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A B S T R A C T

Phase-field simulations are performed to investigate the martensitic transformation (MT) from body-centered- 
cubic-α to face-centered-cubic-γ′ when external compressive stress is applied along the [100]α direction, as well 
as the reverse MT from γ′ to α during the unloading of the external stress. The objective is to gain fundamental 
insights into the reversibility of the MT in Fe–Mn–Al–Ni alloy with a microstructure containing nanoscale β-NiAl 
precipitates in the α phase. The stress-induced MT from α to γ′ occurred under a compressive loading of 
approximately 400 MPa, resulting in a martensite microstructure composed of two of the three crystallographic 
orientation variants. The elastic energy in the β phase increased owing to the MT, which slightly increased the 
structural density of martensite and consequently increased the chemical free energy of the β phase. Moreover, 
the structural density of martensite in the γ′ phase decreased near the β-phase boundary, where a compositional 
gradient was present, resulting in an increase in the chemical free energy of the γ′ phase. A complete reverse MT 
occurred when the total free-energy change, determined by the balance between the elastic-energy change and 
chemical free-energy change, temporarily became positive during the unloading of external stress.

1. Introduction

Shape-memory alloys (SMAs), represented by Ni–Ti alloys, exhibit 
excellent properties such as the shape-memory effect and super
elasticity, and have been used in various applications including medical 
devices and actuators [1]. The development of SMAs based on other 
alloy systems has also been pursued to overcome the limitations of Ni–Ti 
alloys, such as low ductility, poor cold formability, and high material 
costs [2]. Ferrous SMAs such as Fe–Mn–Si [3,4] and Fe–Ni–Co–Ti 
(FNCT) alloys [5] have gained attention owing to their low material 
costs, high ductility, and ease of thermomechanical processing. How
ever, the superelastic (SE) strain obtained is not sufficient for their 
practical use because most ferrous SMAs undergo a non-thermoelastic 
martensitic transformation (MT) instead of a thermoelastic MT.

Tanaka et al. [6] developed a ferrous SMA, boron-doped 
Fe–Ni–Co–Al–Ta (FNCAT) alloy, exhibiting a large SE strain of over 
13% at room temperature. In the FNCAT alloy microstructure, the or
dered (Ni,Fe,Co)3(Al,Ta) phase with L12 structure coherently pre
cipitates in the γ parent phase with a disordered face-centered cubic (fcc- 
A1) structure, enabling the thermoelastic MT from the γ phase to α′ 
phase (with body-centered cubic (bcc) or body-centered tetragonal (bct) 
structure) under tensile-stress loading [6], or contributing to achieving 

an excellent balance of strength and ductility [7]. The formation of the 
L12-ordered phase in the γ phase has also been confirmed in boron- 
doped Fe–Ni–Co–Al–Ti alloy that exhibits superelasticity [8–11]. 
Omori et al. [12] developed ferrous SMAs by adding Ni to Fe–Mn–Al 
alloy, which undergoes a non-thermoelastic MT [13]. The addition of Ni 
induces the coherent precipitation of the ordered β-NiAl phase with B2 
structure in the α parent phase with a disordered bcc-A2 structure, 
triggering the thermoelastic MT of α to γ′ (with fcc structure) and 
resulting in the excellent SE response of Fe–Mn–Al–Ni (FMAN) alloys. 
The remarkable features of the developed Fe–34Mn–15Al–7.5Ni (at.%) 
alloy are as follows: (1) it exhibits superelasticity over a wide temper
ature range from –196 to 240 ℃ [12], (2) the temperature dependence 
of the critical stress for inducing the MT is one order of magnitude 
smaller than that of conventional SE alloys [12,14,15], and (3) it has a 
large stress hysteresis [12,16]. Therefore, this alloy is considered 
promising as a vibration-damping material for civil-engineering struc
tures [17].

Tseng et al. [14,18] conducted tensile and compression tests along 
the [001] direction of Fe–34Mn–15Al–7.5Ni single-crystal alloy to 
investigate its SE response. The compression-deformed samples exhibi
ted large recoverable strains; however, the tension-deformed samples 
showed large irrecoverable strains and contained significant amounts of 
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retained martensite. Two of the three crystallographic orientation var
iants (OVs) of martensite are formed under compressive-stress loading 
owing to the anisotropy in the transformation strain, and the resulting 
multivariant structure is considered effective in relaxing the internal 
elastic energy associated with the MT under the external stress loading. 
In contrast, under tensile-stress loading, only a single OV of martensite is 
formed, which is considered the reason for the higher dislocation den
sities and smaller recoverable strains of the tensile-deformed samples 
compared with the compression-deformed samples [14]. The effects of 
crystallographic orientation on the SE properties of FMAN alloy have 
also been investigated [18–20]. Bauer et al. [19] conducted tensile tests 
of Fe–34Mn–15Al–7.5Ni oligocrystalline alloy to investigate the effect of 
grain orientations and grain boundaries on the SE response of the alloy. 
The decrease in the reversibility of MT was owing to the detwinning of 
twinned martensite under tensile-stress loading and the formation of 
irreversible martensite induced by stress concentrations at grain 
boundaries.

