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Abstract

Elemental boron exists in multiple allotropes, each characterized by structures containing icosahedral subunits.
These structures have interstitial sites between the icosahedral subunits that are partially occupied. The number
of atoms in the unit cell varies depending on the occupancy of these interstitial sites. We have investigated the
thermodynamic stability of boron allotropes for different numbers of atoms in the unit cell by calculating the
free energies, including the contribution of phonons. It has been found that 3-rhombohedral boron is most
stable with 107 atoms/cell at low temperatures, while it becomes most stable with 105 atoms/cell above 1700
K. This suggests the occurrence of a phase transition at this temperature, which could account for the large
variation in the number of atoms in the unit cell for B-rhombohedral boron samples. a-tetragonal boron is
consistently most stable with 52 atom/cell and becomes unstable with more than 52 atoms/cell. Similar to -
rhombohedral boron, B-tetragonal boron may undergo a phase transition between 192 and 190 atoms/cell
configurations. However, the thermodynamic stability of pure B-tetragonal boron has been questioned in

comparison with other allotropes.
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1. Introduction

Boron is an element known to have several allotropes. Rhombohedral forms, o and  (a-rh, B-rh), as well
as tetragonal forms, a and B (a-t, B-t), have been recognized since the 1940s [1-5]. y phase was discovered
more recently in 2008 under high pressure [6,7]. Additionally, there are several other reported allotropes that
have not yet been sufficiently confirmed [8-11].

Among the confirmed allotropes, B-rh boron is the most stable at ordinary temperature and pressure, and it
readily crystalizes from a liquid state. The structural analysis indicates that there are several interstitial sites
partially occupied by atoms [12]. Widom et al. proposed the most probable configuration of interstitial atoms
in which 107 atoms are included in the unit cell [13]. On the other hand, a-rh boron consists of regularly
arranged icosahedral B, units and does not include any interstitial atoms. Despite its simple structure, a-rh
boron can be produced in a limited temperature range around 1200°C through methods such as chemical vapor
deposition (CVD) [2], platinum flux method [14], or by crystallizing amorphous boron [15].

The history of a-t boron has been controversial. It was first observed in 1943 in a sample produced by CVD
[1], and a structural analysis revealed that the tetragonal unit cell included four Bi, units and two interstitial B
atoms [16]. In 1971, however, it was argued that pure a-t boron does not exist stably because it was not
synthesized in CVD experiments without the presence of carbon or nitrogen sources [17,18]. In 2003, Wang
et al. successfully synthesized a-t boron in the form of nanobelts, which they insisted contained no impurities
[19]. The structure of boron nanobelt was analyzed, and the unit cell was found to contain 52.2 atoms [20].
Subsequently, it was theoretically demonstrated that nano-sized o-t boron crystals can exist stably due to their
low surface energy [21,22], and the most stable structure of a-t boron was predicted to be Bs, [23]. In 2016,
Ekimov et al. synthesized bulk o-t boron under high pressure starting from decaborane BioHis [24] and
confirmed that its structure matched the predicted one [23].

-t boron was first discovered in 1960 [5] through CVD, and its structure was subsequently analyzed [25].
In 2003, Ma et al. synthesized bulk -t boron under high-temperature high-pressure conditions [26]. The most
stable structure was theoretically predicted to be Biox [27].

According to theoretical calculations, boron allotropes, except for y boron, exhibit very close total energies,
differing within a few tens of meV per atom [7,27]. Oganov et al. calculated the free energy of boron allotropes
and presented a phase diagram on the pressure-temperature (PT) plane [7]. The diagram showed that 3-rh and
v boron were the most stable in low pressure and high pressure regions, respectively. o-rh boron existed in the
area between PB-rh and y phases. -t boron appeared in a high-temperature high-pressure region, while o-t
boron never emerged as the most stable state. At the time of their study, the precise configurations of interstitial
atoms were still unknown for B-rh, a-t, and -t boron. Therefore, it is intriguing to investigate how the phase
diagram might change when the current knowledge about interstitial atoms is taken into account.

The significance of interstitial atoms becomes evident in certain cases. It has been demonstrated that the
configuration of interstitial atoms in B-rh boron leads to geometrical frustration, giving rise to complex
physical properties [28,29]. Moreover, there are phenomena that might indicate a phase transition associated
with the movement of interstitial atoms, although the underlying mechanism remains uncertain [30-32].

