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A B S T R A C T

Understanding the precise elastic modulus of individual γ and γ′ phases is crucial for estimating the elastic misfit 
between these phases, because it is a key factor in controlling the formation of raft structures and local stress/ 
strain around γ′ precipitates. Despite its importance, research in this area remains limited. This study determines 
the elastic modulus of 6th generation Ni-base single crystal superalloy TMS-238 and its tie-lined γ and γ phases 
under equilibrium conditions above 900 ◦C. We fabricated TMS-238 and its tie-lined alloys with varying γ′ 
volume fractions. Using the rectangular parallelepiped resonance (RPR) method, we measured the elastic 
modulus from room temperature to 1100 ◦C. Elastic moduli between tie-lined phases were then estimated above 
900 ◦C using composite models. Our findings were compared with those of Ni-Al binary alloys, Ni-Al-X ternary 
alloys, and multi-component systems, providing a comprehensive understanding of the elastic properties.

1. Introduction

Ni-base single-crystal superalloys, which usually consist of cubic γ′ 
precipitates based on L12 structure and γ matrix based on FCC solid 
solution, are used as a material for components in the hot section of gas 
turbine systems for power generators and jet engines [1–3]. Among the 
components, turbine blades are well known for their critical role in 
determining the efficiency of the systems.

Coherent γ/γ′ interface plays a key role as an important strength
ening mechanism [4–6], and the coherent loss on the γ/γ′ interface ac
celerates creep deformation [7,8]. The coherent interface is a source of 
local stresses/strains which prevents dislocations from moving [9,10] 
and which causes raft structure formation during creep at lower stress 
and higher temperature conditions [11–16], due to a difference of 
physical parameters between the γ and γ′ phases [17–25] with enough 
high diffusivity of alloying elements [26,27]. Therefore, alloy design to 
realize larger negative lattice misfit between the γ and γ′ phases, defined 
by δL =

aγ́ − aγ

aγ 
where a is lattice constant, has been performed to obtain 

higher temperature durability [28], which is different from the 
alloy design strategy in intermediate temperature range without 

raft structure formation [29,30]. It is well known that negatively 
larger lattice misfit tends to realize dislocation network with finer 
spacing [31] and form larger perfection degree of the raft structure [32], 
which could contribute to superior creep resistance at lower stress 
and higher temperature conditions. However, above mentioned 
equation of the lattice misfit does not reflect the correct view of 
lattice misfit during the loading because the elastic misfit between 
the phases, defined by δE =

Eγʹ − Eγ

Eγ 
where E is <100> longitudinal 

elastic modulus, have to be taken into account. Considering 
the elastic misfit, the lattice misfit on vertical γ/γ′ interface is 

modulated to δV
t− E,L =

{

(1 + δL)

(
σext
Eγ’

+ 1
)

−

(
σext
Eγ

+ 1
)}/(

σext
Eγ

+ 1
)

, 

and that on horizontal γ/γ′ interface is modulated to 

δH
t− E,L =

{

(1 + δL)

(

−
vγ’ ⋅σext

Eγ’
+ 1
)

−

(

−
vγ ⋅σext

Eγ
+ 1
)}/(

vγ ⋅σext
Eγ

+ 1
)
[33]

in the case of conventional superalloys with negative lattice misfit under 
uniaxial tensile load. Such misfit during the loading is called “true 
misfit” [33] which is a driving force for the rafting, and causes local 
strain/stress field around γ′ precipitates [17]. Therefore, the elastic 
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misfit seems to have a key for novel alloy design approach [34]. For 
instance, positively larger elastic misfit contributes to larger driving 
force for the raft structure formation, resulting in positive effect on creep 
lives [33,34].

Estimating the elastic misfit at higher temperatures is significant for 
novel alloy design of superalloys [33]. A problem in this situation is that 
it is significantly difficult to measure the elastic misfit from one spec
imen consisting of γ′ precipitates and γ matrix. Therefore, a solution to 
assume the elastic modulus of the individual γ and γ′ phases is to mea
sure the elastic modulus using alloys with individual single phases, 
which are equilibrium at specified temperature ranges [35,36]. This 
approach is ideal to assume the elastic modulus of the alloy system at 
specified temperature, however, most of previous efforts has been con
ducted with simple alloy systems such as Ni-Al-Mo: R1/R2 alloys for a 
range between 1000 and 1050 ◦C, and R3/R4 alloys for a range between 
950 and 1000 ◦C [37]. Designing alloys with γ or γ′ single phase alloy in 
multi-component systems is difficult due to lack of equilibrium infor
mation of microstructure. For instance, previous research to determine 
the elastic misfit of superalloys, CMSX-4 with multi-component systems, 
uses modeled alloys with individual γ and γ′ phases, in addition to 
CMSX-4 with both γ and γ′ phases itself [36,38,39]. In that research, the 
modeled alloy with γ single phase does not contain any γ′ former element 
of Al, Ti, Ta, and Hf (Ni54.9Co18.6Cr20Mo0.8W2.7Re3 (at.%)), furthermore, 
the modeled alloy with γ′ single phase also does not contain any γ former 
element of Cr, Cr, W, Mo, and Re (Ni75Al23Ti2Ta1 (at.%)) to ensure the 
alloys with single phases. In another case of Mar-M002 mod, the 
modeled alloy with γ single phase is Ni81Co5.8Cr9.9W3.3 (at.%), and that 

with γ′ single phase is Ni72.5Al26.5 (at.%) [40]. However, equilibrium 
compositions of γ′ phase actually contains γ former elements, and those 
of γ phase also contain γ′ former elements [41,42], that is different sit
uation of the modeled alloys with individual phases in previous 
research.

National Institute for Materials Science (NIMS) in Japan can pre
cisely predict the equilibrium compositions of individual γ and γ′ phases 
in superalloys because NIMS has developed Alloy Design Program (ADP) 
for over 50 years which is using in-house database of microstructure and 
properties [43]. Using ADP, we can fabricate a series of equilibrium 
alloys with individual phase (so called, tie-lined alloys) shown in Fig. 1. 
We measured their elastic modulus, and established the predictive 
equations of the elastic modulus of γ or γ′ single phases to estimate the 
elastic modulus in a function of compositions and temperatures [35]. 
While our primary focus has been on the tie-lined alloys with single 
phase, it is also essential to evaluate the elastic properties of 
multi-component two-phase superalloys for practical applications. Such 
data are also significantly valuable for validating the elastic properties of 
the tie-lined alloys using composite models [36–38]. Furthermore, the 
concept of “tie-lined alloys” are basically referred to the alloys with the 
equilibrium compositions at specified temperatures. Therefore, when 
discussing elastic misfit between phases at elevated temperatures, it is 
important to consider the temperature dependence of equilibrium 
compositions, even above the temperatures at which the tie-lined alloys 
are defined, as illustrated in Fig. 1.

Based on these backgrounds, this manuscript aims to determine the 
elastic properties mainly focusing on <001> longitudinal elastic 
modulus, which is necessary for the estimation of the elastic misfit, of 
6th generation Ni-base single-crystal superalloy in multi-component 
systems, TMS-238 [44], using Rectangular Parallelepiped Resonance 
(RPR) method [45–47], at elevated temperatures. For the estimation of 
the elastic misfit based on equilibrium compositions of each phase, 
tie-lined alloys of the individual γ and γ′ phases were fabricated and used 
in addition to original TMS-238.

