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A B S T R A C T

A thorough understanding and control of the microstructural evolution during sintering is essential for improving
the properties of various sintered materials. In this study, a new multi-phase-field (MPF) model of sintering that
applies to both solid-state sintering (SSS) and liquid-phase sintering (LPS) in multiphase and multicomponent
systems was developed. The MPF model incorporates the advection term to account for the rigid-body motion
(RBM) of the sintered particles. Moreover, the MPF model provides thermodynamically reasonable results of
phase transformation and solute diffusion when coupled with a thermodynamic database. The effect of incor-
porating the RBM was validated by evaluating the neck growth and densification rates obtained from the
simulation results of SSS. The MPF simulation results of the initial stage of LPS demonstrated that the a) MPF
model could reproduce the densification behavior, which depends on the phase transformation between the solid
and liquid phases, and b) RBM is an important factor in reproducing the densification behavior. A long-term MPF
simulation of the LPS also demonstrated that the microstructural evolution, including three densification-related
mechanisms—contact flattening, Ostwald ripening, and solid-state bonding—could be analyzed from the initial
to final stages of the LPS. This study is expected to advance the sintering process applicable to multiphase and
multicomponent systems.

1. Introduction

Polycrystalline materials, such as ceramics, metals, and cemented
carbides, are fabricated by sintering, which converts powdered particles
into a solid structure [1]. The properties of sintered materials depend on
their microstructures, making them essential for the prediction and
control of the microstructural evolution during sintering to improve the
material properties. The microstructures of sintered materials are
formed by complex physical phenomena and their interactions,
including atomic diffusion through multiple diffusion paths, neck
growth, and grain growth, resulting in the densification of the solid
compact. If sintering occurs entirely in the solid state, it is called
solid-state sintering (SSS). In contrast, if the compact being sintered
contains liquid phases generated by the partial melting of alloys or
composites, the process is called liquid-phase sintering (LPS) [2,3].
Densification is faster in LPS than in SSS because the liquid phase pro-
vides a capillary force that pulls the solid phases together. In addition,
the liquid phase acts as a high-diffusivity path for atomic diffusion,

thereby accelerating the densification process, and the solid particles
coarsens via Ostwald ripening after the intermediate stage of LPS. The
distribution of the liquid phase affects the mechanical and functional
properties of functional materials. For example, the coercivity of
Nd–Fe–B-based sintered magnets depends on the intergranular phase,
which is formed via the solidification of the liquid phase [4,5]. Hence, a
better understanding of the microstructural evolution during LPS can
aid the development of materials science, engineering, and industry.

Various theoretical models have been proposed to aid the under-
standing of the microstructural evolution during SSS and LPS. For
example, the neck growth and densification in the initial stage of sin-
tering were modeled using a two-particle system [6–11]. The interme-
diate to final stages densification was modeled by considering the
contributions of the lattice and grain boundary diffusions [12–14].
Ashby [15] constructed a sintering diagram from which the sintering
rate and dominant mechanism could be determined for a given condi-
tion. Combined-stage theoretical models have also been developed to
continuously predict the densification rate in the initial, intermediate,
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and final stages [16–18]. Herring [19] developed the scaling laws that
describe the sintering rate in relation to the particle size and the
dominant diffusion paths. Theoretical models of the SSS and LPS have
also been reviewed [1,2,20]. Although these theoretical models help to
understand the SSS and LPS processes, they were derived using simpli-
fied models and assumptions, e.g., consideration of two particles only,
an ideal geometry, and the use of a specific diffusion path. These as-
sumptions limit their application in predicting the actual microstruc-
tures of sintered materials.

A numerical simulation using the phase-field (PF) method is a
promising approach for predicting the microstructural evolution during
sintering. Table 1 presents a summary of typical PF models of sintering
[21–27] developed to date. Wang [21] developed a PF model of SSS that
considers the rigid-body motion (RBM) of the sintered particles; the
RBM is an important aspect of the simulation of the pore shrinkage and
macroscopic densification of sintered compacts [28–30]. Wang’s model
has been extensively used for SSS simulations, and several PF models of
SSS have been developed based on this model [31–35]. Biswas et al.
[36–38] developed PF models of SSS by incorporating effects of the
elastic energy, crystal grain orientation, and thermal conduction into
Wang’s model. Seiz [39] used Wang’s model to investigate the effects of
the RBM of the sintered particles on neck growth and densification. In
other studies, a numerical scheme [40] and method to reduce the
computational cost [41] of Wang’s model were developed. As described
herein, Wang’s model is excellent for SSS simulations. However, the
aforementioned PF models of SSS, which follow Wang’s model, are only
applicable to single-phase systems. In addition, although Wang’s model
considers four types of atomic diffusion paths (surface, grain boundary,
bulk, and vapor), it does not consider the concentrations of the solute
components. Therefore, Wang’s and its follow up models are inappli-
cable to LPS as the microstructure changes with phase transformation
and Ostwald ripening.

