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ARTICLE INFO ABSTRACT

Keywords: In the field of damage modeling for ductile materials, numerous models have successfully
Ductile fracture addressed various fracture responses, as well as the need for robust algorithms and solutions to
Mesh dependency computational challenges. This study developed a damage model based on continuum damage

Micromorphic theory
Finite strains
Length scale

mechanics. It addresses mesh regularization, a primary computational issue in macroscopic
structural fracture analysis through a gradient-enhanced damage model using micromorphic
theory and incorporating damage hardening variables. To provide a physical explanation for
the characteristic lengths associated with the gradient-enhanced term, an extended “two-scale”
computational homogenization approach was employed to define the length scale between the
macro- and microscale. This microvariable within a micromorphic extension can be utilized to
model the damage hardening mechanism, which cannot be fully captured via high-resolution
localized characterization. In duplex microstructures, the length scale can be defined by the
microstructure size relative to the width of the micro-shear band. This explains the damage
overlapping phenomenon between the two-scales.

1. Introduction
1.1. Background and aims

Crack initiation induced by damage accumulation and fracture processes are currently regarded as a challenging problem in solid
mechanics. Computational tools can be utilized to conduct point-by-point analyses to predict structural failure across scales, which
is challenging experimentally, thus contributing to reducing experimental costs in industrial applications. Automobile components
and other products are made of ductile materials that undergo large elastoplastic deformation. Therefore, plastic deformation
plays a critical role in failure processes. Approaches based on computational methods, such as the finite element method, must
be controllable and exhibit high accuracy, even in the presence of coupling between “plasticity” and ‘“damage” processes in ductile
materials. Studies have established a solid foundation for modeling ductile materials, distinguishing between “decoupling” or “full
coupling” in constitutive models with elastoplastic deformation and the damage mechanism (Besson, 2010; Brepols et al., 2020).
The lack of a “coupling” property, often seen in works that focus solely on empirical or explicit failure criteria, raises concerns,
particularly when materials experience complex loading paths and increasing damage processes (Johnson and Cook, 1985; Bao and
Wierzbicki, 2004; Xue, 2007). Hence, this study prefers the full coupling approach, which is commonly classified into either “physical
micromechanism-based” or “continuum damage mechanics-based” constitutive modeling (Besson, 2010). Based on the “physical
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micromechanism” modeling approach, the Gurson-Tvergaard-Needleman (GTN) model (Tvergaard and Needleman, 1984) followed
by Gurson (1977) describes a fracture mechanism involving microscopic voids that includes the evolution of void nucleation, growth,
and linkage processes in consideration of the plastic volumetric effect and degradation on material strength. The decrease in stress
(the damaged area experiences loading release) is related to an increasing volume fraction of microscopic voids. Essentially, this
modeling can be explained by the homogenization theory between micro- and macro-scales. Certain works have been developed
based on early research on the GTN model; these works consider the shear effect of microscopic voids (Xue, 2008; Nahshon and
Hutchinson, 2008; Zhou et al., 2014) and damage characterization with phase-field fracture method and the absence of microscopic
voids nucleation (Aldakheel et al., 2018). This study also considers the “Continuum damage mechanism” (CDM). The CDM is a
phenomenological expression of the effective damage variable D in the macroscale, as either a scalar or tensor, that characterizes
the anisotropy of damage (Lemaitre et al., 2000); it is similar to a ratio of effective and total loading surfaces. Most works using this
approach achieve consistent thermodynamic results (Kachanov, 1958; Rabotnov, 1963; Chaboche, 1978) by assuming the effective
property of non-damage solid and the hypothesis of strain equivalent (Lemaitre, 1984, 2012) as proposed by several researchers in
the CDM community. This advantage of containing sufficient consistent thermodynamic dissipation with “plasticity” and “damage”
modeling has been further developed and has improved the understanding of the opening(+)/closure(-) effects of microscopic
cracks (Pires et al., 2003; Desmorat and Cantournet, 2008), extension to finite strain (de Souza Neto et al., 1998, 2011), and
theoretical modeling via a “two-surface” approach for the independent mechanism between “plasticity” and “damage” (Simo and
Ju, 1987; Voyiadjis and Kattan, 1992; Kattan and Voyiadjis, 2012; Watanabe et al., 2008; Voyiadjis et al., 2012).

However, the aforementioned coupling models have limitations. The “local” or “non-gradient” approach causes pathological
and ‘“fake” mesh dependencies induced by damaged material softening during finite element simulation at an engineering
scale (Wriggers, 2008; Besson et al., 2009; De Borst et al., 2012; Voyiadjis and Song, 2020; Voyiadjis and Yaghoobi, 2019; Chen,
2019). This is particularly evident in different studies (Besson et al., 2009; Voyiadjis and Kattan, 2014), in which the damage-induced
displacement (or strain) jump between neighboring elements can become significant with decreasing mesh refinement. Moreover,
the damage zone and area of energy dissipation reach an extremely narrow region (De Borst et al., 1993, 2012; Neuner et al.,
2020, 2022). In such cases, the numerical solution should be bounded with a decreasing mesh refinement. Different regularized
approaches are available to resolve this problem in finite element simulations (Upadhyay et al., 2013; Neff et al., 2014). Bazant
(1987) and Eringen (2001) concluded that the material response at a material point depends on not only itself but also points
around it (“nonlocal” or “gradient-enhanced” approach). Firstly, the “nonlocal” models depend on the value of damage over a finite
neighborhood of the point and include discontinuous and explicit methods, such as the extended finite element method (Moés and
Belytschko, 2002) and nonlocal integral method as well as its Taylor series approximation with certain weight functions (Bazant
et al., 1984; Bazant and Pijaudier-Cabot, 1988; Leblond et al., 1994). However, these methods have known issues, namely, the
need for a predetermined crack path and the complexities involved in their implementation. Secondly, the “gradient-enhanced”
models depend only on variables defined within an infinitesimal neighborhood of the point before spatial discretization. They
require a continuity property with implicit time integration. These models include the implicit gradient approach (Peerlings et al.,
1995, 1998), phase field method (Miehe et al., 2015; Ambati et al., 2016), gradient-enhanced damage energy theory (Zhang et al.,
2018), and micromorphic theory (Forest, 2009, 2016; Diamantopoulou et al., 2017), all of which achieve high thermodynamic
consistency. Hence, the present work focuses on gradient enhancement to damage based on the micromorphic theory. The advantage
of micromorphic theory is that it models from a homogenization theory perspective (Hiitter, 2017; Ling et al., 2018), which
confers the ability to provide more detailed physical meanings of the characteristic length in the “gradient-enhanced” category,
a micromorphic concept, which includes the additional global equilibrium into a resolved partial differential equation (PDE) for
damage gradient extension. The complete modeling, from theory to the implementation, of a micromorphic extension to the effective
damage variable D with a “two-surface” consideration was proposed by Dimitrijevic and Hackl (2011), Kiefer et al. (2018), Sprave
and Menzel (2020, 2023), Brepols et al. (2020), and Felder et al. (2022). Moreover, Aslan et al. (2011a) and Aslan et al. (2011b)
developed a micromorphic extension in which damage is coupled to single crystal plasticity. Therefore, the “two-surface” and
micromorphic extensions to damage hardening variables warrant further research and are developed in the current work. This study
follows previous research on the non-gradient approach (Watanabe et al., 2008) and emphasizes that “plasticity” and “damage”
mechanisms can independently and implicitly interact with each other.

With the application of “two-surface” ductile damage modeling and micromorphic extension, the proposed model can be utilized
not only for mesh regularization but also for deeper characterization at the microscale. Therefore, the difficulty of the definition and
reasonable physical explanation of micromorphic material constants should be investigated. This concept has often been ignored
in previous works, which has increased the difficulty of re-implementation in ductile fracture analysis and the proposed solutions
have seemed to lack connection with experimental characterizations. As the second objective of the current work, a homogenization
approach in ductile fracture analysis that can be considered to have a similar size effect within transient/dynamic effects in inertial
problems (de Souza Neto et al., 2015) and transient thermal problems (Pham et al., 2013; Waseem et al., 2020) was developed.
This approach should only be considered when there is a micromorphic extension to the damage hardening variable, similar to the
gradient plasticity discussed in Ling et al. (2018). It involves defining a specific length scale between submicroscopic, microscopic,
and macroscopic characteristic lengths, and establishing a reasonable physical meaning for micromorphic material parameters
derived from the magnitude of scale overlapping between the microscale and macroscale.
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1.2. Structure of the present work

Section 2 presents all the constitutive formulations of material modeling with thermodynamic consistency to compare the “non-
gradient” and “micromorphic” models. Section 3, using the inherent strong and weak forms formulated in Section 2, discusses the
fully implicit numerical implementation via the finite element method, as well as the stress update algorithm, its related consistent
tangent matrices, and the material constitutive behavior at the material point level. Section 4 presents numerical examples across
the macroscale and microscales to verify the mesh regularization and definition of length scale, as well as an explanation of the
extended homogenized approach in ductile fracture analysis. Section 5 presents the conclusions.

