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 a b s t r a c t

Numerical simulations of ductile fracture analysis frequently encounter significant convergence 
challenges. While existing efforts have largely focused on global/local numerical optimization or 
extended (discontinuous) methods, this study introduces a novel stress-update algorithm oper-
ating at the material point level. This algorithm is designed to mitigate the computational dif-
ficulties inherent in ductile fracture problems, especially in single crystal plasticity simulations 
that employ rate–independent constitutive formulations. For implicit models based on contin-
uum damage mechanics, material softening mechanisms like damage complicate the solution of 
global equations. This study demonstrates that the plasticity mechanism can be locally separated 
from the damage mechanism while maintaining mathematical equivalence with a conventional 
algorithm. This sequential scheme provides a robust and convenient approach for describing the 
coupling between multiple plasticity and damage internal state variables. Furthermore, a micro-
morphic damage enhancement, serving as a gradient extension, is utilized to mitigate spurious 
mesh-dependence and to account for the characteristic length scale in polycrystalline systems. 
The advantages and limitations of the proposed algorithm, from its constitutive formulations to 
its comparative applications, are thoroughly discussed.

1.  Introduction

1.1.  Background and aims

Quantitatively characterizing crack initiation and propagation remains a formidable challenge in solid mechanics. Computational 
approaches are powerful tools for systematically understanding the structural failure process, which encompasses phenomena such 
as crack initiation induced by microscopic damage accumulation, crack propagation through damage zone growth, crack branching 
influenced by localized damage behavior, and final crack coalescence. Material fracture responses are categorized as brittle, quasi-
brittle, and ductile, each distinguished by specific damage initiation and evolution mechanisms. The numerical performance of these 
simulations is significantly affected by material instability, which increases considerably from brittle to ductile cases.

For Finite Element Method (FEM)-based approaches, brittle fracture is characterized by a sudden local stiffness drop upon reaching 
a critical state. This phenomenon adversely affects the global assembled stiffness matrix, leading to ill-conditioning that complicates 
the solution of global equations [1,2]. To address these numerical challenges, several studies have proposed discontinuous approaches 
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\begin {align}\begin {aligned} {W}^{\rm int}_{0}-\rho \dot {\varPsi }&={\bf P}:\dot {\bf F} + a^{\rm m}\dot {\widetilde {\eta }}+{\bf b}^{\rm m}\cdot \nabla _{\bm X}\dot {\widetilde {\eta }}- \rho \dot {\varPsi }\left ({\bf C}^{\rm e},\widetilde {\eta },\nabla _{\bm X}\widetilde {\eta },{\rm D},{\bm \xi },\eta \right ) \\ &={\bf S}:\dot {\bf E}+ a^{\rm m}\dot {\widetilde {\eta }}+{\bf b}^{\rm m}\cdot \nabla _{\bm X}\dot {\widetilde {\eta }} - \rho \left (2\frac {\partial \varPsi }{\partial {\bf C}^{\rm e}}:\frac {1}{2}\dot {{\bf C}}^{\rm e} + \underset {i=1}{\overset {n_{\rm slip}}{\sum }}\frac {\partial \varPsi }{\partial {\xi }^{(i)}}\dot {\xi }^{(i)}+\frac {\partial \varPsi }{\partial {\rm D}}\dot {\rm D} + \frac {\partial \varPsi }{\partial {\eta }}\dot {\eta } + \frac {\partial \varPsi }{\partial \widetilde {\eta }}\dot {\widetilde {\eta }}+ \frac {\partial \varPsi }{\partial \nabla _{\bm X}\widetilde {\eta }}\cdot \nabla _{\bm X}\dot {\widetilde {\eta }}\right ). \end {aligned} \label {eq3}\end {align}
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${\bm \xi }=\{\xi ^{(1)},\ldots ,\xi ^{(i)}\}$
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$n_{\rm slip}$


$\varPsi =\varPsi ^{\rm e}\left ({\bf C}^{\rm e},{\rm D}\right )+\varPsi ^{\rm p}\left ({\bm \xi },{\rm D}\right )+\varPsi ^{\rm d}\left (\eta \right )+\varPsi ^{\rm m}\left (\eta ,\widetilde {\eta },\nabla _{\bm X}\widetilde {\eta }\right )$


\begin {align}\begin {aligned} \left (\hat {\bf S} -2\frac {\partial \varPsi ^{\rm e}}{\partial {\bf C}^{\rm e}}\right )&:\dot {\bf E}^{\rm e}+ \left (a^{\rm m}-\frac {\partial \varPsi ^{\rm m}}{\partial \widetilde {\eta }}\right )\dot {\widetilde {\eta }}+\left ({\bf b}^{\rm m}-\frac {\partial \varPsi ^{\rm m}}{\partial \nabla _{\bm X}\widetilde {\eta }}\right )\cdot \nabla _{\bm X}\dot {\widetilde {\eta }} \\ &+\left (2{\bf C}^{\rm e}\frac {\partial \varPsi ^{\rm e}}{\partial {\bf C}^{\rm e}}\right ):\dot {\bf F}^{\rm p}{\bf F}^{\rm p-1} - \underset {i=1}{\overset {n_{\rm slip}}{\sum }}\frac {\partial \varPsi ^{\rm p}}{\partial {\xi }^{(i)}}\dot {\xi }^{(i)} +\left (-\frac {\partial \left (\varPsi ^{\rm e}+\varPsi ^{\rm p}\right )}{\partial {\rm D}}\right )\dot {\rm D}- \frac {\partial \left (\varPsi ^{\rm d}+\varPsi ^{\rm m}\right )}{\partial {\eta }}\dot {\eta }\qquad \geqslant 0, \end {aligned} \label {eq4}\end {align}
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\begin {equation}\mathcal {D}:=\hat {\bf M}:{\bf L}^{\rm p} - \underset {i=1}{\overset {n_{\rm slip}}{\sum }}\left (\tau _{\rm c}^{(i)}\dot {\xi }^{(i)}\right )+Y^{\rm d}\dot {\rm D}- \beta \dot {\eta }\geqslant 0. \label {eq5}\end {equation}


\begin {align}\begin {aligned} &\hat {\bf S} =2\frac {\partial \varPsi ^{\rm e}}{\partial {\bf C}^{\rm e}};\;\; \tau _{\rm c}^{(i)} = \frac {\partial \varPsi ^{\rm p}}{\partial {\xi }^{(i)}}; \;\;\hat {\bf M} ={\bf C}^{\rm e}\hat {\bf S};\;\;{\bf L}^{\rm p}=\dot {\bf F}^{\rm p}{\bf F}^{\rm p-1}; a^{\rm m}=\frac {\partial \varPsi ^{\rm m}}{\partial \widetilde {\eta }};\;\; Y^{\rm d} = -\frac {\partial \left (\varPsi ^{\rm e}+\varPsi ^{\rm p}\right )}{\partial {\rm D}}; \;\, {\bf b}^{\rm m}=\frac {\partial \varPsi ^{\rm m}}{\partial \nabla _{\bm X}\widetilde {\eta }};\;\;\beta =\beta ^{\rm d}+\beta ^{\rm m}=\frac {\partial \varPsi ^{\rm d}}{\partial {\eta }}+\frac {\partial \varPsi ^{\rm m}}{\partial {\eta }}. \end {aligned} \label {eq6}\end {align}
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${\bf S}^{*}={\bf S}/{f\left (\rm D\right )}$
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\begin {equation}\mathcal {L} = -\mathcal {D}\left (\hat {\bf M},{\bm \tau }_{\rm c},Y^{\rm d},\beta \right )+\underset {i=1}{\overset {n_{\rm slip}}{\sum }}{\gamma }_{\rm p}^{(i)}\phi ^{{\rm p}(i)}+{\gamma }_{\rm d}\phi ^{\rm m}, \label {eq7}\end {equation}


${\bm \gamma }_{\rm p}=\{\gamma ^{(1)}_{\rm p},\ldots ,\gamma ^{(i)}_{\rm p}\}$


$\gamma _{\rm d}$


$\phi ^{{\rm p}(i)}$


$i$


\begin {equation}\phi ^{{\rm p}(i)}=|\tau _{\rm r}^{(i)}|- \tau ^{(i)}_{\rm c} = f({\rm D})|\tau ^{(i)*}_{\rm r}|-h({\rm D}) \tau ^{(i)*}_{\rm c} \le 0, \label {eq8}\end {equation}


$|\tau _{\rm r}^{(i)}|$


$i$


\begin {equation}\phi ^{\rm m}=Y^{\rm d}-\beta \le 0. \label {eq9}\end {equation}


\begin {align}&{\gamma }_{\rm p}^{(i)}\geqslant 0,\quad \phi ^{{\rm p}(i)}\leqslant 0,\quad {\gamma }_{\rm p}^{(i)}\phi ^{{\rm p}(i)}=0\quad \forall i\in \left \{1,\dots ,{n_{\rm slip}}\right \}, \label {eq10} \\ &{\gamma }_{\rm d}\geqslant 0,\quad \phi ^{\rm m}\leqslant 0,\quad {\gamma }_{\rm d}\phi ^{\rm m}=0. \label {eq11}\end {align}
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\begin {align}&\phi ^{{\rm p}(i)}=|\tau _{\rm r}^{(i)}|- \tau ^{(i)}_{\rm c}Q\left (\Delta \gamma _{\rm p}^{(i)}\right ) =f({\rm D})|\tau ^{(i)*}_{\rm r}|-h({\rm D}) \tau ^{(i)*}_{\rm c}Q\left (\Delta \gamma _{\rm p}^{(i)}\right ) \le 0. \label {eq8a}\\ & {Q}\left (\Delta \gamma ^{(i)}_{\rm p}\right )=\left (r_{\rm b}\frac {\Delta \gamma ^{(i)}_{\rm p}}{\Delta {t}}+1\right )^{r_{\rm a}}, \label {eq8b}\end {align}
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$\Delta t={t}_{\rm n+1}-{t}_{\rm n}$
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$\Delta \gamma ^{(i)}_{\rm p}=\Delta {t}\gamma ^{(i)}_{\rm p}$


$\mathcal {L}$


\begin {align}&\frac {\partial \mathcal {L}}{\partial \hat {\bf M}} = {\bm 0} \Rightarrow {\bf L}^{\rm p} = \underset {i=1}{\overset {n_{\rm slip}}{\sum }}{\gamma }_{\rm p}^{(i)}{\bf N}^{{\rm p}(i)}{\rm sign}\left (\tau ^{(i)}_{\rm r}\right ); \nonumber \\ &{\bf N}^{{\rm p}(i)}=\frac {\partial \phi ^{{\rm p}(i)}}{\partial \hat {\bf M}}; \label {eq12}\\ & \frac {\partial \mathcal {L}}{\partial \tau _{\rm c}^{(i)}} = 0\quad \forall i\in \left \{1,\ldots ,{n_{\rm slip}}\right \}\quad \Rightarrow \dot {\xi }^{(i)} = {\gamma }_{\rm p}^{(i)}Q\left (\Delta \gamma _{\rm p}^{(i)}\right ). \label {eq13}\end {align}
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\begin {equation}\begin {aligned} \frac {\partial \mathcal {L}}{\partial Y^{\rm d}} = 0 \Rightarrow \dot {\rm D} = {\gamma }_{\rm d}; \qquad \frac {\partial \mathcal {L}}{\partial \beta } = 0 \Rightarrow \dot {\eta } = {\gamma }_{\rm d}; \end {aligned} \label {eq14}\end {equation}
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\begin {equation}\begin {aligned} &\tau ^{(i)}_{\rm r}=f({\rm D})\hat {\bf M}^{*}:{\bf N}^{{\rm p}(i)}; \\ &Y^{\rm d}= -\left (\frac {\partial f(\rm D)}{\partial \rm D}\varPsi ^{\rm e*} + \frac {\partial h(\rm D)}{\partial \rm D}\varPsi ^{\rm p*}\right ). \end {aligned} \label {eq15}\end {equation}
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\begin {equation}\phi ^{\rm m}=Y^{\rm d}-\left (\beta ^{\rm d}-\nabla _{\bm X}\cdot {\bf b}^{\rm m}\right ). \label {eq16}\end {equation}


$\widetilde {\eta }$
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\begin {equation}\varPsi ^{\rm e*} = \frac {1}{2}~{\bf E}^{\rm e}:\hat {\mathbb {C}}^{\rm e}:{\bf E}^{\rm e}. \label {eq17}\end {equation}
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$\varPsi ^{\rm p*}$