In addition to Wang’s model, PF models of SSS have been developed
based on the grand potential model [42]. The grand potential approach
allows for accurate simulation of the driving force of the phase trans-
formation by modeling the target phenomena using the projection of
thermodynamic energies onto the grand potential space instead of the
energies themselves. Hötzer et al. [22] developed a grand potential
model of SSS and investigated the microstructural evolution and
densification by performing three-dimensional PF simulations using
~25000 alumina particles. Greenquist et al. [23,43] developed a
microstructural grand-potential-based sinteringmodel and reported that
it could simulate densification without considering RBM. These
grand-potential-based models consider solute and vacancy diffusion.
However, to the best of the authors’ knowledge, these models have not
been used for SSS in multiphase systems or for LPS. A possible reason for
this is that simulating the microstructural evolution in a multiphase
system requires the calculation of solute partitioning at the interface
between different phases, which further complicates the PF models.

The multi-phase-field (MPF) method [44] has also been used to
simulate sintering. Shi et al. [24] investigated the relationship between

the RBM and shrinkage of the internal pores in SSS using a PF model
developed by combining Wang’s approach and the MPF method. Zhang
et al. conducted a PF simulation of SSS targeting a multiphase system
[25] using the MPF model with the parallel tangent law [45,46].
Hereinafter, this model is referred to as the Kim–Kim–Suzuki MPF
(KKS–MPF) model. The KKS–MPF model provides thermodynamically
reasonable results of the changes in the microstructure and solute con-
centrations using a thermodynamic database obtained from the
CALculation of PHAse Diagrams (CALPHAD) method [47]. In the
KKS–MPF model, the interfaces are in local equilibrium with equal
diffusion potentials. Because iterative calculations are required to
determine the concentration at which the diffusion potentials are equal
in each phase [48,49], the KKS–MPF model has a relatively high
computational cost, particularly when several phases exist in a target
system. Using the KKS–MPF model, Zhang et al. [25] investigated the
neck growth, phase transformation, and solute diffusion during the
sintering of Fe–Cu powders. However, no MPF model can simulta-
neously consider phase transformation and RBM.

PF models of LPS have also been proposed. Villanueva et al. [26]
developed a PF model of the LPS in a multiphase and multicomponent
system comprising solid, liquid, and gas phases with three different
solute components. By coupling the model with the Navier–Stokes and
mass continuity equations (i.e., fluid dynamics equations), their model
could accurately simulate the flow and wetting of liquid phases. How-
ever, this model considers no gain boundary between two particles om
contacts, which constitutes an important aspect of sintering. Ravash
et al. [27] developed a PF model of LPS and reported that it could help to
analyze the three-dimensional microstructural evolution in the final
stage of LPS. Their simulations targeted the final stage of LPS so that the
system comprised only solid and liquid phases and did not include the
gas/vapor phase. When solid phases come into contact and form grain
boundaries, RBM occurs due to grain boundary diffusion in both SSS and
LPS [3]. However, none of existing PF models of LPS consider this
aspect. In addition, there are no PF models capable of continuously
simulating the LPS process from the initial to final stages. Furthermore,
from a practical perspective, there is a need for a PF model that can be
used for both SSS and LPS in multiphase and multicomponent systems.

In this study, a new PF model of sintering is developed that applies to
both SSS and LPS in multiphase and multicomponent systems. The PF
model was developed by incorporating the RBM of the sintered particles
with the finite interface dissipation (FID–MPF) proposed by Zhang and
Steinbach [50,51]. The FID–MPF model can simulate the microstruc-
tural evolution with solute diffusions in multiphase and multicompo-
nent systems using the CALPHAD database without the convergence
calculations for the parallel tangent law in the KKS–MPF model.
Therefore, the present computationally efficient MPF model of sintering
can simultaneously analyze the phase transformation, solute diffusion,
and RBM of the sintered particles. In addition, the FID–MPF-based sin-
tering model is applicable to non-equilibrium processes, such as rapid
heating and cooling (the FID–MPF model can also be referred to as a
nonequilibrium MPF model [48,49]).

The remainder of this paper is organized as follows: Section 2 de-
scribes the MPF model developed in this study. Section 3 presents the
simulation conditions used in the following sections. In Section 4.1, the
effects of the RBM on neck growth and densification in the SSS are
discussed. Section 4.2 investigates the relationship between phase
transformation, densification, and RBM in LPS. Section 4.3 presents the
microstructural evolution and solute diffusion occurring from the initial
to final stages of LPS by performing an MPF simulation using 80 parti-
cles. Finally, Section 5 presents the conclusions of this paper.

2. Multi-phase-field model

To simulate the microstructural evolution during sintering, multiple
PF variables ϕα (α = 1, 2, …, N) were defined. ϕα represents the prob-
ability of the particles/phases in the target system. In this study, ϕα (1 ≤

Table 1
Representative phase-field models of sintering.

Author(s) Sintering type Target
system

Rigid-body
motion

Ref.

Wang Solid-state sintering
(SSS)

Single phase Considered [21]

Hötzer et al. SSS Single phase – [22]
Greenquist
et al.

SSS Single phase – [23]

Shi et al. SSS Single phase Considered [24]
Zhang et al. SSS Multiphase – [25]
Villanueva
et al.