Motivated by the aforementioned observations, our study aims to assess the extent to which interstitial
atoms impact the free energies of boron allotropes. We calculate the free energies with varying numbers of

atoms in the unit cell, including the entropy of phonons, in order to identify potential phase transitions. By



comparing the free energies on the PT plane, we construct a phase diagram and discuss any deviations from

previous findings.

2. Calculation methods

The calculations of the electronic structures and molecular dynamics (MD) simulations were conducted
using Quantum ESPRESSO (QE) [33,34], based on the density functional theory with plane waves and
pseudopotentials. The ultrasoft pseudopotential [35] of boron was adopted from the library of QE [34]. The
generalized gradient approximation functional of Perdew, Burke, and Ernzerhof was employed [36]. An energy
cut-off of 50 Ry for plane waves and 350 Ry for electron density was sufficient to provide convergence of the
total energy. The total energies were calculated following the optimization of the lattice parameters and the
atomic structures at given pressure using Monkhorst-Pack k-point sampling [37] with (8 x 8 x 8), (4 x 4 x 4),
(4 x4x8),(4x4x4),and (4 x 4 x 4) meshes for a-rh, B-rh, a-t, B-t, and y boron, respectively. The
convergence threshold for the forces on atoms was 1.0 (a.u.). Phonon spectra were calculated with the density-
functional perturbation theory using the PHonon package in the QE suite. The g-point grids used to calculate
the force constants were (2 x 2 x2), (1 x 1 x 1), (1 x1x2),(1x1x1),and (2 x 2 x 2) meshes for a-rh, B-rh,
a-t, B-t, and y boron, respectively. We confirmed that the zero-point phonon energies obtained using these grids
were nearly the same as those using finer g-point grids, with an error of 0.54 meV/atom. The contribution of
phonons to the free energy was calculated with the quasi harmonic approximation (QHA) [38].

The diffusion coefficients of atoms were determined through MD simulations. The simulations were
conducted using a single unit cell for all allotropes. This choice was made because our primary focus was on
the movement of interstitial atoms. First, lattice parameters at a specific temperature and pressure were
obtained using the Parrinello-Rahman method [39]. Subsequently, MD simulations in the canonical ensemble
(NVT) were conducted using the Born-Oppenheimer approximation with a time step of 2.42 fs and a total run
time of 4.84 ps. Temperature control was achieved by rescaling the total kinetic energy. The diffusion

coefficients were estimated using the Einstein relation [40],

D= lim Z(r@-r@P) (1)

2d 1500

where D is the diffusion coefficient, d is the dimension of the system, r is the atom's position vector, and 7 is
time. The angle brackets ( ) denote the average over time origins. To be precise, the interstitial atoms in boron
crystals would not move randomly but rather follow limited paths when equation (1) may not be applicable.
However, in this study, diffusion coefficients are used merely to assess whether or not interstitial atoms

migrate; thus the absolute values of diffusion coefficients are not crucial.

3. Results and discussion

The term "interstitial atoms" in this paper refers to atoms that reside in the interstices between icosahedral
units with partial occupancy rates. Atoms with a full occupancy rate are denoted as frame atoms. Among boron
allotropes, three types, namely [-rh, a-t, and -t boron have interstitial atoms (Fig. 1). Concerning B-rh, the
B13 atom belongs to the (triple) icosahedral unit, but due to its partial occupancy rate [12], it is treated like an
interstitial atom in this study. On the other hand, y boron appears to have interstitial atoms, but they are fully

occupied and considered as frame atoms. The notations of interstitial sites for §-rh and -t are depicted in Fig.



To begin, we examine the case of B-rh boron. Fig. 3 illustrates free energies per atom of B-rh boron
calculated within the QHA. The numbers on the graph represent the quantities of atoms in the unit cell, and
the free energies are given as relative values compared to the 107-atom cell (black line). For the structures of
the 105 to 108-atom cells, we utilized the configurations of interstitial atoms from the work by Widom et al.
[13], which yielded the lowest total energy excluding the phonon free energy (Table 1). Upon including the
phonon contributions, we incidentally discovered that a 107-atom cell with B16 atoms on the ¢ and e sites
(107/B16(ce) in Fig. 3) exhibits slightly lower free energy than Widom's lowest-energy model. However, the
difference is almost negligible, and we chose Widom's model as the referential free energy. For the remaining
structures of the 104 and 109-atom cells, we selected configurations that resulted in the lowest total energy for
each atom count.

