6)]; δ = 0 and T/JK = 0.25 [(c-6), (d-6)]. In (a-5)–(d-5)
and (a-6)–(d-6), the upper dominant band, the in-gap bands, and the lower dominant band are indicated by Wu, WinG, and Wl, respectively.
Gaussian broadening is used with a standard deviation of 0.05t⊥ [(a-5), (a-6), (b-5), (b-6)] and 0.02JK [(c-5), (c-6), (d-5), (d-6)]. The solid
green lines indicate ω = 0.

where |GS〉2Nu+1
σ ′ represents the one-electron-doped ground

state with spin σ ′.
The states described in the first term of Eq. (45) form the

modes exhibiting essentially the same dispersion relations as
those at half filling: ω ≈ −εR̃−k‖ , because the energy is approx-

imately εR̃−k‖ + εA
k+

‖F
+ E2Nu

GS = εR̃−k‖ + E2Nu+1
GS [Eq. (42)], as in

the hole-doped case [Sec. III D 1; Eqs. (27) and (28)]. Here,
|R̃σ̄ 〉 represents the Ne = 1 states in a unit cell (Table III).

When k‖ = k+
‖F and σ ′ = σ , the second term of Eq. (45)

includes the component of |GS〉2Nu [Eq. (10); i〈G|ai,σ |Aσ 〉i �=
0 (for k⊥ = π in the Hubbard model) (Tables I, II, and III)]
with energy E2Nu

GS (= E2Nu+1
GS ) [Eq. (43)], which corresponds to

the bottom of the upper band.
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The second term of Eq. (45) also includes the component
of |T (−k‖ + k+

‖F)〉 [Eq. (14); i〈T |ai,σ |Aσ ′ 〉i �= 0 (for k⊥ = 0
in the Hubbard model) (Tables I, II, and III)] with energy
espin
−k‖+k+

‖F
+ E2Nu

GS . This component appears in the electron-

removal spectrum (for k⊥ = 0 in the Hubbard model) in the
one-electron-doped system along

ω = −espin
−k‖+k+

‖F
− E2Nu

GS + E2Nu+1
GS

Eq.(43)= −espin
−k‖+k+

‖F
. (46)

Thus, the electronic mode emerges along ω = −espin
−k‖+k+

‖F
in

the one-electron-doped system [2–12].
The high-|ω| modes also appear in the ladder and bilayer

Hubbard models, exhibiting

ω = eZ
k‖+k+

‖F
for k⊥ = π,

ω = −eD−
−k‖+k+

‖F
for k⊥ = 0, (47)

because i〈Z|a†
i,σ |Fσ̄ 〉i �= 0 for k⊥ = π and i〈D−|ai,σ |Fσ 〉i �= 0

for k⊥ = 0.
The spectral weights of the emergent modes increase in

proportion to the doping concentration |δ| with the dispersion
relations almost unchanged in the small-doping regime, as in
the hole-doped case (Sec. III D 1). The features of electron-
doped systems can also be explained based on the results for
hole-doped systems (Sec. III D 1) using the particle-hole and
gauge transformations on bipartite lattices [36,37].

E. Temperature-induced states

1. Dispersion relations of temperature-induced modes

At nonzero temperature, the thermal state [Eq. (7)] involves
all the eigenstates as follows:

|β〉l = e− βH
2 |I〉l =

∑
n

e− βEn
2 |n〉〈n|I〉l

= e− βE2Nu
GS
2

∑
n

e− β�En
2 |n〉〈n|I〉l , (48)

where �En = En − E2Nu
GS . At zero temperature, the thermal

state consists only of the ground state. At low temperatures,
low-energy excited states (β�En � 1) can also significantly
contribute to the thermal state. If β(E2Nu±1

GS − E2Nu
GS ) � 1,

the one-hole-doped ground state |GS〉2Nu−1
σ and one-electron-

doped ground state |GS〉2Nu+1
σ can significantly contribute to

the thermal state. In this case, electronic states emerge along

ω = espin
k‖−k−

‖F
+ μ−, (49)

ω = −espin
−k‖+k+

‖F
+ μ+ (50)

(for k⊥ = π and 0, respectively, in the Hubbard model). Here,

μ− = E2Nu
GS − E2Nu−1

GS , (51)

μ+ = E2Nu+1
GS − E2Nu

GS , (52)

which correspond to the ω values at the top of the lower
band and bottom of the upper band in the zero-temperature
electronic spectrum, respectively [1]. When the Fermi level is
located at the top of the lower band and bottom of the upper

band, μ− = 0 and μ+ = 0, which correspond to infinitesimal
hole-doping and electron-doping, respectively (Secs. III D 1
and III D 2).

This characteristic [Eqs. (49) and (50)] can be explained
as follows [1]: By adding an electron with a momentum of
k‖ to the one-hole-doped ground state |GS〉2Nu−1

σ ′ having a
momentum of −k−

‖F involved in the thermal state, the obtained
state has Ne = 2Nu, a momentum of k‖ − k−

‖F, and a spin of
S = 0 or 1. The S = 1 state can overlap with the spin excited
state at half filling |T (k‖ − k−

‖F)〉, as described in Sec. III D 1
[the second term of Eq. (38)]. In the electronic spectrum,
the dispersion relation of the emergent mode is obtained as
Eq. (49), by putting Em = espin

k‖−k−
‖F

+ E2Nu
GS and En = E2Nu−1

GS in

Eq. (4) [Eq. (51)].
Similarly, by removing an electron with a momentum of k‖

from the one-electron-doped ground state |GS〉2Nu+1
σ ′ having a

momentum of k+
‖F involved in the thermal state, the obtained

state has Ne = 2Nu, a momentum of −k‖ + k+
‖F, and a spin of

S = 0 or 1. The S = 1 state can overlap with the spin excited
state at half filling |T (−k‖ + k+

‖F)〉, as described in Sec. III D 2
[the second term of Eq. (45)]. In the electronic spectrum,
the dispersion relation of the emergent mode is obtained as
Eq. (50), by putting Em = E2Nu+1