In ferrous FNCT, FNCAT, and FMAN alloys, the nanoscale ordered 
phase coherently precipitated in the parent phase is assumed to 
strengthen the austenite phase and hinder slip deformation, thereby 
enabling a thermoelastic MT. In FNCT alloys, nanoscale Ni3Ti with L12 
structure coherently precipitates in the γ parent phase with an fcc-A1 
structure during aging. The shape-memory properties of FNCT alloys, 
such as recoverability and temperature hysteresis, vary depending on 
the aging heat-treatment conditions [21–23]. Similarly, Ma et al. [24]
varied the aging time of FNCAT alloys to change the size of nanoscale 
(Ni,Fe,Co)3(Al,Ta) precipitates in the γ phase, demonstrating that the 
precipitate size significantly affects the SE properties including SE 
strain, stress hysteresis, and the slope of the SE stress–temperature di
agram. Furthermore, Tseng et al. [16] demonstrated that the SE prop
erties of FMAN alloys, such as SE strain and stress hysteresis, can be 
optimized by controlling the size of the nanoscale β phase in the α phase 
through aging heat treatments. La Roca et al. [25] investigated the effect 
of the nanoprecipitation of the β phase on the relative stability between 
the austenite (α) and martensite (γ′) in FMAN alloys. They conclude that 
increases in the size and volume fraction of the precipitates suppress the 
thermally-induced MT. Observation of the β phase in FMAN alloys using 
high-angle annular dark-field scanning transmission electron micro
scopy showed that the β precipitates are distorted in the γ′ phase, but still 
have coherent interfaces with the γ′ phase [26]. The internal elastic 
energy associated with the coherent precipitation of the β phase may act 
as the driving force for the reverse MT from γ′ to α [25,26].

Several insights regarding the relationship between the microstruc
ture and properties of ferrous SMAs have been obtained through 
experimental studies; however, the specific role of nanoscale pre
cipitates remains unclear. In the present study, the MT from α to γ′ under 
external stress loading and reverse MT from γ′ to α during external stress 
unloading are simulated based on the phase-field method to clarify the 
role of nanoscale β precipitates in the reversibility of the MT in 
Fe–34Mn–15Al–7.5Ni single-crystal alloy having an α + β two-phase 
microstructure. The Gibbs energy of the constituent phases calculated 
using the calculation of phase diagrams (CALPHAD) database [27] is 
incorporated into the phase-field model. Furthermore, in the phase-field 
model, the elastic energy is formulated considering the coherent pre
cipitation of the β phase in the α phase and bcc-to-fcc transformation 
strain associated with the MT from α to γ′. This study aims to gain 
fundamental insights into the reversibility of the MT from the perspec
tive of free-energy changes. Therefore, for simplicity, the elastic energy 
is formulated without considering the loss of coherency of the β pre
cipitates and plastic deformation during the MT and reverse MT.

2. Calculation method

2.1. Phase-field model

Two types of field variable are defined to simulate the MT from α to γ′ 

in the Fe–34Mn–15Al–7.5Ni single-crystal alloy having an α + β two- 
phase microstructure. The first field variable is the normalized compo
sition c(r, t) in a pseudo-binary system, which takes a value of 1 at the 
β-phase composition, 0 at the α-phase composition, and 0 < c < 1 at the 
boundary between the β and α phases (see Section 2.2 for detail). The 
second field variable is the long-range order parameters ϕi(r, t), where i 
= 1, 2, 3, which represents the three crystallographic OVs of martensite 
(γ′). ϕi(r, t) represents the structural density of the three OVs; ϕi(r, t)
takes a value of 1 inside the domain of the i-th OV, 0 outside the domain 
of the i-th OV, and 0 < ϕi < 1 at the OV domain boundary. Fig. 1 shows 
the lattice correspondence between bcc-α and fcc-γ′ in bcc-to-fcc MT. 
OV1, OV2, and OV3 are defined such that [001]γ′ coincides with 
[100]α, [010]α, and [001]α, respectively.

The temporal evolution of the field variables is as follows: 

∂c(r, t)
∂t

= ∇

(

M∇
δGsys

δc(r, t)

)

(1) 

∂ϕi(r, t)
∂t

= − L
δGsys

δϕi(r, t)
(2) 

where Gsys is the total free energy of the system, M is the diffusion 
mobility, and L is the structural relaxation coefficient [28]. Gsys is a 
functional of the field variables and is defined by 

Gsys = Gchem + Egrad + Estr (3) 

where Gchem is the chemical free energy, Egrad is the gradient energy, and 
Estr is the elastic strain energy. Gchem can be written as a Landau-type 
polynomial as follows [29]: 

Gchem =

∫

r
gchemdr (4) 

gchem =
A2

2
(c − 1.0)2

+
A4

4
c2(c − 1.0)2

+
A8

2
c2(c − 1.0)6

+
B2

2
(c+ − c)

∑3

i=1
ϕ2

i −
B3

3
∑3

i=1
ϕ3

i +
B4

4

(
∑3

i=1
ϕ2

i

)2 (5) 

where A2, A4, A8, c+, B2, B3, and B4 are constants determined based on 
the Gibbs energy of the constituent phases. Egrad is given by 

Egrad =

∫

r

{

κc(∇c)2
+

κϕ

2
∑3

i=1
(∇ϕi)

2

}

dr (6) 

where κc and κϕ are the gradient-energy coefficients. Estr is calculated 
based on phase-field microelasticity theory [30]: 

Estr = Eel + Epot (7) 

Eel =

∫

r
eeldr (8) 

eel =
1
2
Cijkl(r, t)

{
εij(r, t) − ε0

ij(r, t)
}{

εkl(r, t) − ε0
kl(r, t)

}
(9) 