Liquid-phase
sintering (LPS)

Multiphase – [26]

Ravash et al. LPS Multiphase – [27]
This work SSS and LPS Multiphase Considered

A. Ishii et al.
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α ≤ N – 2) represents solid particles. ϕN–1 and ϕN are the liquid and gas
phases, respectively. The present model treats the pores and outer parts
of the sintered compact as the gas phase. Although this definition allows
for phase transformations between the solid and gas phases or between
liquid and gas phases, it maintains the thermodynamic consistency of
the formulations in the MPF model. Each particle was assumed to be a
single crystal. Thus, the interface between the particles was considered
to be the grain boundary. ϕα changes smoothly from zero to one at the
interface and satisfies the following constraint:

∑N

α=1
ϕα = 1 (1)

Additionally, ci (i= 1, 2,…, Nc) is defined as the molar fraction of the
solute component used to analyze the time evolution of the concentra-
tion fields. ci is expressed as follows:

ci =
∑N

α=1
ϕαciα (2)

where ciα is the local molar fraction of the ith component of the αth
phase. The total free energy of system G is defined as [50,51]

G =

∫

V
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⎢
⎣
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⎦

dV, (3)

where Vm denotes the molar volume of the material.Wαβ and εαβ are the
height of the double-obstacle potential and gradient energy coefficient
at the interface between the αth and βth phases, respectively. λi is a
Lagrange multiplier used to ensure the relationship expressed in Eq. (2).
Gα is the molar Gibbs free energy of the αth phase obtained from the
CALPHAD database. Wαβ and εαβ can be expressed as follows:

Wαβ =
4σαβ

δ
(4)

and

εαβ =
2
π

̅̅̅̅̅̅̅̅̅̅̅̅
2δσαβ

√
, (5)

where δ and σαβ denote the interface thickness and interfacial energy
between the αth and βth phases, respectively.

The time evolution of ci can be indirectly calculated using Eq. (2)
with ϕα and ciα [52]. The evolution equation for ciα is given as follows
[50–52]:

∂ciα
∂t =

Pi

Vm

∑N

β=1
ϕβ

(
μiβ − μiα

)
−
∑N

β=1

∂ϕβ

∂t

(
ciβ − c

i
α

)
+∇⋅

[
∑N

β=1

{

ϕβ

∑Nc − 1

j=1

(
Dβ∇cjβ

)
}]

(6)

where μiα is the diffusion potential and is expressed as μiα = ∂Gα/∂ciα. P
i is

a kinetic coefficient, referred to as the permeability, that governs the
partitioning of the ith solute component at the interface. The greater the
Pi value is, the closer the change in ciα simulated by the FID–MPF model
is to that simulated by the KKS–MPF model. Dβ is a coefficient correlated
with solute diffusion. Because atomic diffusion at the grain boundaries
affects the microstructural evolution during sintering, the diffusivity at
the grain boundaries is explicitly set to be high by defining Dβ as follows:

Dβ = Dijβ +
∑N− 2

γ>β
ξijϕβϕγ , (7)

where Dijβ denotes the chemical diffusivity of the βth phase, and ξij is a
parameter used to enhance the diffusion at the grain boundary between

the βth and γth phases.
The time evolution equation of ϕα can be expressed as

∂ϕα
∂t = −

2
N
∑N

β=1
Mϕ

αβ

(
∂G
∂ϕα

−
∂G
∂ϕβ

)

− ∇⋅vα, (8)

where Mϕ
αβ is the PF mobility, defined as M

ϕ
αβ = (π2/8δ)Mαβ. Here, Mαβ is

the interfacial mobility between the αth and βth phases, and vα denotes
the advection velocity of the αth phase. The first term on the right side of
Eq. (8) is a common term in MPF models, whereas the second term is the
advection velocity term used to analyze the RBM of the sintered particles
that occurs when the particles are in contact. By substituting Eq. (3) into
Eq. (8), the time evolution equation of ϕα can be expressed as follows:

∂ϕα
∂t = −

2
N
∑N

β=1
Mϕ

αβ

[
∑N

γ=1

{
(
Wαγ − Wβγ

)
ϕγ+

1
2

(
ε2αγ − ε2βγ

)
∇2ϕγ

}

+Δgαβ

]

− ∇⋅vα

(9)

whereΔgαβ is the chemical driving force and can be described as follows:

Δgαβ =
Gα

Vm
−
Gβ

Vm
−
∑Nc − 1

i=1

{
∑N

α=1

(

ϕα
μiα
Vm

)

+
1
Pi
∑N

α=1

(

ϕα
∂ciα
∂t

)}(
ciα − c

i
β

)
.