GS and En = espin
−k‖+k+

‖F
+ E2Nu

GS

in Eq. (4) [Eq. (52)].
In the case of βespin

k‖ � 1, the spin excited states can signifi-
cantly contribute to the thermal state [1]. According to Eq. (4),
electronic excitations from the spin excited states to the doped
ground states, which correspond to the inverse processes of
the above-described excitations [1], form electronic modes
exhibiting the same dispersion relations as Eqs. (49) and (50),
by putting |m〉 = |T (k‖ − k−

‖F)〉 and |n〉 = |GS〉2Nu−1
σ ′ ; |m〉 =

|GS〉2Nu+1
σ ′ and |n〉 = |T (−k‖ + k+

‖F)〉 [1].
Thus, the temperature-induced in-gap modes exhibit essen-

tially the same dispersion relations from the band edges as the
hole- and electron-doping-induced in-gap modes [Eqs. (39),
(46), (49), and (50)] [1], as indicated by the solid red and
magenta curves in Figs. 1(d-3)–1(f-3), 2(d-3)–2(f-3), 3(c-3),
and 3(d-3), which explain the numerical results shown in
Figs. 1(a-3)–1(c-3), 2(a-3)–2(c-3), 3(a-3), and 3(b-3).

2. Remarks on the spectral weight of temperature-induced states

One of the reasons why the spectral weights of the emer-
gent modes increase with temperature is explained as follows
[1]: When the temperature is comparable to the excitation
energies (βespin

k‖ , βεR,A
k‖ � 1), the spin and electronic excited

states can have considerable Boltzmann weights and be sig-

nificantly involved in the thermal state as e− βE2Nu
GS
2 e−

βe
spin
k‖
2 |T (k‖ )〉,

e− βE2Nu
GS
2 e−

βεRk‖
2 |R(k‖ )〉, and e− βE2Nu

GS
2 e−

βεAk‖
2 |A(k‖ )〉 [Eq. (48)]. If the

doped-ground-state components or spin-excited-state compo-
nents are nonzero, electronic modes should emerge, exhibit-
ing the dispersion relations shown in Eqs. (49) and (50)
(Sec. III E 1). The spectral weights of the emergent modes
become larger as the components of the doped ground states
or spin-excited states increase in the thermal state.

However, the spectral weight of the temperature-induced
electronic state owing to the spin excited state |T (k‖ − k−

‖F)〉
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or |T (−k‖ + k+
‖F)〉 is O( 1

Nu
), as in the case of the one-hole-

doping- or one-electron-doping-induced state (Sec. III D).
According to the estimation of the spectral weight described
in Sec. III D 1, a macroscopic number [O(Nu)] of holes,
electrons, or spins should be excited to make the spectral
weight comparable to those of zero-temperature bands; ener-
gies of such excited states are macroscopically higher than the
ground-state energy E2Nu

GS [excitation energies from |GS〉2Nu

are O(Nuε
R,A
k‖ ) or O(Nuespin

k‖ )]. One might consider that the
temperature comparable to the macroscopic excitation ener-
gies [T � O(Nuε

R,A
k‖ ) or O(Nuespin

k‖ )] would be required rather

than T � εR,A
k‖ or espin

k‖ .
Nevertheless, the spectral weights of the emergent modes

can become comparable to those of zero-temperature bands
with temperature T � εR,A

k‖ or espin
k‖ , as shown in the numer-

ical calculations [1]. In the following sections, the reason is
explained from the viewpoint of decoupled unit cells (t = 0).

F. Temperature effects on decoupled unit cells

1. Selection rules and energies of electronic excitations

To estimate the temperature scale for the robust emergent
electronic modes, we first consider the t = 0 case, where the
system is decoupled into unit cells. Because the unit cells
are independent of each other, the spectral function can be
calculated only by considering a single unit cell. The partition
function of Nu unit cells is simply �

Nu
1 , where �1 denotes the

partition function of a unit cell.
The spectral function [Eq. (4)] can be expressed as

A(k, ω) =
∑
n,m

Wmnδ(ω − Em + En) (53)

using the spectral weight between states |m〉 and |n〉 in a unit
cell defined as

Wmn = 1

2�1

∑
σ

(e−βEm + e−βEn )|〈m|a†
σ |n〉|2, (54)

where En denotes the energy of |n〉 in a unit cell (Tables I and
II), and a†

σ denotes the creation operator of an electron with
spin σ in a unit cell [Eq. (26)]. Noted that Wmn can be nonzero
only when Ne and Sz of |m〉 are larger than those of |n〉 by
1 and sz, respectively. This is the selection rule of electronic
excitations in a unit cell. Hereafter, the following shorthand
notations are used:

WXY =
∑

σ

WXσY , WY X =
∑

σ

WY Xσ
,

WTX =
∑
σ,γ

WTγ Xσ
, WXT =

∑
σ,γ

WXσ Tγ , (55)

where γ = 1, 0, and −1; X = A, B, F, G, P, and R; Y =
ψ+, ψ−, D−, Z, V, and S.

Of note, the spectral function A(k, ω) does not depend
on momentum k‖ at t = 0: the dispersion relations are flat
as a function of momentum k‖ [Figs. 6(a-3)–6(f-3) and
7(a-3)–7(f-3)].

At zero temperature, A(k, ω) is nonzero at ω = −ER̃ + EG
and ω = EÃ − EG [Wψ−A, Wψ−B, WFψ− , WGψ− �= 0 in the
Hubbard model; WSR, WPS �= 0 in the KLM (Tables I, II, and

III)]. In the Hubbard model, the excited states |Bσ 〉 and |Fσ 〉
have significant spectral weights for ω < 0 at k⊥ = 0 and for
ω > 0 at k⊥ = π , respectively [Figs. 6(a-3) and 6(d-3)]. In
the KLM, |Rσ 〉 and |Pσ 〉 have spectral weights for ω < 0 and
ω > 0, respectively [Figs. 7(a-3) and 7(d-3)].