As temperature increases, the free energies decrease relative to that of the 107-atom cell. This observation
is reasonable because the lowest energy structure (107-atom) should exhibit stronger interatomic bondings,
resulting in higher phonon energies that generate lower entropy at finite temperatures. Notably, the free energy
of the 105-atom cell experiences a significant decrease and becomes lower than that of the 107-atom cell
around 1700 K. This suggests that when liquid boron is cooled down, it solidifies into the 105-atom phase at
the melting point and then transitions to the 107-atom phase around 1700 K. The mechanism behind the
transition from the 105-atom to the 107-atom phase remains unknown, but it is plausible that atoms on the
surfaces or grain boundaries diffuse into the bulk and act as interstitial atoms, especially since interstitial atoms
can move between sites and cells at temperatures higher than about 700 K [32]. If this view is correct, the
phase transition would require adequate time to complete, and when a sample is rapidly cooled down below
700 K, the number of atoms in the cell may not reach 107. This explains why experimental 3-rh boron samples
have varying numbers of atoms in the unit cell, ranging between 106 and 107 [12].

A similar type of phase transition could also take place in B-t boron. Fig. 4 illustrates the relative free
energies of various atom cells of B-t boron, with values relative to that of the 192-atom cell whose structure
was adopted from previous work by Hayami [27] (Table 2). The configurations of interstitial atoms for each
cell are listed in Table 2, which were chosen to achieve the lowest total energy for each cell. The free energies
were calculated at 0 GPa 10 GPa to correspond to the experimental conditions of the synthesis methods,
chemical vapor deposition (CVD) [5,25] and high-pressure synthesis [26]. At 0 GPa (Fig. 4 top), the free
energy of the 190-atom cell falls below that of the 192-atom cell around 2000 K, suggesting that when a sample
is cooled down from a high temperature, the sample undergoes a phase transition from the 190-atom to the
192-atom cell. However, similar to B-rh boron, rapid cooling could disrupt the diffusion of interstitial atoms,
resulting in some unit cells not acquiring 192 atoms. This model may explain why a sample produced by CVD
had 190 atoms [25]. At 10 GPa (Fig. 4 bottom), the same crossing of the free energies is observed around 2600
K. However, since the melting point of boron at this pressure is estimated to be about 2500 K [41], it remains
uncertain whether the phase transition truly occurs. The reports of high-pressure experiments [26] did not
specify the atom numbers in the unit cell, providing no clues to judge the occurrence of the phase transition.

Regarding a-t boron, we calculated the free energies at 0 GPa and 10 GPa (Fig. 5 top and bottom) due to
its synthesis through two methods, laser ablation [19] and high-pressure synthesis [24]. The values are relative

to that of the 52-atom cell, which exhibits the lowest total energy with two interstitial atoms at the 4¢ site (Fig.



1 bottom left) [23]. At 10 GPa, it was discovered that structures with atoms at the 4c¢ sites were unstable, while
structures with 4d-site atoms were stable and exhibited the lowest energy. Consequently, the structures with
4d-site atoms are presented for the 10 GPa case (Fig. 5, bottom). At both 0 GPa and 10 GPa, the free energies
never descend below that of the 52-atom cell, indicating that the 52-atom cell remains the most stable at all
temperatures below the melting point. In terms of experiments, a-t boron nanobelts produced by laser ablation
contained 52.2 atoms per cell [20], whereas a-t samples produced by high-pressure synthesis contained 51.6
— 52 atoms [24]. Although there have been limited studies of pure a-t boron, these experiments do not seem to
contradict our calculations.

Several observations regarding the structure of a-t boron were incidentally made during the calculations of
the free energies. Firstly, it was found that structures with more than 52 atoms per cell proved to be unstable.
Although such structures can be optimized under tetragonal or orthorhombic symmetry, they exhibit imaginary
phonon modes, indicating structural instabilities. Secondly, the 4¢ sites in a-t boron (Fig. 1) are most favorable
for interstitial atoms at 0 GPa [23,24]; however, at 10 GPa, atoms on the 4c sites shift toward the 8% and 4d
sites. This observation may elucidate the experimental finding that some interstitial atoms were positioned at
the 8/ sites in a.-t boron nanobelts [20].