(10)

During sintering, the necks grow between the contacting particles.
When the dominant factor influencing neck growth is grain boundary
diffusion, vacancies are oversaturated at the grain boundaries. The
annihilation of these oversaturated vacancies by dislocations leads to
RBM, which drives the macroscopic densification of a sintered compact
[1,21]. Because the MPF model considers the concentration field, the
most thermodynamically reasonable approach for calculating the
advection velocity is to analyze the vacancy diffusion and solute com-
ponents simultaneously. However, in contrast to atoms, vacancies
should be strictly treated as nonconserved variables, leading to further
complications in the MPF model. This can also make it difficult to pre-
pare a CALPHAD database. Therefore, in this MPF model, the advection
velocity was calculated based on Wang’s approach [21], which requires
no explicit consideration of the vacancy concentration. When the αth
phase represents a solid particle, vα can be calculated as follows:

vα = vtrα + vroα (α ≤ N − 2), (11)

where vtrα and vroα are the transrational and rotational velocities of the αth
particle, respectively. Additionally, vtrα is expressed as

vtrα =
mtr

Vα
Fαϕα, (12)

where Vα is the volume of the αth particle, mtr is the transrational
mobility, and Fαis the force acting on the αth particle. Furthermore, vroα is
expressed by the following equation:

vroα =
mro

Vα
Tα × [r − rα]ϕα, (13)

wheremro is the rotational mobility, r is the position vector, and rα is the
center of the αth particle. Tα is the torque acting on the αth particle. Fα is
expressed as

Fα =

∫

V
dFα, (14)

where dFα is the local force density, defined as follows:

dFα = k

{(
∑N− 2

β
ϕβ − 1

)
∑N− 2

β∕=α
〈ϕαϕβ〉

(
∂ϕα
∂t

⃒
⃒
⃒
⃒
0
+

∂ϕβ

∂t

⃒
⃒
⃒
⃒
0

)
(
∇ϕα − ∇ϕβ

)
}

d3r,

(15)
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where k is a parameter that controls the force magnitude. |0 indicates
that the term does not include the advection effect. Eq. (15) is derived
under the assumption that grain boundary diffusion is a consistently
dominant factor influencing neck growth. The operation

〈
ϕαϕβ

〉
is

defined as follows:

〈
ϕαϕβ

〉
=

{
1
(
ϕαϕβ ≥ C

)

0
(
ϕαϕβ < C

) (16)

where C is the threshold value for identifying the grain boundary re-
gions. Tα is given by

Tα =

∫

V
(r − rα) × dFα, (17)

where “×” denotes the outer product. When the αth phase represents a
liquid or gas phase, vα is calculated as follows:

vα = −
ϕα

ϕN− 1 + ϕN

∑N− 2

β=1
vβ (α ≥ N − 1). (18)

Eq. (18) maintains the widths of the interfaces between the solid-
–liquid and solid–gas phases. Notably, because this paper focused on
implementing the RBM that occurs when the solid particles are in con-
tact, the implementation of the advection velocity for the liquid and gas
phases was simplified. For a more accurate analysis of the RBM, it is
necessary to couple the MPF model with the Navier–Stokes and mass
continuity equations.

The developed MPF model includes an advection term in the time
evolution equation of ϕα (Eq. (9)) but not in the time-evolution equation
of ciα (Eq. (6)). This is because the advection effect is reflected in the time
evolution of ci by simply including the advection term only in Eq. (9).
Further details are provided in Appendix A. The PF simulations were
performed using proprietary source codes developed in-house. To
calculate the time evolutions of ϕα and ciα, Eqs. (6) and (9) were dis-
cretized using the finite difference method (FDM). The first-order Euler
FDM was used for time integration, and the second-order central FDM
was used for spatial discretization.

3. Conditions

The molar Gibbs free energy Gα is defined using the regular-solution
model, according to the following equation:

Gα =
∑Nc

i=1

{
ciα

0Giα +RT
(
ciα ln

(
ciα
))}

+Gexα , (19)

where R is the gas constant, T is the absolute temperature, and 0Giα is the
molar Gibbs energy of the ith solute component in the αth phase. Gexα is
the excess Gibbs energy of the αth phase. In this study, a hypothetical
ternary system with elements A, B, and C, as in a previous study [26],
was used to facilitate the validation of the developed MPF model, and
0Giα and G

ex
α were determined from the CALPHAD database reported in

the literature [26]. Fig. 1 shows the calculated phase diagram of the
A–B–C ternary system at T = 1800 K. The equilibrium compositions ce,i

in the solid, liquid, and gas phases are (ce,A, ce,B, ce,C) = (0.07, 0.69,
0.24), (0.50, 0.26, 0.24), and (0.03, 0.04, 0.93), respectively.

The molar volume was set to Vm= 1.0× 10− 5 m3/mol, and the finite-
difference grid size was Δl = 10 nm. The time evolution equations were
nondimensionalized using Δl and the energy density RT/Vm. The
dimensionless parameters used in this study are listed as follows (the
superscript * denotes the dimensionless parameter): the width of the
diffuse interface was δ*= 5, the time increment was Δt* = 0.002, all the
interfaces were assumed to have the same mobility Mαβ* = 0.5, the
translational mobility was mtr* = 500 [21], the rotational mobility was
mro* = 1 [21], the control parameter was k* = 250, and the threshold
value was C = 0.14 [21]. In the FID–MPF model, the solute partitioning

rate was determined using Pi. Sintering is a high-temperature process in
which atoms sufficiently diffuse to achieve a local equilibrium at the
interface. Therefore, this study used PA* = PB* = 1.0, which is a suffi-
ciently high value, such that the concentration distribution at the
interface is unaffected by the partitioning rate (see Appendix B). The
interfacial energies of the solid–solid interface σSS, solid–liquid interface
σSL, solid–gas interface σSG, and liquid–gas interface σLG were set ac-
cording to the following ratios: σSS/σSL = 2, σSG/σSS = 3, and σLG/σSG =