2. Constitutive modeling and formulations
2.1. Kinematics of finite strain elastoplasticity with damage

The deformation gradient can be multiplicatively split into elastic F® and plastic F? (Figure 1 of Watanabe et al. (2008)), which
allows for the kinematics of elastoplastic damageable materials to be described in terms of classical elastoplastic materials.

F = Vyu := F°FP (1)

The frame transformation from material to spatial configuration can be explained in three steps: material (reference), plastic
intermediate, and spatial (current). The detailed physical interpretations of these individual deformation gradients relate to different
characterizations of microscopic mechanisms. For example, the plastic term results from plastic deformation accumulating via
inelastic slip on different crystallographic slip systems, whereas the elastic term accounts for crystal lattice stretch and rotation. The
result based on different configurations should be the same, at least in theory. These transformations also emphasize the distinctive
structures of formulations from different configurations.

2.2. Consistent thermodynamic formulations

First, in constitutive modeling, the formulations are simultaneously presented to highlight a significant point between the
previous finite strain elastoplastic-damage model proposed by Watanabe et al. (2008) and the proposed micromorphic extended
model.

By considering the power associated with arbitrary kinematics and applying the divergence theorem to classical linear momentum
equilibrium, the internal power density W:)“‘ can be defined in the reference configuration using Eq. (2), represented by either P : F
or S : E, as the internal strain-energy rate. However, for the second thermodynamic law under isothermal conditions, the solid
(analyzed domain) should not violate (Wi)“t — p¥ > 0) where p is the density and ¥ contains Helmholtz free energies.

Non — gradient :

Wit _ g =P : F— p¥ (C°,D,£,1) @
MW L 0P, OF. oW
1 oC+ —E+ —D+ —7
ac 2 Tt T D an">

=SZE—p<2

Hence, the second form of the thermodynamic inequality in Eq. (2) is used further, where P/S represents the first/second Piola—
Kirchhoff stress, and E is the Green-Lagrange strain tensor, both defined in the reference configuration. The elastic left Cauchy—-Green
tensor C® = F¢TF¢, isotropic plastic hardening variable ¢, effective damage variable D, and isotropic damage hardening variable 7
are internal state variables from the “non-gradient” model (Watanabe et al., 2008).

According to Watanabe et al. (2008) and Note 1, applying the effective damage variable D and isotropic damage hardening
variable n can characterize material stiffness and strength degradation. The micromorphic extension, considering regularization
with respect to the damage hardening variable #, was derived based on the discussion in Note 2.

Micromorphic :
Wit =g =P : F+a™j+b™ - Vyii — p# (C°. 7, V7. D, & 1)
=S : E+a™j+b™. Vyi 3)
b4 1, oV . o¥.  oF o . b4 .
—o( 22 o+t D+ i i =2 Vi
”( ac 2 e T Pt T vy X”)

The difference between Egs. (2) and (3) includes two additional terms within the expression of the internal power density Wi,
owing to the inclusion of terms for micromorphic global equilibrium and micromorphic Helmholtz free energy ¥ in Eq. (3), which
contains the coupling term and gradient enhancement.

Note 1. The internal strain energy density is the same as the classical finite strain elasto-plasticity problem; however, it considers
undamaged («)* to damaged (s) quantities. Owing to the scalar effective damage variable D under isotropic condition, the frame
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definition of the damage variable is unclear or frame-independent. The aforementioned non-gradient model can contain several
possible processes, including hyperelastic, hyperelastoplastic, hyperelasto-damage, and hyperelastoplastic-damage cases. In these
cases, the evolutions of internal variables D and 5 are not necessarily the same; the Helmholtz free energy ¥ (C¢, D, ¢, ) presented
the most general case.

Note 2. The challenge lies in determining which variable in Eq. (2) should be regularized in the constitutive modeling. For example,
the damage regularization with the effective damage variable D has been bounded (Brepols et al., 2020) and not bounded (Kiefer
et al., 2018). A similar micromorphic-extension to that discussed in Ling et al. (2018) was used, involving a micromorphic extension
on the single crystal gradient-plasticity with respect to the accumulated plastic strain from microscopic slips and additional isotropic
plastic hardening term with a Laplacian to characterize the microscopic mechanism owing to microscopic slips. Thus, the internal
power density should be extended, including a coupled term a™ between the standard damage hardening variable # and the
micromorphic damage hardening variable 77 as well as the gradient-enhancement. The 7 term should be defined with a configuration-
property owing to the interpolation of the micromorphic damage gradient b™. The difference in formulations is significant (Forest,
2016). All advantages discussed in Note 1 are inherent too, with the only enhancement stemming from the microscopic damage
mechanism term 0¥ /dpn in Eq. (3).

To obtain the complete dissipation inequality, certain representative operations with respect to the frame transformations of
second-order tensors are required,

S=FI§P T,  E= %(0—1), C=F'F

1
2

(C))

E = _ (FPTCeFP) = = (FPTCCFP + FPTCFP + FPTCOFP)

=

The second Piola—Kirchhoff stress S on the reference configuration €2, can be transferred to the elastic term $° defined on the
plastic intermediate configuration €. Additionally, the strain measurement E on £, was defined and can be transferred to E° on
Q. Combining Egs. (3) and (4) with assumptions including the effective quantities yields a relation with damaged terms, such as
S* = S/ f (D), with a hypothesis of strain equivalence. Moreover, the Helmholtz free energy has an additive expression, that is,
“ap = Pe(Ce,D) + PP (£,D) + P (n) + ™ (n, i,V Xi])” in Eq. (3). The full Clausius-Duhem inequality, following the micromorphic
theory (Forest, 2009), was derived below:

Micromorphic :
4 ope . oM\ | opm .
SE - 2 EC m e, & bm _Jr . V A
( 0Ce> " (” on )“( 0vxﬁ> X1 ®)
e . p. e p . o (wd +pm
NS W L G T DR P )i 0
oCe 0& oD on

The micromorphic damage hardening variable can be regarded as a scalar micromorphic variable, owing to the coupling term ™7
and gradient term b™ - Vyij, the assumption for pure-energetic micromorphic conjugate forces used in this work; however, the
dissipative term can be extended as discussed in Gurtin (2002) and Ohno and Okumura (2007). The reduced dissipation inequality
about the “non-gradient” in Eq. (6) and the micromorphic model in Eq. (7) can be obtained using the Coleman-Noll procedure.

non — gradient M° : LP — z.¢ + YD — % > 0 6)
Micromorphic  M°® : LP — 7.é + YD — g™ > 0 7)

Additionally, the thermodynamic conjugate forces are derived as follows.

o OPE PP
g =22, =9
oCce e T e

MC = C°§°: LP = FPpp-!

Derivation : o= opm yi = AP+ PP ®)
T oo - oD
o™ J opd  opm
p™ = ; M=+ = =+ =
oV i b b an on

The tensor contraction between the asymmetric elastic Mandel stress M¢ and the asymmetric plastic velocity gradient LP is
maintained. In addition, the plastic resistances z, should be modeled from the statistical microscopic plastic mechanism. However,
regarding damage dissipation, the Y9 term, as the damage norm (or energy release rate) including the elastic and plastic
contributions, should be conjugated with the evolution of the effective damage variable D. Using the same perspective as that
of plastic hardening, it is reasonable to model the damage hardening phenomena from a specific microscopic damage mechanism
in the standard term $¢ and the micromorphic term #°. The comparison and reason why the isotropic damage hardening variable
n is selected as the gradient term are discussed in Note 3. This finite strain elastoplastic micromorphic damage problem can be
expressed as elastoplasticity on the intermediate and damage on the reference configuration.
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Note 3. The comparison between Egs. (6) and (7) should be emphasized by intrinsic and micromorphic-extended properties,
including the damage norm Y, and isotropic damage hardening term g*. Despite these different micromorphic extensions, in which
either Y9 or f¢ can be equivalent under suitable assumptions, they significantly differ in terms of the characterization of microscopic
damage mechanisms, similar to the isotropic plastic strain gradient hardening in single crystal micromorphic plasticity as discussed
in Aifantis (1987), Aslan et al. (2011b), and Ling et al. (2018).