Epot = − Vσappl
ij εij (10) 

where Eel is the internal elastic energy, Epot is the potential energy of the 
applied external stress (the work done by the loading device), Cijkl is the 
elastic modulus, εij is the total strain, ε0

ij is the eigenstrain, V is the system 

volume, σappl
ij is the applied external stress, and εij is the uniform 

macroscopic strain defined as εij ≡
∫

rεijdr/V. For simplicity, an elasti
cally homogeneous system is assumed, i.e., Cijkl is constant. The body is 
allowed to relax at a fixed σappl

ij (stress-controlled boundary condition), 
and εij is determined such that Estr is minimized with respect to εij. εij is 
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obtained by solving the mechanical-equilibrium equation (∂σij/∂rj = 0, 
σij = Cijkl

{
εkl(r, t) − ε0

kl(r, t)
}
) in Fourier space. The eigenstrain is 

defined as follows: 

ε0
kl = ε0δklc(r, t)+

∑3

i=1
ε(i)kl ϕi(r, t) (11) 

where ε0 is the lattice misfit calculated from the lattice parameters of the 
α and β phases as ε0 = (aβ − aα)/aα, δij is the Kronecker delta function, 
and ε(i)kl is the transformation strain of the bcc-to-fcc MT for the i-th OV. 

ε(i)kl is given by 

[
ε(1)kl

]
=

⎛

⎝
εc 0 0
0 εa 0
0 0 εa

⎞

⎠,
[
ε(2)kl

]
=

⎛

⎝
εa 0 0
0 εc 0
0 0 εa

⎞

⎠,
[
ε(3)kl

]

=

⎛

⎝
εa 0 0
0 εa 0
0 0 εc

⎞

⎠ (12) 

where εa = (aγʹ −
̅̅̅
2

√
aα)/

̅̅̅
2

√
aα and εc = (aγʹ − aα)/aα, which can be 

calculated using the lattice parameters of the α and γ′ phases.

2.2. Gibbs energy of constituent phases

The Gibbs energy of the constituent phases was calculated using the 
CALPHAD database for Al–Fe–Mn–Ni system [27]. Fig. 2(a) shows the 
Gibbs-energy curves of the α, β, and γ phases at 300 K in the pseudo- 
binary system, calculated along the compositional line connecting the 
alloy (Fe–34Mn–15Al–7.5Ni) and β-phase (Fe–21.2Mn–29.4Al–34.0Ni) 
compositions. (Information regarding the β-phase composition was 
provided by Prof. T. Omori at Tohoku University (private communica
tion, Jan. 20, 2024).) The horizontal axis in the figure represents the 
normalized composition c, and its correspondence with the composition 
of the Al–Fe–Mn–Ni quaternary system is listed in Table 1. c = 1 cor
responds to the β-phase composition Fe–21.2Mn–29.4Al–34.0Ni, and c 
= 0.221 corresponds to the alloy composition Fe–34Mn–15Al–7.5Ni. c 
= 0 corresponds to the α-phase composition, where the Ni composition is 
assumed to be zero. Fig. 2(b) shows the Gibbs-energy curves of the 
constituent phases at 300 K, taking the common tangent to the Gibbs- 
energy curves of the β and γ phases as the energy reference. The 
Gibbs-energy values of the α and β phases are approximately the same at 
c = 0; therefore, the α + β two-phase state is assumed stable in equi
librium when the γ phase is absent. The Gibbs energy of the γ phase is 
lower than that of the α phase at c = 0, which can induce the MT from α 
to γ′. However, the Gibbs energy of the β phase is considerably lower 
than that of the γ phase at c = 1; therefore, the phase transformation 

Fig. 1. Lattice correspondences between bcc-α (black) and fcc-γ′ (red) in bcc-to-fcc MT: (a) OV1, (b) OV2, and (c) OV3. (For interpretation of the references to colour 
in this figure legend, the reader is referred to the web version of this article.)
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from β to γ cannot easily occur.
The constants for the chemical free-energy function (Eq. (5)) were 

determined based on the Gibbs-energy curves shown in Fig. 2(b). The 
values of A2, A4, and A8 were determined by fitting the chemical free- 
energy density function at ϕi = 0 to the Gibbs-energy curves of the α 
and β phases. The red dashed line shown in Fig. 2(b) is the fitted curve, 
and the obtained values of A2, A4, and A8 are 2.55× 103, 5.28× 104, and 
7.24 × 104 J mol− 1, respectively. Considering a single OV domain (ϕ1,

ϕ2,ϕ3) = (ϕ,0,0), the values of B2, B3, and B4 were determined based on 
the following assumptions: (1) the chemical free-energy difference be
tween the two states characterized by (c,ϕ) = (0, 1) and (c,ϕ) = (0,0) is 
equal to the Gibbs-energy difference between the γ and α phase; (2) the 
chemical free-energy difference between the two states characterized by 
(c,ϕ) = (1, 1) and (c,ϕ) = (1, 0) is equal to the Gibbs-energy difference 
between the γ and β phases; and (3) ∂gchem/∂ϕ = 0 is satisfied at (c,ϕ) =

(0,1). Based on these assumptions, the value of B2 can be determined as 
B2 = − 2.04 × 104 J mol− 1. Furthermore, if the value of c+ is assumed, 
the values of B3 and B4 can be determined. In the present study, the 
values of c+ = –0.10, B3 = 1.93 × 104 J mol− 1, and B4 = 1.73 × 104 J 
mol− 1 were employed, which were determined so that the critical stress 
for the MT obtained from phase-field simulations under compressive 
loading would have approximately the same magnitudes as the experi
mentally measured values [12,16,31]. Fig. 2(c) shows the contour plot 
of the chemical free energy in (c,ϕ).