\begin {align}\begin {aligned} \varPsi ^{\rm p*}=~& \underset {k=1}{\overset {N}{\sum }}\left [ \underset {i=1}{\overset {kn_{\rm slip}}{\sum }}\xi ^{(i)}\left (\tau ^{(k)}_{0}+H^{{\rm p}(k)} \underset {j=1}{\overset {n_{\rm slip}}{\sum }}\frac {1}{2}\Omega ^{(k)}_{ij}\xi ^{(j)} + \delta \tau _{\rm s}^{(k)}\right ) + \frac {\left (\delta \tau _{\rm s}^{(k)}\right )^{2}}{h^{{\rm p}(k)}}\left ({{\exp }}\left [-\frac {h^{{\rm p}(k)}}{\delta \tau _{\rm s}^{(k)}}\underset {i=1}{\overset {kn_{\rm slip}}{\sum }}{\xi }^{(i)}\right ]-1\right ) \right ], \end {aligned} \label {eq18}\end {align}
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\begin {align}& \hat {\bf S} =f\left ({\rm D}\right )\hat {\bf S}^{*}=f\left ({\rm D}\right ) \hat {\mathbb {C}}^{\rm e}:{\bf E}^{\rm e} ; \label {eq19}\\ &\tau _{\rm c}^{(i)} = h\left ({\rm D}\right ) \tau ^{*(i)}_{\rm c} = h\left ({\rm D}\right ) \left \{\tau ^{(i)}_{0}+H^{{\rm p}(i)}\underset {j=1}{\overset {n_{\rm slip}}{\sum }}\Omega ^{(i)}_{ij}\xi ^{(j)} + \delta \tau ^{(i)}_{\rm s}\left (1-{{\exp }}\left [-\frac {h^{{\rm p}(i)}}{\delta \tau ^{(i)}_{\rm s}}\underset {j=1}{\overset {n_{\rm slip}}{\sum }}\xi ^{(j)}\right ]\right ) \right \}. \label {eq20}\end {align}
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\begin {equation}\tau ^{(i)}_{\rm r}=f({\rm D})\hat {\bf M}^{*}: \left ({\bm s}^{(i)}_{0}\otimes {\bm m}^{(i)}_{0}\right ), \label {eq_rss}\end {equation}
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\begin {equation}\begin {split} {\bm s}^{(i)} = {\bf F}^{\rm e}{\bm s}^{(i)}_{0}; &\quad {\bm m}^{(i)} = {\bf F}^{\rm e-T}{\bm m}^{(i)}_{0}; \end {split} \label {Xeqn19-22}\end {equation}
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\begin {equation}\varPsi ^{\rm d} = \varPsi ^{\rm d}_{0}\left (1-{\rm exp}\left [-\eta \right ]\right ) +H^{\rm d}\left (1-{\rm exp}\left [-\eta \right ]-\eta {\rm exp}\left [-\eta \right ]\right ). \label {eq24}\end {equation}
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\begin {equation}\varPsi ^{\rm m}= {H^{\rm m}\left (1-{{\exp }}\left [\widetilde {\eta }-\eta \right ]-\left (\eta -\widetilde {\eta }\right ){{\exp }}\left [\widetilde {\eta }-\eta \right ]\right ) +\frac {1}{2}\nabla _{\bm X}\widetilde {\eta }\cdot {\bm A}\cdot \nabla _{\bm X}\widetilde {\eta }}. \label {eq25}\end {equation}
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\begin {equation}f\left (\rm D\right )={\rm exp}\left [-{\rm D}\right ],\qquad h\left (\rm D\right )=1-\alpha \left (1-{\rm exp}\left [-{\rm D}\right ]\right ), \label {eq29}\end {equation}
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\begin {equation}\left [\left (\mathtt {K}\right )_{(\rm n+1)(t_{\rm n+1})}\right ] \begin {Bmatrix} \Delta {\bf d}^{\rm u} \\ \Delta {\bf d}^{\widetilde {\eta }} \end {Bmatrix}_{(\rm n+1)(t_{\rm n+1})} =-\left (\mathtt {r}\right )_{(\rm n)(t_{\rm n+1})}. \label {eq32}\end {equation}
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\begin {align}\begin {split} & \dot {{\bf F}}^{\rm p}=\left (\underset {i=1}{\overset {n_{\rm slip}}{\sum }}{\gamma }_{\rm p}^{(i)}{\bf N}^{{\rm p}(i)}{\rm sign}\left (\tau ^{(i)}_{\rm r}\right )\right ){\bf F}^{\rm p} \,\Rightarrow {\bf F}^{\rm p}_{\mathfrak {t}}={\rm exp}\left [\underset {i=1}{\overset {n_{\rm slip}}{\sum }}\left (\Delta {\gamma }_{\rm p}^{(i)}\right )_{\mathfrak {t}}{\bf N}^{{\rm p}(i)}{\rm sign}\left (\tau ^{(i)}_{\rm r}\right )\right ]{\bf F}^{\rm p}_{t_{\rm n}}. \end {split} \label {Xeqn27-32}\\ & \xi ^{(i)}_{\mathfrak {t}}=\xi ^{(i)}_{t_{\rm n}}+\left (\Delta \gamma ^{(i)}_{\rm p}Q\left (\Delta \gamma _{\rm p}^{(i)}\right )\right )_{\mathfrak {t}}\quad \forall {i}\in \left \{1,\ldots ,{n_{\rm slip}}\right \}; \label {eq44} \\ & {\rm D}_{\mathfrak {t}}={\rm D}_{t_{\rm n}}+\left (\Delta \gamma _{\rm d}\right )_{\mathfrak {t}};\quad \eta _{\mathfrak {t}}=\eta _{t_{\rm n}}+\left (\Delta \gamma _{\rm d}\right )_{\mathfrak {t}}. \label {eq45}\\ & \left (\Delta {\gamma }_{\rm p}^{(i)}\right )_{\mathfrak {t}}\geqslant 0,\quad \phi ^{{\rm p}(i)}\leqslant 0,\quad \left (\Delta {\gamma }_{\rm p}^{(i)}\right )_{\mathfrak {t}}\phi ^{{\rm p}(i)}=0\quad \forall i\in \left \{1,\ldots ,{n_{\rm slip}}\right \}; \\ &\left (\Delta {\gamma }_{\rm d}\right )_{\mathfrak {t}}\geqslant 0,\quad \phi ^{\rm m}\leqslant 0,\quad \left (\Delta {\gamma }_{\rm d}\right )_{\mathfrak {t}}\phi ^{\rm m}=0. \label {eq46}\end {align}
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\begin {equation}\left \{\begin {aligned} &\left (\left ({\Delta \gamma }^{(i)}_{\rm p}\right )^{k+1}=\left ({\Delta \gamma }^{(i)}_{\rm p}\right )^{k}+{\Delta }\left ({\Delta \gamma }^{(i)}_{\rm p}\right )^{k+1}\right )_{({\rm n+1})(\mathfrak {t})}\quad {i}\in \mathcal {A}_{\rm act}; \\ &\left (\left (\Delta \gamma _{\rm d}\right )^{k+1}=\left (\Delta \gamma _{\rm d}\right )^{k}+\Delta \left (\Delta \gamma _{\rm d}\right )^{k+1}\right )_{({\rm n+1})(\mathfrak {t}).} \end {aligned}\right . \label {eq53}\end {equation}
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\begin {align}\begin {split} &\mathscr {L}^{\rm p/contra}_{\Delta {\bf u}}\left (\hat {\bf S}\right )_{\mathfrak {t}}=\hat {\mathbb {C}}^{\rm epd}_{\mathfrak {t}}:\mathscr {L}^{\rm p/co}_{\Delta {\bf u}}\left ({\bf E}^{\rm e}\right )+\hat {\mathbb {D}}^{\rm S\widetilde {\eta }}_{\mathfrak {t}}\Delta \widetilde {\eta }, \\ &\Delta {a}^{\rm m}_{\mathfrak {t}} = -\mathbb {P}_{\mathfrak {t}}\hat {\mathbb {A}}^{{\eta }\rm E}_{\mathfrak {t}}:\mathscr {L}^{\rm p/co}_{\Delta {\bf u}}\left ({\bf E}^{\rm e}\right )+\mathbb {P}_{\mathfrak {t}}\left (1-\hat {\mathbb {D}}^{{\eta }\widetilde {\eta }}_{\mathfrak {t}}\right )\Delta \widetilde {\eta }, \\ &\mathbb {P}_{\mathfrak {t}}=\frac {\partial a^{\rm m}}{\partial \widetilde {\eta }}={\rm exp}\left [ \widetilde {\eta }_{\mathfrak {t}}-\eta _{\mathfrak {t}}\right ]\left (1-\eta _{\mathfrak {t}}+\widetilde {\eta }_{\mathfrak {t}}\right )H^{\rm m}, \\ &\Delta {\bf b}^{\rm m}_{\mathfrak {t}}=A^{\rm m}\Delta (\nabla _{\bm X}\widetilde {\eta }). \end {split} \label {eq54}\end {align}
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\begin {equation}\begin {split} &\frac {{\rm d}\phi ^{\rm m}}{{\rm d}\Delta \gamma _{\rm d}}= \left \{\begin {split} &-{\rm exp\left [-{\rm D_{\mathfrak {t} }}\right ]}\left (\varPsi ^{\rm e*}+\alpha \varPsi ^{\rm p*}\right )_{\mathfrak {t}} \\ &+ {\rm exp\left [-{\rm \eta _{\mathfrak {t} }}\right ]}\left (\varPsi ^{\rm d}_{0}+H^{\rm d}\eta _{\mathfrak {t}} +H^{\rm m}{\rm exp}\left [\widetilde {\eta }_{\mathfrak {t}}\right ]\left (\eta _{\mathfrak {t}}-\widetilde {\eta }_{\mathfrak {t}}\right )\right ) \\ &- {\rm exp\left [-{\rm \eta _{\mathfrak {t} }}\right ]}\left (H^{\rm d} +H^{\rm m}{\rm exp}\left [\widetilde {\eta }_{\mathfrak {t}}\right ]\right ); \end {split}\right . \\ &\frac {{\rm d}\phi ^{\rm m}}{{\rm d}\Delta \gamma ^{(i)}_{\rm p}}= -\phi ^{{\rm p}(i)}-\left (1-\alpha \right )\left (\tau ^{*(i)}_{\rm c}Q^{(i)}\right )_{\mathfrak {t}}; \\ &\frac {{\rm d}\phi ^{{\rm p}(i) }}{{\rm d}\Delta \gamma _{\rm d}}= -{\rm exp}\left [-{\rm D}_{\mathfrak {t}}\right ]\left (|\tau ^{*(i)}_{\rm r}|_{\mathfrak {t}}-\alpha \left (\tau ^{*(i)}_{\rm c}Q^{(i)}\right )_{\mathfrak {t}}\right ); \\ &\frac {{\rm d}\phi ^{{\rm p}(i) }}{{\rm d}\Delta \gamma ^{(j)}_{\rm p}}= \left \{\begin {split} &-{\rm sign}\left (\tau ^{(i)}_{\rm r}\right )_{\mathfrak {t}}{\rm sign}\left (\tau ^{(j)}_{\rm r}\right )_{\mathfrak {t}} \left (2{\rm sym}\left \{{\bf C}^{\rm e}_{\mathfrak {t}}{\bf N}^{{\rm p}(j)}\right \}\hat {\bf S}_{\mathfrak {t}}\right . \\ &\left .+{\bf C}^{\rm e}_{\mathfrak {t}}\hat {\mathbb {C}}^{\rm e}:{\rm sym}\left \{{\bf C}^{\rm e}_{\mathfrak {t}}{\bf N}^{{\rm p}(j)}\right \}\right ):{\bf N}^{{\rm p}(i)} \\ &-\left (Q^{(i)}Q^{(j)}\frac {\partial \tau ^{(i)}_{\rm c}}{\partial \xi ^{(j)}}\right )_{\mathfrak {t}} -\left (\tau ^{(i)}_{\rm c}\frac {\partial Q^{(i)}}{\partial \Delta \gamma ^{(j)}_{\rm p}}\right )_{\mathfrak {t}}, \end {split}\right . \label {eq56} \end {split}\end {equation}
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\begin {equation}\begin {split} &\frac {{\rm d}\phi ^{\rm m}}{{\rm d}\Delta \gamma _{\rm d}}= -{\rm exp}\left [-{{\eta }_{\mathfrak {t} }}\right ]\left (H^{\rm d}+H^{\rm m}{\rm exp}\left [\widetilde {\eta }_{\mathfrak {t}}\right ]\right ); \\ &\frac {{\rm d}\phi ^{\rm m}}{{\rm d}\Delta \gamma ^{(i)}_{\rm p}}=\frac {{\rm d}\phi ^{{\rm p}(i) }}{{\rm d}\Delta \gamma _{\rm d}}= -\phi ^{{\rm p}(i)}\approx 0; \\ &\frac {{\rm d}\phi ^{{\rm p}(i) }}{{\rm d}\Delta \gamma ^{(j)}_{\rm p}}= {\rm exp}\left [-{\rm D}_{\mathfrak {t}}\right ]\frac {{\rm d}\phi ^{{\rm p}*(i) }}{{\rm d}\Delta \gamma ^{(j)}_{\rm p}}. \label {eq57} \end {split}\end {equation}
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\begin {equation}\frac {1}{{\rm L}}\dot {\rm D}=2\left (1-{\rm D}\right )\left (\varPsi ^{\rm e*+}\right )-\frac {{\rm G}_{\rm c}}{{\rm c}_{0}l}{\rm D}+\frac {{\rm G}_{\rm c}l}{{\rm c}_{0}}\nabla ^{2}_{\bm X}{\rm D}\qquad \forall {\bm X}\in \Omega _{0}, \label {eq33}\end {equation}
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\begin {equation}\begin {split} &\phi ^{\rm m}=2\left (1-{\rm D}\right )\left (\varPsi ^{\rm e*+}\right )-\varPsi ^{\rm d}_{0}-H^{\rm d}\eta -H^{\rm m}\left (\eta -\widetilde {\eta }\right ); \\ &H^{\rm m}\left (\eta -\widetilde {\eta }\right )+A^{\rm m}\nabla ^{2}_{\bm X}\widetilde {\eta }=0\qquad \forall {\bm X}\in \Omega _{0}. \end {split} \label {Xeqn40-A.2}\end {equation}
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\begin {align}\begin {split} &\varPsi ^{\rm d}:=\varPsi ^{\rm d}_{0}\eta +\frac {1}{2}H^{\rm d}\eta ^{2};\quad \beta ^{\rm d}=\varPsi ^{\rm d}_{0}+H^{\rm d}\eta ; \\ &\varPsi ^{\rm m}:=\frac {1}{2}H^{\rm m}\left (\eta -\widetilde {\eta }\right )^{2}+\frac {1}{2}A^{\rm m}|\nabla _{\bm X}\widetilde {\eta }|^{2};\quad \beta ^{\rm m}=H^{\rm m}\left (\eta -\widetilde {\eta }\right ); \\ &\dot {\rm D}=\dot {\rm \eta }. \end {split} \label {eq35}\end {align}
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\begin {align}&\left (\Delta {\gamma }_{\rm d}\right )_{\mathfrak {t}}\geqslant 0,\quad \phi ^{\rm m}\leqslant 0,\quad \left (\Delta {\gamma }_{\rm d}\right )_{\mathfrak {t}}\phi ^{\rm m}=0; \label {eq36} \\ &\phi ^{\rm m,{\rm trial}}_{\mathfrak {t}}=2\left (1-{\rm D}_{t_{\rm n}}\right )\left (\varPsi ^{\rm e*+,{\rm trial}}_{\mathfrak {t}}\right )-\beta ^{\rm d}_{t_{\rm n}}-H^{\rm m}\left ({\eta }_{t_{\rm n}}-\widetilde {\eta }^{{\rm trial}}_{\mathfrak {t}}\right ). \label {eq37}\end {align}
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\begin {equation}{\rm D}_{\mathfrak {t}}\equiv \eta _{\mathfrak {t}}=\frac {\frac {2\varPsi ^{\rm e*+}_{\mathfrak {t}}-\varPsi ^{\rm d}_{0}}{H^{\rm m}}+\widetilde {\eta }^{{\rm trial}}_{\mathfrak {t}} }{\frac {2\varPsi ^{\rm e*+}_{\mathfrak {t}}+H^{\rm d}}{H^{\rm m}}+1}. \label {eq39}\end {equation}
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[3–7] or have focused on improving simulation performance through numerical optimization techniques. Examples include the semi-
smooth Newton method [8], the deep backtracking algorithm [9], combinations with the arc-length method and under-relaxation 
schemes [10], the limited-memory quasi-Newton Broyden–Fletcher–Goldfarb–Shanno (BFGS) method [11], and the preconditioned 
inexact Newton method [12]. This study, however, adopts the latter strategy, focusing specifically on continuous methods.