0.8 [53,54]. σSS and σSG correspond to the surface and grain boundary
energies, respectively. In general, MPF models reproduce theoretically
reasonable dihedral angles between interfaces calculated from interfa-
cial energies (i.e., surface tensions). Therefore, using the above settings
of interfacial energy, the MPF model of sintering can simulate the
penetration of the liquid phase into the grain boundary. The diffusivities
were set to DAS * = DBS* = 1, DAL * = DBL* = 10, and DAG* = DBG* = 100.
Although the ratio of the diffusivities of the solid, liquid, and gas phases
is generally significantly greater than the above values, these values
were used in the current simulation for computational stability. The
parameter enhancing the grain boundary diffusion was ξij*= 4. Notably,
all the material parameter values were assumed because a hypothetical
material was used in the simulation. Periodic boundary conditions were
applied to the computational domain. Although the developed PF model
is capable of being used for three-dimensional simulations, the previous
studies have demonstrated that two-dimensional simulations are suffi-
cient to confirm that the PF model can accurately reproduce the sin-
tering behaviors occurring in both SSS and LPS. Therefore, in this study,
two-dimensional simulations were performed to conserve computa-
tional time.

4. Results and discussion

4.1. Validation of rigid-body motion in solid-state sintering

As described in the Introduction section, the RBM is an important
aspect of the simulation of the densification of sintered compacts.
Therefore, the MPF model developed in this study must be able to
analyze the RBM at least as accurately as the PF model used in the
previous studies. To validate the effect of the RBM calculated using the
developed MPF model, the neck growth rate was investigated based on
the two-dimensional MPF simulation result of the SSS using two solid
particles. The particle radius was r = 0.2 μm. The outer parts of the
particles were in the gas phase, and no liquid phase was present in the
domain. The computational domain was uniformly divided into 1282

finite difference grids to ensure a resolution high enough to accurately
solve the governing equations, with the aforementioned finite-difference

Fig. 1. Calculated phase diagram of a hypothetical A–B–C ternary system. The
black points indicate the equilibrium composition of each phase. The red and
blue points indicate the initial compositions of the liquid and solid phases used
for Cases 2 and 3 in Section 4.2, respectively.
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grid size Δl. Each phase was initially at the equilibrium composition. An
MPF simulation without the RBM was performed to clarify the effects of
the RBM by comparing the findings in the two cases.

Fig. 2(a) and (c) show the time evolution of the sintered particles
obtained from the MPF simulations with and without the RBM, respec-
tively. Fig. 2(b) shows the change in the distribution of cB as a repre-
sentative of the concentration field in the results shown in Fig. 2(a).
When the RBM was considered, neck growth was accelerated. The
concentration field followed the sintered particles that migrated during
the RBM, and there was no deviation between the solid-phase position
and the concentration distribution. The neck growth rate can be
expressed by the equation: (X*/D*)n = K*(t*− t0*), where X* and D* are
the neck length and particle diameter, respectively. K*, t0*, and n are the
fitting parameters, with n being particularly important because it re-
flects the dominant sintering mechanism [21]. Wang reported that a PF
simulation of the SSS considering the RBM and all four diffusion paths
yielded n= 6.99 [21]. Fig. 3 shows the neck growth rate calculated from
the simulation results shown in Fig. 2(a) and (c). The simulation results
with the RBM yielded n = 6.94, which is comparable to that reported by
Wang. However, in the absence of the RBM, n = 4.16. These results
demonstrated that the developed MPF model of sintering can help
analyze the neck growth accelerated by the RBM with an accuracy
comparable to that of Wang’s model.

The RBM affects the shrinkage and densification of sintered com-
pacts [39]. Thus, the effects of RBM on the macroscopic densification in
the SSS were investigated by performing simulations with numerous
particles. In a square computational domain with 2.56 μm sides, 80
circular particles with a radius range of 0.10–0.15 μm were randomly
arranged such that each particle was in contact with at least one other.
Fig. 4 shows the microstructural evolution during the SSS obtained from

the MPF simulations with (Fig. 4(a)) and without (Fig. 4(b)) the RBM.
The RBM accelerated the annihilation of pores inside the sintered
compact, as reflected in the accelerated neck growth process. This ac-
celeration in the pore annihilation occurred regardless of the initial
particle distribution and number of particles, as demonstrated by the
MPF simulations shown in Fig. 5, where the domain size and number of

Fig. 2. Time evolution of (a) solid particles and (b) distribution of cB obtained from the simulation with rigid-body motion (RBM). The simulation results shown in (c)
did not consider RBM.