2. Procedure

Compositions of the individual γ and γ′ phase alloys in equilibrium 
condition at 900 ◦C were determined using Alloy Design Program (ADP) 
[43] with original TMS-238 [44]. Table 1 shows the compositions of 
TMS-238 and its equilibrium compositions in individual γ and γ′ phases 
at 900, 1000, and 1100 ◦C. These designed compositions were compared 
with reference values of the individual phases measured by experiments 
in Table 1. Compositions of the individual γ and γ′ phases were measured 
by electron probe micro-analyzer (EPMA: Shimadzu EPMA-1610) at 15 
kV of accelerate voltage and 20 nA of beam current size with 50 μm of 
beam size using TMS-238 with strain aged at 900 ◦C for 1500 h and at 
1100 for 500 h, and the measured are almost identical to those 

Fig. 1. Concept of the tie-lined alloys in pseudo-binary phase diagram.

Table 1 
Compositions of TMS-238 and its equilibrium compositions of the individual phases (at.%), Ni: bal. Exp.* indicates EPMA analysis on single crystal specimens after 
heat treatment, Exp. ** indicates EPMA analysis on strain-aged specimens.

Alloys T/◦C Co Cr Mo W Al Ta Hf Re Ru Designed Vγʹ

TMS-238 900 ADP 7.0 5.6 0.7 1.4 13.9 2.7 0.04 2.2 3.1 0.72
1000 0.69
1100 0.62
– Exp.* 7.0 5.2 0.8 1.2 13.1 2.8 0.04 2.4 3.5 –

Tie-lined γ phase 900 ADP 12.5 14.3 1.4 1.6 5.0 0.8 0.01 6.3 5.7 0.00
Exp.** 10.0 12.3 2.6 1.9 4.2 0.6 0.01 5.9 6.6

1000 ADP 11.1 12.5 1.4 1.6 6.5 1.0 0.01 5.4 5.0
1100 ADP 9.8 10.5 1.3 1.6 8.3 1.3 0.01 4.4 4.3

Exp.** 9.6 9.6 1.2 1.8 8.4 1.3 0.04 4.6 5.0
Tie-lined γ′ phase 900 ADP 4.8 2.2 0.5 1.3 17.3 3.4 0.05 0.6 2.1 1.00

Exp.** 3.5 2.1 1.1 1.5 17.0 3.1 0.07 0.4 1.5
1000 ADP 5.2 2.5 0.4 1.3 17.2 3.4 0.05 0.7 2.3
1100 ADP 5.3 2.6 0.4 1.2 17.3 3.5 0.05 0.8 2.4

Exp.** 5.0 2.4 0.5 1.2 17.1 3.9 0.07 0.5 2.1
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calculated by ADP. This result indicates that the alloy design by ADP is 
reasonable.

Single-crystals of the tie-lined Ni-base superalloy TMS-238 (tie-lined 
γ phase alloy, original TMS-238 with γ and γ′ phases, and tie-lined γ′ 
phase alloy) were fabricated using a directionally solidified furnace at 
vacuum atmosphere. Raw materials of TMS-238 were melted in Al2O3 
crucible heated at 1600 ◦C, then the molten metal was poured into a 
casting mold having eight cylindrical parts. The mold has a diameter of 

11 mm and longitudinal length of 140 mm with a pig-tail typed grain- 
selectors, and the mold was kept at 1550 ◦C. Next, the mold was 
pulled down at 200 mm/h into the cooling chamber of the furnace. After 
the casting, the same heat treatments consisting of solution (1300 ◦C/1 h 
→ 10 min → 1310 ◦C/1 h → 60 min → 1335 ◦C/5 h → 60 min → 1345 
◦C/20 h), primary aging (1150 ◦C/2 h) and secondary aging (870 ◦C/20 
h) shown in Table 2 were applied to each as-cast metal in vacuum 
furnace. After each heat treatment step, the cast metal was cooled under 
vacuum. Then, rods of single-crystals whose crystal orientation along 
longitudinal direction is almost [001] were obtained by breaking the 
mold and cutting the metals using a precision cutting machine (HS-100, 
HEIWA TECHINCA, Tokyo, Japan). Microstructure after the heat treat
ments was observed using a field-emission type scanning electron mi
croscope (JEM-7200. JEOL, Tokyo, Japan) at 20 kV. Additionally, the 
composition of TMS-238 single crystal after heat treatment was 
measured by EPMA with 50 μm of beam size to analyze alloy composi
tions, and the result is shown in Table 1.

Rod-like single crystals were machined into rectangular parallele
piped specimens with {100} crystal orientations on each surface. The 
crystal orientation was determined using the X-ray back-reflection Laue 

Table 2 
Single crystalline specimens of TMS-238 and its tie-lined γ and γ′ phase alloys for 
RPR method.

Alloys Average length Weight g Density g/mm3

x /mm y /mm z /mm

TMS-238 4.8460 4.7445 4.5775 0.94952 9022.01
Tie-lined 

γ phase alloy
3.7518 4.0688 4.0483 0.60030 9873.52

Tie-lined 
γ′ phase alloy

4.0985 4.0985 3.9593 0.57694 8674.92

Fig. 2. Microstructure of TMS-238 and its tie-lined phase alloys. 
(a-c) TMS-238, (d–f) tie-lined γ phase alloy, (g–i) tie-lined γ′ phase alloy, 
(a, d, g) dendritic strcture, (b, e, h) dendrire core region, and (c, f, i) inter dendrite region.
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method with an X-ray generator (SA-HF3, Rigaku, Tokyo, Japan), and 
cutting was performed using a wire EDM machine (HS-300, BROTHER 
INDUSTRIES, LTD., Aichi, Japan). After this process, further precision 
machining was carried out to improve the parallelism of opposite faces 
and to accurately control the dimensions of each edge, as described 
below. One of the planes whose crystal orientation was aligned to be 
<100> by Laue method was attached to a sample holder with a 2-axis 
goniometer (M − 127, SERVTEC Co. Ltd., Chiba, Japan). The surface 
opposite to the initially attached face was polished using 30-μm dia
mond slurry and lapping plate, ensuring the {111} plane was accurately 
exposed. Subsequently, The polished surface was then mounted onto 
another sample holder (M − 6325, SERVTEC Co. Ltd., Chiba, Japan). 
The surface opposite to the newly attached face was subsequently pol
ished to expose the {100} plane. This polishing procedure was repeated 
three times to ensure that precise {100} planes were exposed on all faces 
of the specimen. It should be noted that polishing was performed to 
produce rectangular parallelepiped specimens, rather than perfect 
cubes, in order to sufficiently separate resonance frequencies for in the 
following analysis. As a result, specimens with approximate edge lengths 
of 4 mm and surfaces nearly parallel to the {100} planes were fabri
cated. The edge lengths and weights of the specimens were then pre
cisely measured using a micrometer and an electronic balance, 
respectively.

Subsequently, average edge lengths in each direction were calcu
lated, and the specimen volumes were determined based on these av
erages, assuming an ideal rectangular parallelepiped shape. The 
densities were then calculated by dividing the measured weight by the 
calculated volume. The details of the specimens are summarized in 
Table 2.