Algorithmically optimized approaches within the continuous framework can generally be classified into large-scale (global) nu-
merical optimization and material–point level (local) optimization. Large-scale optimization focuses on integrated systems, such as 
linearized equations, involving thousands of components. When optimizing such large physical systems, as discussed by Nocedal and 
Wright[13], the strategy includes (1) identifying objectives, (2) determining the characteristic variables of the physical system, and 
(3) finding solutions to optimize the physical system. For FEM-based fracture numerical analysis, the objective is typically the mini-
mization of energy within the analyzed domain, as proposed by Francfort and Marigo[14], where the displacement fields are chosen 
as the basic characteristic variables. Several studies have successfully addressed robustness improvements for large-scale systems 
[11,15–18].

On the other hand, material–point level optimization focuses on the constituents of the large-scale physical system. These local 
optimizations play a crucial role in achieving global robustness [19,20], and the use of an algorithmic (consistent) tangent ma-
trix enhances quadratic convergence [21]. Additionally, various constrained numerical optimization methods exist that offer good 
performance at the material-point level despite limitations for large-scale applications.

While researchers have focused on improving large-scale global robustness, these approaches are often inefficient and problem-
dependent. This is particularly true when modeling combinations of complex constitutive material responses and heterogeneous FE 
models, such as polycrystalline materials within an anisotropic framework [22], steel alloys [23,24], and aluminum alloys [25]. 
In these cases, the crucial coupling between “single crystal plasticity” and “damage” significantly increases material instability. 
Physically, damage growth decreases the solid matrix volume fraction (representing the effective solid), which in turn enhances 
accumulated plastic slips. Consequently, “accurate” and “stable” global FE solutions to initial boundary value problems for ductile 
fracture materials cannot be expected if “inaccurate” and “unstable” state-update procedures are used.

Regarding spurious mesh-dependence and length scales, material fracture responses without mesh regularization often exhibit 
over-damaged phenomena [26–28], which can render global solutions impossible. To address this, a micromorphic-extended damage 
model was utilized in this study (for details, see [29–33]). The extra micromorphic variable, however, increased the physical system’s 
complexity due to scaling differences with standard displacements. Recently, Harandi et al. [34] proposed a practical similarity 
between micromorphic-extended and phase-field (PF) damage models. Because the micromorphic model contains a similar assembled 
stiffness matrix structure, globally unified approaches designed for the PF damage model can be directly inherited.

Regarding the coupling between micromorphic damage and single crystal plasticity, researchers have focused on strain-rate-
dependent material modeling due to its superior numerical convergence compared to a rate-independent formulation. For instance, 
Sabnis et al. [35] proposed a two-surface ductile fracture model with normal stress damage criterion for slip planes to characterize 
plasticity-induced fracture in a Nickel-based superalloy, although it did not include stiffness-degradation from continuum damage 
mechanics (CDM). Ling et al. [36] and Scherer et al. [37] focused on micromorphic gradient-enhanced ductile fracture model based on 
the Gurson-Tvergaard-Needleman (GTN)-like porous single crystal plasticity [38–41], characterizing the microstructural texture effect 
on plasticity-dominant damage in single crystals. However, algorithmic optimization for polycrystals with strain-rate-independent 
crystal plasticity [42] and the brittle-to-ductile transition in multi-phase microstructures remain challenging.

Building upon these considerations, a novel stress-update algorithm with fully implicit integration is proposed for the micromor-
phic extended hyperelastic–single crystal plastic ductile solid material. This algorithm enhances local robustness. The key aspect of 
the designed algorithm lies in a natural separation between the plasticity and damage mechanisms under reasonable assumptions. 
The conventional multi-surface algorithm based on general CDM [43–47] can be significantly simplified into a sequential procedure 
without losing mathematical equivalence. This enables the analytical solution of damage evolution without requiring an internal 
nonlinear solver. The resulting sequential algorithm is more convenient for material modeling and requires less computational cost 
during polycrystalline ductile fracture simulation.

1.2.  Structure of the present work

The remainder of this paper is organized as follows: Section 2 presents the constitutive material modeling formulations. This section 
details a systematic framework for single crystal plasticity coupled with micromorphic damage mechanics based on a rate-independent 
form, ensuring thermodynamic consistency. Section 3 provides an algorithmic discussion with a primary focus on local (material point 
level) aspects. A comparison between the conventional and proposed stress-update algorithms is emphasized, specifically highlight-
ing the sequential procedure. Section 4 presents numerical examples across several applications, including mesh regularization, a 
discussion of factors influencing strain localization, and a comprehensive ductile fracture analysis within a polycrystalline material. 
Section 5 presents the conclusions. The verification of the proposed model and a discussion of its similarity with the PF damage model 
are provided in Appendix A.

2.  Constitutive modeling and formulations

Building upon the work of Tan and Watanabe[33], this study constructed an extended model for ductile fracture constitutive 
modeling, from fundamental formulation to numerical implementation. To emphasize the algorithmic improvements within the 
polycrystalline material system, this section discusses only the essential formulations.
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2.1.  Kinematics of finite strain elastoplastic damageable solid

The deformation gradient 𝐅𝑡 can be multiplicatively split into elastic 𝐅e and plastic 𝐅p components, as initially proposed by Lee[48] 
and applied to single crystal plasticity by Asaro[49]. This decomposition, which is commonly visualized in the plastic intermediate 
configuration, allows the kinematics of elastoplastic damageable materials to be expressed in terms of classical elastoplastic theory 
[50]. The decomposition is given by 𝐅𝑡 = 𝐅e𝐅p. Here, X represents the position vector of the undeformed domain (reference config-
uration 0), which is a subset of the three-dimensional real space . The mapping ϕt ∶ 0 → 𝑡 describes the motion of the domain 
within the time interval [0,T], pushing forward the position vector X to the deformed position x = ϕ𝑡(X) in the current configuration 
𝑡 ⊂ . The displacement is defined as 𝐮𝑡 = 𝐱 − 𝐗, and the volumetric change is 𝐽 ∶= det

(

𝐅𝑡
)

> 0. For simplicity, the subscript “𝑡” is 
omitted in further formulations. Physically, these deformation gradients relate to different microscopic mechanisms. In single crystal 
plasticity, the plastic deformation gradient 𝐅p arises from the accumulation of inelastic slips on crystallographic slip systems, whereas 
the elastic deformation gradient 𝐅e accounts for the stretch and rotation of the crystal lattice. Accordingly, the condition of plastic 
incompressibility, 𝐽 p ∶= det(𝐅p) ≡ 1, is assumed throughout this study.

2.2.  Consistent thermodynamic formulations

To account for the complexities of ductile single crystal materials, a consistent thermodynamic formulation must be established. 
The second law of thermodynamics under isothermal conditions, expressed as (𝑊 int

0 − 𝜌𝛹̇ ≥ 0), describes the necessary relationship 
between the internal power density 𝑊 int

0  in the reference configuration and the rate of Helmholtz free energy 𝜌𝛹̇ . This relationship 
can be expressed as: 

𝑊 int
0 − 𝜌𝛹̇ = 𝐏 ∶ 𝐅̇ + 𝑎m ̇̃𝜂 + 𝐛m ⋅ ∇X

̇̃𝜂 − 𝜌𝛹̇
(

𝐂e, 𝜂,∇X𝜂,D, ξ, 𝜂
)

= 𝐒 ∶ 𝐄̇ + 𝑎m ̇̃𝜂 + 𝐛m ⋅ ∇X
̇̃𝜂 − 𝜌

(

2 𝜕𝛹
𝜕𝐂e ∶ 1

2
𝐂̇e +

𝑛slip
∑

𝑖=1

𝜕𝛹
𝜕𝜉(𝑖)

𝜉̇(𝑖) + 𝜕𝛹
𝜕D

Ḋ + 𝜕𝛹
𝜕𝜂

𝜂̇ + 𝜕𝛹
𝜕𝜂

̇̃𝜂 + 𝜕𝛹
𝜕∇X𝜂

⋅ ∇X
̇̃𝜂

)

.
(1)

According to Eq. (1), the internal power density is determined by the internal strain energy rate, which involves the 1st or 2nd 
Piola–Kirchhoff stress 𝐏 or 𝐒, and the Green–Lagrange strain tensor 𝐄 = 1∕2(𝐅T𝐅 − 𝐈), where 𝐈 is second-order identical tensor. It also 
involves two micromorphic resultants: the coupling force 𝑎m and the micromorphic force 𝐛m. The free energy is a time-dependent 
function of the elastic right Cauchy–Green tensor 𝐂e = 𝐅eT𝐅e, micromorphic damage variable ̃𝜂 and its gradient with respect to the 
reference configuration ∇X𝜂, scalar damage variable D, and microscopic damage variable 𝜂. The series of microscopic plastic variables 
ξ = {𝜉(1),… , 𝜉(𝑖)} describes the slip of the 𝑖th crystal slip system. The dependence of this quantity on the number of slip systems “𝑛slip” 
is a material property. To determine the full power–dissipation inequality, frame transformations of tensors are required (as detailed in 
previous work by Tan and Watanabe[33] and other textbooks). Furthermore, the free energy is assumed to be an additive expression: 
𝛹 = 𝛹 e(𝐂e,D) + 𝛹 p(ξ,D) + 𝛹 d(𝜂) + 𝛹m(𝜂, 𝜂,∇X𝜂

)

. Applying this to Eq. (1), the full Clausius–Duhem inequality is derived as: 
(

𝐒̂ − 2 𝜕𝛹
e

𝜕𝐂e

)

∶ 𝐄̇e +
(

𝑎m − 𝜕𝛹m

𝜕𝜂

)

̇̃𝜂 +
(

𝐛m − 𝜕𝛹m

𝜕∇X𝜂

)

⋅ ∇X
̇̃𝜂

+
(

2𝐂e 𝜕𝛹 e

𝜕𝐂e

)

∶ 𝐅̇p𝐅p−1 −
𝑛slip
∑

𝑖=1

𝜕𝛹 p

𝜕𝜉(𝑖)
𝜉̇(𝑖) +

(

−
𝜕(𝛹 e + 𝛹 p)

𝜕D

)

Ḋ −
𝜕
(

𝛹 d + 𝛹m)

𝜕𝜂
𝜂̇ ⩾ 0,

(2)

where 𝐒̂ and 𝐄e = 1∕2(𝐂e − 𝐈) are the second Piola–Kirchhoff stress tensor and the elastic Green–Lagrange strain in the intermediate 
configuration, respectively. In Eq. (2), the micromorphic damage coupling term 𝑎m ̇̃𝜂 and gradient term 𝐛m ⋅ ∇X

̇̃𝜂 are assumed to 
be purely energetic conjugate forces, as discussed in the literature on gradient-enhanced material modeling [51–53]. Applying the 
standard Coleman–Noll procedure yields the reduced dissipation inequality :

 ∶= 𝐌̂ ∶ 𝐋p −
𝑛slip
∑

𝑖=1

(

𝜏(𝑖)c 𝜉̇(𝑖)
)

+ 𝑌 dḊ − 𝛽𝜂̇ ⩾ 0. (3)

Additionally, the following thermodynamic conjugate forces are derived: 

𝐒̂ = 2 𝜕𝛹
e

𝜕𝐂e ; 𝜏(𝑖)c = 𝜕𝛹 p

𝜕𝜉(𝑖)
; 𝐌̂ = 𝐂e𝐒̂; 𝐋p = 𝐅̇p𝐅p−1; 𝑎m = 𝜕𝛹m

𝜕𝜂
; 𝑌 d = −

𝜕(𝛹 e + 𝛹 p)
𝜕D

; 𝐛m = 𝜕𝛹m

𝜕∇X𝜂
; 𝛽 = 𝛽d + 𝛽m = 𝜕𝛹 d

𝜕𝜂
+ 𝜕𝛹m

𝜕𝜂
.