2.3. Plasticity modeling

To maintain the reduced energy dissipation in Egs. (6) and (7), we used Lagrangian optimization to maximize dissipation for
the evolution of the internal variables: the plastic flow rule LP and rates of the effective plastic strain égq, effective damage variable
D, plastic hardening variable &, and standard damage hardening variable #. The relation between the M¢ and LP is transferred into
one between the effective stress norm |z, |sign(z,) and equivalent plastic strain rate ¢ using the plastic flow tensor NP under the
strain-hardening mechanism. Simultaneously, the relation of damage can be transferred into a relation between the damage norm
Y4 and the effective damage variable rate D. The effective quantities are defined by the damage contribution within “M¢ = f(D)M¢*”
and “z, = h(D)r}” about the elastic and plastic degradation functions f(D) and h(D), which are defined in terms of the Helmholtz
free energies in Egs. (3) and (8).

The components of the reduced energy dissipation can be rewritten as follows.

LP =FPFP~! = ef NP or. y,NP ©)]
Me : LP = M° @y, NP = (Me : N")yp (10)

With the requirement of reduced dissipative inequality, the resolved shear stress norm 7, = (1\7[° : NP> should be the same as the

equivalent plastic strain rate £, which corresponds to the correct movement of the slip system regarding “sign(z,) = sign(§)”. After
integrating formulations in the plastic intermediate configuration and back to the reference configuration, the yield function ®P for
plasticity can be derived along with the application of Lagrangian optimization to maximize the plastic dissipation via an internal
Lagrangian multiplier y,.

PP = || — 7. = fD)|7]| — h(D)7] (1D
The Karush-Kuhn-Tucker conditions of plasticity need to be considered.

7y 20, @F <0, 70" =0 (12)
The evolution of plasticity-related variables can be derived. Details follow in terms of damage in Egs. (20)—(22).

y=vy E=r1y (13)

Note 4. The reduced dissipation inequality of the plastic part on the intermediate configuration is general in plasticity theory.
Various plasticity models can be derived based on different expressions of these quantities and the objective function of the
optimization. This model will be reduced to the classical plasticity model when no damage occurs. This proposed plasticity modeling
on the intermediate configuration is only correct preliminarily, with the gradient term of micromorphic damage hardening being
defined on the reference or spatial configuration.

2.4. Damage modeling

According to the material modeling of damage under finite strain, the difference between the definitions of micromorphic damage
among configurations is discussed above, and the energy in Eq. (3) is considered. A difference exists in the efficiency of regularization
related to the gradients of regularized variables in Wcisto et al. (2013). Moreover, this study focuses on the difference between the
non-gradient damage model and the proposed extended model of the micromorphic damage hardening variables 7.

2.4.1. Damage modeling: global controlling equilibriums
As primary damage modeling, it must focus on the applying the principle of virtual work. There are two lemmas: “the external
virtual work must be equal to internal virtual work in the static or quasi-static system during the time variation” (lemma 1), and “the
assumed or derived virtual internal work must satisfy frame-invariant property during the changed frame on spatial configuration”
(lemma 2) emphasized in Gurtin et al. (2010). As demonstrated in expressions of the internal power density in Egs. (2) and (3), the
application of lemma 1 with equality between the internal éwg‘l and external W virtual work variation with time is considered.
The derivation of lemma 1 in which follows:

/s:sEdV—/ f0-§udV—/ ty - 6u dA
2 Clet

2

Non—gradient

+/ (a™87i +b™ - V x67f) dV—/ a™sidA =0
5 698“
0

14)

Micromorphic
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Here f,, t), and a™ are the standard body force, standard traction, and generalized traction, respectively. From the comparison with
the original micromorphic theory in Forest (2016), the generalized body forces in the external virtual work within micromorphic
continua were ignored in this study. Additionally, lemma 1 in Eq. (14) can be rewritten.

. standard traction
linear momentum

f—/%
Vy -P+fy) -6udV — Pny) - 6u dA + t) - ou dA
X 0 o 0
02 02!

2

Non—gradient (1 5)
. . generalized traction
micromorphic balance

——— o
+/ (Vx -b™—a™) 6ﬁdV—/ (bm~n0)§ﬁdA+/ a™sfdA =0
02 ot

2

Micromor phic

Here, the additional term n,, presents the normal vector with respect to the surface of reference €,. Moreover, the static or quasi-
static state for coupled global equilibrium can be derived with linear momentum and micromorphic extension terms, to satisfy
lemma 1. The following point-wise conditions should be considered with boundary conditions.
Vx -P+f,=0 within £;

,,,,,,,

linear momentum

Vx-b"—a"=0 within £;
,,,,,,,

micromorphic balance

(16)

a™ =b"-ny onadQy'; = 7&ven  on 00]

The definitions contain “Qg/ ™A Qg/ T - ¢ and “.QB/ "y _Q:)’/ " = Q,”. Hence, notably, the microvariable that presents 7 related to
the damage hardening mechanism and is utilized to describe phenomenon of mechanism cannot be analyzed by high resolution
localized characterization solely.

2.4.2. Damage modeling: local maximization of coupled dissipation
The model conclusion of the non-gradient version is shown below and is based on Egs. (6) and (8). The damage norm can be
derived.

Yd:_<a£§)D)Te*+%TP*> a7

The damage criterion and the loading/unloading condition for the damage can be derived.
Non — gradient @9 =Yyd— pd (18)
va20, @4<0, y;9=0 19

Applying the Lagrangian optimization £ with the Karush—-Kuhn-Tucker condition maximizes the plasticity and damage dissipations
via the Lagrangian multipliers A and y4 from Eq. (6), as follows.

£=—(Me : LP—rC§+YdD—ﬂdﬁ>+yp<Dp+yd(Dd (20)
P

9L _ 0= 1P =y,NP; N = 920

NI OMe

b L _ oo (21
6eq_yps a_Tc_ :5—7/})

o . or

— =0=>D=y, = =0=>5= 22
{0Yd Ya 25 =74 (22)

The effective damage variable D can be explained as an effective damage strain-like representation in the same manner as the
equivalent plastic strain egq in the plasticity theory.

Regarding the micromorphic damage modeling, as discussed at the beginning of this section. Eq. (8) and the above operations of
the non-gradient version use, the same damage norm as in Eq. (17) and the micromorphic isotropic damage hardening is obtained
as follows.

Yg_(%,,ew%g,p*), ﬂm=ﬂd+% (23)

The damage criterion and loading/unloading condition with the micromorphic extension can be derived.
Micromorphic @™ = Y4 — g™ (24)
¥g 20, @M <0, @™ =0 (25)
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The application of Lagrangian optimization £™ with the Karush-Kuhn-Tucker condition maximizes the extended dissipations,

Lm=— (Me (LP -7 é+YID - ﬂ‘“r‘,) + 7, @ + 7, @™ (26)
ocm . oLm .

The plastic- and damage—-dissipation and its optimization were not changed; however, the intrinsic evolution was changed with the
micromorphic effect in ™.

The damage criterion @™ can be further derived to express damage regularization via the global micromorphic balance, as
shown in Eq. (16). The micromorphic damage criterion can be rewritten with Eqgs. (8) and (24) and the coupling relation of the
extra damage hardening term f°.

" =Y4—(p'-Vyx-b") (28)

As explained in Note 5, the last term of the extended damage criterion is an additional source owing to the damage mechanism.

Note 5. This model can be reduced to a non-gradient version derived as shown in Eqgs. (17)-(22) by disabling the ™, b™, and
™ terms. The physical meaning of damage modeling with micromorphic continua was ignored in several works due to its scale
transition complexity. For instance, in the comparison of Egs. (18) and (24) for the damage criterion, the Y9 term should not be
changed with the inclusion of micromorphic continua, as it is representative of virgin material behaviors related to specific loading
conditions, such as the resolved stress norm in plasticity modeling.