To obtain the elastic modulus of the specimens, rectangular paral
lelepiped resonance (RPR) method [46–48] was used. RPR method 
consist of two steps, experimental and simulation parts, respectively. In 
the experiment, resonance spectrum of the specimen was obtained at 1.
0 × 10− 4 Pa, from room temperature to 1100 ◦C, using an RPR apparatus 
(CC-HT, Japan Techno Plus Co. Ltd., Osaka, Japan). Range of frequency 
was between 250 and 1250 kHz during the experiment. During the 
measurement of resonance frequency, the target temperature is kept for 
approximately 30 min. In the simulation, spectrum of the resonance 
frequency of the specimens consisting of OD, EV, OX, OY, OZ, EX, EY 
and EZ resonance modes from 1st to 8th degree was simulated by 
assuming the elastic moduli c11, c12, and c44 in FCC lattice, inputting 
density, and edge length of the specimen, using a software program 
(f-calc ™, Japan Techno Plus Co. Ltd., Osaka, Japan). The simulation 
was repeated to fit experimental one until the degree of coincidence 
between the measured spectra fmea

i,j and simulated spectra f sim
i,j about i-th 

resonance frequency of j-mode shown in Equation (1) was smaller than 
0.5 %. 

S=
∑

j

∑

i

(
f sim
i,j − fmea

i,j

f sim
i,j

)

(1) 

3. Results

3.1. Microstructure of specimens

Fig. 2 shows microstructure of the alloys. All alloys have inhomo
geneous microstructure in dendritic scales, originating from solidifica
tion process [49]. Dendritic shape was confirmed in each alloy shown in 
Fig. 2(a), 2(d) and 2(g), indicating that elemental segregation caused 
during solidification remains after the heat treatments.

In the case of γ+γ′ alloy TMS-238 shown in Fig. 2 (b) and 2 (c), cubic 
and aligned γ′ precipitates with darker contrast are surrounded by thin γ 
matrix channels with brighter contrast in back scattered electron im
ages. The edge length of the γ′ precipitates tends to be larger in the inter- 
dendrite region than that in the dendrite-core region. This difference 

originates from dendritic scaled segregation of heavy elements such as 
W and Re during solidification process. As the result of segregated W and 
Re in the dendrite core region which is remained after solution treat
ment, these heavy elements retard growth of the γ′ precipitates in the 
dendrite core region more than the inter dendrite region during primary 
aging [50].

In the case of tie-lined γ phase alloy shown in Fig. 2(e) and 2 (f), 
black contrasted tiny precipitates with approximately 10 nm in a 
diameter were found to be distributed homogenously and monomodally 
between the dendrite core and the inter dendrite regions, respectively. 
Since darker contrast in BSE images implies the existence of lighter el
ements, these darker contrasted regions indicate the γ′ precipitates. 
Since tie-lined γ phase alloy was designed to be equilibrium at 900 ◦C 
with γ′ precipitates, this alloy has γ and γ′ phases in equilibrium state 
enough below 900 ◦C if solvus line of γ phase with γ and γ′ coexisted 
region in TMS-238 follows Ni-Al alloy system in phase diagram. Notably, 
the tie-lined γ phase alloy is pure γ phase above 900 ◦C since the dis
solubility of γ′ former elements such as Al and Ta in γ phase increases 
with increase of temperature [41,42]. Therefore, observed tiny and 
monomodal γ′ precipitates are formed during cooling process, but not 
during aging. If these tiny γ′ precipitates have already appeared during 
primary and secondary aging, multi-modal distribution of γ′ precipitates 
would be observed due to cooling γ′ precipitate formed during cooling 
process in addition to grown γ′ precipitates formed during the final 
aging. From these observed points, the tie-lined γ phase alloy is expected 
to show a pure γ phase approximately above 900 ◦C.

In the case of tie-lined γ′ phase alloy shown in Fig. 2 (h) and 2 (i), fine 
network consisting of thin γ matrix channels with brighter contrast was 
observed, especially in the dendrite core region. This observation in
dicates that γ former element is more distributed in dendrite core region 
during the solidification process, and this segregation remains after so
lution treatment. Furthermore, γ phase in the tie-lined γ′ phase alloy can 
be supposed to appear during cooling process from solidification and 
solution treatment. The γ′ precipitates surrounded by γ channel grow 
during primary aging at 1150 ◦C with high influence from the lattice 
misfit [51] since γ′ precipitates with aligned and cubic shape appear 
with thin γ channels especially in the dendrite core region. In this esti
mation, γ phase also appears and continues to grow with γ′ precipitates 
in the secondary aging at 870 ◦C. Therefore, existence of the γ phase in 
the tie-lined γ′ phase alloy cannot be ignored to consider the elastic 
modulus of pure γ′ phase even over the temperature of secondary aging 
870 ◦C, which is a different case from that of the tie-lined γ phase alloy. 
Notably, according to Ni-Al phase diagram [52] and temperature 
dependence of compositions in equilibrium phases of superalloys [41,
42], composition of the γ′ phase does not change significantly as tem
perature changes. Therefore, the volume fraction of γ phase in the 
tie-lined γ′ phase alloy can be expected not to be significantly changed.

TMS-238 has excellent microstructural stability among the advanced 
generation superalloys containing Rhenium. In this study, RPR method 
keeps approximately 30 min at the target temperatures during the 
resonance frequency measurement, but this holding period is signifi
cantly short for TCP precipitation in TMS-238 as reported in previous 
study because TMS-238 does not contain TCP phase around 200 h aging 
at 900, 1000, and 1100 ◦C [53]. TCP phase is expected to nucleate from γ 
matrix channel [54] which is equilibrium with γ′ phase [55]. Further
more, based on the above microstructural observation, pronounced TCP 
phase affecting elastic modulus is not expected in the tie-lined γ′ phase 
alloy because of small fraction of γ phase. In the case of the tie-lined γ 
phase alloy, TCP phase precipitation is not expected because no γ′ phase 
is expected above 900 ◦C. Additionally, the effect of solidification 
segregation on the measured elastic modulus is minor. This is because 
the measured elastic modulus is obtained from specimens that contain 
both dendritic and inter-dendritic regions. Given the compositional 
differences between these regions, each has a distinct elastic modulus. 
However, since the specimen as a whole can be regarded as a composite 
material comprising dendritic and inter-dendritic regions, the measured 
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elastic modulus represents an averaged value between them.

3.2. Rectangular parallelepiped resonance method

Fig. 3 shows an example in obtained frequency spectra of the TMS- 

238 between room temperature and 1100 ◦C in the range from 250 to 
400 kHz although actual experiments were conducted in the range be
tween 250 and 1250 kHz. Frequency of each peak consisting of the 
spectra decreased with the increase of temperature. Therefore, to 
confirm validity of the analysis, the analysis to fit experimental spectra 
was conducted to show continuous decrease of each simulated reso
nance frequency with the increase of temperature, as shown in Fig. 4, 
which shows an example in the resonance frequency with EV-mode. This 
validation was conducted to all resonance mode of OD, EV, OX, OY, OZ, 
EX, EY and EZ, from 1st to 8th resonance frequency.