2.3. Simulation conditions

We performed three-dimensional (3D) simulations using 64 × 64 ×

64 computational grids. Eqs. (1) and (2) were solved under the periodic 
boundary condition using the finite-difference method with the explicit 
Euler technique. In the numerical analysis, all physical parameters were 
reduced to dimensionless quantities using the following scaling factors: 
the product of the gas constant and absolute temperature RT for the 

energy; unit grid size in the finite-difference method l0 for the length; 
and (MRT/l20)

− 1 or (LRT)− 1 for time.
First, the α + β microstructure was prepared by solving the temporal 

evolution of c(r, t) (Eq. (1)), during which the temporal evolution of 
ϕi(r, t) (Eq. (2)) was not solved, and the value of ϕi was fixed at ϕi = 0. 
To maintain numerical-calculation accuracy and stability, the unit time 
step was set to Δt* = 0.01c0(1 − c0), where superscript * denotes a 
dimensionless quantity in numerical analysis, and c0 represents the 
spatial average value of c. The simulation started from a single-phase 
state where the value of c fluctuated by ± 0.5% around the value of c0 =

0.221, corresponding to the alloy composition (Fe–34Mn–15Al–7.5Ni). 
Subsequently, using the obtained α + β microstructure, the MT from α to 
γ′ under compressive loading was simulated by solving the temporal 
evolution of ϕi(r, t) (Eq. (2)), during which the temporal evolution of c(r,
t) (Eq. (1)) was not solved, i.e., the compositional field was fixed. Using 
the impurity diffusion coefficients in pure Fe at 300 K [32], the diffusion 
distances of Mn, Al, and Ni for 103 s are estimated as 2.3× 10− 21, 3.9×

10− 22, and 1.4 × 10− 23 m, respectively, which justifies the assumption 
that the change in compositional field during the MT is negligibly small. 
The unit time step was set to Δt* = 0.05 to maintain numerical- 
calculation accuracy and stability. The external compressive stress was 
applied in the [100]α direction, where the transformation strain was 
maximized [18], and its magnitude was changed by 5 MPa every 
100Δt*; it was first increased from 0 to 700 MPa and then decreased 
from 700 to 0 MPa, thereby simulating the MT and reverse MT during 
the loading and unloading of external stress, respectively. Other model 
parameters used in the simulations are listed in Table 2. (Information 
regarding the lattice parameter of the β phase was provided by Prof. T. 
Omori at Tohoku University (private communication, Jan. 20, 2024).)

Fig. 2. (a) Gibbs-energy curves of the constituent phases calculated using the CALPHAD database for the Al–Fe–Mn–Ni system [27]. (b) Gibbs-energy curves of the 
constituent phases calculated by taking the common tangent to the Gibbs-energy curves of the β and γ phases as the energy reference. The red dashed line represents 
the chemical free-energy function (Eq. (5)) at ϕi = 0 fitted to the Gibbs-energy curves of the α and β phases. (c) Contour plot of the chemical free energy in (c,ϕ) when 
a single OV domain of martensite is considered, i.e., (ϕ1,ϕ2,ϕ3) = (ϕ,0,0). (For interpretation of the references to colour in this figure legend, the reader is referred to 
the web version of this article.)

Table 1 
Correspondence between the normalized composition c and composition of the 
Al–Fe–Mn–Ni quaternary system.

Normalized composition, c Phase Composition (at.%)

Fe Mn Al Ni

0.0 α bal. 37.6 10.9 0.0
0.221 − bal. 34 15 7.5
1.0 β bal. 21.2 29.4 34.0

Table 2 
Model parameters used in the simulation.

Unit grid size (m) l0 = 9.375× 10− 10

Gradient-energy coefficient (J m2 mol− 1) [33] κc = 5.0× 10− 15 

κϕ = 2.0× 10− 15

Elastic modulus (GPa) [34] C11 = 154.5 
C12 = 118.0 
C44 = 105.2

Lattice parameter (m) [12] aα = 2.903× 10− 10 

aβ = 2.908× 10− 10 

aγʹ = 3.672× 10− 10
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3. Results

3.1. α + β microstructure

To investigate the effect of the α + β microstructure on the SE 
properties of FMAN alloy, 3D phase-field simulations were first per
formed to obtain the α + β microstructures with different sizes and 
volume fractions of the β phase. Fig. 3 shows the results of a 3D phase- 
field simulation, illustrating the evolution of the α + β microstructure on 
a cross section. The alloy composition (c0 = 0.221) is within the spi
nodal region where the Gibbs-energy curve has a negative curvature (see 
the red dashed line in Fig. 2(b)); therefore, the initial single phase with 
small composition fluctuations (t* = 0) decomposes into Ni-poor 
(0⩽c⩽0.5) and Ni-rich (0.5 < c⩽1) regions (t* = 3.4 − 10.3), which are 
regarded as the α and β phases, respectively. Furthermore, the decom
posed microstructure coarsens over time (t* = 13.8 − 20.7); thus, we can 
obtain microstructures with almost the same volume fraction of the β 
phase but different average sizes of the β phase. Moreover, the α + β 
microstructure with different volume fractions of the β phase can be 
obtained through phase-field simulations by changing the alloy 
composition c0. Table 3 summarizes the characteristics of the three types 
of microstructures prepared for the phase-field simulations of the MT 
from α to γ′ in Section 3.2. The average size of the β phase (d) is 10–16 
nm, and the volume fraction of the β phase (Vf) is 17%–20%, both of 
which are close to the experimentally measured values [16,31].