At nonzero temperature, spectral weights emerge at

ω = ET − ER = espin
k‖−k−

‖F
+ μ−,

ω = −ET + EA = −espin
−k‖+k+

‖F
+ μ+ (56)

(for k⊥ = π and 0, respectively, in the Hubbard model),
where μ− = EG − ER, μ+ = EA − EG , and espin

k‖ = ET − EG

[Eqs. (15), (51), and (52) for t = 0]; espin
k‖ does not depend

on momentum k‖ at t = 0. These are the temperature-induced
modes within the band gap [Figs. 6(b-3), 6(e-3), 7(b-3), and
7(e-3)]. As the temperature increases, the spectral weights
of the emergent modes increase [Figs. 6(c-3), 6(f-3), 7(c-3),
and 7(f-3); Figs. 8(d) and 8(e)] and become comparable to
those of zero-temperature bands with temperature T � espin

k‖

or εR,A
k‖ .

In the Hubbard model, the high-|ω| modes are also induced
and grow with temperature at

ω = EG − ET for ω > 0 at k⊥ = π,

ω = ET − EA for ω < 0 at k⊥ = 0 (57)

[Figs. 6(b-3), 6(c-3), 6(e-3), and 6(f-3)].
The spectral weights of the emergent modes at t = 0 are

determined by the Boltzmann weights and matrix elements of
the states in a unit cell [Eq. (54)], where the norms of the
matrix elements are O(1) independent of temperature. The
spectral weight of the electronic excitation between |T 〉 and
|R〉 or |A〉 can be substantial in each unit cell if the Boltzmann
weights are comparable to that of the ground state |G〉 in a
unit cell (βespin

k‖ , βεR,A
k‖ � 1). Because the spectral weights of

the flat modes at each momentum k‖ are the same as those
in a unit cell for t = 0 [Eqs. (53) and (54)], the spectral
weights of the emergent modes can be comparable to those
of zero-temperature bands at temperature T � espin

k‖ or εR,A
k‖ .

Notably, these results are exact even in the bulk limit
(Nu → ∞); the temperature required to make the spectral
weight of the temperature-induced states considerable is not
the excitation energy from the ground state |GS〉2Nu but
the spin or electronic excitation energies in a unit cell. At
the temperature where the temperature-induced states have
considerable spectral weights, the thermal state involves a
macroscopic number of excited unit cells (Sec. III D 1), and
the excitation energies in a unit cell (espin

k‖ and εR,A
k‖ ) are

nonzero. Hence, the excitation energy of the thermal state
from the ground state |GS〉2Nu is macroscopic: O(Nuespin

k‖ )

or O(Nuε
R,A
k‖ ) (Sec. III E 2). Nevertheless, the temperature

required to make the spectral weight of temperature-induced
states considerable is O(espin

k‖ ) or O(εR,A
k‖ ). This is because

temperature is an intensive thermodynamic quantity that acts
on all the unit cells simultaneously.
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FIG. 6. Deformation of the band structure with inter-unit-cell hopping t in the ladder and bilayer Hubbard models for U/t⊥ = 3. (a-1)–
(a-3), (b-1)–(b-3), (c-1)–(c-3) A(k‖, 0, ω)t⊥ + A(k‖, π, ω)t⊥ of the ladder Hubbard model; (d-1)–(d-3), (e-1)–(e-3), (f-1)–(f-3) Ā(k‖, 0, ω)t⊥ +
Ā(k‖, π, ω)t⊥ of the bilayer Hubbard model at T/t⊥ = 0 [(a-1)–(a-3), (d-1)–(d-3)], 0.25 [(b-1)–(b-3), (e-1)–(e-3)], and 0.4 [(c-1)–(c-3), (f-1)–
(f-3)] for t/t⊥ = 0.3 [(a-1)–(c-1)], 0.2 [(a-2)–(c-2), (d-1)–(f-1)], 0.1 [(d-2)–(f-2)], and 0 [(a-3)–(f-3)] obtained using the non-Abelian DDMRG
method [(a-1), (a-2)] and CPT [(b-1)–(f-1), (b-2)–(f-2)]. Gaussian broadening with a standard deviation of 0.05t⊥ is used. The solid green lines
indicate ω = 0. On the right side of (a-3)–(c-3), X -Y indicates the mode with ω = EX − EY for X,Y = ψ−, A, B, F, G, and T.

2. Effective clusters undisturbed by temperature

Because the spectral weights of emergent modes are
basically proportional to the density of excited unit cells
(Sec. III D 1), we consider the temperature dependence of the
density of excited unit cells at t = 0. The probability of state
|n〉 with energy En in a unit cell is obtained as

Pn = e−βEn

�1
, (58)

where �1 denotes the partition function in a unit cell: �1 =∑
m e−βEm . At zero temperature, all the unit cells are in the

ground state |G〉 (PG = 1, Pn �=G = 0); the ground state of Nu

unit cells is |GS〉2Nu [Eq. (10)] at half filling. The probability
that m unit cells around a unit cell remain in the ground state
is expressed as

(PG )m = e
− m

Neff
T , where Neff

T = − 1

ln PG
. (59)

This implies that the unit cells within an effective cluster
of size Neff

T basically remain in the ground state. Thus, the
system can be regarded as an ensemble of effective clusters
undisturbed by temperature, whose typical size is Neff

T , and ex-
cited unit cells with density ρex = 1 − PG [Fig. 8(f)]. Because
excited unit cells typically appear in every Neff

T unit cells, the
number of excited unit cells can be estimated as Nu

Neff
T

in the

Nu-unit-cell system in the low-temperature regime. In fact,

1

Neff
T

Eq. (59)= − ln PG = − ln(1 − ρex)
ρex�1≈ ρex. (60)

In Fig. 8, the probability of the ground state in a unit
cell PG [Fig. 8(a)], the typical size of an undisturbed clus-
ter Neff

T [Fig. 8(b)], and the density of excited unit cells
ρex(≈ 1

Neff
T

for ρex � 1) [Fig. 8(c)] as a function of tem-
perature are shown for the U/t⊥ = 3 Hubbard model and
the KLM.