3.3. Elastic modulus of TMS-238 and its tie-lined γ and γ′ phase alloys

Using RPR method, elastic constants of c11, c12, and c44 were ob
tained. Furthermore, typically used elastic moduli were calculated using 
c11, c12, and c44. This research mainly focuses on a longitudinal elastic 
modulus along <100> defined by equation (2), which is a component of 
the elastic misfit for alloy design [34,35]. The experimental <100>
longitudinal elastic modulus are shown in Fig. 5 as plots. Furthermore, 
shear modulus ć  on {110} to <110> defined by equation (3) is also 
calculated, and shown in Fig. 5. Detailed elastic moduli of TMS-238 and 
its tie-lined alloys are shown in Table A1 in Appendix A. This is because 
the longitudinal elastic modulus E, shear modulus c44, and ć  have a high 
accuracy by RPR method because the resonance spectra of specimens are 
sensitive to those elastic moduli [38,56]. 

E=
(c11 − c12)(c11 + 2c12)

c11 + c12
(2) 

ć =
c11 − c12

2
(3) 

For the convenience for many researchers, temperature dependence 
of the elastic modulus with high accuracy in RPR method was derived 
using regression approach by equation (4) for longitudinal elastic 
modulus as well as other two shear moduli with high accuracy. Elastic 
modulus M is explained by equation (4). 

M=D0 + T⋅DT + T2⋅DT2 + T3⋅DT3 (4) 

c11 and c12 can be deduced using predicted values of longitudinal 
elastic modulus E, and shear moduli cʹ, as following equations. 

c11 =
− E⋅ć + 4⋅ć 2

3ć − E
(5) 

c12 =
E⋅ć − 2⋅ć 2

3ć − E
(6) 

The predicted values of elastic modulus, E, c44, and cʹ are shown in 
Fig. 5 as lines, and the coefficient of determination in the equations for 
each tie-lined alloy are over 0.99. Each regression coefficient for each 

Fig. 3. Experimental resonance frequency of TMS-238 between 250 and 400 
kHz, and its temperature dependence in each resonance mode.

Fig. 4. Temperature dependence of resonance frequency with EV-mode in 
TMS-238. Square plots indicate expreimtnal resoncne frequencies, and round 
plots indicate simulated ones. Dashed lines indicates connection between 
simulated resonance frequencies with the same mode in different temperatures.
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alloy is shown in Table 3.

4. Discussion

Based on microstructural observation, this article focuses on the 
determination of elastic modulus using tie-lined alloys above 900 ◦C, 
where cooling γ′ precipitates in γ phase alloy are not expected.

4.1. Composite model for cubic γ′ precipitates

As shown in Fig. 2(g), 2(h), and 2(i), the tie-lined γ′ phase alloy is 
expected to have γ phase at 900 ◦C. Therefore, the elastic modulus of 
pure γ′ phase should be simulated by other method using the elastic 
modulus of the tie-lined alloys. To solve this problem, composite models 
of the elastic modulus were used to estimate the elastic modulus of pure 
γ′ phase in the tie-lined alloys by using the elastic modulus of the tie- 
lined γ phase alloy and TMS-238.

As the composite models, traditional composite models called Voigt 
[57] and Reuss [58] rules in addition to a newly established one called 
Model A were used. Since Voigt and Reuss rules can predict upper and 
lower limits of the elastic modulus in composite microstructure, these 
rules can simulate the range of simulated elastic modulus of pure γ′ 
phase. Furthermore, Model A simulates the elastic modulus based on 
realistic microstructure of superalloys. This is because Model A was 
established by assuming the microstructure in TMS-238 with aligned 
and cubic γ′ precipitates, however, Voigt and Reuss models assume 
raft-like precipitates, which is not identical to original microstructure of 
TMS-238 as shown in Fig. 2. Equation (7) and equation (8) are equations 

for <100> longitudinal elastic modulus in composite microstructure 
deduced by Voigt and Reuss models, respectively. Equation (9) is 
<100> longitudinal elastic modulus in composite microstructure 
specialized for conventional Ni-base single-crystal superalloys deduced 
by Model A. γ′ volume fraction Vγ’ shown in equation (10) is calculated 
by dimension ratio in microstructure only in Model A, which is detailly 
introduced in Fig. 7, where a is edge length of cubic γ′ precipitates, and b 
is edge length of a unit cell. Notably, there is no restraint condition 
between γ′ volume fraction and dimension ratio in Voigt and Reuss 
models. Model A can apply for other elastic moduli such as c44 and ć  as 
in the same case of other mixture models, such as Voigt and Reuss 
models [37]. Notably, these composite models do not contain inhomo
geneous effect by solidification segregation, therefore, output of the 
elastic modulus by these composite models is average values of 
specimens. 

EVoigt =Eγ ⋅
(
1 − Vγʹ

)
+ Eγʹ⋅Vγʹ (7) 

EReuss =
Eγ⋅Eγʹ

Eγ⋅Vγʹ + Eγʹ
(
1 − Vγʹ

) (8) 

EA =

(
(1 − x2)⋅Eγ + x2⋅Eγʹ

)
⋅Eγ

(1 − x)⋅
(
(1 − x2)⋅Eγ + x2⋅Eγʹ

)
+ x⋅Eγ

(9) 

Vγʹ =
(a

b

)3
= x3 (10) 

Fig. 6 shows assumptions to establish Model A which has a unit cell 
of conventional Ni-base single-crystal superalloy with aligned and cubic 

Fig. 5. Temperature dependence of the elastic modulus of TMS-238 and its tie-lined alloys. 
(a) <100> longitudinal elastic modulus, (b) shear modulus Plots indicate experimental elastic modulus, and lines indicate predicted elastic modulus using equa
tion (4).

Table 3 
Regression coefficients for elastic moduli for TMS-238 and its tie-lined alloys.

M Terms D0 DT DT2 DT3

Unit /GPa /GPa⋅K− 1 /GPa⋅K− 2 /GPa⋅K− 3

E TMS-238 1.487× 102 − 9.602× 10− 2 − 8.230× 10− 5 − 3.796× 10− 8

Tie-lined γ phase alloy 1.560× 102 − 1.129× 10− 1 − 8.316× 10− 5 − 3.667× 10− 8

Tie-lined γ′ phase alloy 1.469× 102 − 9.466× 10− 2 − 8.303× 10− 5 − 3.695× 10− 8

c44 TMS-238 1.603× 102 − 1.272× 10− 1 1.223× 10− 4 − 4.999× 10− 8

Tie-lined γ phase alloy 1.548× 102 − 8.863× 10− 2 6.547× 10− 5 − 2.813× 10− 8

Tie-lined γ′ phase alloy 1.590× 102 − 1.258× 10− 1 1.203× 10− 4 − 4.818× 10− 8

ć TMS-238 5.311× 101 − 3.256× 10− 2 2.624× 10− 5 − 1.234× 10− 8

Tie-lined γ phase alloy 5.694× 101 − 4.437× 10− 2 3.338× 10− 5 − 1.436× 10− 8

Tie-lined γ′ phase alloy 5.309× 101 − 3.487× 10− 2 3.033× 10− 5 − 1.358× 10− 8
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γ′ precipitates. Model A in Fig. 6 (a) consists of two parts called Part A-1 
and Part A-2 shown in Fig. 6 (b) and 6 (c), respectively. Model A assumes 
that the same external applied stress σext is applied to Part A-1 and Part 
A-2. However, the external applied stress is redistributed to each part of 
Part A-2, Part A-2-γ′ and Part A-2-γ in Fig. 6 (c) to keep unit cell, mainly 
from the reason of the difference in the elastic modulus between γ and γ′ 
phase. Detailed procedure to deduce Model A is described in 
Appendix B.