2.5. Definitions of the Helmholtz free energy for constitutive relations

The constitutive modeling of not only elastoplasticity but also micromorphic damage proposed thus far is sufficiently general,
although it is still dependent on different configurations. In practice, certain specific Helmholtz free energies of this model should be
considered to capture different material responses. The Helmholtz free energies are defined to discuss the numerical results further
and emphasize the key aspect of this study.

An undamaged compressible Neo—Hookean hyperelastic energy ¥¢* with all quantities in the plastic intermediate configuration
is chosen.

«_ M . A 2
e :E(Ce : 1—3)—/41n[.le]+5(]e) (29
Additionally, the undamaged plastic aspect ¥P* is chosen,
XA
PP = 7y + 81,) E+ %prz + % (exp (—gP&) — 1) (30)

Here, the first two definitions within Eq. (8) yield the expressions of the elastic second Piola—Kirchhoff stress §¢ and plastic isotropic
resistance 7, in the plastic intermediate configuration, as follows.

§¢=r (D8 =D (ul+ (Aln[J¢] - u) C") (31)
1. =hD)z} = h(D) (ry + H& + 67, (1 — exp (—¢P¢))) (32)

Here, the y and A are the Lamé constants for the isotropic elasticity, and J¢ = det (F®) presents the change in the volume owing to
elastic deformation. According to plasticity, the mixed form with linear and voce nonlinear hardening includes the material yield
strength 7, hardening module HP, relative strength with respect to saturation 67, and sensitivity parameter gP.

However, regarding the damage aspect ¥9, a special form of non-gradient damage isotropic hardening is selected to construct
the isotropic damage hardening term ¢ in Eq. (35).

w9 =W (1 —exp (—m) + H (1 — exp (—n) — nexp (—n) (33)

This term must satisfy the requirements of ¥¢ = 0 and (¥9) = ‘}’g when there is no damage (1 = 0). Two material constants exist:
the damage energy threshold ?’g and the damage hardening module HY.

According to the micromorphic damage energy ¥'™, a quadratic form of the micromorphic damage isotropic hardening is selected,
and it is defined on the reference configuration via a coupling term between the isotropic n and the micromorphic damage hardening
variable 7, and gradient term V y 7.

1 - 1 ~ -

W= SH™ (1= i) + 5Vl AV, (34)
where H™ is the coefficient of the coupling term, and the second-order tensor A represents the general anisotropic micromorphic
modulus. The definitions of the thermodynamic conjugate forces within Eq. (8) lead to the damage norm Y9, damage isotropic
hardening ¢, micromorphic damage hardening #°, coupling term a™, and micromorphic gradient term b™ in the reference
configuration, as follows:

yio <0f D) e, Oh (D),,p*>
oD oD

B =exp (—n) (¥ + H'n)
pS=H"(n-1)

(35)
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am =—H"(n-1)
isotropic (36)
D" =A-Vyii = A"V,
condition
By assuming isotropic conditions in the gradient term, the micromorphic modulus A can be described with the scalar coefficient
A™, Additionally, the characteristic length can be defined as “I, = y/A™/H™”. This term expresses the transition of the microscopic
damage hardening mechanism to affect the macroscopic material response in this proposed model.
However, the differences between the damage models of other works should be discussed. The f (D) and 4 (D) functions are the
elastic and plastic stress-like degradation functions, respectively. They are not necessarily the same and are used to express different
shapes of damage zones with different effective damage characterizations.

fD)=exp(=D),  hD)=1-a(-exp(-D)), (37)

where the parameter “a” controls elastic and plastic contributions.

Note 6. Egs. (27) and (35) conveniently formulate the direct control of the undamaged elastoplastic energy. Additionally, no
bound (D ¢ [0, 1]) is shown in Fig. 1. The quadratic form of the Helmholtz free energy is reasonable for the micromorphic damage
hardening. However, the material parameters H™ as a coupling term and A™ as the micromorphic modulus should differ from the
damage with a bound in the microscale.

For comparison, Egs. (18) and (24) can be expressed as follows.

—yd_pd
! J - exp (=D) (¥** + a¥P*) — exp (—1) (5”(‘)1 + Hdn) (38)
T non—gradient
— Yd _ ﬂm
s s d d 2~
= exp (-D) (P** + aPP*) — <exp(—n) (g +H n) - A'“Vxn)
" micromorphic (39)

= exp (=D) (¥ + a¥P*) — <exp (=) (W3 + H7) + H™ (7 — i]))

micromor phic

A detailed discussion about damage criteria with specific Helmholtz free energies is presented in Notes 6 and 7. The same manner
is used for the global micromorphic balance in Eq. (16), with a characteristic length of /..

i-2Vii=n VXe, (40)

Finally, this term is derived as a regularized object in the proposed micromorphic extended damage model, similar to the implicit
gradient model in Peerlings et al. (2001).

Note 7. The gradient-enhanced damage criterion @™ in Eq. (39) proposes ideas of damage modeling. Undamaged materials should
maintain consistency in both the non-gradient and micromorphic damage cases, and this extension is considered as a type of
negligible microscopic characterization. This damage modeling is explained by the additional term V yx#, which serves as a source
of damage hardening g9, proportional to the Laplacian of the micromorphic object 7 from the damage hardening mechanism.

2.6. Weak form of the global nonlinear problem and its linearization

From the global linear momentum and micromorphic damage hardening balance derived in previous sections, the body force
“f, = 0” and satisfaction for “V 7 -n, = 0” are considered in Eq. (15). The weak forms of the coupled partial differential equations
can be obtained by multiplying the test functions éu and 67, which must follow the related boundary constraints in Egs. (16).
Although the explanation of the weak form is brief from a mathematical variational perspective, it is beyond the scope of this
study. Additionally, the weak forms can be derived from the above preliminaries and general forms expressed in Eq. (14) with the
application of the principle of virtual work and definitions of constitutive relations, as follows.

(u, 77, 6u) g, =/ S : 6E dV—/ ty - su dA (41)
Q o0t

(u,7,67) g, = / H™ (n — 1) 671 — A"V xij - V x 6if dV (42)
29

The “(e)q,” here expresses the duality pairing, indicating that the variables can be defined over the domain in the reference
configuration €. In general, the weak forms are geometrically and materially nonlinear. Hence, the linearization of these nonlinear
equations with respect to the global nonlinear variables u and # must be considered. The increments Au and 47j can be solved using
a linear equation solver to achieve an iteratively converged criterion, as shown by the following linearization results with respect
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to trial variables.

/ <5E 95 4B 4+ Vyou : S®6 : VXAu)+5E - 98 g av
o OE s oF

(43)
=- / S:SEdV—/ t, - 6u dA
2 re)s i
/ siam 2T AR 4 <5ﬁHm (a—” - 1> Aﬁ—AmVXzSﬁ-VXAﬁ> av
2 oE o7
(44

- </ STH™ (1 - 7)) — A™ yii - V 67 dV)
2

Here, the “(s),” term represents the nonlinear residuals of the last iteration k. This formulation was based on the total Lagrangian
framework over the reference configuration £, with implicit backward Euler time integration. Additionally, the standard Newton
nonlinear equation and direct linear equation solver are further employed. Notably, the S and AE terms are used instead of P and
AF terms, owing to the above having a symmetric property in accordance with vector conventions, as explained in Wriggers (2008),
and Belytschko et al. (2014).

k

3. Implicit algorithm and material behavior
3.1. Finite element discretization

The fully coupled two-field problem modeled in the previous sections can be approximately analyzed via numerical methods. The
finite element method was selected in this study due to considerations geometrical efficiency and the difficulty of obtaining analytical
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solutions. The F-bar element formulation (de Souza Neto et al., 1996) was employed to avoid locking phenomena. Watanabe et al.
(2008) demonstrated the effectiveness of the F-bar element in the ductile fracture analysis of periodic microstructures.

According to standard operations for finite element discretization, the analyzed domain £, can be discretized into a small,
functional sub-space referred to as a continuous element and denoted €. Additionally, different types of elements have individual
expressions of geometry using different order shape functions N¢, defined in an isoparametric space. According to Boffi et al.
(2013), Oden and Demkowicz (2017), and Zienkiewicz et al. (2005), the incremental Au, A7, and its test variables in Egs. (43)
and (44), can be discretized into elemental units and expressed by nodal components within each element.