(4)

The elastoplastic state, defined on the plastic intermediate configuration, includes the second Piola–Kirchhoff stress 𝐒̂, the unsym-
metric elastic Mandel stress 𝐌̂, and the plastic velocity gradient 𝐋p. The components also include the isothermal plastic resistance of 
the 𝑖th slip system 𝜏(𝑖)c , which describes the statistical microscopic plastic mechanism. The damage components consist of the damage 
norm (or energy release rate) 𝑌 d, conjugated to the damage variable D, and the specific microscopic damage resistance 𝛽, which is 
conjugated to the damage variable 𝜂 and includes a micromorphic contribution 𝛽m. These general expressions demonstrate theoretical 
consistency for the coupling between single crystal plasticity and damage mechanisms.
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2.3.  Evolution of internal state variables

To satisfy the reduced energy-dissipation inequality from Eq. (3), a local optimization is applied to this plasticity–damage coupling 
system. This approach assumes a relationship between effective quantities and their undamaged counterparts (∙)∗, such as 𝐒∗ = 𝐒∕𝑓 (D), 
based on the hypothesis of strain equivalence [46]. The degradation function 𝑓 (D) represents the volume fraction of the solid part. 
The Lagrangian multiplier method is applied to maximize the plasticity–damage reduced dissipation with constraints related to the 
plasticity 𝜙p(𝑖) and the micromorphic damage 𝜙m. For a detailed discussion on local inequality satisfaction, we refer to Nocedal and 
Wright[13]. The Lagrangian is defined as:

 = −
(

𝐌̂,τc, 𝑌
d, 𝛽

)

+
𝑛slip
∑

𝑖=1
𝛾 (𝑖)p 𝜙p(𝑖) + 𝛾d𝜙

m, (5)

where γp = {𝛾 (1)p ,… , 𝛾 (𝑖)p } and 𝛾d are the multipliers. The yield function 𝜙p(𝑖) of the 𝑖th slip system, which serves as the constraint for 
plasticity, is defined as:

𝜙p(𝑖) = |𝜏(𝑖)r | − 𝜏(𝑖)c = 𝑓 (D)|𝜏(𝑖)∗r | − ℎ(D)𝜏(𝑖)∗c ≤ 0, (6)

where |𝜏(𝑖)r | is the non-signed resolved shear stress on the 𝑖th slip system. The micromorphic damage criterion is:
𝜙m = 𝑌 d − 𝛽 ≤ 0. (7)

Based on Eqs. (5) to (7), the Karush–Kuhn–Tucker (KKT) conditions are defined as:
𝛾 (𝑖)p ⩾ 0, 𝜙p(𝑖) ⩽ 0, 𝛾 (𝑖)p 𝜙p(𝑖) = 0 ∀𝑖 ∈

{

1,… , 𝑛slip
}

, (8)

𝛾d ⩾ 0, 𝜙m ⩽ 0, 𝛾d𝜙
m = 0. (9)

For numerical stability, a Perzyna-like strain-rate-dependent term 𝑄 is appended to Eq. (6). The full plastic criterion is therefore given 
by:

𝜙p(𝑖) = |𝜏(𝑖)r | − 𝜏(𝑖)c 𝑄
(

Δ𝛾 (𝑖)p

)

= 𝑓 (D)|𝜏(𝑖)∗r | − ℎ(D)𝜏(𝑖)∗c 𝑄
(

Δ𝛾 (𝑖)p

)

≤ 0. (10)

𝑄
(

Δ𝛾 (𝑖)p

)

=

(

𝑟b
Δ𝛾 (𝑖)p

Δ𝑡
+ 1

)𝑟a

, (11)

where 𝑟a and 𝑟b are material constants for the strain-rate-dependency and Δ𝑡 = 𝑡n+1 − 𝑡n is a discretized time interval between incre-
mental steps. Also, the time-discretized Lagrangian multiplier of 𝑖th slip system is defined as Δ𝛾 (𝑖)p = Δ𝑡𝛾 (𝑖)p . This appended term is not 
intended to model creep behavior, but rather to improve the stability of strain-rate-independent single crystal plasticity, as discussed 
by Miehe[42], Peirce et al. [54], and Miehe and Schröder[55].

By applying the stationarity condition (maximum) to the Lagrangian function , the evolution equations for all internal variables 
are derived. The evolution of plastic resultants is obtained from the directional variations:

𝜕
𝜕𝐌̂

= 0 ⇒ 𝐋p =
𝑛slip
∑

𝑖=1
𝛾 (𝑖)p 𝐍p(𝑖)sign

(

𝜏(𝑖)r
)

;

𝐍p(𝑖) =
𝜕𝜙p(𝑖)

𝜕𝐌̂
; (12)

𝜕
𝜕𝜏(𝑖)c

= 0 ∀𝑖 ∈
{

1,… , 𝑛slip
}

⇒ 𝜉̇(𝑖) = 𝛾 (𝑖)p 𝑄
(

Δ𝛾 (𝑖)p

)

. (13)

The plastic flow 𝐋p is defined as the integration of all slips. The damage evolutions are as follows:
𝜕
𝜕𝑌 d

= 0 ⇒ Ḋ = 𝛾d;
𝜕
𝜕𝛽

= 0 ⇒ 𝜂̇ = 𝛾d; (14)

Here, the evolution for the two damage variables, D and 𝜂, is identical, implying that these variables are identical if their initial 
values are the same. Using the elastic and plastic degradation functions, 𝑓 (D) and ℎ(D), the plastic and damage norms, derived from 
Eq. (4), can be rewritten as:

𝜏(𝑖)r = 𝑓 (D)𝐌̂∗ ∶ 𝐍p(𝑖);

𝑌 d = −
(

𝜕𝑓 (D)
𝜕D

𝛹 e∗ +
𝜕ℎ(D)
𝜕D

𝛹 p∗
)

.
(15)

The micromorphic damage criterion 𝜙m can be further derived to express damage regularization via the global micromorphic balance 
[30,33] by replacing the coupling relation of the extra damage hardening term 𝛽m:

𝜙m = 𝑌 d −
(

𝛽d − ∇X ⋅ 𝐛m
)

. (16)

Here, the last term of the extended criterion serves as an additional source due to the damage mechanism, which describes a phe-
nomenon proportional to the Laplacian of micromorphic damage objects (voids and cracks) ̃𝜂.
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2.4.  Definitions of the Helmholtz free energy

The proposed constitutive model for finite strain elastoplastic damageable material is sufficiently general, despite certain assump-
tions. In practice, specific Helmholtz free energies must be defined to capture different material responses.

An undamaged St.Venant hyperelastic quadratic energy 𝛹 e∗ is chosen for general anisotropic elasticity, with quantities defined 
on the intermediate configuration:

𝛹 e∗ = 1
2
𝐄e ∶ ℂ̂e ∶ 𝐄e. (17)

The fourth-order elastic modulus ℂ̂e is mapped from the crystal lattice configuration to an initial specimen configuration using the 
crystallographic orientation. Additionally, the undamaged single crystal plastic potential energy 𝛹 p∗ is chosen in a mixed form: 

𝛹 p∗ =
𝑁
∑

𝑘=1

⎡

⎢

⎢

⎢

⎣

𝑘𝑛slip
∑

𝑖=1
𝜉(𝑖)

(

𝜏(𝑘)0 +𝐻p(𝑘)
𝑛slip
∑

𝑗=1

1
2
Ω(𝑘)
𝑖𝑗 𝜉(𝑗) + 𝛿𝜏(𝑘)s

)

+

(

𝛿𝜏(𝑘)s

)2

ℎp(𝑘)

⎛

⎜

⎜

⎝

exp
⎡

⎢

⎢

⎣

− ℎp(𝑘)

𝛿𝜏(𝑘)s

𝑘𝑛slip
∑

𝑖=1
𝜉(𝑖)

⎤

⎥

⎥

⎦

− 1
⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

, (18)

where 𝜏(𝑘)0 , 𝐻p(𝑘), Ω(𝑘)
𝑖𝑗 , 𝛿𝜏

(𝑘)
s , and ℎp(𝑘) are material constants for single crystal plasticity. 𝑁 and 𝑘𝑛slip are the numbers of slip system 

set and slip systems in 𝑘th slip set, respectively. For instance, a face-centered cubic (FCC) system has one slip system set with 12 slip 
systems, while a body-centered cubic (BCC) system has three slip system sets with a total of 48 slip systems. Based on the definitions 
in Eq. (4), expressions for the second Piola–Kirchhoff stress 𝐒̂ and the isothermal plastic resistance 𝜏(𝑖)c  of 𝑖th slip system are derived:

𝐒̂ = 𝑓 (D)𝐒̂∗ = 𝑓 (D)ℂ̂e ∶ 𝐄e; (19)

𝜏(𝑖)c = ℎ(D)𝜏∗(𝑖)c = ℎ(D)

{

𝜏(𝑖)0 +𝐻p(𝑖)
𝑛slip
∑

𝑗=1
Ω(𝑖)
𝑖𝑗 𝜉

(𝑗) + 𝛿𝜏(𝑖)s

(

1 − exp

[

− ℎp(𝑖)

𝛿𝜏(𝑖)s

𝑛slip
∑

𝑗=1
𝜉(𝑗)

])}

. (20)

According to Eq. (20), the critical resolved shear stress (CRSS) for the 𝑖th slip system, 𝜏∗(𝑖)c , includes initial CRSS 𝜏(𝑘)0 , linear hardening 
modulus 𝐻p(𝑘), interaction matrix Ω(𝑘)

𝑖𝑗 , and Voce-type nonlinear hardening parameters 𝛿𝜏
(𝑘)
s  and ℎp(𝑘). For this study, the interaction 

matrix is simplified to model self- and latent-hardening systems, where Ω(𝑘)
𝑖𝑖 = 1 and Ω(𝑘)

𝑖𝑗 (𝑖 ≠ 𝑗).
The resolved shear stress, as the stress norm defined in Eqs. (10) and (15), is given by:

𝜏(𝑖)r = 𝑓 (D)𝐌̂∗ ∶
(

s(𝑖)0 ⊗m(𝑖)
0

)

, (21)

where the slip direction vector s(𝑖)0  and the normal vector of the slip plane m(𝑖)
0  for the 𝑖th slip system are defined at the inter-

mediate configuration. Because no lattice rotation occurs during slip deformation, these vectors are identical to those at the initial 
configuration. They are mapped from the base vectors of the crystal lattice configuration based on the crystallographic orientations. 
Furthermore, a push-forward operation maps them to the deformed configuration using the elastic deformation gradient:

s(𝑖) = 𝐅es(𝑖)0 ; m(𝑖) = 𝐅e−Tm(𝑖)
0 ; (22)

Following Eqs. (15) and (21), the plastic flow directional tensor of 𝑖th slip system is 𝐍p(𝑖) ∶= s(𝑖)0 ⊗m(𝑖)
0 , which describes the crystal-

lographic anisotropy in plasticity and is known as the Schmid tensor.
The damage potential energy 𝛹 d is defined for the isotropic damage hardening 𝛽d:

𝛹 d = 𝛹 d
0 (1 − exp[−𝜂]) +𝐻d(1 − exp[−𝜂] − 𝜂exp[−𝜂]). (23)

This free energy term must satisfy the requirements that 𝛹 d = 0 and (𝛹 d)′ = 𝛹 d
0  when 𝜂 = 0. It includes two material constants: the 

damage energy threshold 𝛹 d
0  and the damage hardening modulus 𝐻d.

The micromorphic damage energy 𝛹m is defined for the micromorphic damage hardening on the reference configuration via 
coupling and gradient terms. Notably, it is utilized to express the extra damage-growth mechanism due to micromorphic extension 
in Eq. (26), and is verified within Appendix A.