In the low-temperature regime of T � �, where � de-
notes the lowest excitation energy in a unit cell (� = t⊥
for the U/t⊥ = 3 Hubbard model; � = 3

4 JK for the KLM
at μ = 0), almost all the unit cells are in the ground state:
PG ≈ 1 [Fig. 8(a)]. The typical size of an undisturbed cluster
Neff

T is very large (Neff
T � 1) [Fig. 8(b)], and the den-

sity of excited unit cells ρex is very small (ρex ≈ 1
Neff

T
≈ 0)

[Fig. 8(c)]. This implies that stable states at temperatures T �
� are almost the ground state; there are almost no excited
unit cells.

As the temperature increases above T ≈ 0.2�, the proba-
bility of the ground-state unit cell PG decreases substantially
[Fig. 8(a)]. The typical size of an undisturbed cluster Neff

T
quickly decreases and becomes as large as several unit
cells [Fig. 8(b)], which partly justifies numerical calcula-

035123-12



EMERGENCE AND EVOLUTION OF ELECTRONIC MODES … PHYSICAL REVIEW B 110, 035123 (2024)

FIG. 7. Deformation of the band structure with inter-unit-cell hopping t in the 1D and 2D KLMs. (a-1)–(a-3), (b-1)–(b-3), (c-1)–(c-3)
A(k, ω)JK of the 1D KLM; (d-1)–(d-3), (e-1)–(e-3), (f-1)–(f-3) Ā(k, ω)JK of the 2D KLM at T/JK = 0 [(a-1)–(a-3), (d-1)–(d-3)], 0.2 [(b-
1)–(b-3), (e-1)–(e-3)], and 0.25 [(c-1)–(c-3), (f-1)–(f-3)] for t/JK = 0.15 [(a-1)–(c-1)], 0.1 [(a-2)–(c-2), (d-1)–(f-1)], 0.05 [(d-2)–(f-2)], and
0 [(a-3)–(f-3)] obtained using the non-Abelian DDMRG method [(a-1), (a-2)] and CPT [(b-1)–(f-1), (b-2)–(f-2)]. Gaussian broadening with
a standard deviation of 0.02JK is used. The solid green lines indicate ω = 0. On the right side of (a-3)–(c-3), X -Y indicates the mode with
ω = EX − EY for X,Y = S, P, R, and T.

tions in small-size clusters to investigate spectral features
at temperatures comparable to typical excitation energies,
and the density of excited unit cells ρex becomes consider-
able [Fig. 8(c)]. The spectral weights of the emergent states
also start to increase substantially at T ≈ 0.2� [Figs. 8(d)
and 8(e)].

G. Interpretation of temperature-induced states
based on undisturbed clusters

When the spectral weights of temperature-induced modes
become comparable to those of zero-temperature bands,
the number of excited unit cells are macroscopic: O(Nu)
(Sec. III D 1). One might consider that the states relevant

FIG. 8. Temperature effects on unit cells. (a) Probability of the ground state PG (= the density of ground-state unit cells in a system of
decoupled unit cells), (b) typical size of an effective cluster undisturbed by temperature N eff

T , (c) density of excited unit cells ρex for the
U/t⊥ = 3 Hubbard model as a function of T/t⊥ (solid red curve) and the KLM as a function of T/JK (dotted blue curve). In (c), 1/N eff

T is
shown for the U/t⊥ = 3 Hubbard model (dashed magenta curve) and the KLM (dashed cyan curve). (d) Spectral weight of the dimer Hubbard
model for U/t⊥ = 3 in the lower dominant band Wl (= Wψ−B + WGψ+ ) and the upper dominant band Wu(= WFψ− + Wψ+A ) (solid blue curve)
and that in the in-gap bands WinG(= WTB + WFT + WGD− + WD−A + WAV + WZG ) (solid red curve). The dominant parts of the lower and upper
dominant bands are Wψ−B and WFψ− , respectively (dotted cyan curve), and those of the in-gap bands are WTB and WFT (dotted yellow curve). (e)
Spectral weight of the single-site KLM in the lower band Wl (= WSR ) and the upper band Wu(= WPS) (solid blue curve) and that in the in-gap
bands WinG(= WTR + WPT ) (solid red curve). (f) Image of a typical configuration in a system of decoupled unit cells; the system consists of
effective clusters undisturbed by temperature (regions enclosed by blue lines) and excited unit cells between them (red states).
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to temperature-induced electronic excitations would not
be related to spin excitation at zero temperature because
their energies differ macroscopically [O(Nuρex�) at t = 0
(Sec. III F 2)].

Nevertheless, the essence of spin excitation at zero temper-
ature is relevant to the temperature-induced electronic states.
At t = 0, the spin-excitation energy in a unit cell is the
same as that of the bulk at zero temperature, espin

k‖ = ET − EG
[Eq. (15)]. Even with a small |t |, the spin-excitation energy
does not change much. In the low-temperature regime, the
spin-excitation energy in an undisturbed cluster is expected
to be essentially the same as that of the bulk at zero tem-
perature because the undisturbed cluster is defined within
which all the unit cells remain in the ground state; the
spin-excitation dispersion relation in an undisturbed cluster
remains essentially the same as that of the bulk, ω ≈ espin

k‖ .
As discussed in Sec. III E, temperature-induced states emerge
when the thermal state involves an excited particle (hole,
electron, or spin). Hence, in an undisturbed cluster with a ther-
mally excited particle, by adding and removing an electron,
temperature-induced states emerge with dispersion relations
essentially the same as those of the bulk [Sec. III E 1; Eqs. (49)
and (50)].

As for the spectral weight, the spectral weight of the
temperature-induced states in each undisturbed cluster with
a thermally excited particle is O( 1

Nu
) for a(†)

k‖,σ (Sec. III E 2).