Au = NflAue, su= N;(Sue

=~ € g=e ~ e o= (45)
A = NﬁAn , of= Nﬁén

Notably, the shape functions N, and N¢ satisfy the “inf-sup” condition to obtain solutions with a suitable order of continuity.
However, the choice of discretization, such as using a different (Liebe and Steinmann, 2001; Sprave and Menzel, 2023) or the same
order (Brepols et al., 2020), remains an open question. The definitions above lead to the corresponding gradient terms with respect
to the undeformed configuration.

AF = BSAu®,  6F = BSou®,
AE = B{ Au®, GE =B su° (46)
Vx4i = By AR, Vx5 = BY o

Importantly, two different formations of the displacement-strain matrix B® and its multiplication with the deformation gradient B

exist, owing to the application of incremental Green-Lagrangian strain tensor AE in Egs. (43) and (44), as described by de Souza Neto
et al. (2011), Wriggers (2008), and Belytschko et al. (2014). Hence, the discretized formulations are shown as follows.

0S1°¢
5 </-Qe Bl - [a_E] DBy, + By 1 S0 1 By dV) Au®
u 0
e=1 +/
%
e
= eT e . e .
__Z‘&u {(/98 B, @ [S] dV—/m‘e NE -t dA>k}

0

e [0S ne quame
BOu. a_ﬁ «N,_, dV Aqf 47

onl® .
- /:zg Ng - [H"‘ﬁ] B dVAu+
5~e
e=1 Ne . mm (9124 eNe—[Am]eBe - BS dV Ai°
o o 7 o " Fon S “
0

= _ZéifT {(/Q N [H™ (n - - B, - [AmV y67]° dV> }
e=1 k

0

To avoid the volumetric locking that occurs during localization due to damage, F averaging of the volumetric deformation gradient
over each element was used to calculate the stress state and construct only B in the Jacobian terms instead of the standard
deformation gradient F (de Souza Neto et al., 1996). The discretized equations can be written in elemental form using certain
quadrature rules.

(i T ). ()
K Ky 4n k1 " k
(K1{4d}isr = = ({Ry}), ©

The global linearized Eq. (50) can be constructed by standard finite element assembly operations “.A(s)” on elemental candidates
in Eq. (49). The above equations are general, as the different material responses within the same coupled problem can separately
focus on the consistent tangent matrices (CTM) on each quadrature point within the integration method as shown below.

[ [
[J1CT™/e = [J"" J"i'] extra from [k“" k"i']
o i o Ky
[ [os I8 oS T
[0_] [ﬁﬁ Wxﬁ]
"uu "ui] (51)

= o1 2

] [y
OE 0 AT
— S e/

T T

This procedure is also called an operation at the material-point level. CTMs should correspond to certain stress-update algorithms
and correct the configuration-transformation. Additionally, each component of the CTMs “[J]” is calculated in Section 3.3.

10
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3.2. Evolution equations and stress update algorithm

As described in Section 2.3 regarding plasticity and Section 3.1 regarding the CTM, the implicit time integration for plasticity
and damage via the general exponential mapping on the plastic intermediate configuration and the scalar Euler backward algorithm,
respectively, were used.

Eq. (21) for the plastic flow rule yields the following,

P =, NPFP (52)
The application of implicit exponential mapping and incremental Lagrangian multiplier (Ayp)n+1 = Aty, = (a1 — 1) vp vields the
following.

P _ p. _ e¢/trial
Fn+1 =exp ((AYP)nJrl NP) Fu: Fi+l - Fn+1 exp <_ (Ayp)n+l NP) (53)

However, for scalar Euler backward time integration, the evolution of the effective damage variable D and strain-like internal state
variables, such as the isotropic plastic hardening & and, isotropic damage hardening 5 are derived from Egs. (21) and (27) as follows.

5“‘” = fﬂ + (Ayp)n+1
Ml =Mn + (Ayd)n_H (54)

Dn+1 =D, + (Ayd)n+1

The difference between the continuum material Jacobian and consistent (or algorithmic) material Jacobian can be eliminated via
the application of exponential mapping for plasticity (Terada and Watanabe, 2007). The stress-update algorithm is presented below
to discuss the implementation of the model.

To mimic the implementation in strain-rate-independent single crystal plasticity (Watanabe et al., 2005), potential active set
searching is used to determine the current loading conditions, including undamaged elasticity, damaged elasticity, undamaged
elastoplasticity, and damaged elastoplasticity, as emphasized in Note 1. This relates to two trial criteria for plasticity and damage.

d)p/ll‘ial = f(D)nlf;kl;rJlrall - h(D)n (T:)n o
i ria e\ trial
@ = L (0, + (00)) i

The known values include F, ., 7,415 Vxfint1> Fos FS, &, 7, and Dy, Trial values can be obtained to judge the current loading
condition.
The trial elastic resultants from Egs. (1), (8), and (31) follow.

e/trial -1 e/trial _ pe/trialTe/trial
Fn+1 =F FF Cn+1 - Fn+1 Fn+1 (7)
Si:/l[riﬂl =l + (/lln [J:itlriul] _ M) Cz-/:lrial—l (58)
Crex/trial _ ~e/trial ges/trial
M =G S (59)

The trial resultants of the plasticity and damage criteria, and plastic flow tensor follow.

wial _ |3 e /trial | ores/trial |
1 =3 e (V) - e () (60

d/trial _ # /trial *
Yn+1“‘i = exp (—Dn) (Tzﬂ B e a?’f ) (61)
dev (Me*/trial)T
p 3 n+1
= (62)
n+l1 2 4 trial
(Tr )n+1

Here, the trial resolved stress norm |z*| and trial damaged norm YY are variants with the loading condition. They should be
dependent on the materials but the microscopic mechanisms are emphasized in Notes 5 and 7.

Following the current active set, the most complicated case (ductile fracture) is presented. Nonlinear equations at the material-
point level should be solved iteratively to identify the correct increments of the Lagrangian multipliers (Ayp) , and (Ayd)n .- The

n+
linearization of the interior nonlinear Equations (20) and (39) for Newton iteration follow.
doP  doP

it | (e))

gfyr: % {A<Ayd) 1) or n+1/ k ©2
(@r)y),, = ((@r),) +(4(an),,),,
((Ayd)n+l)k+l = ((Ayd)n+1)k + (A(AVcl)nH)kJrl

When the above nonlinear equation converges, the evolution and correct stress-like the resultants Si o f (Dpy1), and A (D) can

be calculated by Fi " and D, from Egs. (31), (37), (53), and (54). Additionally, some pullback/pushforward of covariant and
contravariant second-order tensors are used for the finite element analysis in Section 3.1.

(64)

11
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3.3. Consistent tangent matrix

After the converged results of the nonlinear equation at the material-point level, all internal variables can be correctly updated.
Simultaneously, Eq. (51) should be followed, and the consistent tangent matrices should be provided for the global nonlinear
equation solver in the implicit finite element analysis. These algorithms are shown below.

The relation between A4S, ,; with 4AE ., and 47, follows:

oS oS
ASn+l = ﬁ : AEn+l + a_;’A”n+l (65)

The variation within the first term can be extended from the previous finite strain elastoplastic “non-gradient” damage model
(Watanabe et al., 2008). Its only difference from the micromorphic damage model is the expression of the damage criterion and
evolution via certain regularization. Regarding the plastic aspect in the intermediate configuration, the conclusion of the consistent
tangent matrix related to the second Piola—Kirchhoff stress with the Green-Lagrangian strain tensor follows:

The application of the Oldroyd-type material rate ,%’Apu correctly expresses the transformation from the plastic intermediate
configuration to the reference configuration, as shown in Eq. (65). The contravariant second-order tensor, such as the stress tensor,
follows.

A4S = A [FP*ISSFP*T]

(66)
= AFP-1§eFp-T 4 Fr-18e gpp-T 4 Fr-1 48 pp-T
ASP = FPASFPT
A 67
define : 2P/ (8¢) = as? ©”
u
Additionally, the covariant second-order tensor, such as the strain tensor, from the plastic intermediate configuration follows.
AE = A [FPTE°FP|
(68)
= AFPTECFP + FPTECAFP + FPTAECFP
AEP = FP-TAEFP-!
(69)

define : %/ (E°) = AEP

With these above definitions of the material rate, the elastoplastic damage consistent tangent matrix C®® on the reference
configuration can be expressed via the term C? on the plastic intermediate configuration follows.