𝛹m = 𝐻m(1 − exp
[

𝜂 − 𝜂
]

−
(

𝜂 − 𝜂
)

exp
[

𝜂 − 𝜂
])

+ 1
2
∇X𝜂 ⋅A ⋅ ∇X𝜂. (24)

Here, the second-order tensor A represents the general anisotropic micromorphic modulus. The definition within Eq. (4) leads to the 
damage hardening 𝛽d, micromorphic damage hardening 𝛽m, coupling term 𝑎m, and micromorphic gradient term 𝐛m in the reference 
configuration, as follows:

𝛽d = exp[−𝜂]
(

𝛹 d
0 +𝐻d𝜂

)

; 𝛽m = exp
[

𝜂 − 𝜂
]

𝐻m(𝜂 − 𝜂
)

; (25)

𝑎m = exp
[

𝜂 − 𝜂
]

𝐻m(𝜂 − 𝜂
)

; (26)

𝐛m = A ⋅ ∇X𝜂
isotropic
⟹

condition
𝐴m∇X𝜂. (27)

where 𝐻m and 𝐴m are the coupling and micromorphic moduli, respectively.
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The functions 𝑓 (D) and ℎ(D) are the elastic and plastic degradation functions, respectively. They are not necessarily the same and 
are utilized to express the shape of damage growth zones:

𝑓 (D) = exp[−D], ℎ(D) = 1 − 𝛼(1 − exp[−D]), (28)

where 𝛼 is a control parameter for elastic and plastic contributions, and in this study, it is set to 𝛼 = 1 to enable the subsequent 
sequential algorithm. The damage criterion in Eq. (7) can then be expressed as: 

𝜙m = 𝑌 d − 𝛽 = exp[−D]
(

𝛹 e∗ + 𝛼𝛹 p∗) − exp[−𝜂]
(

𝛹 d
0 +𝐻d𝜂 +𝐻mexp

[

𝜂
](

𝜂 − 𝜂
))

. (29)

Further analysis is performed to achieve global micromorphic balance with the characteristic length 𝑙c. The familiar gradient form is 
derived as follows:

⎧

⎪

⎨

⎪

⎩

𝜂 − 𝑙2c∇
2
X
𝜂 = 𝜂 ∀X ∈ Ω0;

𝑙c ∶=
√

𝐴m

𝐻mexp
[

𝜂 − 𝜂
] ;

(30)

This term is derived as a regularized object in the micromorphic extended damage model.
A complete explanation of the general and decoupled damageable solid is provided in Fig. 1, where (∙)M and (∙)m represent macro-

scopic and microscopic resultants, respectively, following the conventional homogenization theory in Watanabe et al. [56]. Within 
this framework, the microscopic aspects of the damageable single crystal plastic material with ξ = {𝜉1,… , 𝜉(𝑖)} and the micromorphic 
extended damage material with 𝜂 and ̃𝜂 are demonstrated. In general, the plasticity is strongly coupled with the damage, which is 
mathematically represented by the local coupling between plasticity and damage potentials (𝜙p–𝜙m). Accordingly, various material 
constitutive responses can define the parameters 𝜏c and 𝜏r for plasticity, 𝑌 d, 𝛽d, 𝛽m and 𝐛m for damage. According to the conventional 
case (the left side of Fig. 1) proposed by Tan and Watanabe[33], the two micromorphic terms, 𝛽m(𝜂 − 𝜂) and 𝑎m(𝜂 − 𝜂), express the 
length scale of microscopic damage zones induced by the coupling between the two damage variables. These terms are assumed to 
be zero within the PF damage theory, which characterizes a two-dimensional crack surface.

The proposed material model, which follows the sequential scheme (the right side of Fig. 1), is considered a special case, par-
ticularly for crystal plasticity–ductile damage. Using a suitable effective solid definition, where 𝑓 (D) ≡ ℎ(D) (and the undamaged 
quantity is denoted by (∙)∗), the conventional plasticity–damage coupling can be reduced to a decoupled material model and thus 
leads to a transition from (𝜙p–𝜙m) to (𝑓 (D)𝜙p∗–𝜙m). Examples of these functions include the linear form in Lemaitre[46], the quadratic 
form proposed by Brepols et al. [32], and the exponential form in Eq. (28) with (𝛼 = 1). Owing to the fully implicit material time 
integration, the micromorphic damage term 𝛽d+m is proposed to characterize the same damage mechanism. For instance, the def-
initions in Eqs. (25) to (28) are reduced to the same block exp[−𝜂]𝛽(d+m)∗, which includes damage and micromorphic extension in 
Fig. 1. Additionally, this coupling can be further simplified to 𝑓 (D)(𝜙p∗–𝜙m∗) using the evolution equations in Eq. (14). An analytical 
solution for the damage variables can be derived from Eqs. (4), (7), (25)–(28) without requiring an internal nonlinear solver. Finally, 
the proposed sequential plasticity–damage coupling 𝑓 (D)(𝜙p∗ → 𝜙m∗) is obtained with a “one-pass” through the undamaged total 
elastoplastic energy 𝛹 total∗.

The sequential algorithm structure is similar to the “divide–conquer” strategy, with inelastic internal state variables updated 
simultaneously under implicit integration. The numerical solutions between modeling frameworks should be consistent, differing only 
in algorithmic robustness in complex systems. The “staggered” approach in PF damage simulations performed by Miehe et al. [57,58] 
has been shown to produce inconsistent results with monolithic frameworks for large time increments; however, these inconsistencies 
can be mitigated by introducing extra criteria [59,60], albeit with increased computational cost.

3.  Implicit algorithmic improvement

This section discusses the algorithmic aspects. The numerically implemented method is based on the finite element method (FEM). 
First, the global FE structure is reviewed, and then, as the key contribution, we propose a novel stress-update algorithm, which is the 
sequential plasticity–damage algorithm illustrated on the right side of the framework in Fig. 1. Two crucial verifications are provided 
in the Appendices: Appendix A provides details on constitutive similarity with the PF damage model and the proposed micromorphic 
damage mechanisms, and Appendix B demonstrates mathematical equivalence with the conventional algorithm.

The global FE procedure, discussed in a previous work [33], is implemented within the Multi-physics Object-Oriented Simulation 
Environment (MOOSE) [61]. The global linear momentum equilibrium is implemented within the total Lagrange framework (reference 
configuration), utilizing the second Piola–Kirchhoff stress 𝐒 with the total Cauchy–Lagrange strain 𝐄, the coupling force 𝑎m with the 
scalar term ̃𝜂, and the micromorphic force 𝐛m with the gradient term ∇X𝜂.

The global coupled residuals 𝚛 =
{

𝚛u, 𝚛𝜂
}T can be defined by applying the virtual-work principle to satisfy the balance equations. 

This FE discretization is considered a two-field coupled form, including the nodal displacement vector field 𝐝u and micromorphic 
scalar field 𝐝𝜂 with test and trial components. Within fracture analysis, this FE system is nonlinear, both materially and geometrically; 
therefore, suitable time-integration and linearization methods are required for calculating the incremental Δ𝐝u and Δ𝐝𝜂 . The fully 
implicit Euler method is used for time-incremental steps, and the standard Newton method for nonlinear iterative steps. Within the 
Newton iteration of a time step (𝑡n+1), current coupled residuals (𝚛)(n+1)(tn+1) and the Jacobian matrix (𝙺)(n+1)(tn+1) after linearization 
are supplied to the linear solver. Owing to this global framework, these ingredients must be updated during each global nonlinear 
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Fig. 1. Schematic of the implicit framework for modeling damageable materials. The left side presents the general material model, as described 
in [33]. The right side illustrates its reduction to a sequential scheme. The sequential scheme is achieved by applying the decoupling assumptions, 
specifically 𝛼 = 1 and the micromorphic damage mechanism in Eqs. (23) and (24)..

iteration, with the linearized equation of the coupled problem defined as follows:
[

(𝙺)(n+1)(tn+1)
]

{

Δ𝐝u
Δ𝐝𝜂

}

(n+1)(tn+1)
= −(𝚛)(n)(tn+1). (31)

The global time-integration and nonlinear framework discussed previously plays a key role in improving robust convergence and 
subtly affects algorithmic design at the material point level.

3.1.  Local aspect: the plasticity–damage coupling algorithm

As discussed in Section 2.3, a fully implicit stress-update algorithm was derived for the proposed model. This algorithm uses 
a general exponential mapping for plasticity and scalar backward Euler integration for damage. The verification is provided in 
Appendix B.

3.1.1.  Incremental form of constitutive model
The global time interval [0,T] of interest can be integrated by subintervals. We will focus on a typical subinterval [𝑡n, 𝑡n+1]. The time 

interval can be controlled by a cutting parameter 𝜃, where 𝔱 ∶= 𝑡n + 𝜃Δ𝑡 and 0 ≤ 𝜃 ≤ 1. Suppose that the total deformation gradient 
𝐅𝔱, the micromorphic damage variable ̃𝜂𝔱 and its gradients ∇X𝜂𝔱 are prescribed. Assume also that state-dependent variables from the 
prior global time-incremental step, including the plastic deformation gradient 𝐅p

𝑡n
, the plastic variables {𝜉(1)𝑡n

,… , 𝜉
(𝑛slip)
𝑡n

}, the damage 
variable D𝑡n , and the microscopic damage variable 𝜂𝑡n , are known. Based on a formulation for strain-rate-independent single crystal 
plasticity [21,50]), the evolution Eqs. (12) and (14) and KKT conditions (8) and (9) are rewritten in a time-discretized incremental 
form:

𝐅̇p =

(𝑛slip
∑

𝑖=1
𝛾 (𝑖)p 𝐍p(𝑖)sign

(

𝜏(𝑖)r
)

)

𝐅p ⇒ 𝐅p
𝔱 = exp

[𝑛slip
∑

𝑖=1

(

Δ𝛾 (𝑖)p

)

𝔱
𝐍p(𝑖)sign

(

𝜏(𝑖)r
)

]

𝐅p
𝑡n
. (32)

𝜉(𝑖)𝔱 = 𝜉(𝑖)𝑡n +
(

Δ𝛾 (𝑖)p 𝑄
(

Δ𝛾 (𝑖)p

))

𝔱
∀𝑖 ∈

{

1,… , 𝑛slip
}

; (33)

D𝔱 = D𝑡n +
(

Δ𝛾d
)

𝔱; 𝜂𝔱 = 𝜂𝑡n +
(

Δ𝛾d
)

𝔱. (34)
(

Δ𝛾 (𝑖)p

)

𝔱
⩾ 0, 𝜙p(𝑖) ⩽ 0,

(

Δ𝛾 (𝑖)p

)

𝔱
𝜙p(𝑖) = 0 ∀𝑖 ∈

{

1,… , 𝑛slip
}

; (35)
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(

Δ𝛾d
)

𝔱 ⩾ 0, 𝜙m ⩽ 0,
(

Δ𝛾d
)

𝔱𝜙
m = 0. (36)

In the state-update algorithm, the multipliers ∆γp and Δ𝛾d are found using a numerical iterative method to satisfy the following 
plastic and damage criteria for the active set of plastic and damage multipliers, act :

𝜙p(𝑖) =
|

|

|

|

𝐌̂ ∶
{

s(𝑖)0 ⊗m(𝑖)
0

}

|

|

|

|

− 𝜏(𝑖)c = 0, (37)

𝜙m = exp[−D]
(

𝛹 e∗ + 𝛼𝛹 p∗) −
(

𝛽d + 𝛽m
)

= 0. (38)

3.1.2.  Implicit stress-update algorithm in the conventional approach
The linearized interior system is derived from the global finite element nonlinear system. In this context, 𝔱, n, and 𝑘 denote the 

global time increment, the global nonlinear iteration, and the interior nonlinear iteration, respectively. This system is used to solve for 
the time-discretized incremental multipliars Δ(Δ𝛾 (𝑖)p ) and Δ(Δ𝛾d). In the general case of polycrystalline ductile fracture, this system 
is highly nonlinear and strongly affects the global Jacobian matrix (𝙺)(n+1)(tn+1) in Eq. (31), which presents the main challenge to 
achieving a robust solution.

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

d𝜙p(1)

dΔ𝛾(1)p
⋯ d𝜙p(1)

dΔ𝛾(𝑖)p

d𝜙p(1)
dΔ𝛾d

⋯ ⋯ ⋯ ⋯
d𝜙p(𝑖)

dΔ𝛾(1)p
⋯ d𝜙p(𝑖)

dΔ𝛾(𝑖)p

d𝜙p(𝑖)
dΔ𝛾d

d𝜙m

dΔ𝛾(1)p
⋯ d𝜙m

dΔ𝛾(𝑖)p

d𝜙m
dΔ𝛾d

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

𝑘

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Δ
(

Δ𝛾 (1)p

)

⋯

Δ
(

Δ𝛾 (𝑖)p
)

Δ
(

Δ𝛾d
)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

𝑘+1

= −

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜙p(1)

⋯
𝜙p(𝑖)

𝜙m

⎫

⎪

⎪

⎬

⎪

⎪

⎭

𝑘⎞
⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠(n+1)(𝔱).

(39)

If the Jacobian matrix dφ∕d∆γ is singular, a unique solution cannot be obtained. Following investigations of this linear algebraic 
equation [42,62,63]), the discretized Lagrangian multipliers are updated in the (𝑘 + 1)th iteration as follows:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

(

Δ𝛾 (𝑖)p
)𝑘+1

=
(

Δ𝛾 (𝑖)p
)𝑘

+ Δ
(

Δ𝛾 (𝑖)p
)𝑘+1

)

(n+1)(𝔱)
𝑖 ∈ act ;

(

(

Δ𝛾d
)𝑘+1 =

(

Δ𝛾d
)𝑘 + Δ

(

Δ𝛾d
)𝑘+1

)

(n+1)(𝔱).

(40)

Once convergence is reached in the interior Newton-Raphson iteration, all relevant resultants are updated for the (n + 1)th global 
nonlinear iteration within the 𝔱 global time-incremental step. These updated variables include the stress 𝐒, strain tensor 𝐄, virgin 
energies 𝛹 e∗ and 𝛹 p∗, and internal state variables 𝜉(𝑖) and 𝜂. Additionally, the inverse of the Jacobian matrixat the converged state, 
(dφ∕d∆γ)−1, is essential for deriving the consistent tangent operators [33]. Applying the plastic Oldroyd-type material rate ℒ p

Δ𝐮
causes the second Piola–Kirchhoff stress 𝐒̂, the coupling force 𝑎m, and the micromorphic force 𝐛m to vary with the global variables: 
the elastic Green–Lagrange strain 𝐄e(𝐮) and micromorphic damage variable ̃𝜂. This variation is derived from the constitutive relations 
in Section 2.4: 

ℒ p∕contra
Δ𝐮

(

𝐒̂
)

𝔱
= ℂ̂epd

𝔱 ∶ ℒ p∕co
Δ𝐮

(

𝐄e) + 𝔻̂Sη̃
𝔱 Δ𝜂,

Δ𝑎m𝔱 = −ℙ𝔱𝔸̂
𝜂E
𝔱 ∶ ℒ p∕co

Δ𝐮
(

𝐄e) + ℙ𝔱

(

1 − 𝔻̂𝜂𝜂
𝔱

)

Δ𝜂,

ℙ𝔱 =
𝜕𝑎m

𝜕𝜂
= exp

[

𝜂𝔱 − 𝜂𝔱
](

1 − 𝜂𝔱 + 𝜂𝔱
)

𝐻m,

Δ𝐛m𝔱 = 𝐴mΔ(∇X𝜂).