In the case of y boron at 0 GPa, the free energy of the 28-atom cell remained lower than that of the 27.5 and
27-atom cells at all temperatures below the melting point. At 30 GPa, the structures of the 27.5 and 27-atom
cells were found to be unstable. This indicates that atoms in the interstices between icosahedral units (Fig. 1)
play a crucial role in sustaining the y boron structure and should not be considered as interstitial atoms. This
observation aligns with the experimental evidence, indicating that their occupancy rate is nearly 1 [6,7].

Until now, the discussion of free energy has been based on the QHA. However, it is probable that the QHA
does not hold at high temperatures for two primary reasons. Firstly, as the amplitude of atomic vibrations
increases, higher-order anharmonic terms exert a more significant influence on the vibrations. Secondly, at
elevated temperatures, interstitial atoms may begin to hop between neighboring sites, generating
configurational entropy and reducing the free energy.

When comparing the free energies, the numbers of frame atoms remain the same among different unit cells
for each crystal structure, and it is expected that the effect of anharmonic terms on the frame atoms is largely
offset between different cells. The deviation from the QHA is primarily caused by the hopping of interstitial
atoms. Based on this assumption, we conducted MD simulations to calculate the diffusion coefficients of
interstitial atoms and considered the influence of configurational entropy on the phase transitions that might
occur in B-rh (Fig. 3) and B-t boron (Fig. 4).

Fig. 6 presents the diffusion coefficients of atoms in B-rh boron obtained from MD simulations. The
temperature was set to 2000 K, slightly above the possible phase transition temperature of 1700 K (Fig. 3).
The structures are identical to those used in the free energy calculations, and atoms are indexed indexed by
numbers. In the 107-atom cell (Fig. 6 top), the two B16 interstitial atoms (Fig. 1) display significant diffusion
coefficients, indicating frequent hopping between neighboring sites, while other atoms exhibit minimal
migration. On the other hand, in the case of the 105-atom cell (Fig. 6 bottom), which contains only one B16
interstitial atom, both the B16 atom and an additional B13 atom exhibit substantial migration. Since the number
of migrating atoms is the same between the 107- and 105-atom cells, it is expected that the increase in

configurational entropy will be nearly identical. Consequently, the deviation from the QHA is almost canceled



between the 107- and 105-atom cells, suggesting that the phase transition between these cells is likely to occur
(Fig. 3).

Similarly, we investigated the diffusion coefficients of -t boron. Figs. 7 and 8 display the diffusion
coefficients of the 192- and 190-atom cells at 0 GPa (2000 K) and 10 GPa (2300 K), respectively. At 0 GPa
(Fig. 7), the atoms with significant diffusion coefficients are labeled according to atomic sites, totaling 16
atoms for both the 192- and 190-atom cells. While this may be coincidental, it is expected that the migration
of atoms would generate the same degree of configurational entropy for the 192- and 190-atom cells. Therefore,
the crossing of the free energies of these cells observed in the free energy calculations (Fig. 4 top) may occur.
On the other hand, at 10 GPa and 2300 K (Fig. 8), the number of atoms with significant diffusion coefficients
is 21 for the 192-atom cell and 15 for the 190-atom cell. As the 192-atom cell contains more diffusive atoms
and consequently higher configurational entropy, the crossing of free energy (Fig. 4 bottom) may not occur
below the melting point.

Regarding the possible phase transition between the 192- and 190-atom cells, a significant concern arises
about the stability of the -t phase. The diffusion coefficients of -t boron (Figs. 7 and 8) reveal that several
frame atoms (B1-B24p) migrate significantly along with interstitial atoms (B25, B25p, B26), indicating the
structural instability of the -t phase. While this observation might be understandable for 0 GPa since the most
stable phase is -rh, it is unexpected for 10 GPa at 2300 K, where the most stable phase is believed to be -t
[7,26]. The stability of B-t boron will be further discussed later in comparison with other phases (Fig. 9).