I (§) = E s g/ () 4+ D

aS _ ~epd  _ p—1pp—1p—1p-1Aepd
JE Croke =Fra By Fre Fra Copea (70)
aS

— P lpSige-T
0_;, =F, DgpFy,
The second term of Eq. (65) can be naturally obtained via D%7. According to the above truth in the case of fully coupled plasticity
damaging, the variation of incremental plastic deformation gradient AFs . 1s derived.

1
P
AFP O . gEe

oFP
nHl ﬁ : n+1 + a_;lArln+1 71

The incremental effective damage variable AD,; implicitly depends on the plastic and micromorphic damage hardening contribu-
tions shown in Eq. (54). Additionally, the variation of the elastic Piola—Kirchhoff stress ASfl 4 can be expressed by Eq. (31) as well
as Eq. (70).
N Qe Qe
g = 08¢ | AES oS

il = 3 - AEn T 55 AP0+ (72)
oD
AD,,, = m;\ (474) 41 (73)

The above variations with respect to plasticity and damage only depend on the converged 4 (4y,) ., and 4 (4y,),,, in the stress-

update algorithm. Hence, the application of consistent conditions in Egs. (12) and (25) is used to find the variation of the above
Lagrangian multipliers.

opP oPP oPP oPP
ADP = D AE® + —— A (4y,) + —— A (4yy) + — 47 =0
OE® o47, (47,) 94y, (47) P -
oo™ opm opm o™
AD™ = 1 AE® + A(4y,) + — A (4yy) + — 47 =0
OE® 947, (47,) 947, (47) o 1
With the application of Egs. (68) and (69) replacing AE®, the expressions of 4 (4y,) . and 4 (4yy),,, can be changed as follows.
dop aor T age o pre oDP
{A (Mp)} ary, asy || Ge Zh B+ T AN 75)
T 7| dom o™ 0™ | p/co oM™
A(4yy) el Gy, g 5 L (E)+ a_ﬁA”
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The first term contains the Jacobians of the interior nonlinear Equations (63) at the converged state and the results in Egs. (66)
and (67). Next, these results are used to replace values 4 (Ayp)n+ , and 4 (4r4), 1> With Egs. (70) leading to CZ‘;‘: , and ]ﬁ)iz being the
primary diagonal/off-diagonal consistent tangent Jacobians within the linear momentum equilibrium.
The relation between Aa7, | with AE,,; and 47, follows.
aam =9 44 0 gy 76
W1 = 5 ¢ ABne + S50 A (76)
Here, the incremental coupled micromorphic force Aay,, still only depends on 4 (Ayp)
constitutive relation in Eq. (36) can be used, and rewritten as shown below.

P P
da”, = H™ZL AR, + H” (£ - 1) v 77)

and A(Ayd)n 1+ Additionally, the

n+1

oE °
The same operation used for the second diagonal/off-diagonal consistent tangent Jacobians within the micromorphic global balance
follows.
— ANE - / Anii -
AdP = HA™ : 2V (E°) + H™ (D" - 1) 47

n+

on nE p—1 A yEp-T

SE = A =F ATy (78)
on =i

of

From Eq. (54), regarding the evolution of the damage hardening variable at the material-point level and Eq. (75), the above
consistent tangent components can be derived.

on
Ay = mé\ (474) 111

0P oPP |
0;1 [d¢m dom 11 ()Ee : gApl{CO (Ee) + —::7] A}'] (79)
=-— | d—] m . n
04y, Ay Ayq %dl;e . jApL(w (ES) + 0; Aij

After the pullback in Eq. (78), the results for the second diagonal/off-diagonal consistent tangent Jacobians within the micromorphic
global balance can be obtained.

The relation between 4b, | with V47, follows.
m

ob .
A = v Vx A (80)
The above term represents a relatively general case related to the gradient term in the micromorphic force. In other words, in the case
where b, | = A-Vy#j,,,, a special case considered only in this study, the constitutive relation can be simplified as b | = A"V x 7,
in Eq. (36). Thus, the last diagonal term within the micromorphic global balance is a frame-independent constant.

m
D am 1)
xn

The following two relations for consistent tangent matrices, including the stress- and strain-gradient terms, received less attention
owing to the definition of the Helmholtz free energy in the reference configuration in Eq. (51), which are the off-diagonal Jacobians
coupling gradient terms. However, they are not zero in cases such as kinematic hardening.

oS ob™

=0, 2 -9 82
oV xii oE (82)

3.4. Material constitutive response

The first investigation focused on the material behavior at the material point level to verify the non-gradient case of the proposed
model. The situation “(« = 1)” in Eq. (37) was considered, implying that “f(D) = h(D) = exp(-D)” in Watanabe et al. (2008)
and Kiefer et al. (2018).

First, the single element under a uniaxial tensile boundary condition of almost 100% strain was investigated. The applied material
constant was concluded in Table 1 with (H™ = 0), as discussed in previous sections regarding the capacity of the proposed model,
including several fracture responses controlled by the critical damage threshold ’I’g and the evolution of damage. Fig. 1(a) shows
different stress-strain material responses with Tg ranging from 0.1 to 20. The evolution of the effective undamaged variable is
referred to as the elastic and plastic degradation functions f(D) and A(D), which range from 1 (undamaged) to O (fully damaged).
The isotropic damage hardening variable » is shown in Fig. 1(b) and Fig. 1(c). For instance, the green solid line ('I’(‘)j = 0.1) is
considerably distinct compared to (Tg = 10,20), similar to the difference between cohesive and ductile fractures. Fig. 1(c) shows
that, owing to the same evolution of isotropic damage hardening (H¢ = 5), the slope should be the same mathematically. This
evolution of # is unbounded, similar to the evolution of the plastic hardening variable ¢&.

To better understand the proposed model, Fig. 2 shows certain tests with fixed values (EF’(‘)i = 0.1, 10,20) that can be compared
with the results in Fig. 1. The results of different damage hardening modules from (H¢ = 1) to (H¢ = 300) were investigated. From
Figs. 2(a) and 2(b), the controllable range of the softening effect related to H 4 has a bound of the slope, owing to the relation with
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Table 1
Material constants, where x means comparable changing.
Material constant Symbol Unit Sections
Elasticity 3.4 4.1.1 4.1.2 4.3
Young’s modulus E (GPa) 18.0 210.0 210.0 113.0
Poisson’s ratio % =) 0.2 0.3 0.3 0.32
Plasticity Phase 1 Phase 2
Yield strength 7, (MPa) 20.0 400.0 250.0 830.0 1100.0
Hardening module HP (MPa) - 600.0 2000.0 400.0 200.0
Relative saturated strength 8z, (MPa) 125 - - - -
Sensitive parameter q° =) 8.5 - - - -
Damage
Damage energy threshold ‘l’g (mJ/mm?) 0.1/10/20 150.0 2.0 200.0
Hardening module HY (mJ/mm?2) x 100.0 100.0 100.0
Micromorphic damage hardening
Micromorphic module A™ (mJ) 1.0 100.0 1000.0 x
Coupling parameter H™ (mJ/mm?) 0.0/1000.0 10.0 100.0 100.0
Volume fraction (dpl) 87.6% 12.4%
Volume fraction (dp2) 56.1% 43.9%

an identical elastoplastic material property. Hence, it is easily controlled with a relatively rapid evolution of the damage hardening,
as also proven by Brepols et al. (2020). The geometrically nonlinear material response is shown in the reaction force-strain curve
in Fig. 2(b).

The micromorphic effect has not being presented so far, owing to the homogeneous state of the isotropic damage hardening
variable 5, meaning no gradient exists within the field of #. This is why the setting of (H™ = 0) is theoretically correct. However,
this consideration should be evident from the numerical solution (Ling, 2017). A simple shear test was conducted under almost
100% shear strain, as shown in Fig. 3. The global nonlinear elastoplastic damage problem can be reduced into a linear problem in
Egs. (41) and (42) with (H™ = 0) and a different critical damage threshold 'lfg condition, as shown in Fig. 3a and c. However, the
global nonlinear solution should be completed in accordance with the micromorphic Eq. (44) if (H™ = 1000), as shown in Fig. 3b
and d. From the homogeneous micromorphic damage hardening variable #, it will be equal with the isotropic term 5, owing to the
elimination of the “a™ = —H™ (5 — #7)” in Eq. (16).