The number of such clusters can be estimated as Nu

(Neff
T +1)

≈
Nu

Neff
T

≈ Nuρex in the low-temperature regime [Eq. (60)]. Hence,
the total spectral weight of the temperature-induced states at
momentum k‖ is O(ρex).

Thus, by regarding the spin excitation as that in an undis-
turbed cluster, the explanations for the temperature-induced
modes [Sec. III E; Eqs. (49) and (50)] [1] are basically
valid, and the physical picture should persist up to tem-
peratures comparable to the spin-excitation energies, where
the temperature-induced modes carry considerable spectral
weights. Hence, the temperature-induced modes originat-
ing from spin excitation [Sec. III E; Eqs. (49) and (50)]
[1] can gain spectral weights comparable to those of zero-
temperature bands when the temperature increases up to about
the spin-excitation energies (T � espin

k‖ ) [Figs. 5(a-2)–5(d-
2), 6(c-1)–6(c-3), 6(f-1)–6(f-3), 7(c-1)–7(c-3), 7(f-1)–7(f-3),
8(d), and 8(e)]. The above argument is generally applicable to
spin-gapped strongly correlated insulators, regardless of the
lattice structure.

H. Effects of inter-unit-cell hopping on the band structure

At t = 0, the spectral weights of temperature-induced
modes can become comparable to those of zero-temperature
bands for T � espin

k‖ or εR,A
k‖ [Sec. III F; Figs. 6(c-3), 6(f-3),

7(c-3), 7(f-3), 8(d), and 8(e)]. As |t | increases, the spectral-
weight distribution continuously changes from that of t = 0;
the temperature-induced modes gradually become dispersing
(Figs. 6 and 7). Their spectral weights do not decrease but
rather increase with |t | [Figs. 5(a-3)–5(d-3) and 5(a-4)–5(d-
4)]; the spectral weights of emergent modes are expected to
increase with |t | because |t | lowers the band bottom of the

gapped excitation, which increases the Boltzmann weight of
the band bottom, usually increasing the spectral weight of the
spin mode around the bottom.

Thus, the spectral weights of temperature-induced modes
generally remain comparable to those of zero-temperature
bands even with considerable inter-unit-cell hopping |t | for
T � espin

k‖ or εR,A
k‖ . This implies that temperature-induced

modes can generally be regarded as bands with considerable
spectral weights and change the band structure from that of
zero temperature, provided that the temperature increases up
to about the spin-excitation energies (T � espin

k‖ ).
In spin-gapped Mott and Kondo insulators, the spectral

weights of temperature-induced states increase exponentially
with temperature in the low-temperature regime [Figs. 5(a-2)–
5(d-2), 8(d), and 8(e)] [12], reflecting the gapped excitation.
This is in contrast to the doping evolution of the spectral
weight of the doping-induced states, which is proportional
to |δ| in the small-doping regime [Figs. 5(a-1)–5(d-1);
Sec. III D].

Based on the continuous change in the spectral-weight
distribution with t (Figs. 6 and 7), the in-gap modes of
the ladder and bilayer Hubbard models can be identified
as originating primarily from the excitations of |Fσ 〉 ↔
|T 〉 and |T 〉 ↔ |Bσ 〉 [Fig. 8(d)], and the high-|ω| emer-
gent modes as |Gσ 〉 ↔ |T 〉 and |T 〉 ↔ |Aσ 〉. The in-gap
modes of the 1D and 2D KLMs can be identified as origi-
nating from the excitations of |T 〉 ↔ |Rσ 〉 and |Pσ 〉 ↔ |T 〉.
Hence, the temperature-induced electronic modes can be ba-
sically understood as excitations related to the spin excited
state |T 〉.

I. Effective theory at nonzero temperature

1. Noninteracting excited-particle approximation

To discuss the dispersion relations of temperature-induced
electronic modes, we make an approximation where the ex-
cited particles in the effective theory for weak inter-unit-cell
hopping are assumed to be noninteracting. This approxi-
mation is justified in the dilute limit of excited particles
(low-temperature limit) where excited particles can essentially
move freely. In this approximation, the spectral weight is over-
estimated and the sum rule is not satisfied, but the essential
spectral features can be captured as shown below.

In the noninteracting excited-particle approximation, the
temperature-induced particles X are assumed to move freely
without recognizing the existence of other particles, where
X = Tγ , D−, V, Z, Aσ , Bσ , Fσ , and Gσ in the Hubbard model
(Table I); X = Tγ , Pσ , and Rσ in the KLM (Table II) for
γ = 1, 0,−1 and σ =↑,↓. The single-particle state of X
with momentum k‖ is expressed as Eq. (14). The partition
function can be factorized with respect to excited particles as
� = ∏

X �X , and the partition function of each particle can
further be factorized with respect to momentum k‖ as �X =∏

k‖ �Xk‖ . The numbers of bosons (Tγ , D−, V, and Z in the
Hubbard model; Tγ in the KLM) and fermions (Aσ , Bσ , Fσ ,
and Gσ in the Hubbard model; Pσ and Rσ in the KLM)
with momentum k‖ can be expressed as Bose and Fermi
distribution functions, respectively. The distribution functions
of bosons (−) and fermions (+) with momentum k‖ are
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defined as

f ±(
εX

k‖

) = 1

e
βεX

k‖ ± 1
, (61)

where εX
k‖ denotes the excitation energy from the ground

state; εX
k‖ = εX

k‖ for fermion Xσ [Eq. (18)], espin
k‖ for X = Tγ

[Eq. (15)], and eX
k‖ for X = D−, V, and Z [Eq. (22)].