4.2. Determination of tie-lined elastic modulus by new model at 900 ◦C

To obtain elastic modulus of the pure γ′ phase at 900 ◦C, the elastic 
moduli of tie-lined γ phase alloy and TMS-238 with their volume frac
tion of γ′ phase were input into all the composite models, Reuss, Voigt, 
and Model A. Output of the elastic moduli of γ′ phase by Reuss and Voigt 
models offers upper and lower boundaries of elastic modulus of pure γ′ 
phase respectively, and Model A is expected to show the elastic modulus 

of pure γ′ phase based on realistic microstructure if volume fraction of γ′ 
phase is set as 1. The results of the estimation by each model is shown in 
Fig. 7. This approach tells us that the <100> longitudinal elastic 
modulus of pure γ′ phase at 900 ◦C by Model A is expected to be 90.86 
GPa (Maximum: 91.29 GPa, Minimum: 90.68 GPa). Also, γ′ volume 
fraction of tie-lined γ′ phase alloy is calculated to be 0.93 (Maximum: 
0.95, Minimum: 0.90).

4.3. Determination of the elastic modulus of the pseudo-tie-lined phases at 
1000 and 1100 ◦C

Fig. 8 shows temperature dependence of equilibrium compositions in 
the individual γ and γ′ phases and TMS-238, based on Table 1 calculated 
by ADP, for some characteristic γ former elements Co and Re, and γ′ 
former elements Al and Ta. Fig. 8 (a) shows that equilibrium composi
tions of Al in γ phase increases as temperature increases, however, those 
in γ′ phase show almost constant values. In addition, equilibrium 

Fig. 6. Assumption to establish Model A in a unit cell. 
(a) Assembled parts using Fig. 6 (b) and 6 (c), (b) divided part called Part A-1 consisting of γ matrix, and (c) divided part called Part A-2 consisting of γ matrix called 
Part A-2-γ and of γ′ precipitate called Part A-2-γ′

Fig. 7. <100> longidutional elastic modulus of TMS-238 and its tie-lined phase alloys at 900 ◦C 
(a) volume fraction dependency of γ′ phase on the elastic modulus, (b) side in γ′ phase.
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concentration of Co in γ phase decreases as temperature increases, 
however, that in γ′ phase shows almost constant value. Now, we have to 
remember again that tie-lined alloys based on TMS-238 have been 
designed so as to be in equilibrium at 900 ◦C. Larger change in equi
librium compositions in γ phase with temperatures indicates that the 
elastic modulus of tie-lined γ phase alloy over 900 ◦C, such as 1000 and 
1100 ◦C, is differ from exact elastic modulus of equilibrium situation at 
these temperatures, and needs to be estimated by some approaches. On 
the other hand, almost constant equilibrium compositions in γ′ phase 

with temperatures indicate that the elastic modulus of tie-lined γ′ phase 
alloy over 900 ◦C could be close to that of pure γ′ phase determined by 
the same approach to estimate the elastic modulus used in previous 
section at 900 ◦C.

This section focuses on the determination of the elastic modulus at 
1000 and 1100 ◦C. Based on the above consideration, the elastic 
modulus of equilibrium γ and γ′ phases at these temperatures needs to be 
determined using the elastic modulus of TMS-238 and tie-lined γ′ phase 
alloy, using each composite model. Since the equilibrium compositions 

Fig. 8. Equilibrium compositions of γ and γ′ phases and TMS-238 by ADP. 
(a) Main elements Co for γ former and Al for γ′ former, (b) heavy elements Re for γ former and Ta for γ′ former.

Fig. 9. Elastic modulus of a series of the tie-lined TMS-238 alloys at 1000 ◦C 
(a) Side in γ phase, (b) volume fraction dependency of γ′ phase on the elastic modulus, and (c) side in γ′ phase.

Fig. 10. Elastic modulus of a series of the tie-lined TMS-238 alloys at 1100 ◦C 
(a) Side in γ phase, (b) volume fraction dependency of γ′ phase on the elastic modulus, and (c) side in γ′ phase.
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of γ′ phase is almost constant regardless temperatures, and since nominal 
compositions of tie-lined γ′ phase alloy is close to phase boundary of γ′ 
phase, volume fraction of γ phase in tie-lined γ′ phase alloy at 1000 and 
1100 ◦C is assumed to be the same values at 900 ◦C, determined by each 
composite model. Using this approach, the elastic moduli of equilibrium 
γ and γ′ phases at 1000 ◦C was estimated as shown in Fig. 9, and those at 
1100 ◦C was also estimated as shown in Fig. 10. The elastic modulus of γ 
phase was estimated as 75.51 GPa (Maximum: 75.54 GPa, Minimum: 
75.48 GPa) at 1100 ◦C, and as 66.01 GPa (Maximum: 65.94 GPa, Min
imum: 66.45 GPa) at 1100 ◦C, and that of γ′ phase was estimated as 
85.36 GPa (Maximum: 85.68 GPa, Minimum: 85.24 GPa), and as 79.03 
GPa (Maximum: 79.44 GPa, Minimum: 78.85 GPa).

4.4. Comparison of the elastic modulus of TMS-238 with other alloy 
systems

Other elastic modulus of shear modulus such as c44 and ć  were also 
obtained at 900, 1000, and 1100 ◦C in the same manner of longitudinal 
elastic modulus E using composite model of Model A. Using values of ć  

and E, c11 and c12 were also obtained, then other important elastic 
moduli can be also calculated such as Poisson’s ratio v = c12

c11+c12
, bulk 

modulus B = c11+2c12
3 , anisotropic factor A = 2c44

c11 − c12
. Table 4 lists these 

elastic moduli of the tie-lined TMS-238 at higher temperatures, and 
Fig. 11 shows the comparison of their elastic modulus as a figure, 
focusing on elastic modulus with high reliability such as longitudinal 
elastic modulus and shear modulus. According to Fig. 11, the elastic 
modulus of the tie-lined γ′ phase is close to those of tie-lined γ′ phase 
alloy, indicating that remained γ matrix has small effect on the elastic 
modulus. For instance, the difference of the longitudinal elastic modulus 
between tie-lined γ′ phase alloy and estimated tie-lined γ′ phase is below 
1 GPa at each temperature. However, larger deviation of the elastic 
modulus of the tie-lined γ phase from that of tie-lined γ phase alloy was 
confirmed, indicating that deviation of constituting elements from those 
at 900 ◦C is significant for the elastic modulus. For instance, the devi
ation of the longitudinal elastic modulus at 1000 ◦C is 5.5 GPa, and that 
at 1100 ◦C is 2.1 GPa.

Effect of the alloying elements on the elastic modulus is significant 
for the alloy design. To compare the elastic modulus of tie-lined phases 
in TMS-238, the elastic modulus of tie-lined phases in Ni-Al systems was 
also estimated. According to published phase diagram of Ni-Al system 
[52], equilibrium compositions of Al in γ-γ′ two-phases region are 
summarized in Table 5.

To estimate the elastic modulus of the compositions shown in Table 5
predictive equations of the elastic modulus M for Ni-Al systems were 
established though regression approach with equation (11) where cAl is 

Table 4 
Elastic modulus of TMS-238 and its tie-lined phases at elevated temperatures.