3.2. Martensitic transformation from α to γ′ under compressive loading

A 3D phase-field simulation of the MT from α to γ′ under compressive 
loading in the [100]α direction was performed using α + β microstruc
ture #1 (Vf = 19.6%, d = 12.2 nm) obtained in Section 3.1. Note that the 
compositional field c was fixed in the phase-field simulation of the MT. 
Fig. 4(a) shows the simulation results of the microstructure evolution 
during the loading ((i)–(iv)) and unloading ((iv)–(vii)) of external stress. 
The α phase is depicted as transparent, the β phase is shown in white, 
and OV1, OV2, and OV3 of the martensite (γ′) are shown in green, blue, 
and red, respectively. The region of ϕi > 0.55 is assumed to correspond 
to the γ′ phase. During the loading of external stress, the MT from α to γ′ 
occurs, but no transformation occurs in the β phase. The γ′ phase has a 

structure composed of the OV2 and OV3 domains with a (011) twin 
boundary, enabling the effective relaxation of the internal elastic energy 
associated with the MT under uniaxial compressive stress along the 
[100]α direction. During the unloading of the external stress, the reverse 
MT from γ′ to α occurs, finally completely reverting to the initial α + β 
microstructure before the external-stress loading. Fig. 4(b) shows the 
simulated stress–strain curve obtained by calculating the uniform 
macroscopic strain along the [100]α direction. The critical stress for the 
MT is approximately 450 MPa, which is close to the experimentally 
measured value of 467 MPa for the Fe–30.5Mn–14.5Al–8Ni alloy (Vf ~ 
17%, d ~ 12 nm) [31]. Owing to the complete reverse MT from γ′ to α, 
the SE strain exceeds 6%, and the irrecoverable strain is zero.

Fig. 5(a) and (b) show the microstructure on a cross section under 
compressive stresses of 700 and 400 MPa, respectively, during the 
unloading of the external stress. Under an external stress of 700 MPa, a 
significant portion of the α phase transforms into the γ′ phase; however, 
a small amount of the α phase remains near the β-phase boundary and 
(011) twin boundary of the γ′ phase, as indicated by the arrows in Fig. 5
(a). As the magnitude of the external stress decreases from 700 MPa to 
400 MPa, the size of the α phase increases, as indicated by the circles in 
Fig. 5(b), corresponding to the onset of the reverse MT from α to γ′.

The effect of the size and volume fraction of the β phase on the 
reversibility of the MT was investigated by altering the α + β micro
structure used for the phase-field simulation of the MT. Fig. 6 shows the 
results of the phase-field simulation using α + β microstructure #2 (Vf =

20.2%, d = 15.6 nm). Compared with microstructure #1, the size of the 
β phase is larger, but the volume fraction of the β phase does not change 
significantly. Fig. 6(a) shows the simulation results of microstructure 
evolution during the loading ((i)–(iii)) and unloading ((iii)–(iv)) of 
external compressive stress. During the loading of external stress, the 
MT from α to γ′ occurs and a martensite microstructure composed of the 

Fig. 3. Result of 3D phase-field simulation on Fe–34Mn–15Al–7.5Ni alloy, showing the evolution of the α + β microstructure on a cross section. The Ni-poor 
(0⩽c⩽0.5) and Ni-rich (0.5 < c⩽1) regions are regarded as the α and β phases, respectively. t* represents dimensionless time in numerical analysis.

Table 3 
Characteristics of α + β microstructures obtained from phase-field simulations.

Microstructure Composition,c0 Volume fraction of β 
phase, Vf (%)

Average size of β 
phase, d (nm)

#1 0.221 19.6 12.2
#2 0.221 20.2 15.6
#3 0.200 17.0 10.5
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OV2 and OV3 domains with a (011) twin boundary is formed, as in the 
case of microstructure #1 (Fig. 4). However, during the unloading of 
external stress, only a slight reverse MT from γ′ to α occurs, and a 
considerable amount of retained γ′ is observed in the microstructure 
after the external stress is removed ((iv)). Fig. 6(b) shows the corre
sponding stress–strain curve obtained from the simulation. The critical 
stress for the MT is approximately 100 MPa lower than that for 

microstructure #1. Furthermore, the reverse MT hardly occurs; thus, the 
SE strain is less than 1%, and the irrecoverable strain is approximately 
5%.

Similarly, the phase-field simulation of the MT was performed using 
α + β microstructure #3 (Vf = 17.0%, d = 10.5 nm). The size and volume 
fraction of the β phase are smaller than those of microstructure #1. Fig. 7
(a) shows the simulation results of the microstructure evolution during 
the loading ((i)–(iii)) and unloading ((iii)–(iv)) of the external 
compressive stress. As in the cases of microstructures #1 and #2 (Figs. 4 
and 6), the MT from α to γ′ is induced by the compressive stress, resulting 
in a martensite microstructure composed of the OV2 and OV3 domains 
with a (011) twin boundary. However, only a slight reverse MT from γ′ to 
α occurs during the unloading of the external stress, as in the case of 
microstructure #2 (Fig. 6). The corresponding stress–strain curve (Fig. 7
(b)) demonstrates that the critical stress for the MT is slightly lower than 
that for microstructure #1, the SE strain is less than 1%, and the irre
coverable strain exceeds 5%.