Fig. 3. Neck growth rate obtained from the multi-phase-field simulation results
shown in Figs. 2(a) and 2(c).
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particles are twice those in Fig. 4.
The relative densities of the sintered compacts were evaluated using

the simulation results. In this study, the relative density ρ is defined as ρ
= (VS + VL)/(VS + VL + VG_in) × 100 [%], where VS and VL denote the
total volumes of the solid particles and liquid phases, respectively. VG_in
denotes the total volume of the isolated gas phase inside the sintered

compact (i.e., the total volume of the pores). If VG_in = 0, the relative
density is ρ = 100 %. Fig. 6 shows the variations in the relative density
as a function of the sintering time, calculated from the MPF simulation
results shown in Figs. 4 and 5. Evidently, the acceleration in pore
annihilation when considering the RBM was quantitatively demon-
strated to lead to an increase in the densification rate. Particularly
noteworthy is the relationship between the densification rate and the
number of particles. When the RBM was not considered, the densifica-
tion rate depended on the number of particles. However, according to
the theoretical model [16], densification was independent of compact
size. Seiz [39] reported that in the PF simulations of SSS using Wang’s
model, the densification rate is independent of the compact size only if
the RBM is considered. The MPF model of sintering developed in this
study also eliminates the dependence of the densification rate on the
compact size by considering the RBM with an advection term. The re-
sults demonstrate that it is essential to consider the RBM of the particles
to simulate the sintering behavior based on the MPF approach; in this
respect, the MPF model developed in this study is effective for an ac-
curate prediction of SSS.

Fig. 4. Microstructural evolution during solid-state sintering using 80 particles (a) with and (b) without rigid-body motion.

Fig. 5. Microstructures obtained from the multi-phase-field simulations of
solid-state sintering using 160 particles with and without rigid-body mo-
tion (RBM).

Fig. 6. Variation in the relative density with respect to the sintering time
calculated from the four multi-phase-field simulation results of solid-state sin-
tering. (RBM: rigid-body motion).
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4.2. Validation of densification in liquid-phase sintering

The densification rate in the initial stage of the LPS depends on the
phase transformation behavior between the solid and liquid phases
owing to the initial composition and sintering temperature. In this study,
this relationship is referred to as the solid–liquid solubility relations [3].
The phase transformation rate (in other words, relative phase growth
rate) from liquid to solid is denoted by SS, the rate in the opposite di-
rection is denoted by SL, and their ratio can be expressed as S = SS/SL.
Densification occurs when S > 1, and swelling occurs when S < 1 [2]. In
this section, the developed MPF model of sintering is validated in terms
of reproducing the solid–liquid solubility relations.

Fig. 7 shows the initial distributions of the phases and concentrations
used in the MPF simulations to investigate the solubility relations. Seven
particles with radii in the range of 0.08–0.20 μm were arranged in a
circular manner. Each particle was initially in contact with its neighbors
as well as the liquid phase. A pore was located at the center of the
computational domain. Three simulations were conducted with
different initial compositions for the same initial arrangement of the
phases. In Case 1, both the solid and liquid phases were initially in
equilibrium compositions; this will unlikely lead to a phase trans-
formation, thus S ≈ 1. In Case 2, the initial composition of the liquid
phase was (cA, cB, cC) = (0.40, 0.36, 0.24), while the initial composition
of the solid phase was its equilibrium composition. Under these condi-
tions, S > 1, given the occurrence of liquid-to-solid transformation. In
contrast, in Case 3, the initial composition of the solid phase was (cA, cB,
cC) = (0.17, 0.59, 0.24) and that of the liquid phase was its equilibrium
composition; therefore, S < 1. In all the cases, the initial composition of
the gas phase was the equilibrium composition. Because the solid par-
ticles were in contact with each other, the RBM would likely affect the
densification process. Therefore, MPF simulations without the RBM

were also performed in all the three tested cases.
Fig. 8 shows snapshots of the microstructural evolution in the three

tested cases. Although the advection term corresponding to the liquid
phase was implemented in a simplified manner, as described in Section
2, the volumetric changes in the liquid phase in Cases 2 and 3 were
consistent with those predicted from the phase diagram. Regardless of
the RBM, in Case 1, the pores shrank with gas-to-liquid transformation.
This reduced the total free energy of the system by decreasing the liq-
uid–gas interface area. This behavior can be attributed to the assump-
tion that the pore was treated as a gas phase was. However, a
comparison of the results with and without RBM showed that the pres-
ence of RBM accelerated the shrinkage of the pores in LPS and SSS. In
Case 2 with the RBM, the pores were annihilated by t* = 40, with a
reduction in the liquid volume owing to liquid-to-solid transformation.
In Case 3 (wherein RBM was considered), the liquid phase penetrated
the grain boundaries through the interaction of the solid-to-liquid
transformation and the capillary effect. The penetrated liquid phase
separated the solid contacts, thus increasing particle distance and
swelling. Consequently, a significant difference in pore size was
observed when the RBM was considered. In contrast, the results of the
MPF simulations without the RBM showed no significant differences in
the pore sizes among Cases 1–3, even though a phase transformation
occurred between the solid and liquid phases in Cases 2 and 3.