In the case of a-t boron, only an interstitial atom at the 4c¢ site exhibited migration in the 52-atom cell, while
no atoms migrated in the 51-atom cell. Given that the 52-atom cell possesses a larger configurational entropy,
the phase transition between the 52- and 51-atom cells would not take place (Fig. 5). The observation that 25
atoms hardly migrate confirms their identity as frame atoms, aligning with their full occupancy rates in
experiments. The diffusion coefficients of y boron at 30 GPa and 2000 K indicated that no atoms in the 28-
atom cell exhibited migration. Additionally, both the 27- and 27.5-atom cells were unable to sustain the y boron
structure at 30 GPa. Consequently, the two atoms in the interstices (Fig. 1 bottom right) are considered frame
atoms.

To construct the phase diagram of boron allotropes, we plotted the relative free energies of o.-rh, B-rh (105-
and 107-atom), ot (52-atom), B-t (190- and 192-atom), and y phases, calculated within QHA, on the PT plane
in Fig. 9. These free energies are presented as relative values from that of the $-rh 107-atom cell (light green),
where higher values indicate greater stability. Free energies were calculated at 10 GPa intervals within the
range of 0 to 30 GPa. These data were then interpolated to generate the free-energy surfaces. The same plot is
viewed from both the low-temperature side (Fig. 9 left) and the high-temperature side (Fig. 9 right). The
experimental melting point, which is 2370 K at 0 GPa and 2480 K at 7.7 GPa [41], is not considered here.

At 0 GPa and 0 K, the B-rh 107-atom phase (light green) is the most stable. As temperature increases, the
B-rh 105-atom phase (dark green) becomes more stable above 1700 K. With increasing pressure at 0 K, the
most stable phase transitions as -rh (107-atom) > a.-rh > y. Additionally, at temperatures above approximately
1800 K, it transitions directly from B-rh (107- or 105-atom) to y phase. In B-rh boron, the theoretical phase
transition between 105- and 107-atom cells occurs up to approximately 7 GPa, beyond which the y phase
becomes more stable than the B-rh phase.

o-t boron is not the most stable phase in any region on the PT plane. Experimentally, pure a-t boron has



been synthesized in a nanobelt form [19]. Studies by Hayami et al. demonstrated that nano-sized o-t boron
could be stable due to its low surface energy [21,22]. On the other hand, Ekimove et al. successfully
synthesized a-t boron under high pressure using decaborane as a starting material [24], followed by the thermal
desorption of residual hydrogen. In this case, o-t boron is considered to be in a metastable state. Other studies
claimed to produce a-t boron under conditions similar to those used for -t boron [8,42,43]. However, in these
studies, a-t boron was not obtained as a single phase but rather accompanied by B-rh or y boron. Therefore,
their a-t boron would not be in the most stable state and could possibly include some impurities.

These findings mostly agree with the previous study by Oganov et al. [7] except for the appearance of B-rh
105-atom phase. In our study, the B-t phase does not emerge as the most stable state, whereas it does in the
previous study within the region around 10-20 GPa, 2000-3000 K. The difference arises because the phase
diagram in the previous study was a compilation of computational and experimental results, and the region of
-t boron was estimated from the experiment by Ma et al. [26].

When the free energies are examined from the high-temperature side (Fig. 9 right), it is observed that the
B-t 192-atom (light blue) and 190-atom (dark blue) phases are close to, but less stable than, the B-rh phase in
the pressure range of 0—10 GPa. Considering the deviation from the QHA, it is challenging to definitively
determine whether the B-t phase is more or less stable than the -rh phase. As previously mentioned, the
diffusion coefficients of -t boron (Figs. 7 and 8) suggest its instability in this region. If that is the case, -t
boron synthesized under high pressure [26] and by the CVD method [5,25] might have included a small amount
of impurities. This scenario is analogous to the a-t boron case, where impurities such as carbon or nitrogen
stabilize the a-t structure [17,18]. It is noteworthy that several other studies [8,9,42,43] did not observe (-t
boron under the same conditions as in the experiment by Ma et al. [26]. Due to the limited number of reports

on -t boron, additional experiments are required to validate the existence of pure 3-t boron.

4. Conclusions

According to the free energies calculated within the QHA, which includes interstitial atoms, 3-rh boron
undergoes a phase transition between the 107- and 105-atom cells at around 1700 K and 0 GPa. This could
explain why 3-rh exhibits a large dispersion in atom numbers in the unit cell. However, such a phase transition
does not occur in a-t and y boron. a-t boron is invariably most stable with 52 atoms in the unit cell and becomes
unstable with more than 52 atoms. In 3-t boron, a similar phase transition might occur between the 192- and
190-atom cells around 2000 K at 0 GPa and 2600 K at 10 GPa. However, the diffusion coefficients calculated
by MD simulations show significant migration of frame atoms in -t boron around the transition temperature,
suggesting that -t boron may not be in a stable state.