T E c11 c12 c44 ć ν B A

/◦C /GPa /GPa /GPa /GPa /GPa – /GPa –

TMS-238 900 87.12 217.80 156.36 98.55 30.72 0.4179 176.84 3.208
1000 82.23 205.06 147.05 93.58 29.00 0.4176 166.39 3.227
1100 73.94 192.42 140.42 86.96 26.00 0.4219 157.75 3.344

Tie-lined γ phase 900 77.95 219.26 164.71 95.60 27.27 0.4290 182.89 3.505
1000 75.51 177.58 124.07 85.90 26.75 0.4113 141.90 3.211
1100 66.09 159.31 112.57 84.36 23.37 0.4141 128.15 3.610

Tie-lined γ′ phase 900 90.86 218.60 154.33 99.71 32.13 0.4138 175.75 3.103
1000 85.36 218.71 158.61 97.17 30.05 0.4204 178.64 3.233
1100 79.03 215.86 160.46 88.58 27.70 0.4264 178.93 3.198

Fig. 11. Temperature dependence of the elastic modulus of TMS-238 and its tie-lined phases at elevated temperatures. 
(a) <100> longitudinal elastic modulus, (b) shear modulus.

Table 5 
Equilibrium Al concentrations in the region of γ-γ′ two phase systems in Ni-Al from phase diagram [52].

Tie-lined γ phase Tie-lined γ′ phase

Temperature/◦C 900 1000 1100 900 1000 1100
Al (at.%) 14.69 15.64 17.07 23.17 22.69 22.94
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atomic concentration of Al, using referenced data of Pure Ni [35], 
Ni-12.69 Al [59], and Ni-14.69 Al [35] for γ single phase, and data of 
Ni-23.17Al [35], Ni-23.20Al [60], Ni-24.0Al [60], and Ni-25.0Al [60] 
for γ′ single phase. All the referenced elastic moduli were obtained using 
RPR method, which is the same method in this research. Notably, to 
escape from the effect of cooling γ′ phase in γ single phase alloys on the 
elastic modulus, referenced data in the γ-γ′ two-phase region was 
omitted based on published Ni-Al phase diagram [52]. Obtained 
regression coefficients in equation (11) are listed in Table 6, and detailed 
elastic moduli of Pure Ni, Ni-14.69Al, and Ni-23.17Al measured by 

authors using RPR method are shown in Table A2 in Appendix A.  

M=D0 + T⋅DT + T2⋅DT2 + T3⋅DT3 + cAl⋅DcAl (11) 

Fig. 12 shows the elastic modulus of tie-lined γ phase in PureNi, Ni-Al 
system, and TMS-238. In Fig. 12, longitudinal elastic modulus and shear 
modulus of tie-lined γ phase in PureNi are close to those in TMS-238, but 
those of Ni-Al system are lower than those in PureNi and TMS-238.

Fig. 13 also shows the elastic modulus of equilibrium γ′ phase in Ni- 
Al system and TMS-238. In the similar manner to the case of the elastic 
modulus of γ phase, longitudinal elastic modulus and shear modulus of 

Table 6 
Regression coefficients for elastic modulus of the individual γ and γ′ phases in Ni-Al system.

M Phases D0 DT DT2 DT3 DcAl

/ GPa / GPa⋅K− 1 / GPa⋅K− 2 / GPa⋅K− 3 / GPa

E γ 1.479× 102 − 1.210× 10− 1 1.123× 10− 4 − 4.888× 10− 8 − 4.504× 10− 1

γ′ 1.318× 102 − 1.1140× 10− 1 1.250× 10− 4 − 5.614× 10− 8 − 1.005
c44 γ 1.491× 102 − 1.290× 10− 1 1.271× 10− 4 − 5.075× 10− 8 − 1.751× 10− 1

γ′ 1.469× 102 − 9.970× 10− 2 1.056× 10− 4 − 4.855× 10− 8 − 3.448× 10− 1

ć γ 5.313× 101 − 4.161× 10− 2 3.657× 10− 5 − 1.595× 10− 8 − 1.715× 10− 1

γ′ 4.748× 101 − 4.230× 10− 2 4.640× 10− 5 − 2.075× 10− 8 − 4.430× 10− 1

Fig. 12. Comparison of elastic modulus in tie-lined γ phase in alloys with γ and γ′ phases. 
(a) longitudinal elastic modulus, (b) shear modulus. Closed plots show experimental data, and open plots show predicted data.

Fig. 13. Comparison of elastic modulus in tie-lined γ′ phase in alloys with γ and γ′ phases. 
(a) longitudinal elastic modulus, (b) shear modulus. Closed plots show experimental data, and open plots show predicted data.
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equilibrium γ′ phase in Ni-Al system are lower than those in TMS-238.
Comparing the elastic modulus of TMS-238 with conventional alloys 

is also significant for practical use, therefore, Appendix C summarizes 
the elastic modulus of several conventional alloys with that of TMS-238.

Fig. 14 summarizes the elastic misfit of defined by δE =
Eγ́ − Eγ

Eγ 
in Ni-Al 

binary system, Ni-Al-X tertiary systems, TMS-238 and other conven
tional superalloys. All the elastic misfit among investigated alloys is 
positive. Fig. 14 also shows that the elastic misfit differs from alloys, 
implying its compositional dependence [33]. The elastic misfit of 
TMS-238 is almost equivalent to those of other conventional alloys such 
as TMS-26, TMS-75, and TMS-196, furthermore, Ni-Al-W and Ni-Al-Mo 
R3/R4 tertiary systems. The elastic misfit of TMS-82+ and Ni-Al-Ta are 
larger than those of TMS-238. However, the elastic misfit of Ni-Al binary 
system, Ni-Al-Re, and Ni-Al-Mo R1/R2 tertiary systems are smaller than 
those of TMS-238. Notably, in the reference of Ni-Al-Mo system [37], R1 
and R3 are alloys with γ and γ′ phases but each alloy has different 
compositions. R2 is the tie-lined γ single phase alloy equilibrium with 
R1, and R4 is another tie-lined γ single phase alloy equilibrium with R3. 
Therefore, the elastic misfit in equilibrium γ and γ′ phases in Ni-Al-Mo 
system can be calculated from the data set of R1/R2 and that of 
R3/R4, respectively.

5. Conclusion

This manuscript reports the elastic moduli of 6th generation Ni-base 
single crystal superalloy TMS-238 and its tie-lined γ and γ′ phases , using 

newly developed composite model. 

1. Tie-lined TMS-238 alloys which are equilibrium at 900 ◦C were 
designed and fabricated. Microstructural observation revealed that γ′ 
single phase alloy contains small amount of γ phase especially 
distributed in dendrite-core region although γ single phase alloy 
contains homogeneously distributed fine γ′ precipitates, expecting 
dissolution above 900 ◦C.

2. Elastic modulus of TMS-238 and its tie-lined alloys were measured 
using RPR method from room temperature to 1100 ◦C. Furthermore, 
the elastic moduli of equilibrium phases were determined above 900 
◦C using newly developed composite models.

3. Elastic moduli of equilibrium γ phase in TMS-238 are almost 
equivalent to those of PureNi, but they are larger than those in Ni-Al 
system. In the same way, the elastic moduli of equilibrium γ′ phase in 
TMS-238 are larger than those in Ni-Al system.