4. Numerical examples

Certain heterogeneous numerical examples with linear approximations of discretization for the displacements u and micro-
morphic hardening variable # are performed in the following sections. The demonstrated structures include a benchmark for the
asymmetric double-notch tensile sample and the tensile tests of a plate with a central hole. These are discussed at the engineering
scale regarding the damage process and mesh dependency. A schematical discussion about the scale transition in the fracture
analysis is presented to define the reasonable characteristic length. Microscopic examples are performed to emphasize the effects
of microscopic features and define the length scale during the scale transition in the fracture analysis. All material constants used
in further sections are shown in Table 1. The aforementioned finite strain elastoplastic damage model was implemented within the
Multiphysics Object Oriented Simulation Environment (MOOSE) (Giudicelli et al., 2024). The parallel finite element discretization
was implemented in libMesh (Kirk et al., 2006). The global parallel scalable nonlinear equations and linear equation solvers were
performed within the Portable, Extensible Toolkit for Scientific Computation (PETSc) (Balay et al., 2024).

4.1. Example 1: Macroscopic numerical examples

4.1.1. Benchmark: Asymmetric double-notch tensile sample

From different ductile analyses in other works, the double-notch sample under tensile loading conditions presented an asymmetric
formation of the damage zone and propagation path. The geometry and boundary condition settings were discussed in previous
works (Mediavilla et al.,, 2006; Aldakheel et al., 2018; Seupel et al., 2018). Fig. 4 shows a three-dimensional perspective.
Additionally, material constants for elasticity were modeled similarly to general steel. Linear plastic hardening with a large hardening
module HP was considered to avoid material softening—induced plastic hardening. According to the parameters for micromorphic
extension, the regularized length of “/, = 3.16 mm” was considered for the mesh size in Fig. 4. Notably, damage initiation occurred
where the highly plastic strain was concentrated in Fig. 5a. Further, given tensile loading, a damage zone was formed along an
asymmetric path owing to the total elastoplastic energy, shown in Fig. 5b. Additionally, localized inplane-directional shrinking
owing to damage accumulation at the surface of a notch can be explained as a significant difference from the two-dimensional
structural analysis. Further growth along the damage zone is shown in Fig. 5c. The material response after Fig. 5b was changed to
inverse material softening, owing to the shrinking of the damage zone close to the crack path.
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Fig. 2. Softening by the damage parameter under finite strain. 9’8’ =20 in red, 9’(‘)‘ =10 in blue, and 9’(‘)' = 0.1 in green. The pure-plasticity is shown with a
black line.

4.1.2. Mesh dependency: Tensile test of a plate with a central hole

The relatively complicated double-notch demonstration shows that damage processes can be characterized with this proposed
ductile fracture model. However, it is not sufficient to verify this model with respect to engineering scale problems, as there may
be other issues. For example, as another crucial issue induced by localization due to damage, some researchers provided reasonable
theoretical explanations as to why the “fake” mesh dependency due to damage was triggered, as written in Section Section 1.1.

To better demonstrate the decrease in mesh dependency with the involved micromorphic extension, cohesive fracture analysis
was regarded as a relatively simple material fracture response and performed. The three-dimensional plate with a central hole has
the same geometry and uniaxial tensile boundary conditions, as shown in Fig. 6, in accordance with Kiefer et al. (2018). According
to material constants, cohesive damage processes can be modeled via adjustments to Table 1 with yield strength parameters of
(7y — o0) and (HY = 20). Hence, the demonstration of the effective undamaged variable f, A(D) and the reaction force-displacement
curve with different mesh sizes from 5824 to 71,920 elements are shown in Fig. 7, which presents the same results across different
mesh sizes. The reason is that the regularized length was selected as “/, = 3.16 mm”, including all mesh sizes. The results when the
wrong regularized length is selected are explained in Miehe et al. (2010) and Sprave and Menzel (2023). Additionally, a smaller
mesh size presented a more detailed crack surface via element deletion when the condition of the effective undamaged variable
(f,h(D) < 0.01) was satisfied.

Regarding the ductile fracture aspect with material constants in Table 1, the same mesh sizes were used, given displacement
control, as shown in Fig. 8. The results of the ductile fracture analysis in Fig. 8(a) show the effective undamaged variable before
crack initiation. The regularization effect of the proposed model can be proven via the result that the same damage zones occurred
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(a) Deformation (simple shear) (b) Micromorphic damage hardening 7
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Fig. 3. Homogeneous solutions under a simple shear test. The upper row has ¥; = 0.1, the bottom row has ¥{ = 20, the left column has H™ =0, and the right
column has H™ = 1000.

10mm

Fig. 4. Geometry, mesh, and boundary conditions of a double-notch sample.

at different mesh sizes, not in one row of elements, as discussed in Wcisto et al. (2013). A crucial discussion exists regarding the
spurious damage spreading phenomenon within the application of gradient-enhanced models in the works by Xu and Poh (2019)
and Abatour and Forest (2024). This issue was not significant in the ductile fracture analysis shown in Figs. 5 and 8(b). The proposed
model maintained the propagation of damage zone growth inside the elasto-plastic zone. The plasticity yield surface shrank when
the effective loading surface decreased based on the continuum damage mechanics. The special damage zone of ductile fracture was
characterized in Fig. 5b. The beginning of material degradation was independent on mesh refinement. However, a slight distinction
arises during further softening, as the plastic behavior in the proposed model is defined in the plastic intermediate configuration.
The extension of strain-gradient plasticity can address this issue, particularly in the context of the proposed model.

4.2. Scale transition in fracture analysis

Before discussing numerical examples on the microscopic scale, it is necessary to emphasize the scale transition in fracture
analysis via homogenization theory.

According to the classical homogenization theory and its implementation using a computational approach, detailed discussions
have been published in Terada et al. (2003), Kouznetsova et al. (2001, 2002), Fish (2013), Zohdi and Wriggers (2004), Schroder
(2014), and Watanabe et al. (2005). These sources assumed the material point, which was regarded as the quadrature point within
the finite element method. It was assigned by each statistical volume element for numerical material tests, such as the “(a,c)
step” of the schematical demonstration in Fig. 9(a). Numerical material tests under the given global constraints can be conducted
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Fig. 5. Conclusions for the numerical results of the double-notch sample. Reaction force displacement curve with a red dashed line for the no damage case.
Effective undamaged variable f,h(D) of the damage processes (a,b,c).
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Fig. 6. Geometry and uniaxial tensile boundary conditions of a plate with a hole.

on the microscopic scale to provide a macroscopic effective material response with certain microscopic features. This bottom-up
homogenization is presented briefly as follows.

For the Hill-Mandel principle regarding the microscopic nominal stress or first Piola—Kirchhoff stress P (Y) with position vector
Y at the microscale and with a microscopic displacement of u, the scale transitions are derived.

M_ 1
PM = o /QmP(Y)d.Q (83)
w(Y) = HY +u*/~ (Y) (84)

in which @™, PM, and u*/~ (Y) are the representative microscopic domain, a macroscopic nominal stress resulting from a microscopic
simulation, and microscopic displacement fluctuation, respectively. H is the macroscopic deformation gradient that constrains the
microscopic F, as defined in Eq. (1).

The ductile fracture problem involves the microscopic localization induced by damage degradations, where the standard
scale transition cannot be used. This limitation has already been explained in Besson et al. (2009) and Voyiadjis and Song
(2020). Additionally, the explicit modeling of composite or porous materials in microscopic characterization extended the standard
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(a) Extended computational homogenization (b) Length of three scales

Fig. 9. Schematical framework for the length scale in damaged homogenization. (a) Finite element discretization. (b) Scale changing of microscopic sample.
(c) Down-scale transition. (d) Microscopic boundary value problem. (e) Averaging up-scale procedure.

computational homogenization in ductile fracture (Biswas et al., 2019; Coenen et al., 2012), describing the geometrical softening
caused by the deformation of voids. However, the above framework is not flexible, particularly for the brittle fracture mechanism,
and causes incorrect microscopic localization without extraordinary boundary relaxation.