Thus, the spectral functions [Eq. (4)] for the emergent
electronic states are approximated as

AX−T(k, ω) =1

2

∑
σ,p‖

[
f −(

espin
−k‖+p‖

) + f +(
εX

p‖

)]

× [|〈T−2sz
(−k‖ + p‖)|ak‖,σ |Xσ̄ (p‖)〉|2

+ |〈T0(−k‖ + p‖)|ak‖,σ |Xσ (p‖)〉|2]

× δ
(
ω + espin

−k‖+p‖
− εX

p‖

)
, (62)

AT−Y (k, ω) = 1

2

∑
σ,p‖

[
f −(

espin
k‖+p‖

) + f +(
εY

p‖

)]

× [|〈T2sz
(k‖ + p‖)|a†

k‖,σ |Yσ (p‖)〉|2

+ |〈T0(k‖ + p‖)|a†
k‖,σ |Yσ̄ (p‖)〉|2]

× δ
(
ω − espin

k‖+p‖
+ εY

p‖

)
, (63)

where k⊥ = 0 for X = F and Y = A; k⊥ = π for X = G and
Y = B in the Hubbard model, and k = k‖ for X = P and Y =
R in the KLM.

By considering the first-order correction to the single-
particle state [state without correction is the right-hand side
of Eq. (14)], the squared norms of the matrix elements in
Eqs. (62) and (63) are obtained up to O(t ) as

|〈T−2sz
(−k‖ + p‖)|ak‖,σ |Xσ̄ (p‖)〉|2

= 2|〈T0(−k‖ + p‖)|ak‖,σ |Xσ (p‖)〉|2

= 1

Nu

[
1 − 2tdv2

−ηγk‖

E− + U
2 − 2ηt⊥

− 2tdv2
η (γp‖ − γk‖ )

E− − U
2 + 2ηt⊥

]
, (64)

|〈T2sz
(k‖ + p‖)|a†

k‖,σ |Yσ (p‖)〉|2

= 2|〈T0(k‖ + p‖)|a†
k‖,σ |Yσ̄ (p‖)〉|2

= 1

Nu

[
1 + 2tdv2

−ηγk‖

E− + U
2 − 2ηt⊥

+ 2tdv2
η (γp‖ − γk‖ )

E− − U
2 + 2ηt⊥

]
(65)

in the Hubbard model, where v2
±1 = 1 ± 4t⊥√

U 2+16t2 ; η = 1 for
X = F and Y = B; η = −1 for X = G and Y = A. In the
KLM,

|〈T−2sz
(−k‖ + p‖)|ak‖,σ |Pσ̄ (p‖)〉|2

= 2|〈T0(−k‖ + p‖)|ak‖,σ |Pσ (p‖)〉|2

= 1

Nu

[
1 + 2td (2γp‖ − γk‖ )

JK

]
, (66)

|〈T2sz
(k‖ + p‖)|a†

k‖,σ |Rσ (p‖)〉|2

= 2|〈T0(k‖ + p‖)|a†
k‖,σ |Rσ̄ (p‖)〉|2

= 1

Nu

[
1 − 2td (2γp‖ − γk‖ )

JK

]
. (67)

Figure 9 shows the spectral functions obtained in this ap-
proximation for the emergent states [Eqs. (62) and (63)], the
A, B, F, and G modes in the ladder and bilayer Hubbard
models, and the P and R modes in the 1D and 2D KLMs
with corrections up to O(t ) in the squared norms of the ma-
trix elements. The spectral features at nonzero temperatures
[Figs. 1(a-3), 2(a-3), 3(a-3), and 3(b-3)] are captured reason-
ably well, although the spectral weight is overestimated in this
approximation.

2. Extraction of temperature-induced modes

Notably, the squared norm of the matrix element be-
tween |T (−k‖ + p‖)〉 and the electron-added state [|Fσ (p‖)〉
and |Gσ (p‖)〉 in the Hubbard model; |Pσ (p‖)〉 in the KLM]
becomes the largest at p‖ = 0(= k+

‖F) for t > 0 at each
k‖ [Eq. (64), where E− − U

2 ± 2t⊥ < 0 and v2
±1 > 0, and

Eq. (66); Eq. (17)], and that between |T (k‖ + p‖)〉 and the
electron-removed state [|Bσ (p‖)〉 and |Aσ (p‖)〉 in the Hub-
bard model; |Rσ (p‖)〉 in the KLM] becomes the largest at
p‖ = −π(= −k−

‖F) for t > 0 at each k‖ [Eqs. (65) and (67)].
This means that the dominant modes in the emergent elec-

tronic spectra can be identified as those excited from the band
edges: the bottom of the upper band [|Fσ (k+

‖F)〉 and |Gσ (k+
‖F)〉

in the Hubbard model; |Pσ (k+
‖F)〉 in the KLM] and the top of

the lower band [|Bσ (−k−
‖F)〉 and |Aσ (−k−

‖F)〉 in the Hubbard
model; |Rσ (−k−

‖F)〉 in the KLM].
In fact, by approximating the dominant parts of Eqs. (64)–

(67) as

|〈T−2sz
(−k‖ + p‖)|ak‖,σ |Xσ̄ (p‖)〉|2

= 2|〈T0(−k‖ + p‖)|ak‖,σ |Xσ (p‖)〉|2

≈ C+
k‖δp‖,k

+
‖F
, (68)

|〈T2sz
(k‖ + p‖)|a†

k‖,σ |Yσ (p‖)〉|2

= 2|〈T0(k‖ + p‖)|a†
k‖,σ |Yσ̄ (p‖)〉|2

≈ C−
k‖δp‖,−k−

‖F
(69)

for X = F at k⊥ = 0 and Y = B at k⊥ = π in the Hubbard
model; X = P and Y = R in the KLM and by plugging them
into Eqs. (62) and (63), the dispersion relations of the domi-
nant modes are extracted as

ω = −espin
−k‖+k+

‖F
+ εX

k+
‖F
, (70)

ω = espin
k‖−k−

‖F
− εY

−k−
‖F

(71)

(for k⊥ = 0 and π , respectively, in the Hubbard model). Equa-
tions (70) and (71) reduce to Eqs. (50) and (49), respectively,

035123-15



MASANORI KOHNO PHYSICAL REVIEW B 110, 035123 (2024)