4. Elastic misfit, defined by δE =
Eγ́ − Eγ

Eγ 
which is an important factor for 

raft structure formation, in TMS-238 was evaluated and compared 
with other alloy systems. The elastic misfit among all the investi
gated alloys is positive. The elastic misfit of TMS-238 is intermediate 
value, among all the investigated alloy systems. This implied that the 
alloy compositions changes the elastic misfit.
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Appendix A. Detailed elastic modulus measured using RPR method

Table A1 summarizes detailed elastic moduli of TMS-238 and its tie-lined γ and γ′ phase alloys. E, ć , and c44 of these alloys are shown in Fig. 5, as 
plots. Furthermore, Table A2 also summarizes detailed elastic moduli of PureNi, Ni-14.69Al, and Ni-23.17Al, which were used to deduce the 
regression coefficients of elastic modulus in Ni-Al system, shown in Table 6. Longitudinal elastic modulus E of these alloys measured by the authors are 
shown in previous works as plots in figures [33].

Fig. 14. Comparison of the elastic misfit by tie-lined γ and γ′ phases at elevated 
temperatures. 
Data of conventional alloys such as TMS-26 [35], TMS-82+[35], TMS-75 [35], 
and TMS-196 [35], Ni-Al-X tertiary alloys such as Ni-Al-Ta [35], Ni-Al-W [35], 
Ni-Al-Re [35], and Ni-Al-Mo [37] are calculated from references. Data of Ni-Al 
system and TMS-238 comes from this research.
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Table A1 
Elastic moduli of TMS-238 and its tie-lined γ and γ′ phase alloys, measured using RPR method.

Specimen T E c11 c12 c44 ć ν B A

/◦C /GPa /GPa /GPa /GPa /GPa – /GPa –

TMS-238 30 127.35 253.24 161.59 131.97 45.825 0.3895 192.14 2.880
100 121.43 249.64 162.56 126.97 43.542 0.3944 191.58 2.916
200 116.67 240.36 156.71 121.79 41.829 0.3947 184.59 2.912
300 113.11 233.68 152.61 118.01 40.538 0.3951 179.63 2.911
400 110.73 227.33 147.90 115.14 39.713 0.3942 174.38 2.899
500 106.81 228.76 152.47 112.36 38.149 0.3999 177.90 2.945
600 103.17 220.51 146.80 109.53 36.856 0.3997 171.37 2.972
700 98.26 223.29 153.48 105.92 34.908 0.4073 176.75 3.034
800 92.69 227.67 162.21 102.83 32.728 0.4161 184.03 3.142
900 87.12 217.80 156.36 98.55 30.721 0.4179 176.84 3.208

1000 82.23 205.06 147.05 93.58 29.003 0.4176 166.39 3.227
1100 73.94 192.42 140.42 86.96 26.003 0.4219 157.75 3.344

Tie-lined γ′ phase alloy 30 128.68 260.20 167.76 133.44 46.220 0.3920 198.57 2.887
100 124.00 248.15 158.97 128.96 44.591 0.3905 188.70 2.892
200 116.57 257.13 174.08 125.25 41.523 0.4037 201.76 3.017
300 110.65 246.97 168.23 119.58 39.372 0.4052 194.48 3.037
400 106.50 244.35 168.74 116.21 37.806 0.4085 193.95 3.074
500 101.93 236.59 164.29 112.54 36.152 0.4098 188.39 3.113
600 97.35 225.12 156.05 108.76 34.538 0.4094 179.07 3.149
700 92.00 229.40 164.50 104.94 32.447 0.4176 186.13 3.234
800 84.98 219.46 159.66 100.61 29.900 0.4211 179.59 3.365
900 77.95 219.26 164.71 95.60 27.275 0.4290 182.89 3.505

1000 70.06 198.25 149.24 89.06 24.506 0.4295 165.57 3.634
1100 63.96 208.42 164.02 84.34 22.202 0.4404 178.82 3.799

Tie-lined γ′ phase alloy 30 125.56 246.80 156.33 131.16 45.237 0.3878 186.48 2.900
100 120.77 243.15 156.35 125.74 43.400 0.3914 185.28 2.897
200 115.82 237.18 154.08 120.59 41.549 0.3938 181.78 2.902
300 112.93 231.32 150.30 117.51 40.511 0.3939 177.30 2.901
400 109.97 227.73 148.93 114.67 39.404 0.3953 175.20 2.910
500 106.77 228.31 152.03 111.97 38.141 0.3997 177.46 2.936
600 103.27 221.75 148.00 108.90 36.876 0.4003 172.58 2.953
700 99.47 216.67 145.72 105.48 35.473 0.4021 169.37 2.973
800 94.89 219.88 152.56 102.48 33.659 0.4096 175.00 3.045
900 89.95 218.05 154.46 99.09 31.794 0.4147 175.66 3.117

1000 84.68 215.44 155.79 95.42 29.824 0.4197 175.67 3.199
1100 78.11 211.13 156.33 87.94 27.399 0.4254 174.60 3.210

Table A2 
Elastic moduli of PureNi, Ni-14.69Al, and Ni-23.17Al, measured using RPR method.

Specimen T E c11 c12 c44 ć ν B A

/◦C /GPa /GPa /GPa /GPa /GPa – /GPa –

PureNi 30 120.11 230.04 143.24 120.14 43.40 0.38373 172.17 2.768
400 103.06 206.88 132.78 105.00 37.05 0.39092 157.48 2.834
500 99.07 200.85 129.70 101.99 35.57 0.39238 153.42 2.867
600 95.28 201.28 133.13 98.22 34.07 0.39811 155.85 2.883
700 90.45 204.52 140.22 95.69 32.15 0.40674 161.65 2.976
800 86.32 191.49 130.02 92.77 30.73 0.40441 150.51 3.019
900 80.20 191.61 134.85 89.27 28.38 0.41307 153.77 3.146

1000 74.33 178.81 126.23 87.33 26.29 0.41382 143.76 3.322
1100 69.06 169.88 121.11 82.53 24.38 0.41621 137.37 3.385

Ni-14.69Al 30 111.16 216.70 136.53 110.95 40.09 0.38652 163.25 2.768
100 107.79 210.31 132.58 107.92 38.87 0.38665 158.49 2.777
200 102.24 197.92 124.13 103.77 36.90 0.38543 148.73 2.813
300 96.98 191.02 121.15 99.08 34.93 0.38810 144.44 2.836
400 93.20 178.93 111.59 96.69 33.67 0.38411 134.04 2.872
500 88.79 174.98 111.01 94.31 31.98 0.38817 132.33 2.949
600 84.90 170.76 109.74 92.43 30.51 0.39122 130.08 3.029
700 80.97 163.71 105.54 90.49 29.09 0.39198 124.93 3.111
800 77.42 161.40 105.96 87.71 27.72 0.39630 124.44 3.164
900 72.45 162.64 111.11 83.13 25.77 0.40588 128.29 3.227

1000 66.15 160.53 113.78 80.17 23.38 0.41478 129.36 3.429
1100 56.30 159.00 119.61 74.03 19.69 0.42931 132.74 3.759

Ni-23.17Al 30 105.21 231.06 156.08 123.84 37.49 0.40316 181.07 3.303
100 102.02 228.49 155.91 122.17 36.29 0.40559 180.11 3.366
200 96.82 222.88 154.15 116.68 34.36 0.40887 177.06 3.396
300 92.43 217.73 152.25 112.38 32.74 0.41150 174.08 3.432

(continued on next page)
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Table A2 (continued )