4. Discussion

4.1. Reversibility of MT and free-energy change

The results shown in Figs. 4, 6, and 7 indicate that the reversibility of 
the MT varies depending on the size and volume fraction of the β phase, 
which has also been demonstrated through experiments [16,25,31]. 
Herein, we consider interpreting this phenomenon from the perspective 
of the free-energy change during the MT and reverse MT. Fig. 8(a) and 
(b) show the changes in the chemical free-energy field (gchem) and 
elastic-energy field (eel), respectively, on the cross section corresponding 
to Fig. 5 during the loading (0 → 460 → 700 MPa) and unloading (700 
→ 400 → 200 MPa) of the external stress. Note that in Fig. 8, the energy 
field before the external-stress loading is taken as the energy reference. 
As shown in Figs. 4 and 5, the γ′ phase, which has a structure composed 
of OV2 and OV3, coexists with the β phase when the magnitude of the 
external stress sequentially changes from 460 to 700, 400, and 200 MPa. 
The elastic energy of the β phase increases (Δeel > 0) owing to the MT of 
the surrounding α phase, and the magnitude of Δeel increases as the 
external-stress magnitude increases (Fig. 8(b)). Moreover, a comparison 
of Fig. 8(a) and (b) shows that the chemical free energy increases 
(Δgchem > 0) in the β phase, where Δeel > 0. More specifically, the β 
phase located within the OV domain of the γ′ phase has larger and 
positive values of Δeel and Δgchem, whereas the β phase at the OV 
interface (twin boundary) of the γ′ phase has smaller and positive values 
of Δeel and Δgchem (see the arrows in Fig. 8(a) and (b)).

Fig. 4. Results of 3D phase-field simulation of MT from α to γ′ using α + β 
microstructure #1 (Vf = 19.6%, d = 12.2 nm) under compressive loading in the 
[100]α direction: (a) microstructure evolution and (b) corresponding stress–
strain curve. In (a), the α phase is depicted as transparent, the β phase is shown 
in white, and the three OVs (OV1, OV2, and OV3) of the γ′ phase are shown in 
green, blue, and red, respectively. (For interpretation of the references to colour 
in this figure legend, the reader is referred to the web version of this article.)

Fig. 5. Microstructure on a cross section under the external compressive stress of (a) 700 MPa and (b) 400 MPa during the unloading of the external stress. The α 
phase is shown in black, the β phase is shown in white, and the three OVs (OV1, OV2, and OV3) of the γ′ phase are shown in green, blue, and red, respectively. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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A cross section of the γ′ + β microstructure under a compressive- 
stress loading of 700 MPa, along with the corresponding fields of ϕ2, 
Δgchem, and Δeel, are shown in Fig. 9(a, b), (c), (d), and (e), respectively. 
The β-phase regions (0.5 < c⩽1) are outlined with dashed lines in Fig. 9

(c), (d), and (e). The β phase is stable because its Gibbs energy is 
considerably lower compared with that of the γ phase (see Fig. 2). 
However, the elastic energy within the β phase acts as the driving force 
for the phase transformation; therefore, the value of ϕ2 (the structural 

Fig. 6. Results of 3D phase-field simulation of the MT from α to γ′ using α + β microstructure #2 (Vf = 20.2%, d = 15.6 nm) under compressive loading in the [100]α 
direction: (a) microstructure evolution and (b) corresponding stress–strain curve. In (a), the α phase is depicted as transparent, the β phase is shown in white, and the 
three OVs (OV1, OV2, and OV3) of the γ′ phase are shown in green, blue, and red, respectively. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)

Fig. 7. Results of 3D phase-field simulation of the MT from α to γ′ using α + β microstructure #3 (Vf = 17.0%, d = 10.5 nm) under compressive loading in the [100]α 
direction: (a) microstructure evolution and (b) corresponding stress–strain curve. In (a), the α phase is depicted as transparent, the β phase is shown in white, and the 
three OVs (OV1, OV2, and OV3) of the γ′ phase are shown in green, blue, and red, respectively. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)

Fig. 8. Changes in free-energy fields on the cross section corresponding to Fig. 5 during the loading (0 → 460 → 700 MPa) and unloading (700 → 400 → 200 MPa) of 
the external stress: (a) chemical free-energy field and (b) elastic-energy field.
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density of OV2) slightly increases in the β phase (Fig. 9(c)). As a result, 
the value of gchem also increases (Fig. 9(d)). Notably, near the β-phase 
boundary, the value of gchem increases while the value of ϕ2 decreases in 
the γ′ phase (Fig. 9(c)). This indicates that near the β-phase boundary, 
the γ′ phase is destabilized or the untransformed α phase is present. This 
is because the compositional gradient that occurs near the β-phase 
boundary suppresses the MT from α to γ′ (see also the chemical free- 
energy landscape in Fig. 2(c)). Figs. 8 and 9 show the results when the 
external compressive stress is applied to microstructure #1; however, 
similar results are obtained when the external compressive stress is 
applied to microstructures #2 and #3 as well.

Fig. 10(a) shows the change in the total free energy Gsys in micro
structure #1 during the loading and unloading of the external stress, 
along with the changes in Gchem, Egrad, Eel, and Epot. In the initial stage of 
external-stress loading, when the external stress is below the critical 
stress for the MT, Gchem increases owing to the energy barrier for the MT 
from α to γ′. When the external stress exceeds the critical stress for the 
MT, the MT from α to γ′ occurs, which significantly reduces Gchem and 
causes ΔGchem to become negative. Thereafter, as the external stress 
increases, Gchem slightly increases, which corresponds to the destabili
zation of the β phase owing to internal elastic energy (the increase in the 
values of eel and ϕ2 in the β phase), as shown in Figs. 8 and 9. Subse
quently, during the unloading of the external stress, Gchem decreases 
slightly with the external stress. When the reverse MT from γ′ to α begins, 
Gchem increases, and when the reverse MT is complete, ΔGchem eventu
ally becomes zero. Eel significantly increases when the MT from α to γ′ 
occurs, and then gradually increases as the external-stress magnitude 
increases. This is caused by the elastic energy stored within the β phase 
(see Figs. 8 and 9). However, the MT from α to γ′ results in a large 
negative value of Epot; therefore, Gsys takes a negative value from the 
beginning of the external-stress loading and its magnitude increases 
with the external stress. Furthermore, during the unloading of the 
external stress, Eel decreases with the external stress. The reverse MT 
from γ′ to α causes a further decrease in Eel, and ΔEel eventually becomes 
zero when the reverse MT is complete. Egrad increases during the MT 
from α to γ′ and decreases during the reverse MT from γ′ to α; however, 
these changes are insignificant compared with those in Gchem and Eel.