(41)

Alternatively, the variations in the stress 𝐒̂, forces 𝑎m and 𝐛m can be expressed in terms of the internal state variables: 
(

Δ𝐒̂
)

𝔱
= 2 𝜕𝐒̂

𝜕𝐂e ∶ 1
2
Δ𝐂e + 𝜕𝐒̂

𝜕D
𝜕D
𝜕Δ𝛾d

Δ
(

Δ𝛾d
)

,

Δ𝑎m𝔱 = 𝜕𝑎m

𝜕𝜂
𝜕𝜂

𝜕Δ𝛾d
Δ
(

Δ𝛾d
)

+ 𝜕𝑎m

𝜕𝜂
Δ𝜂.

(42)

A direct variation of the criteria is derived to satisfy the consistency condition for the coupled damage–plasticity problem. The time-
discretized Lagrangian multipliers, Δ(Δ𝛾 (𝑖)p ) and Δ(Δ𝛾d), are replaced by ℒ p∕co

Δ𝐮 (𝐄e) and Δ𝜂. Consequently, the four components of the 
consistent tangent operators are calculated and pulled back to the reference configuration. This concludes the standard finite element 
procedure for the (n + 1)th global nonlinear iteration within the global 𝔱 time increment.

Although this algorithm for updating the stress and consistent tangent operators is mathematically robust, it is numerically chal-
lenging due to the strong coupling between the strain-rate-independent single crystal plasticity and micromorphic continuum damage 
mechanisms. This conventional stress-update algorithm is also detailed in Appendix B. The Jacobian matrix dφ∕d∆γ in Eq. (39), 
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evaluated at 𝑘th iteration, are given as follows:

d𝜙m

dΔ𝛾d
=

⎧

⎪

⎨

⎪

⎩

− exp
[

−D𝔱
](

𝛹 e∗ + 𝛼𝛹 p∗)
𝔱

+ exp
[

−η𝔱
](

𝛹 d
0 +𝐻d𝜂𝔱 +𝐻mexp

[

𝜂𝔱
](

𝜂𝔱 − 𝜂𝔱
))

− exp
[

−η𝔱
](

𝐻d +𝐻mexp
[

𝜂𝔱
])

;
d𝜙m

dΔ𝛾 (𝑖)p

= −𝜙p(𝑖) − (1 − 𝛼)
(

𝜏∗(𝑖)c 𝑄(𝑖))
𝔱;

d𝜙p(𝑖)

dΔ𝛾d
= −exp

[

−D𝔱
](

|𝜏∗(𝑖)r |𝔱 − 𝛼
(

𝜏∗(𝑖)c 𝑄(𝑖))
𝔱
)

;

d𝜙p(𝑖)

dΔ𝛾 (𝑗)p

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

− sign
(

𝜏(𝑖)r
)

𝔱sign
(

𝜏(𝑗)r

)

𝔱

(

2sym
{

𝐂e
𝔱𝐍

p(𝑗)}𝐒̂𝔱

+𝐂e
𝔱 ℂ̂

e ∶ sym
{

𝐂e
𝔱𝐍

p(𝑗)}) ∶ 𝐍p(𝑖)

−

(

𝑄(𝑖)𝑄(𝑗) 𝜕𝜏
(𝑖)
c

𝜕𝜉(𝑗)

)

𝔱

−

(

𝜏(𝑖)c
𝜕𝑄(𝑖)

𝜕Δ𝛾 (𝑗)p

)

𝔱

,

(43)

Direct observation of the Jacobian matrix reveals that the interior linearized algebraic system is symmetric. This feature allows for 
the use of a robust linear solver at the local level.

3.1.3.  Sequential plasticity–damage algorithm
Given the challenges in coupling strain-rate-independent single crystal plasticity with micromorphic damage extension, the pro-

posed sequential algorithm can be considered a special case of the general model. For this simplified algorithm, the condition (𝛼 = 1) 
in Eq. (28) must hold, implying that the elastic and plastic contributions to the damage process are equal. This assumption is rea-
sonable for ductile fracture analysis, especially for metals, where plastic strain is the primary driver of the damage process (see 3.1.3 
Note (1)).

At the converged state of the Newton-Raphson iteration, Eq. (43) can be rewritten as:
d𝜙m

dΔ𝛾d
= −exp

[

−𝜂𝔱
](

𝐻d +𝐻mexp
[

𝜂𝔱
])

;

d𝜙m

dΔ𝛾 (𝑖)p

=
d𝜙p(𝑖)

dΔ𝛾d
= −𝜙p(𝑖) ≈ 0;

d𝜙p(𝑖)

dΔ𝛾 (𝑗)p

= exp
[

−D𝔱
]d𝜙p∗(𝑖)

dΔ𝛾 (𝑗)p

.

(44)

Notably, the off-diagonal coupling terms d𝜙m

dΔ𝛾(𝑖)p  and 
d𝜙p(𝑖)
dΔ𝛾d

 depend on the plastic yield function, 𝜙p(𝑖), which approaches zero upon 
convergence of the internal return-mapping algorithm. Furthermore, the Jacobian term (d𝜙p(𝑖)∕dΔ𝛾 (𝑗)p ) simplifies to a product of 
the degradation function, exp[−D𝔱

]

, and the corresponding Jacobian component of the undamaged plasticity model. In this case, 
the plasticity calculation is naturally separated from the damage calculation. Consequently, the plastic KKT condition (Eq. (36)) is 
satisfied if either the material is fully damaged (𝑓 (D) ≈ 0) or the return-mapping for the pure single-crystal plasticity is complete 
(𝜙(𝑖)p ≤ 0 ∀𝑖). The trial criteria are rewritten as:

𝜙p(𝑖),trial
𝔱 = exp

[

−D𝑡n

](

|

|

|

𝜏∗(𝑖),trialr
|

|

|𝔱
−
(

𝜏∗(𝑖)c
)

𝑡n

)

, (45)

𝜙m,trial
𝔱 = exp

[

−D𝑡n

](

𝛹 e∗
𝔱 + 𝛹 p∗

𝔱 −
(

𝛽d∗𝑡n + 𝛽m∗,trial
𝔱

))

. (46)

Here, the virgin microscopic damage 𝛽d∗(𝜂) and micromorphic 𝛽m∗(𝜂 − 𝜂
) are defined. The damage calculation thus becomes a simple 

post-processing step performed after the elasto-plastic deformation is calculated. As a result, the conventional stress-update algorithm 
from Section 3.1.2 simplifies significantly into a sequential scheme. For example, using the constitutive relations from Section 2.4, 
an explicit solution for the damage variable can be found:

𝛽(d+m)∗ = 𝛹 d
0 +

(

𝐻d +𝐻mexp
[

𝜂
])

𝜂 −𝐻mexp
[

𝜂
]

𝜂,

𝜂𝔱 ≡ D𝔱 =
(𝛹 e∗ + 𝛹 p∗)𝔱 − 𝛹 d

0 +𝐻mexp
[

𝜂𝔱
]

𝜂𝔱
𝐻d +𝐻mexp

[

𝜂𝔱
] ,

(47)

where the variables 𝜂 and D are taken as the converged interior variables once the global nonlinear iteration is complete. In contrast, 
the conventional approach requires that the variables ξ𝔱 and 𝜂𝔱 must be evolved simultaneously using the systems described in 
Eqs. (33), (34) and (40). 
Note (1). The modeling assumption (𝛼 = 1) corresponds to the right side of the framework shown in Fig. 1. In this case, the decou-
pling procedure combines the condition (𝛼 = 1) with a expedient analytical expression for the damage evolution. Quantities in the 
fictitious undamaged configuration, denoted by (∙)∗, are scaled by the volume fraction 𝑓 (D). This allows the undamaged elasto-plastic 
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Fig. 2. Sequential algorithm under the standard finite element procedure.

response and the virgin micromorphic damage evolution to be treated separately, as shown conceptually by the boxes labeled (∙)∗. The 
micromorphic damage mechanism is a novel aspect of the proposed continuum damage model. The box marked (∙)∗ for the damage 
mechanism is consistent with using the damage characterization 𝛽(d+m)∗. For instance, according to Eqs. (23) and (24), the term 𝛹 d

describes the nucleation and growth of microscopic voids or cracks via the volume fraction term “(1 − exp[−𝜂])”. In contrast, the term 
𝛹m describes an additional growth mechanism induced by length scales, represented by the term “(1 − exp

[

𝜂 − 𝜂
]

)”. In the general 
case, the specific connection between the damage mechanisms is not constrained. The quasi-brittle fracture behavior is discussed 
in Appendix A. In this appendix, the implicit characteristic length 𝑙c is shown to vary with three damage-growth mechanisms. The 
results demonstrate consistency when the term (𝜂 − 𝜂) approaches zero, at which point the formulation reduces to the PF damage 
model.

The sequential plasticity–damage algorithm is summarized in Fig. 2, algorithmically illustrating the right side of the proposed 
framework (Fig. 1). While improving global robustness is not the primary focus, the standard finite element procedure with (n+1)th 
nonlinear iteration during (𝑡 + 1) time increment is followed. The search for the potential active set for plasticity is performed using 
trial value 𝜙p∗(𝑖) from Eqs. (45) and (46). Here, “E”, “P”, and “D” signify the elastic, plastic, and damaged states, which depend on 
the active set s

act (where “s” denotes sequential). It is noteworthy that s
act does not need to account for the damaged state, unlike 

the set c
act (“c” for conventional) in the conventional algorithm (see Appendix B for a detailed discussion). After the potential active 

set is defined, the sequential procedure proceeds from the elasticity block to the plasticity block (if the active set is not empty) and 
finally to the damage block. This sequence, from 𝜙p∗(𝑖), 𝛹 total∗ to 𝜙m∗, is encapsulated within the framework shown in Fig. 1.

Other plasticity models, such as Drucker–Prager plasticity [64] or plasticity with a yield-point phenomenon [65], can be considered 
by replacing the plasticity block. Similarly, other damage processes, such as an exponential growth mechanism, can be modeled 
through the damage block, provided they follow the assumptions mentioned in Note 3.1.3. Essentially, the interior Jacobians in 
Eq. (39) and the consistent tangent operators in Eq. (41) can be significantly simplified without losing mathematical equivalence. 
This suggests that the strong coupling in the conventional algorithm is a likely source of numerical divergence; thus, this sequential 
approach implicitly enhances numerical robustness in polycrystalline ductile fracture analyses.

4.  Numerical examples

To demonstrate the performance and robustness of the proposed constitutive model in polycrystalline ductile fracture analysis, 
this section presents several numerical applications. These applications are divided into two main categories:

1. Single crystal sheet problems: These applications investigate the mechanisms triggering strain localization. The geometric setup 
and boundary conditions are detailed in Fig. 3.

2. Polycrystalline material systems: Various applications within these systems are explored.
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Fig. 3. Schematic of the specimen geometries and boundary conditions used in the numerical examples.

The study first emphasizes the influence of imperfections on inducing localization. Subsequently, it discusses the microstructural 
features of polycrystals using a finite element model with idealized, periodically arranged equiaxial grains. The 𝐅-bar method [66,67] 
was used for strain-stabilization to avoid volumetric locking.

4.1.  Application 1: strain localization of single crystal sheet

The problem of a single crystal sheet is based on an example in the single crystal plasticity section of de Souza Neto et al. [67]. 
The reference examples uses two different meshes: one with 2752 nodes and 1200 8-node hexahedral elements, and another with 
15,432 nodes and 9600 elements. While that reference considered a double-slip system and purely elastoplastic behavior, the present 
study investigates a damageable material and single crystal plasticity with the slip systems of a FCC crystal. The material parameters 
are provided in Table 1. Following the referenced example, isotropic elasticity is assumed, which is considered reasonable for this 
application because the elastic (lattice) distortion is relatively small. From a numerical perspective, it is crucial to recognize that both 
geometrical and local material imperfections can induce strain localization. In the first strain localization problem, the specimen’s 
[111] crystal orientation matches the loading direction (Y3), as shown in Fig. 4(a) and (b). In this case, a material imperfection is 
introduced at the specimen’s central point by defining a locally weaker material response (i.e., a lower yield stress). After the peak-
load point, geometrical softening of the finite strain is observed, as shown in Fig. 4(d). At this point, the plastic material imperfection 
induces strong specimen necking, which is concentrated around the imperfection and is orthogonal to the loading (Y3) direction. 
Damage (solid material degradation) initiates at this imperfection and propagates within the elastoplastic zone, which enhances the 
plastic strain localization. Conversely, this localization accelerates damage growth (i.e., voids and cracks), as seen in the comparison 
between Fig. 4(d) and the referenced example from de Souza Neto et al. [67]. Furthermore, mesh independence of the first strain-
localization problem (Fig. 4(a) and (b)) was investigated using several refined meshes. The results demonstrate good regularization 
of the damage process, as discussed by Tan and Watanabe[33] and Brepols et al. [32].