Specimen T E c11 c12 c44 ć  ν B A

/◦C /GPa /GPa /GPa /GPa /GPa – /GPa –

400 89.43 210.94 147.59 109.51 31.68 0.41165 168.71 3.457
500 86.47 208.51 147.36 106.76 30.58 0.41408 167.74 3.492
600 83.81 203.23 143.98 104.21 29.62 0.41469 163.73 3.518
700 81.05 198.15 140.90 101.77 28.63 0.41556 159.98 3.555
800 77.98 194.67 139.67 98.13 27.50 0.41775 158.01 3.568
900 75.04 190.74 137.88 94.59 26.43 0.41957 155.50 3.579

1000 71.85 185.77 135.22 90.87 25.28 0.42125 152.07 3.595
1100 64.01 180.61 135.83 82.68 22.39 0.42923 150.75 3.692

Appendix B. Deduction of Model A

Fig. 6 (a) is assumed to establish the new composite model of elastic modulus for microstructure containing cubic precipitates. The goal of this 
section is to deduce the entire elastic modulus of Model A, EA, shown in Fig. 6 (a) in a function of the elastic modulus of γ phase, γ′ phase, and volume 
fraction of γ′ phase. Fig. 6 (a) is a unit cell model of γ/γ′ microstructure, containing 1/8 cubic γ′ precipitates surrounded by γ matrix channels. This unit 

cell has “b” edge length of the cell and “a” edge length of γ′ precipitates. In this situation, γ′ volume fraction Vγ’ in the unit cell is defined by Vγ’ =

(
a
b

)3
= x3. In this situation, to deduce overall elastic modulus EA, Model A is divided into two parts: Part A-1 shown in Fig. 6 (b) and Part A-2 shown in 

Fig. 6 (c).

B.1 Balance of elongation

To deduce the Model A easily, we assume environment with uniaxial external stress σext to the unit cell shown in Fig. 6 (a). In this case, elongation 
of Model A toward stress direction is eA = σext

EA
⋅b. If Model A is divided into two separated parts shown in Fig. 6, the same external stress is applied to 

Part A-1 and Part A-2, respectively. In this case, elongation of Part A-1 and Part A-2 is written in equation (B1) and equation (B2). 

eA− 1 =
σext

EA− 1
⋅(b − a) =

σext

Eγ
⋅(b − a) (B1) 

eA− 2 =
σext

EA− 2
⋅a (B2) 

Therefore, a relation shown in equation (B3) has to be established based on balance of elongation. 

eA = eA− 1 + eA− 2 (B3) 

For this, EA− 2 must be deduced in a function of elastic modulus of γ and γ′ phases and γ′ volume fraction.

B.2 Constrain condition to deduce EA− 2

The unit cell has to be an unit cell of microstructure under the load. Since the elastic moduli of γ and γ′ phases differ each other, external stress to 

each phase in Part A-2 is modulated so that the elongation of each region shows the same value. σext⋅b2 = σγʹ⋅a2 + σγ⋅
(

b2 − a2
)

relation exists so that 

each part satisfies the stress balance. In another form, this equation is written as EA− 2⋅εA− 2⋅b2 = Eγʹ⋅ε γʹ ⋅a2 + Eγ⋅εγ⋅
(

b2 − a2
)

, using Hoock’s low. At this 

time, constrain condition of the elongation of each part is applied so that elongation is the same in entire region of Part A-2, as following: εA− 2 = εγʹ =

εγ. Using these relations, entire elastic modulus of Part A-2 is formulated as following. 

EA− 2 = Eγʹ ⋅ x2 +Eγ⋅
(
1 − x2) (A4) 

Therefore, elongation of Part A-2 can be written in equation (B5), using Hoock’s law. 

eA− 2 = a ⋅ εA− 2 =
a⋅σext

Eγʹ⋅x2 + Eγ⋅(1 − x2)
(B5) 

B.3 Unification of equations to elongation balance

Using equations shown above, elastic modulus of Model A by solving equation (B3) can be deduced as following. 

EA =

(
(1 − x2)⋅Eγ + x2⋅Eγʹ

)
⋅Eγ

(1 − x)⋅
(
(1 − x2)⋅Eγ + x2⋅Eγʹ

)
+ x⋅Eγ

(B5) 

Equation (B5) is longitudinal elastic modulus deduced by the role of mixture. This equation can be used for other elastic modulus, as in the cases of 
other mixture models [37]. Equation (A5) is identical to equation (9) in main text.

Equation (B5) can be solved by γ′ volume fraction x as following, and then, γ′ volume fraction of two phases alloy can be estimated using 
experimental elastic modulus data of the individual phases and alloy with two phases. 
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− x2 ⋅
(
EA ⋅

(
Eγʹ − Eγ

))
+ x2 ⋅

(
EA − Eγ

)
⋅
(
Eγʹ − Eγ

)
+ Eγ ⋅

(
EA − Eγ

)
=0 (B6) 

Appendix C. Comparison of the elastic modulus among conventional alloys

Elastic modulus of conventional alloys is shown in Fig. C1. Additionally, compositions of referenced alloys are also shown in Table C1.

Fig. B1. Elastic modulus of conventional alloys. (a) <100> longitudinal elastic modulus, (b) shear modulus c44, and (c) shear modulus c′.

T. Saito et al.                                                                                                                                                                                                                                    Materials Science & Engineering A 941 (2025) 148410 

14 



Table C1 
Compositions of referenced alloys in Fig. C1 (wt.%, Ni:bal.)

Alloys Fe Co Cr Mo W Al Ti Nb Ta Re Ru Y2O3 C Hf Method Remark Ref.

HastelloyX 18.5 1.5 22.0 9.0 0.6 – – – – – – – 0.10 – Acoustic resonance Solid solution alloy [61]
MA760 1.2 – 19.4 1.9 3.4 5.9 – – – – – 1.04 0.04 – Rod resonance ODS alloy [62]
IN738LC 0.1 8.6 16.0 1.8 2.7 3.4 3.4 0.9 1.9 – – – 0.11 – Rod resonance DS alloy [62]
MarM002mod – 10.0 9.0 – 10.0 5.5 1.2 – 2.5 – – – 0.15 1.5 Rod resonance 1st gen. SX alloy [40]
PWA1480 – 5.0 10.0 – 4.0 5.0 1.5 – 12.0 – – – – – Acoustic resonance 1st gen. SX alloy [61]
LEK94 – 7.5 6.0 2.1 3.5 6.5 1.0 ​ 2.3 2.5 – – – – RPR 2nd gen. SX alloy [63,64]
CMSX-4 ​ 9.6 6.4 0.6 6.4 5.6 1.0 – 6.5 3.0 – – – – Acoustic resonance 2nd gen. SX alloy [36]
ERBO/1C – 9.3 6.1 0.6 6.3 5.7 1.0 – 6.8 2.9 – – – – RPR 2nd gen. SX alloy [63,64]
TMS-238 – 6.5 4.6 1.1 4.0 5.9 – – 7.6 6.4 5.0 – – 0.10 RPR 6th gen. SX alloy This work

Data availability

Data will be made available on request.
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[63] K. Demtröder, Einfluss von Chemismus und Mikrostruktur auf das Elastische 
Verhalten von Einkristallinen Nickelbasis Superlegierungen, Ruhr-University 
Bochum, Dissertation, 2019.
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