Fig. 9 shows the variations in the relative densities. The densification
rate was the highest in Case 2 with S> 1 and lowest in Case 3 with S< 1,
which is consistent with the previous knowledge of the solid–liquid
solubility relations [2,3]. Although this trend was observed even in the
absence of RBM, the presence of RBM enhanced the difference in the
densification rate owing to the changes in S. This could be attributed to
the interaction between the advection effect and changes in the contact
states between the solid particles or solid–liquid phases through phase

Fig. 7. Initial distributions of (a) phases and (b) concentrations of the solute components A and B. Because the initial distribution of cC was uniform in the solid and
liquid phases in all the tested cases, it was omitted.
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transformation. The result of Case 3 with the RBM helps the under-
standing of the relationship between the densification rate S and the
RBM. The densification rate in Case 3 (wherein RBM was considered)
was significantly lower than those in Cases 1 and 2 (wherein RBM was
considered) and comparable to that in Case 3 (wherein RBM was not
considered). This can be attributed to the fact that the RBM no longer
worked after the solid contacts were separated by the penetration of the
liquid phase into the grain boundary. These results demonstrated that
the MPF model of sintering could reasonably simulate the densification

process by considering the solubility relationships. Furthermore, it was
clarified that the RBM must be incorporated into the MPF model to
explicitly describe the solubility relations in the initial stage of the LPS.

4.3. Liquid-phase sintering simulation from the initial to final stages

A long-term MPF simulation was performed to demonstrate the
capability of the developed MPFmodel to continuously simulate the LPS
from the initial to final stages. The computational domain contained 80
particles in the same arrangement as that described in Section 4.1, and
10 liquid phases with radii in the range of 0.04–0.06 μm were addi-
tionally arranged in the domain. The initial compositions of the solid
and liquid phases were both (cA, cB, cC) = (0.15, 0.75, 0.10), and that of
the gas phase was the equilibrium composition. The phase diagram
shown in Fig. 1 indicates that this initial concentration yields S > 1,
which results in rapid densification.

Fig. 10 shows the microstructural evolution during the MPF simu-
lation. The liquid-phase evolution and grain boundary migration in the
initial to final stages were continuously simulated. Fig. 11 shows the
variation in the relative density of the sintered compact from t*= 0–200.
For comparison, the densification curve obtained from the SSS simula-
tion shown in Fig. 6 is also presented. The densification rate of LPS was
higher than that of SSS, and the relative densification was 100 % at t* =
100. In the following discussion, the period t*= 0–40 is distinguished as
the initial stage, in which the densification rate is particularly high.
Because it is difficult to determine the boundary between the interme-
diate and final stages based on the simulation results, the initial and
intermediate-to-final stages are discussed. In the initial stage, SSS
occurred when the particles were in contact with each other, whereas
the liquid phases grew, wetted the particle surfaces, penetrated the grain
boundaries by the capillary effect, and separated the solid contacts. As
observed in the microstructure at t* = 40, contact flattening was
reproduced, in which the solid surface was flattened by the penetration
of the liquid phase into the grain boundary with the solid-to-liquid
transformation. In the intermediate-to-final stage, the relatively small
particles isolated in the liquid phase dissolved and larger particles
coarsened through solute diffusions in the liquid phase; that is, Ostwald
ripening occurred. In addition, the grain growth caused particle coars-
ening. Some grain boundaries remained without liquid penetration or

Fig. 8. Snapshots of microstructural evolutions in the three cases studied. Cases 1, 2, and 3 correspond to S ≈ 1, S > 1, and S < 1, respectively (S denotes the ratio of
the liquid-to-solid and solid-to-liquid transformation rates). The figures in the far right column show the results obtained from the multi-phase-field simulations
(wherein rigid-body motion was not considered).

Fig. 9. Variation in the relative density with respect to the sintering time
calculated from the multi-phase-field simulation results for the initial stage of
liquid-phase sintering. (RBM: rigid-body motion).
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were re-formed after separation. Around these grain boundaries, the
necks grew because of solid-state bonding. Solid-state bonding led to
RBM because the MPF model assumes that RBM is induced by grain
boundary diffusion associated with neck growth. The three change-
s—contact flattening, Ostwald ripening, and solid-state bonding—are
known to be the most significant mechanisms of microstructural evo-
lution in LPS [2,3]. The developed MPF model reproduced the mecha-
nisms simultaneously. From these results, the developed MPF model
demonstrated that it can continuously simulate the microstructural
evolution during LPS from the initial to final stages, with densification
and grain coarsening manifested through Ostwald ripening and grain
growth.

Fig. 12 shows the changes in concentration distributions from t* =

0–100. The compositions of the solid and liquid phases were initially
uniform, but after sintering started, cA increased and cB decreased in the
liquid phases, and the opposite change occurred in the solid particles.

These changes are reasonable and consistent with those predicted from
the phase diagram shown in Fig. 1. Although the equilibrium values of cC

in the solid and liquid phases are equal, the concentration distributions
of these phases are not uniform. The variation reflects the differences in
diffusivity rates between the solid and liquid phases.