The proposed bottom-up homogenization extends via definitions of the macroscopic /M, microscopic /™, and submicroscopic
characteristic lengths /5"°. The proposed assumption that “the micromorphic phenomenon related to micro-cracks on the submicro-
scale cannot be observed on both macro-scale (assemble sample) and micro-scale (polycrystals), such as the dislocation structures
in plasticity”, was presented in Fig. 9(b). Moreover, the discrete submicroscopic mechanism can be characterized via molecular
simulation, such as multiscale analysis in the study by Park et al. (2020).

(1) The suitable length scale /, was defined at the same macroscopic global boundary value problem as that shown “from step
(b) to step (c)” of Fig. 9(a). The 7 and 7+/~ are the micromorphic damage hardening and its fluctuation, respectively, whereas the
V";ﬁ (IM) term came from the macroscopic boundary value problem with a macroscopic /M and position vector with microscopic
characteristic lengths of /™.

ii= Vi (IM)Y (™) + 77/~ (85)

(2) Macroscopic global constraints with macroscopic characteristic length lead to “size-dependent” microscopic problems with
the micromorphic Egs. (16) and (40), as shown in step (d) of Fig. 9(a). Micromorphic conjugate forces (+)™ and macroscopic
components ()M can be derived.

1

M= — [ (M-m)p™(V)dQ (86)
Qm Qm

M _ 1 m /-~

a = o le H—mdQR (87)

Additionally, the macroscopic boundary value problem changes with the suitable definition of the normalized overlapping term
8. =4/ (IM—m) /im ), which connects the scale transition between the two-scales to characterize different gaps with respect

to the submicro-scale. Moreover, the length scale is defined as (lC = 5Cls“b) in Eq. (40), as shown in Fig. 9(b). Importantly,
the imaged size of the statistical volume element increases with a decreasing /.. The condition (I, =0, M~ [™> /) and
(Mm% ~ 0, Vyij = 0) were held in classical homogenization theory, which assumed total scale separation. The derivation
is discussed in other multi-physics problems by de Souza Neto et al. (2015) and Waseem et al. (2020).

4.3. Example 2 (length scale): Duplex microstructures

The numerical tests on microstructures were performed about the length scale /. definition, owing to the comprehensive physical
meaning provided in extended homogenization theory. Fig. 10 shows a microscopic inclusion-matrix system characterized by duplex
virtual microstructures with a soft phase 1 (blue) and hard phase 2 (red), with different volume fractions and a randomly hard phase
2 distribution as inclusion. The material constants used for phases are shown in Table 1.

4.3.1. Characterization of microscopic shear bands with “(IM — ™) = 0.01”

The definition of the length scale must fix one side of the characteristic length on either the microscale /™ or the macroscale /M.
The preliminary condition (/™ = I*"® = 1) is satisfied for all simulations. The first result considers the global kinematic constraint
via the macroscopic displacement gradient H,, and the identical submicroscopic damage hardening, which can be achieved in
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(a) Two duplex microstructures

(b) Randomly hard phase distribution

Fig. 10. Geometry and volume fraction of duplex microstructures Left: dpl, Right: dp2.

Fig. 11(c) and is shown in Figs. 11(a) and 11(b) for the effective undamaged variable f,h(D) and the global micromorphic
damage hardening variable 77 when (/M = 1.01). Clearly, microscopic shear bands are presented within numerical material tests
in Fig. 11(a). Additionally, the correct characterization of damage localization can be achieved in the presented homogenization
framework in microstructures. For the yield point phenomenon in the plastic softening case, the homogenization framework
provided a phenomenological explanation for the microscopic strain localization induced by the yield-point stress-drop, as discussed
by Yanagawa and Watanabe (2024). On the other hand, the discussion, including clear microscopic shear bands, is presented within
numerical material tests. However, the different fracture modes in two duplex microstructures are characterized by distinctive
microscopic damage, which can be explained by the spatial distribution of the hard phase 2 in Fig. 10. When the relation
(M = 1.01) is considered, it means that the current length scale can be utilized to characterize a large macroscopic material response
corresponding to the large microstructure in Fig. 9(a). The slightly macroscopic anisotropic damage property is proven, as shown
in Fig. 11(c). A detailed discussion of different loading directions is provided in Appendix.

4.3.2. Definitions of length scale with “(IM — ™) = x”

Certain previous preliminaries remained in the second analysis, including (/™ = [**®* = 1), which presented the fixed
submicro/microscopic characteristic lengths. The same global constraint from the macroscopic displacement gradient H,, was shown
for the macroscopic material responses in Figs. 12(c) and 12(d). The key point used to investigate the variation of the length scale
I, by the macroscopic characteristic length (/M = 2/1.1/1.01) was assigned by the material constants of 1% of the length scale
with a variant A™ and a fixed (H™ = 100), as shown in Table 1. As discussed in the case (/M = 1.01), this microstructure can
characterize fully microscopic shear bands induced by damage. However, the same macroscopic damage material response without
micromorphic extension is not reasonable for ductile fracture analysis with an increased length scale, as shown in Fig. 9(a). The
definition of the suitable length scale should be considered in the scale transition to the macroscale and regarded as the answer
to “questions” in Fig. 9(a). Slightly changing the length scale causes different results for the microscopic boundary value problem.
The localization of damage within the microscopic shear band induces less ductility of materials, which is controlled by overlapping
the macroscopic and microscopic characteristic lengths from homogeneous to highly localized states. As noted in Notes 5 and 7,
the results in Fig. 12(b) coincide with the physical meanings regarding the global damage hardening variable 7. It reaches the
homogeneous state in the first result of Fig. 12(b) when the macroscale is relatively larger than the microscale. In other words, the
capacity of the microstructure to characterize more information and transfer it back to the macroscale can be better explained when
enough of the microscale is compared with the macroscale. Hence, the result of this study is that the “s.” term that describes the
normalized overlapping of the characteristic lengths in Eq. (86) is phenomenologically explained as the width of the microscopic
shear band (strain localization) due to damage. Additionally, the length scale /, is explained as the size of the microstructure with
respect to the submicro-scale.
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Fig. 11. (a) Effective undamaged variable f,h(D). (b) Microscopic damage hardening response 7. (c and d) macroscopic material response in two duplex
microstructures.

5. Conclusions

The following conclusions are drawn from this study.

1. The extension of the finite strain elastoplastic damage model based on Watanabe et al. (2008) to consider the plastic
contribution in ductile fracture analysis as a “non-gradient” model was completed. Fully implicit modeling to capture the
gradients of the isotropic damage hardening variable # based on micromorphic theory (Forest, 2009) was proposed.

2. The extended “two-scale” homogenization is considered a suitable definition of the length scale. It provided a reasonable
physical meaning to the micromorphic extended model, in which the microvariable was explained as the indicator of the
micromorphic damage hardening mechanism.

This proposed model can be used to capture the damage process with an asymmetric crack path in a double-notch sample. As
the first application of the gradient-enhanced damage model on an engineering scale, the cohesive and ductile fracture analysis
with different mesh sizes proved that the proposed model can decrease mesh dependency. However, a slight difference exists
in terms of further crack propagation due to plastic strain localization. This may be resolved via coupling with strain-gradient
plasticity in the future.

The physical definition of the length scale during the bottom-up scale transition using duplex microstructures with different
volume fractions was examined. The overlapping of the “two-scale” characteristic lengths expressed the width of the

microscopic shear bands in the proposed damage model. Additionally, the length scale can be explained via the size of the
microstructure.

In terms of limitations and future work, the proposed model is an essential starting point in ductile fracture analysis. Further
model validation with advanced experiments, particularly in different scale characterizations, is required. Coupling with single
crystal plasticity within polycrystalline ductile materials is required to characterize detailed microstructural features. Moreover,
robustness and computational efficiency are significant in more complicated ductile fracture analysis.
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Fig. 12. (a) Effective undamaged variable f,h(D). (b) Microscopic damage hardening response 7. (¢ and d) Macroscopic material response in dpl duplex
microstructures.
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Appendix. Dependency of loading direction

The variation of loading direction Y;/Y,/Y; resulted in a slight anisotropic property, as shown in Fig. 11(c), owing to the
randomly spatial distribution of hard phase within duplex microstructures. Additional numerical demonstrations for the Y;/Y,/Y3
loading directions under global damage hardening conditions with (/, = 0.3) are shown in Fig. A.1. The microscopic characterization
of shear bands varied with the loading direction and control macroscopic ductile fracture material property.
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