Fig. 10(b) and (c) show the changes in free energy during the loading 
and unloading of the external stress for microstructures #2 and #3, 

respectively. The behavior of the free-energy change is similar to that for 
microstructure #1. However, unlike in the case of microstructure #1, a 
considerable amount of γ′ remains without undergoing the reverse 
transformation to α even after the external stress is removed (see Figs. 6 
and 7); thus, ΔGchem and ΔEel have negative and positive values, 
respectively. A common feature of microstructures #1, #2, and #3 is 
that ΔGsys becomes zero when the external stress is removed. In 
microstructure #1, ΔGsys temporarily shows positive values during the 
unloading of the external stress, which leads to the reverse MT from γ′ to 
α, thereby reducing Gsys; when the external stress is removed, ΔGsys 

becomes zero. In contrast, in microstructures #2 and #3, where the 
reverse MT from γ′ to α hardly occurs, ΔGsys remains negative 
throughout the loading and unloading of the external stress and becomes 
zero when the external stress is removed. These results suggest that the 
state with ΔGsys > 0 during the unloading of the external stress creates a 
pathway for the complete reverse MT from γ′ to α; thus, the SE strain 
exceeds 6%.

The reversibility of MT, that is, the sign of ΔGsys during the unloading 
of the external stress, is influenced by the magnitudes of both ΔGchem 
and ΔEel. However, in the cases of microstructures #1, #2, and #3, this 
is mainly determined by the magnitude of ΔGchem. Fig. 10 shows that the 
decrease in Gchem caused by the MT from α to γ′ in microstructure #1 is 
smaller compared to that in microstructures #2 and #3. Fig. 11(a) shows 
the histograms of Δgchem in microstructures #1, #2, and #3 under an 
external compressive stress of 700 MPa. Furthermore, Fig. 11(b) com
pares the total increase and decrease in gchem in each of the three mi
crostructures. As shown in Fig. 9, Δgchem generally has positive values 
within the β phase and negative values within the γ′ phase. As shown in 
Fig. 11(a), the frequency of the β-phase regions with large positive 
values of Δgchem is higher in microstructure #3 than in microstructures 
#1 and #2. However, the volume fraction of the β phase is lower in 
microstructure #3 than in microstructures #1 and #2 (see Table 3); 
therefore, the total increase in gchem is approximately the same between 
the three microstructures, as shown in Fig. 11(b). However, the fre
quency of the γ′-phase regions with large negative values of Δgchem is 
higher in microstructures #2 and #3 than in microstructure #1 (Fig. 11
(a)); therefore, the total decrease in gchem is also greater in microstruc
tures #2 and #3 than in microstructure #1 (Fig. 11(b)). As shown in 
Fig. 9, gchem increases in the γ′ phase near the β-phase boundary, 

Fig. 9. Relationship between microstructure and changes in energy fields on a cross section under the compressive stress of 700 MPa. (a) γ′ + β microstructure and 
(b) enlarged view of the microstructure enclosed by the rectangle in (a). (c), (d), and (e) are the fields of ϕ2, Δgchem, and Δeel on the cross section corresponding to (b), 
respectively.
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indicating that the total decrease in gchem becomes greater if the volume 
fraction of the β phase decreases and/or the size of the β phase increases, 
thereby reducing the β-phase boundary region. This is the reason for the 
greater total decrease in gchem in microstructures #2 and #3 than in 
microstructure #1. As a result, ΔGsys remains negative during the 
unloading of the external stress in microstructures #2 and #3, pre
venting the reverse MT from γ′ to α. These results suggest that the 
reversibility of MT can be explained in terms of the sign of the total free- 
energy change, i.e., the balance between ΔGchem and ΔEel, during the 
unloading of the external stress, and controlling the size and volume 
fraction of the β phase enables the regulation of the SE strain of the 
FMAN alloy.

4.2. Limitations

The value of parameter c+ for the chemical free energy was deter
mined such that the critical stress for the MT obtained from the 

simulation would be approximately the same magnitude as the experi
mentally measured values [12,16,31]. On the other hand, the simulated 
stress–strain curves for microstructures #1 and #2 (Fig. 4(b) and 6(b)) 
indicate that the critical stress for the MT decreases as the size of the β 
phase (d) increases. This result may seem to contradict the trend re
ported in the experimental study [16], where the d-dependence of the SE 
properties of FMAN alloy was clarified by changing the α + β micro
structure through aging heat treatments. However, it should be noted 
that in the experiment, not only d but also the volume fraction of the β 
phase (Vf) changes during aging [16], whereas Vf is almost the same 
between the microstructures #1 and #2 in our simulation. The SE 
properties of FMAN alloy (including the critical stress for the MT and the 
SE strain) are influenced by Vf, d, and the chemical composition of the β 
phase [16,25,31], among which Vf has a non-negligible effect [31]. It 
has been reported that optimal SE properties of FMAN alloy are obtained 
when d = 6–10 nm [16]. However, the simulated SE strain for micro
structure #3 (Vf = 17.0%, d = 10.5 nm) was less than 1% (Fig. 7). This 