5. Conclusions

In this study, a new MPF model of sintering was developed based on
the FID–MPF model by incorporating the advection term to simulate
both SSS and LPS in multiphase and multicomponent systems, consid-
ering the RBM of the sintered particles. The developedMPF can be easily
integrated with the CALPHAD database; it could therefore provide
thermodynamically reasonable results of the phase transformation and
solute diffusion during sintering. The following conclusions can be
drawn from the MPF simulation results of SSS and LPS:

1) The SSS simulation results clarified that it is essential to consider the
RBM to accurately predict the microstructural evolution during the
SSS based on the MPF approach. The developed MPF model, which
considers the RBM by calculating the advection term, can be used to
analyze neck growth with an accuracy comparable to that of the
well-established PF model of the SSS and reproduce the densification
behavior independent of the compact size.

2) The LPS simulations using seven particles demonstrated that the
proposed MPF model could reproduce the solubility relationships
related to the densification behavior in the initial sintering stage.
Moreover, the MPF simulations revealed that the RBM played an
important role in explicitly describing the solid–liquid solubility
relations.

3) The MPF model can continuously simulate the microstructural evo-
lution during LPS from the initial to final stages. In the MPF simu-
lations, the densification and grain coarsening were reproduced via
three main mechanisms of microstructural evolution: contact flat-
tening, Ostwald ripening, and solid-state bonding.

In future studies, the presented MPF model must be experimentally
validated by comparing the simulation results obtained using an actual
thermodynamic database from a material with the corresponding
experimental results. Based on the validation, the presented MPF model
of sintering provides a promising simulation for predicting the

Fig. 10. Microstructural evolution obtained from the multi-phase-field simulation of liquid-phase sintering using 80 solid particles. Coarsening of solid particles via
Ostwald ripening during the intermediate stage appears after t* = 100.

Fig. 11. Comparison of the relative densities between solid-state sintering and
liquid-phase sintering calculated using the multi-phase-field simulation results
up to t* = 200.
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microstructures of various sintered materials. Furthermore, the MPF
model can provide more accurate predictions by coupling it with fluid
dynamics.
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Appendix A. Advection in the concentration field

This section explains how advection is reflected in the time evolution of the concentration field ci without adding an advection term to the time
evolution equation of ciα. When the advection term acts on ci, its time evolution can be expressed as

∂ci
∂t =

∂ci
∂t 0

− ϑc, (A.1)

where |0 indicates that the advection effect is not included in the term. ϑc represents the advection term with a dimension of [s− 1]. When Eq. (A.1) is
solved using the explicit Euler method, the time-evolved concentration ci’ obtained after Δt is given by the following equation:

Fig. 12. Snapshots of the concentration distributions of the solute components A, B, and C, up to t* = 100. cA increases and cB decreases in the regions corresponding
to the liquid phases shown in Fig. 10.
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cí = ci +
(

∂ci
∂t 0

− ϑc
)

Δt =
(

ci +
∂ci
∂t 0

Δt
)

− ϑcΔt = cí 0 − ϑcΔt. (A.2)

Conversely, Eq. (2) yields the following equation:

cí =
∑N

α=1
ϕʹ

αc
í
α. (A.3)

According to Eq. (9), the time evolution of ϕα can be calculated as follows:

ϕʹ
α = ϕα +

(
∂ϕα
∂t 0

− ∇⋅vα

)

Δt =
(

ϕα +
∂ϕα
∂t 0

Δt
)

− (∇⋅vα)Δt = ϕʹ
α0 − (∇⋅vα)Δt (A.4)

By substituting Eq. (A.4) to Eq. (A.3), the following equation is obtained:

cí =
∑N

α=1

(
ϕʹ

α0 − (∇⋅vα)Δt
)
cíα

=
∑N

α=1
ϕʹ

α0c
í
α −

∑N

α=1
(∇⋅vα)cíαΔt

. (A.5)

If the time evolution equation of ciα does not include the advection term, that is, ciα’ = ciα’|0, ci’ can be written as

cí =
∑N

α=1
ϕʹ

α0c
í
α0 −

∑N

α=1
(∇⋅vα)cíαΔt

= cí 0 −
∑N

α=1
(∇⋅vα)cíαΔt

. (A.6)

By comparing Eqs. (A.2) and (A.7), ϑc can be obtained as follows:

ϑc =
∑N

α=1
(∇⋅vα)cíα. (A.7)

Therefore, even if the advection term is not included in the time evolution of ciα, and if it is included in the time evolution of ϕα, the effect of
advection can be reflected in the time evolution of ci.

Appendix B. Investigation of the influence of permeability

To determine Pi used in this study, three PF simulations were performed using Pi* = 0.1, 1, and 10. A flat solid–liquid interface was set in the two-
dimensional computational domain. The interface was fixed to focus on the changes in the concentration field. The initial molar fractions were
uniformly set to (cA, cB, cC)= (0.75, 0.15, 0.1). The other conditions were the same as those described in Section 3. Fig. B.1 shows the distributions of cA

and cB at the interface obtained from simulations with 1000 computational steps, which is quite low compared with the total number of computational
steps used in the simulations described in the main text. The results demonstrate that if Pi ≥ 1, the concentration distribution at the interface is
unaffected by Pi, whereas if Pi < 1, the distribution is affected. Therefore, Pi = 1 was used in this study.

Fig. B.1. Distributions of the molar fractions cA and cB at the interface for the permeability Pi = 0.1, 1, and 10.
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