FIG. 9. Evolution of temperature-induced electronic bands obtained using the effective theory for weak inter-unit-cell hopping with
noninteracting excited-particle approximation. (a-1)–(a-3) A(k‖, 0, ω)t⊥ + A(k‖, π, ω)t⊥ of the ladder Hubbard model for t/t⊥ = 0.4 and
U/t⊥ = 3 at T/t⊥ = 0.25 [(a-1)], 0.2 [(a-2)], and 0 [(a-3)]. (b-1)–(b-3) A(k‖, 0, ω)t⊥ + A(k‖, π, ω)t⊥ of the bilayer Hubbard model for
t/t⊥ = 0.3 and U/t⊥ = 3 at T/t⊥ = 0.25 [(b-1)], 0.2 [(b-2)], and 0 [(b-3)]. (c-1)–(c-3) A(k, ω)JK of the 1D KLM for t/JK = 0.2 at T/JK = 0.2
[(c-1)], 0.16 [(c-2)], and 0 [(c-3)]. (d-1)–(d-3) A(k, ω)JK of the 2D KLM for t/JK = 0.15 at T/JK = 0.2 [(d-1)], 0.16 [(d-2)], and 0 [(d-3)].
Gaussian broadening is used with a standard deviation of 0.05t⊥ [(a-1)–(a-3), (b-1)–(b-3)] and 0.02JK [(c-1)–(c-3), (d-1)–(d-3)]. The solid
green lines indicate ω = 0.

because

εX
k+

‖F

Eq.(42)= E2Nu+1
GS − E2Nu

GS
Eq.(52)= μ+,

εY
−k−

‖F

Eq.(35)= E2Nu−1
GS − E2Nu

GS
Eq.(51)= −μ−. (72)

Thus, the dominant electronic modes induced by tempera-
ture can be identified as originating from the spin-excitation
mode, which exhibit the spin-mode dispersion relations
shifted by the Fermi momenta (k±

‖F) from the band edges (μ±)
[Eqs. (49) and (50)] [1]. This feature is generally expected in
Mott and Kondo insulators [1].

In the ladder and bilayer Hubbard models, electronic
modes are induced by temperature not only within the band
gap but also in the high-|ω| regimes. The dispersion rela-
tions are given by Eq. (70) with X = G at k⊥ = π for ω > 0
[dashed red curves in Figs. 1(d-3), 1(f-3), 2(d-3), and 2(f-
3); Figs. 1(a-3), 1(c-3), 2(a-3), and 2(c-3)] and by Eq. (71)
with Y = A at k⊥ = 0 for ω < 0 [dashed magenta curves in
Figs. 1(d-3), 1(e-3), 2(d-3), and 2(e-3); Figs. 1(a-3), 1(b-3),
2(a-3), and 2(b-3)],

ω = −espin
−k‖+k+

‖F
+ εG

k+
‖F

for k⊥ = π,

ω = espin
k‖−k−

‖F
− εA

−k−
‖F

for k⊥ = 0.
(73)

Note that the dispersion relations of the temperature-induced
high-|ω| modes differ from those of the doping-induced high-
|ω| modes [Eqs. (40), (41), and (47)].

The spectral weights of temperature-induced states
[Eqs. (62) and (63)] increase with temperature because
the values of distribution functions of the excited particles
[Eq. (61)] increase with temperature in the noninteracting
excited-particle approximation (Fig. 9). The temperature re-

quired to make the spectral weights of temperature-induced
states considerable is of the order of the excitation energies
O(εX

k‖ ) rather than O(Nuε
X
k‖ ). This is because temperature is an

intensive thermodynamic quantity that acts on all the excited
particles for all the momenta simultaneously.

J. Spin-charge separation of strongly correlated insulators

The spin and charge dynamical structure factors generally
differ from each other in interacting-electron systems in any
spatial dimension, and the spin and charge degrees of freedom
are generally coupled with each other in the energy regime
away from the low excitation-energy limit in interacting met-
als in any spatial dimension.

Spin-charge separation means that the lowest spin-
excitation energy differs from the lowest charge-excitation
energy. In an interacting metal on a chain, it is known that the
spin and charge velocities, i.e., the lowest spin- and charge-
excitation energies of O( 1

L ), are generally different, where L
denotes the number of sites on a chain [37–42]. This is the
spin-charge separation usually considered as a characteristic
of 1D interacting metals, which is contrasted with a Fermi liq-
uid where spin and charge excitations are obtained as particle-
hole excitations of electronic quasiparticles [43]; hence, the
lowest spin- and charge-excitation energies are the same.

In strongly correlated insulators such as Mott and Kondo
insulators, spin-charge separation generally occurs in any spa-
tial dimension. For example, in the large-U/t Hubbard model,
the energy of spin excitation described by the Heisenberg
model is O(J = 4t2

U ), which is much smaller than the lowest
charge-excitation energy of O(U ) [32,36,37,44]; the lowest
spin- and charge-excitation energies are different. Specifi-
cally, as shown in Figs. 10(a-1)–10(a-3), the spin excitation
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FIG. 10. Spin-charge separation of a Mott insulator [(a-1)–(a-3)] and non-spin-charge separation of a band insulator [(b-1)–(b-3)]. (a-
1) A(k‖, 0, ω)t⊥ + A(k‖, π, ω)t⊥, (a-2) SHub(k‖, ω)t⊥/3, (a-3) NHub(k‖, ω)t⊥/4 of the ladder Hubbard model at half filling for U/t⊥ = 3 and
t/t⊥ = 0.4 obtained using the non-Abelian DDMRG method. (b-1) A(k‖, 0, ω)t⊥ + A(k‖, π, ω)t⊥, (b-2) SHub(k‖, ω)t⊥/3, (b-3) NHub(k‖, ω)t⊥/4
of the ladder Hubbard model at half filling for U = 0 and t/t⊥ = 0.2. The chemical potential μ is adjusted such that the Fermi level is located
at the top of the lower band. Gaussian broadening is used with a standard deviation of 0.05t⊥ [(a-1)–(a-3)] and 0.02t⊥ [(b-1)–(b-3)]. The solid
green lines indicate ω = 0. The dotted green lines indicate the bottom of the upper band.