Fig. 10. Change in the total free energy Gsys during the loading and unloading of external stress, along with the changes in Gchem, Egrad, Eel, and Epot: (a) micro
structure #1, (b) microstructure #2, and (c) microstructure #3.
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discrepancy is likely due to the difference in Vf between the experiment 
and the simulation. The results in Section 4.1 indicate that even if d is 
optimized to 6–10 nm, the reverse MT from γ′ to α is unlikely to occur 
when the value of Vf is small. Therefore, to comprehensively understand 
the relationship between the α + β microstructure and the SE properties 
of FMAN alloy, further experimental and simulation studies that sys
tematically vary both Vf and d will be necessary. Meanwhile, the use of 
the pseudo-binary Gibbs-energy curves of the constituent phases in the 
phase-field model may make it difficult to reproduce the partitioning 
behavior of solute elements between the α and β phases during aging 
[16,31] and to discuss its effects on the SE properties of FMAN alloy. 
Furthermore, because the simulation domain size is small (60 × 60 × 60 
nm3), the stress–strain curves obtained from the simulations may not 
necessarily correspond to the macroscopic stress–strain curves obtained 
from experiments. Therefore, in the future, it will also be necessary to 
enlarge the simulation domain size in order to quantitatively compare 
the simulation and experimental results.

Our simulations did not consider the loss of coherency between the β 
and matrix phases, nor the plastic deformation during the MT, but these 
have been reported to degrade the SE properties of FMAN alloy 
[14,16,20]; both of them would reduce the internal elastic energy (Eel), 
thus altering the balance between ΔGchem and ΔEel, and making the 
reverse MT from γ′ to α less likely to occur. To investigate the effect of 
plasticity on the SE properties of FMAN alloy, it is necessary to develop 
an advanced phase-field model that takes into account the plastic 
deformation during the MT, as reported in simulation studies on the MT 
in low-carbon steel [35,36]. Moreover, the MT from α to γ′ may be 
accompanied by the structural change of the β phase from B2 to L10, 
generating additional elastic energy in the β phase [37,38]. During the 
MT from α to γ′, the elastic energy stored in the β phase (see Fig. 8 and 9 
(e)) may cause the structural transformation from B2 to L10, which is an 
issue to be addressed in the future.

Owing to the lack of experimental data on the elastic modulus of the 
constituent phases, an elastically homogeneous system was assumed in 
our simulation. If the degree of the elastic inhomogeneity (e.g., the 
difference in elastic modulus between the α and β phases) is large, the 
magnitude of the elastic energy stored in the β phase will change, 
resulting in a change in the balance between ΔGchem and ΔEel. Detailed 
information on parameters such as the lattice parameters and elastic 
moduli (including their temperature dependences) of the phase-field 
model is extremely important for predicting and controlling the SE 
properties of FMAN alloy, and should be clarified in the future.

5. Conclusions

We conducted 3D phase-field simulations of the MT from α to γ′ and 
reverse MT from γ′ to α during the loading and unloading of external 
compressive stress along the [100]α direction to investigate the effects of 
the size (d) and volume fraction (Vf) of nanoscale β phase in the α phase 
on the SE strain (reversibility of MT) in Fe–Mn–Al–Ni alloy. The findings 
obtained are as follows. 

1. The MT from α to γ′ was induced by the external compressive stress of 
approximately 400 MPa, resulting in a martensite microstructure 
composed of the OV2 and OV3 domains with a (011) twin boundary. 
No transformation occurred in the β phase because its Gibbs energy 
was significantly lower compared to the γ phase. A small amount of 
the α phase remained near the β-phase boundary and (011) twin 
boundary of the γ′ phase.

2. During the unloading of the external stress, the size of the α phase 
increased near the β-phase boundary and (011) twin boundary of the 
γ′ phase, corresponding to the onset of the reverse MT from γ′ to α. 
When the external stress was removed, the reverse MT was 
completed in microstructure #1 (Vf = 19.6%, d = 12.2 nm), reverting 
to the initial α + β microstructure before the external stress loading, 
resulting in an SE strain exceeding 6%. However, in microstructures 
#2 (Vf = 20.2%, d = 15.6 nm) and #3 (Vf = 17.0%, d = 10.5 nm), 
only a slight reverse MT occurred, and the SE strain remained below 
1%.

3. The MT of the α phase increased the elastic energy of the β phase, 
which acted as the driving force for the phase transformation and 
destabilized the β phase. As a result, the structural density of 
martensite in the β phase slightly increased, which, in turn, increased 
the chemical free energy of the β phase. Furthermore, compositional 
gradient near the β-phase boundary suppressed the MT from α to γ′, 
decreased the structural density of martensite, and thereby increased 
the chemical free energy of the γ′ phase.

4. A complete reverse MT occurred in microstructure #1 when the total 
free-energy change temporarily became positive during the unload
ing of the external stress. This indicates that the reversibility of the 
MT can be explained in terms of the sign of the total free-energy 
change, i.e., the balance between the elastic-energy change and 
chemical free-energy change, under external stress loading. This 
study has demonstrated that during the MT from α to γ′, an increase 
in the chemical free energy of the γ′ phase near the β-phase boundary 
significantly affects the total free-energy change, which explains why 
the SE strain varies depending on the size and volume fraction of the 
β phase.

Fig. 11. Change in chemical free energy caused by the MT from α to γ′ under the external compressive stress of 700 MPa: (a) histograms of Δgchem in microstructures 
#1, #2, and #3, and (b) comparison of total increase and decrease in gchem in microstructures #1, #2, and #3.
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