Comparing the free energies of all phases on the PT plane, B-rh is the most stable in a low-pressure region,
and y boron is the most stable in a high-pressure region. a-rh boron can exist stably in a region between B-rh
and y boron. On the other hand, a-t boron cannot be the most stable phase in any region. While the difference
in free energy between B-t and -rh boron is small near the melting point at around 10 GPa, B-t boron cannot
be deemed the most stable within QHA calculations. Given the substantial migration of frame atoms, pure -t
boron is likely to be unstable and might be stabilized by impurities, similar to what is observed with a-t boron.
An experimental study conducted under high temperature and high pressure reported the synthesis of 3-t boron,

whereas several other studies under similar conditions did not observe it. Therefore, additional experiments



are required to conclusively establish the existence of pure [3-t boron.
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Table 1. Configurations of interstitial atoms for B-rh boron. The notation of interstitial sites (a — f) for B13,
B16, B17, and B18 is depicted in Fig. 2 (left), following the work by Widom et al. [13]. 107* represents the
configuration of 107/B16(ce) in Fig. 3.

Number of atoms Configuration
/unit cell
104 B13(bcef) B16(a)
105 B13(bcdef) B16(a)
106 B13(bcdef) B16(bd)
107 B13(bcef) B16(bd) B17(a) B18(a)
107* B13(bcef) B16(ce) B17(a) B18(a)
108 B13(bcef) B16(acd) B17(a) B18(a)
109 B13(bcef) Bl6(acef) B17(a) B18(a)

Table 2. Configurations of interstitial atoms for 3-t boron. The notation of interstitial sites (1 — 4) for B25,

B25p, and B26 is depicted in Fig. 2 (right), following the work by Hayami et al. [27].

Number of atoms Configuration
/unit cell

184 B25(-) B25p(-) B26(-)
186 B25(13) B25p(-) B26(-)
188 B25(1234) B25p(-) B26(-)
190 B25(1234) B25p(-) B26(12)
191 B25(-) B25p(1234) B26(123)
192 B25(-) B25p(1234) B26(1234)
193 B25(1) B25p(1234) B26(1234)
194 B25(13) B25p(1234) B26(1234)
196 B25(1234) B25p(1234) B26(1234)




Figures and captions

Fig. 1. Structures of B-rh, a-t, B-t, and y boron. Green icosahedra represent Bi» units, and blue polyhedra

correspond to a triple and a double icosahedron for B-rh and 8-t boron, respectively. Interstitial sites are labeled.

Fig. 2. Notations of interstitial sites used in Tables 1 and 2. On the left, B-rh boron viewed from the [111]

direction; on the right, -t boron viewed from the [001] direction.
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Fig. 3. Relative free energies of B-rh boron at 0 GPa. The numbers on curves indicate the number of atoms in

the unit cell. Free energies are relative to that of the 107-atom cell (black line).
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Fig. 4. Relative free energies of 3-t boron at 0 and 10 GPa. Free energies are relative to that of the 192-atom
cell (black line).
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Fig. 5. Relative free energies of a-t boron at 0 and 10 GPa. Free energies are relative to that of the 52-atom

cell (black line). At 10 GPa, interstitial atoms shift from the 4c sites to the 4d sites.
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Fig. 6. Diffusion coefficients of the 107- and 105-atom cells of B-rh boron. The original positions of B13 and

B15 atoms are indicated in Fig. 1.
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Fig. 7. Diffusion coefficients of the 192- and 190-atom cells of B-t boron at 0 GPa. Atoms other than B23, B25,
B25p and B26 are frame atoms not explicitly indicated in Fig. 1.
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Fig. 8. Diffusion coefficients of the 192- and 190-atom cells of B-t boron at 10 GPa. Atom labels are the

same as in Fig. 7.
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Fig. 9. Relative free energies of boron allotropes plotted on the PT plane. Free energies are relative values from
that of the 107-atom cell of B-rh boron (light green plane). The same graph is viewed from the low-temperature
side (left) and the high-temperature side (right).
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