In addition, crystallographic misorientation is another essential trigger for strain localization. A numerical example without initial 
imperfections is performed, with the results shown in Fig. 4(c). The single crystal sheet has an initial [112] crystallographic orienta-
tion, which results in misorientation at the midpoint between the [100] and [111] directions relative to the loading direction (Y3). 
The material parameters were chosen with a higher critical resolved shear stress of 𝜏(𝑖)0 = 60 MPa, as shown in Fig. 4(d). In this case, 
damage initiation does not occur at the central point but at locations with large plastic strain localization caused by rotation. With 
further material deformation, plastic strain accumulates unsymmetrically along the central section. Consequently, the damage profile 
changes to a shear band that is misoriented relative to the loading direction (Y3), as shown in Fig. 4(c), leading to rapid strength 
degradation.

Furthermore, the comparative result for the normalized residual during the global nonlinear Newton iteration are shown in 
Fig. 4(d) and Table 2. After scaling the variables, both the elastoplastic (Stage 1) and post-peak-load (Stage 2) states exhibit a 
quadratic convergence rate. However, as material nonlinearity and damage localization increase, Stage 2 requires more iterations 
than Stage 1. This observation is consistent with the convergence analysis in Brepols et al. [32]. Additionally, the same trends were 
observed in other numerical examples within this study.

The notched single crystal sheet problems are based on the work of Tan and Watanabe[33] and Felder et al. [68]. One model uses 
a mesh with 101,840 nodes and 90,314 8-node hexahedral elements, while the other uses 19,100 nodes and 13,866 elements. For 
both models, a 1% thickness reduction at the notch, an initial [111] crystal orientation, and a loading direction along the Y2-axis 
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Table 1 
Material constants used in the numerical examples. The symbol 𝑥 indicates a parameter 
that was varied.
 Material constants  Symbol  Unit Section 4.1 Section 4.2
 Elasticity (Eq. (17))
 Elastic modulus ℂ̂e

1111  (GPa)  (E)73.67  170.0
 (crystal configuration) ℂ̂e

1122  (GPa)  (𝜈)0.31  120.0
ℂ̂e

1212  (GPa)  (-)  75.0
 Plasticity (Eqs. (18) and (20))
 Lattice structure  FCC  FCC
 Initial critical resolved shear stress 𝜏 (1)0  (MPa)  60.0/54.0  100.0
 Linear hardening modulus 𝐻p(1)  (MPa)  0.0  10.0
 Latent hardening matrix Ω(1)

𝑖𝑗 (𝑖 ≠ 𝑗)  (-)  1.0  1.1
 Relative saturated shear stress 𝛿𝜏 (1)s  (MPa)  48.0/54.0  100.0
 Reference material strength ℎp(1)  (MPa)  520.0  100.0
 Rate dependent sensitivity 𝑟a  (-)  2.0  2.0
 Rate dependent modulus 𝑟b  (-)  0.5  0.5
 Damage (Eq. (23))
 Damage energy threshold 𝛹 d

0  (mJ/mm3)  100.0  50.0
 Hardening modulus 𝐻d  (mJ/mm3)  50.0  25.0
 Micromorphic damage (Eq. (24))
 Micromorphic modulus 𝐴m  (mJ/mm)  100.0 𝑥
 Coupling parameter 𝐻m  (mJ/mm3) 104 104

Table 2 
Global convergence rates at the two stages in Fig. 4.
 Iteration  Residual (Stage 1)  Residual (Stage 2)

 [111] (Fig. 4(a))  [112] (Fig. 4(c))  [111] (Fig. 4(a))  [112] (Fig. 4(c))
 0  1.000000E+00  1.000000E+00  1.000000E+00  1.000000E+00
 1  7.937306E - 02  7.355792E - 02  1.140483E - 02  2.008108E - 02
 2  1.434474E - 06  3.415050E - 04  4.267915E - 04  1.695703E - 02
 3  8.448759E - 11  7.685361E - 06  1.359574E - 04  3.284871E - 04
 4  –  1.961849E - 07  6.919910E - 05  6.275279E - 05
 5  –  8.954857E - 11  1.014185E - 06  1.106686E - 05
 6  –  –  1.600235E - 07  4.588292E - 06
 7  –  –  7.516613E - 11  1.273661E - 06
 8  –  –  –  1.307343E - 11

were considered. The material parameters, including the damage energy threshold (𝛹 d
0 = 50) and hardening modulus (𝐻d = 30), are 

taken from Table 1.
The damage initiation shown in Fig. 5 is unsymmetric in the single crystal case (Fig. 5(b)), in contrast to the symmetric behavior 

observed in isotropic ductile fracture analysis (Fig. 5(a)). This distinction is significant for subsequent damage propagation and the 
formation of unsymmetric crack surfaces between the two pre-notches. The explanation for this unsymmetric damage initiation can 
be found in the context of the second strain-localization mode due to misorientation, as depicted in Fig. 4(c). These notched examples 
demonstrate an extremely ductile material response, characterized by a material softening phase where the unsymmetric crack paths 
have not yet connected, and a necking phase where strain localizes around the area of damage coalescence (as shown in the specimen 
deformation of Fig. 5). This underscores the necessity of three-dimensional ductile fracture analysis with crystal plasticity to accurately 
analyze damage initiation and propagation.

The investigation concludes that the two factors for strain localization, while both considered material imperfections, represent 
distinct trigger mechanisms. These mechanisms lead to different magnitudes of strength degradation and exhibit either symmetric or 
unsymmetric strain localization, while maintaining a strong interaction in polycrystalline material systems.

4.2.  Application 2: polycrystalline ductile fracture analysis

This section demonstrates the application of the proposed approach to periodic polycrystalline aggregates to emphasize the im-
provement in computational robustness. The FE model (Fig. 6) consists of 128 grains with an idealized truncated octahedron geometry. 
The model is composed of 40,113 nodes and 36,864 8-node hexahedral elements. The material constants are listed in Table 1. No-
tably, the strain-rate-dependence parameters are set to produce a response that is nearly identical to that of a strain-rate-independent 
model. FCC slip systems are employed for the single crystal plasticity, and the crystallographic orientations of the grains are assigned 
randomly. The {111} pole figure is shown in Fig. 7. FE analyses were performed by imposing a macroscopic uniaxial tensile strain 
mode on the periodic microstructure in the Y1, Y2, and Y3 directions.

Computer Methods in Applied Mechanics and Engineering 448 (2026) 118500 

12 



T. Tan and I. Watanabe

Fig. 4. Ductile fracture results for the single crystal sheet.

The von Mises stress and plastic strain distributions on the left side of Fig. 7 represent the state before damage initiation at 
a macroscopic axial strain 5%. Damage evolves locally due to this heterogeneity. Fig. 7 presents the distributions of damage at 
macroscopic axial strain 14.4% and 16.7%. The damage regions connect and penetrate the periodic material microstructure, resulting 
in a degradation in macroscopic stiffness. In this case, almost identical macroscopic elastoplastic material responses were obtained 
under the three loading directions (Y1, Y2, and Y3), as quantitatively verified by the macroscopic stress–strain curves in Fig. 7.

In addition, another fiber crystallographic feature, characterized in the second {111} pole figure of Fig. 7, was investigated. This 
fiber feature is verified by the distinctive strain-hardening observed between the (Y1, Y3) and Y2 loading directions. Under further 
deformation, damage initiation, primarily driven by plastic strain in ductile fracture analysis, is triggered on the surface, as seen in 
the comparison of (Y1-1), (Y2-1), and (Y3-1) in Fig. 7. The distribution among the three loading directions depends on the localized 
elastoplastic deformation and exhibits multi-point damage occurance. For instance, the main initiation occurs at long-spacing grain 
boundaries in (Y3-1) and at quadruple/triple junctions in (Y1-1) and (Y2-1). In the (Y2-1) case, two damage concentrations accumulate 
specifically at triple junctions.

From the simulation results, damage evolution follows two mechanisms: transgranular and intergranular propagation modes. 
Regarding further propagation, the results in (Y1-2), (Y2-2), and (Y3-2) indicate that the main mode presented in (Y3-2) is trans-
granular. This is explained by the primary contribution of microscopic shear bands, which link grain boundary damage initiations 
along paths within the grain, leading to damage coalescence (microscopic voids and cracks). While there are few shear bands within
(Y2-2), localized damage growth rapidly degrades the surrounding grain area through a short-spacing intergranular feature. Al-
though the damage in (Y1-1) initiated at grain boundaries and junction areas, transgranular propagation dominates in the (Y1-2) 
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Fig. 5. Damage evolution in the double pre-notched specimen under loading in the Y2 direction.

Fig. 6. Finite element model of a polycrystalline microstructure consisting of 128 grains with an idealized truncated octahedron geometry.

result, which contains numerous damage-induced shear bands. These results prove that the earliest damage initiation affects subse-
quent propagation modes, while the main factor determining ductile properties relates to the multi-point damage burst mechanism 
and the formation of microscopic damage-induced shear bands.

During further damage linkage and coalescence, microscopic damage shear bands coalesce and propagate unsymmetrically into 
the specimen interior, as shown in (Y1-3), (Y2-3), and (Y3-3). The quantitative stress–strain curves for Y1, Y2, and Y3 (with both 
random and fiber features) in Fig. 7 demonstrate that materials with identical macroscopic elastoplastic responses can exhibit distinct 
ductile properties. Specifically, when comparing the Y1 (black solid line) and Y2 (blue solid line) loading directions in the random 
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Fig. 7. Ductile fracture results for the polycrystalline material system.

case, and the Y1 (black dashed line) and Y3 (red dashed line) loading directions in the fiber case, the reasons for the differences can 
be explained as follows:

1. A larger number of transgranular propagation modes along the shear bands results in a more ductile response.
2. A greater number of damage initiations at long-spacing grain boundaries increases the probability of shear band formation within 
the grain.

The micromorphic features of the model allow for the characterization of an intrinsic length scale. This is demonstrated by the 
comparison in Fig. 7 for the random microstructure along the Y3 direction, which was controlled by the material parameter 𝐴m

(selected as 0.05 or 0.25 mJ/mm for comparison). This length scale represents the width of the microscopic damage-induced shear 
bands within the representative volume element. This will be investigated in future studies on microstructural feature sensitivity. The 
mechanisms for damage initiation, propagation modes, and shear band formation are central to the analysis presented in this study, 
demonstrating the robustness of the proposed model for polycrystal ductile fracture analysis.
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5.  Conclusions

This study addressed the challenges associated with the implicit coupling between strain-rate-independent single crystal plasticity 
and micromorphic damage mechanisms. Specifically, a robust stress-update algorithm was proposed to overcome computational chal-
lenges in solving global equations and managing increased material instability, even in complex systems like polycrystalline ductile 
fracture analysis. This algorithm relies on a special condition (𝛼 = 1) and is inspired by analytical solutions from the micromorphic 
framework, featuring a sequential algorithmic design. A comparison verified that the conventional and sequential algorithms main-
tain mathematical equivalence. Additionally, two ductile crystal examples were presented. The first demonstrated the distinctive 
trigger mechanisms of damage-induced strain localization, corresponding to different fracture modes. The second, when applied to 
polycrystalline systems, successfully characterized the damage mechanism, from damage initiation (Y-1) and the formation of micro-
scopic shear bands (Y-2) to damage coalescence leading to strain localization (Y-3). The proposed model can analyze the effect of 
microstructural features, such as realistic material anisotropy and length scales associated with material ductility. These capabilities 
are attributed to the proposed modeling framework for micromorphic ductile materials and the natural separation of “plasticity” 
and “damage” mechanisms. This approach implicitly mitigates numerical challenges in obtaining stable solutions in polycrystalline 
ductile fracture analysis.

This study primarily focuses on the verification and algorithmic aspects of the damageable material model developed within a 
micromorphic framework. It provides a robust foundation for future polycrystalline applications, such as ductile fracture analysis in 
image-based polycrystalline models and coupling with other physical systems, including thermal creep and hydrogen embrittlement 
in polycrystalline materials.
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Appendix A.  Similarity with the phase–field model and micromorphic damage mechanism

The standard formulation of a Phase-Field (PF) damage model for brittle fracture, referenced from Miehe et al. [58] and Wu[69], 
is presented below and solved globally:

1
L
Ḋ = 2(1 − D)

(

𝛹 e∗+) −
Gc
c0𝑙

D +
Gc𝑙
c0

∇2
X
D ∀X ∈ Ω0, (A.1)

where L is the viscosity parameter, Gc is the critical fracture surface energy, c0 is a scaling parameter, and 𝑙 is a characteristic length 
that regularizes the sharp crack. The micromorphic damageable material is formulated to exhibit the same PF damageable material 
behavior:

𝜙m = 2(1 − D)
(

𝛹 e∗+) − 𝛹 d
0 −𝐻d𝜂 −𝐻m(𝜂 − 𝜂

)

;

𝐻m(𝜂 − 𝜂
)

+ 𝐴m∇2
X
𝜂 = 0 ∀X ∈ Ω0.

(A.2)

In this brittle material model, the function “(1 − D)2” serves as the solid degradation function 𝑓 (D). The damage variable 𝜂 is naturally 
bounded, with 𝜂 ∈ [0, 1], for the selected Helmholtz free energy and the evolutions of the local state-dependent variables: 

𝛹 d ∶= 𝛹 d
0 𝜂 +

1
2
𝐻d𝜂2; 𝛽d = 𝛹 d

0 +𝐻d𝜂;

𝛹m ∶= 1
2
𝐻m(𝜂 − 𝜂

)2 + 1
2
𝐴m

|∇X𝜂|2; 𝛽m = 𝐻m(𝜂 − 𝜂
)

;

Ḋ = η̇.