exists in the energy regime within the band gap,

0 < espin
k‖ < μ+ − μ−. (74)

The charge-excitation mode appears above the continuum
[Fig. 10(a-3)], which corresponds to the D− mode exhibiting
ω = eD−

k‖ [Eq. (22)].
By contrast, in a band insulator described as noninter-

acting electrons on a lattice, spin-charge separation does
not occur in any spatial dimension; both the lowest spin-
and charge-excitation energies are equal to the band gap
[Figs. 10(b-1)–10(b-3)]. In fact, the lowest-energy spin ex-
cited state where the z component of spin is raised by one
is obtained by removing a down-spin electron from the top of
the filled lower band (c↓,k−

F
) and adding an up-spin electron

to the bottom of the empty upper band (c†
↑,k+

F
). This excita-

tion energy is equal to the band gap. Similarly, the lowest
charge-excitation energy is also equal to the band gap. Hence,
spin-charge separation does not occur in a band insulator. This
is because the lowest-energy spin and charge excitations are
constructed as particle-hole excitations of electrons in a band
insulator, as in a Fermi liquid. Similarly, in the mean-field
theory and density-functional theory where the Hamiltonian
is expressed as noninteracting electronic quasiparticles in ef-
fective potential, spin-charge separation does not occur. To
explain the emergent electronic modes reflecting the spin
excitation beyond the mean-field theory, spin fluctuation cor-
responding to the spin excitation should be considered in the
electronic self-energy, as shown in Ref. [8].

The emergence of electronic modes exhibiting momentum-
shifted magnetic dispersion relations from the band edges
within the band gap by temperature and doping discussed in
this paper as well as in Refs. [1–12,45,46] reflects spin-charge
separation of Mott and Kondo insulators, i.e., the existence
of spin excited states whose excitation energies are lower than
the charge gap (band gap), regardless of the spatial dimension.

K. Implications

In this paper, the spectral features of spin-gapped Mott
and Kondo insulators were explained from the viewpoint of
weak inter-unit-cell hopping. As |t | increases, details of the
dispersion relations and spectral-weight distributions might be
substantially affected by higher-order corrections of the per-

turbation theory. Nevertheless, the essential features presented
in this paper should be valid as long as the spin gap opens.
Even if spin excitation is gapless, electronic modes exhibiting
momentum-shifted magnetic dispersion relations should
emerge from the band edges and evolve with temperature
and doping, according to the quantum-number analyses and
numerical calculations [1–9]; this reflects spin-charge sepa-
ration of strongly correlated insulators (Sec. III J; Fig. 10).
Furthermore, for gapless spin excitation, the spectral weights
of temperature-induced electronic modes should increase
more rapidly with temperature than the spin-gapped case.

Thus, the temperature-induced electronic modes essen-
tially exhibiting momentum-shifted magnetic dispersion re-
lations from the band edges should be observed in various
models and materials of strongly correlated insulators, regard-
less of the spatial dimension, quasiparticle picture (with or
without quasiparticle weight at the Fermi momentum in a
doped system), or the presence or absence of a spin gap or
antiferromagnetic order [1–12], provided that the temperature
increases up to about spin-excitation energies.

Although various interpretations on electronic states
in strongly correlated systems have been considered
[1–22,31,33,34,37–43,45–56], the view presented in this pa-
per and Refs. [1–12,45,46] can consistently explain the
characteristic temperature- and doping-induced electronic
states around Mott and Kondo insulators quite generally and
clarify the distinction from the temperature- and doping-
independent band structure of band insulators. According to
this view, the number of electronic bands increases by temper-
ature and doping if spin excitation has an energy gap in Mott
and Kondo insulators [1,9–12]; if spin excitation is gapless,
gapless temperature- and doping-induced electronic modes
emerge from the band edges [1–9,45,46]. If the temperature-
induced modes cross the Fermi level, the band structure can
be regarded as metallic [1].

IV. SUMMARY

The origin of temperature-induced modes, their relation
to doping-induced modes, and how their spectral weights
increase with temperature were clarified from the view-
point of weakly coupled unit cells for spin-gapped Mott and
Kondo insulators. The temperature evolution of emergent
electronic states was demonstrated in the case of decoupled
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unit cells, where the spectral function can be calculated ex-
actly at any temperature. By introducing effective clusters
undisturbed by temperature, within which all the unit cells
remain in the ground state, this study explained that the
temperature-induced modes originating from spin excitation
can generally gain spectral weights comparable to those of
zero-temperature bands, provided that the temperature in-
creases up to about the spin-excitation energies. Furthermore,
by applying the effective theory for weak inter-unit-cell hop-
ping to the nonzero-temperature case with noninteracting
excited-particle approximation, the emergence and evolution
of electronic states with temperature were demonstrated, and
the dominant temperature-induced modes were shown to ex-
hibit momentum-shifted magnetic dispersion relations from
the band edges. Numerical results for the ladder and bilayer
Hubbard models and 1D and 2D KLMs were explained in
detail using the effective theory.

As shown in this paper, the temperature-induced electronic
modes originating from spin excitation can generally grow
into robust bands as the temperature increases up to about
the spin-excitation energies, even without a phase transition
or lattice distortion. In spin-gapped Mott and Kondo insula-

tors, the number of bands increases by temperature as well
as by doping, because the emergent in-gap modes can be
regarded as bands. This feature reflects spin-charge separa-
tion, i.e., the existence of spin excitation in the energy regime
lower than the charge gap, which is general and fundamen-
tal in strongly correlated insulators, regardless of the spatial
dimension.

Although the band structure of spin-gapped Mott and
Kondo insulators is sometimes difficult to distinguish from
that of band insulators, the emergence and evolution of
electronic modes exhibiting momentum-shifted magnetic dis-
persion relations from the band edges can be observed by
increasing the temperature without the need for doping, which
can be used as a principle of band-gap engineering in strong-
correlation electronics.
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