(A.3)
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The constrained micromorphic model is equivalent to the PF damage model under three conditions: (1) (𝛹 d
0 ≈ 0), (2) (𝐻m ≈ +∞), and 

(3) an identical evolution of D and 𝜂. This equivalence arises from a penalization that constrains the global micromorphic balance 
equation.

The time-discretized Lagrangian for the reduced dissipation of this brittle material system can be defined to satisfy the Karush–
Kuhn–Tucker conditions. At the global (n + 1)th iteration of the (𝔱) subtime-increment, the defined damage potential 𝜙m from Eq. (7) 
in the trial state is as follows:

(

Δ𝛾d
)

𝔱 ⩾ 0, 𝜙m ⩽ 0,
(

Δ𝛾d
)

𝔱𝜙
m = 0; (A.4)

𝜙m,trial
𝔱 = 2

(

1 − D𝑡n

)(

𝛹 e∗+,trial
𝔱

)

− 𝛽d𝑡n −𝐻m
(

𝜂𝑡n − 𝜂trial𝔱

)

. (A.5)

The evolution equations for the two internal state variables, derived using a scalar Euler backward time-integration scheme, are:
D𝔱 ≡ 𝜂𝔱 = D𝑡n +

(

Δ𝛾d
)

𝔱, (A.6)

Due to the convenient expression in Eqs. (A.4) and (A.5), the variables D and 𝜂 can be obtained analytically:

D𝔱 ≡ 𝜂𝔱 =

2𝛹 e∗+
𝔱 −𝛹d

0
𝐻m + 𝜂trial𝔱

2𝛹 e∗+
𝔱 +𝐻d

𝐻m + 1
. (A.7)

This allows for a stress-update procedure without an interior Newton procedure during the global iteration (n+1) of the time incre-
ment (𝔱).

Table A.1 
Material constants (1) in comparison between Phase-Field model and mi-
cromorphic damage mechanism.

 Damage  Young’s modulus  Poisson’s ratio  Damage parameters
 Model  E [GPa] 𝜈 [-]
 Phase-Field  210.0  0.3 Gc [mJ∕mm2 ] 𝑙[𝑚𝑚]

2.7 0.02

 Micromorphic  210.0  0.3
𝛹d
0 [mJ∕mm3 ] 𝐻d [mJ∕mm3 ]

≈ 0 135
𝐻m [mJ∕mm3 ] 𝐴m [mJ∕mm]

104 0.054

Table A.2 
Material constants (2) in comparison between Phase-Field model and micro-
morphic damage mechanism.

 Young’s modulus  Poisson’s ratio  Damage parameters
 E [GPa] 𝜈 [-]

 Micromorphic  210.0  0.3 𝛹 d
0 [mJ∕mm3 ] 𝐻d [mJ∕mm3 ]

≈ 0 50
𝐻m [mJ∕mm3 ] 𝐴m [mJ∕mm]

104 0.01

The consistent (algorithmic) tangent matrix (CTM) is used to construct the global Jacobian matrix (𝙺)(n+1)(tn+1). First, the general 
case without constraints is derived:

⎛

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎣

(1 − D)2ℂe − 4(1−D)2𝐒∗⊗𝐒∗
2𝛹 e∗+𝐻d+𝐻m − 𝐻m

2𝛹 e∗+𝐻d+𝐻m 2(1 − D)𝐒∗ 0
− 𝐻m

2𝛹 e∗+𝐻d+𝐻m 2(1 − D)𝐒∗ 𝐻m

2𝛹 e∗+𝐻d+𝐻m

(

2𝛹 e∗ +𝐻d) 0
0 0 𝐴m

⎤

⎥

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎠(n+1)(𝔱).

(A.8)

The reduced version with constraints is then obtained:
⎛

⎜

⎜

⎝

⎡

⎢

⎢

⎣

(1 − D)2ℂe −2(1 − D)𝐒∗ 0
−2(1 − D)𝐒∗ 2𝛹 e∗ +𝐻d 0

0 0 𝐴m

⎤

⎥

⎥

⎦

⎞

⎟

⎟

⎠(n+1)(𝔱)

;

D𝔱 ≡ 𝜂𝔱 = 𝜂𝔱.

(A.9)

The PF brittle damage model corresponding to Eq. (A.1) is derived below:
⎛

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎣

(1 − D)2ℂe −2(1 − D)𝐒∗ 0
−2(1 − D)𝐒∗ 2𝛹 e∗ + Gc

c0𝑙
0

0 0 Gc𝑙
c0

⎤

⎥

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎠(n+1)(𝔱).

(A.10)

Material constitutive equivalence is achieved through suitable selections of material parameters, such as the damage hardening param-
eter (𝐻d = Gc∕c0𝑙) and micromorphic parameter (𝐴m = Gc𝑙∕c0). Crucially, the PF damage model is a special case of the micromorphic 
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Fig. A.1. Schematic boundary conditions of the SENT test.

model under these assumptions. In addition, the semi-implicit (“staggered” or “alternative minimized”) method proposed by Miehe 
et al. [57,58] was designed to modify the global time incremental step for model comparison.

The 3D single-edge notched tensile (SENT) test, a common benchmark in PF damage simulations, was employed. The material 
parameters for both models are listed in Table A. The analyzed domain was a unit plate with a 10% thickness reduction at the notch. 
As shown in Fig. A.1, the model consists of 17,432 nodes and 13,368 8-node hexahedral elements with adaptive non-conforming 
mesh refinement. The plate was subjected to uniaxial tension at a rate of 2 × 10−5 mm/s to ensure consistency with the material 
parameters. Furthermore, a compressive Neo-Hookean hyperelasticity was employed with Young’s modulus E and Poisson’s ratio 𝜈. 
The similarity between the models is presented in Fig. A.2, where a comparable profile of the damage variable D in the PF model and 
the micromorphic damage variable ̃𝜂 in the micromorphic model was obtained, coinciding with the relationship defined in Eq. (A.9). 
In Fig. A.2(d), different values for the coupling parameter 𝐻m are used. Smaller values of 𝐻m result in a more quasi-brittle fracture 
response, indicating that 𝐻m(𝜂 − 𝜂) acts as an additional local damage growth term. In this scenario, the damage zone evolves more 
rapidly after its initiation, and the model equivalence between the PF and micromorphic damage models becomes inconsistent.

On the other hand, it is essential to verify the proposed micromorphic damage energy 𝛹m. The constitutive material is modeled 
to describe quasi-brittle fracture, combining the exponential solid degradation function 𝑓 (D) with the linear damage mechanism 
based on the characterization of voids and cracks, 𝛹 d, from Eq. (23). The local damage potential 𝜙m and the global micromorphic 
equilibrium were derived:

𝜙m = exp[−D]
(

𝛹 e∗+) − exp[−𝜂]
(

𝛹 d
0 +𝐻d𝜂

)

−𝐻m(𝜂 − 𝜂
)

locally (conventional)
,

𝐻m(𝜂 − 𝜂
)

+ 𝐴m∇2
X
𝜂 = 0

globally (conventional)
∀X ∈ Ω0,

(A.11)

𝜙m = exp[−D]
(

𝛹 e∗+) − exp[−𝜂]
(

𝛹 d
0 +𝐻d𝜂

)

−𝐻mexp
[

𝜂 − 𝜂
](

𝜂 − 𝜂
)

locally (linear case)
,

𝐻mexp
[

𝜂 − 𝜂
](

𝜂 − 𝜂
)

+ 𝐴m∇2
X
𝜂 = 0

globally (linear case)
∀X ∈ Ω0.

(A.12)

The difference between coupling terms becomes negligible as the term “(𝜂 − 𝜂)” approaches zero. However, this choice of formulation 
leads to a completely distinctive damageable material model, especially with larger coupling. Additionally, it can be modeled as an 
exponential damage growth mechanism:

𝛹m ∶= 𝐻m
(

1 − exp
[

𝜂 − 𝜂
]

− 1
𝑞d + 1

(

1 − exp
[(

𝑞d + 1
)(

𝜂 − 𝜂
)])

)

+ 1
2
∇X𝜂 ⋅A ⋅ ∇X𝜂.

(A.13)

The local damage potential 𝜙m and its equilibrium were derived:
𝜙m = exp[−D]

(

𝛹 e∗+) − exp[−𝜂]
(

𝛹 d
0 +𝐻d𝜂

)

−𝐻mexp
[

𝜂 − 𝜂
](

1 − exp
[

𝑞d
(

𝜂 − 𝜂
)])

locally (exponential case)
,

𝐻mexp
[

𝜂 − 𝜂
](

1 − exp
[

𝑞d
(

𝜂 − 𝜂
)])

+ 𝐴m∇2
X
𝜂 = 0

globally (exponential case)
∀X ∈ Ω0.

(A.14)

From the perspective of obtaining an analytical solution, the damage D and microscopic damage variables 𝜂 can be directly obtained 
only in the linear case (Eq. (A.12)), similar to the calculation in Eq. (47), except for the plastic contribution. Conversely, for the 
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Fig. A.2. Comparison of two brittle fracture models for the SENT test.

conventional and exponential expressions, an internal nonlinear solver is required for damage evolution via Eq. (A.6). The general 
case of the CTM without constraints was derived for micromorphic models. It includes the three models mentioned above,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎢

⎢

⎣

exp[−D]ℂe − exp[−2D]𝐒∗⊗𝐒∗

exp[−D]
(

𝛹 e∗−𝛹d
0−𝐻

d𝜂+𝐻d
)

+ℙ
− ℙexp[−D]𝐒∗

exp[−D]
(

𝛹 e∗−𝛹d
0−𝐻

d𝜂+𝐻d
)

+ℙ
0

− ℙexp[−D]𝐒∗

exp[−D]
(

𝛹 e∗−𝛹d
0−𝐻

d𝜂+𝐻d
)

+ℙ

ℙ
(

exp[−D]
(

𝛹 e∗−𝛹d
0−𝐻

d𝜂+𝐻d
))

exp[−D]
(

𝛹 e∗−𝛹d
0−𝐻

d𝜂+𝐻d
)

+ℙ
0

0 0 𝐴m

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎟

⎟

⎠(n+1)(𝔱),

(A.15)

ℙ ∶= 𝐻m
conventional

;

ℙ ∶= exp
[

𝜂 − 𝜂
](

1 − 𝜂 + 𝜂
)

𝐻m

linear case
;

ℙ ∶= exp
[

𝜂 − 𝜂
]((

𝑞d + 1
)

exp
[

𝑞d
(

𝜂 − 𝜂
)]

− 1
)

𝐻m

exponential case
.st. (𝑞d > 0).

(A.16)

For the selection of material parameters in Table A.2, the reduced (constrained) version of micromorphic quasi-brittle material is 
obtained:

⎛

⎜

⎜

⎝

⎡

⎢

⎢

⎣

exp[−D]ℂe −exp[−D]𝐒∗ 0
−exp[−D]𝐒∗ exp[−D]

(

𝛹 e∗ − 𝛹 d
0 −𝐻d𝜂 +𝐻d) 0

0 0 𝐴m

⎤

⎥

⎥

⎦

⎞

⎟

⎟

⎠(n+1)(𝔱).

(A.17)
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Fig. A.3. Comparison of quasi-brittle fracture models for the SENT test.

The results simulated by the three distinct models should be consistent. In this case, these micromorphic models are reduced to 
the same damageable material model. The fully implicit damage propagation and quantitative results from the three models are 
summarized in Fig. A.3.

Appendix B.  Verification of the sequential plasticity–damage algorithm

The sequential algorithm is straightforward to implement when damage is the sole form of inelasticity. However, when plasticity is 
involved, the damage process becomes highly coupled with plastic deformation, even if there is no direct plastic contribution (𝛼=0) to 
the damage criterion. In such cases, the conventional stress-update algorithm, shown in Fig. B.1, maintains the standard finite element 
procedure without global robustness improvements. It is important to note that the potential active set search based on plastic and 
damage criteria (Fig. B.1) is completely different from the trial checking discussed in Fig. 2. Furthermore, the active set c

act contains 
information about both the plastic and damaged states. The interior linearized equation, solved via the Newton method, is used to 
simultaneously find the incremental time-discretized damage Lagrangian multiplier Δ(Δ𝛾d)(n+1)(𝔱) and plastic multiplier Δ(Δ𝛾p)(n+1)(𝔱)
as [33], or multiple plastic multipliers Δ(Δ𝛾 (𝑖)p )(n+1)(𝔱) as in this study. This can be extremely complicated and difficult to solve locally 
(see Eq. (39)). Finally, the CTMs from Eq. (41) are updated for the global nonlinear iteration.

The mathematical equivalence between the two algorithms was investigated based on the isotropic constitutive material response, 
using the same definitions as those reported in Tan and Watanabe[33]. As shown in Fig. B.2, the comparison includes two fracture 
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cases (𝛹 d
0 = 0.1 and 𝛹 d

0 = 10.0) with the same condition (𝐻d = 5). The algorithm parameter 𝛼, defined in Eq. (28), can be varied 
in the conventional algorithm. For example, a comparison was made using 𝛼 = 0.9, whereas the sequential algorithm requires the 
condition 𝛼 = 1 to hold. The constitutive responses of the two algorithms are in exact agreement. Additionally, the sequential algorithm 
demonstrated lower computational costs due to its simpler interior calculations and reduced memory usage for the “runtime” system.

Fig. B.1. Conventional algorithm under the standard finite element procedure.

Fig. B.2. Algorithmic comparison by the isotropic constitutive material behavior.
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