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ABSTRACT
Ab initio quantum Monte Carlo (QMC) is a stochastic approach for solving the many-body Schrödinger equation without resorting to one-
body approximations. QMC algorithms are readily parallelizable via ensembles of Nw walkers, making them well suited to large-scale high-
performance computing. Among the QMC techniques, diffusion Monte Carlo (DMC) is widely regarded as the most reliable since it provides
the projection onto the ground state of a given Hamiltonian under the fixed-node approximation. One practical realization of DMC is the
lattice regularized diffusion Monte Carlo (LRDMC) method, which discretizes the Hamiltonian within the Green’s function Monte Carlo
framework. DMC methods—including LRDMC—employ the so-called branching technique to stabilize walker weights and populations. At
the branching step, walkers must be synchronized globally; any imbalance in per-walker workload can leave central processing unit (CPU) or
graphics processing unit (GPU) cores idle, thereby degrading overall hardware utilization. The conventional LRDMC algorithm intrinsically
suffers from such load imbalance, which grows as log(Nw), rendering it less efficient on modern parallel architectures. In this work, we
present an LRDMC algorithm that inherently addresses the load imbalance issue and achieves significantly improved weak-scaling parallel
efficiency. Using the binding energy calculation of a water–methane complex as a test case, we demonstrated that the conventional and load-
balanced LRDMC algorithms yield consistent results. Furthermore, by utilizing the Leonardo supercomputer equipped with NVIDIA A100
GPUs, we demonstrated that the load-balanced LRDMC algorithm can maintain extremely high parallel efficiency (∼98%) up to 512 GPUs
(corresponding to Nw = 51 200), together with a speedup of ×1.24 if directly compared with the conventional LRDMC algorithm with the
same number of walkers. The speedup stays sizable, i.e., ×1.18, even if the number of walkers is reduced to Nw = 400.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0296986

I. INTRODUCTION

Understanding and predicting the quantum behavior of elec-
trons and nuclei remains a fundamental challenge in physics and
chemistry. Despite decades of theoretical and computational devel-
opments, solving the many-body Schrödinger equation exactly
is still intractable for systems of practical interest due to its
exponential complexity. As a result, approximate methods have
become indispensable. Among them, density functional theory
(DFT)1 has emerged as a standard approach by mapping the
complex many-electron problem to a system of non-interacting

electrons subject to an effective potential, derived from the so-called
eXchange–Correlation functional (XC).2 However, the accuracy of
DFT hinges on the choice of XC functionals, for which no exact form
is known. Thus, DFT often struggles in systems with strong electron
correlation or non-local interactions, and systematic improvements
remain elusive.3,4

Ab initio quantum Monte Carlo (QMC) methods aim at solv-
ing the many-body Schrödinger equation using stochastic tech-
niques, without relying on one-body approximations. Their intrinsic
scalability and accuracy have always been appealing since their
first appearance. Among various QMC implementations, diffusion
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Monte Carlo (DMC) is particularly notable for its ability to compute
the exact ground state energy for a Hamiltonian with boundaries
usually defined by the nodal surface of a trial wavefunction, via
imaginary-time projection.5 This constraint is known as “fixed-node
approximation” (FNA), a remedy for the Fermionic sign problem
appearing in the Hamiltonian quantum evolution.6 These bound-
aries are in principle improvable, according to the quality of the
trial wavefunction nodes, thanks to the FNA variational property.
Owing to its quantitative reliability, DMC has been widely applied to
challenging systems where DFT often fails, such as solid and liquid
hydrogen under high pressure,7–10 molecular crystals,11,12 and two-
dimensional materials.13,14 The most commonly used DMC imple-
mentation employs the Suzuki–Trotter decomposition to iteratively
perform projection steps.5 However, it suffers from numerical insta-
bility in the extrapolation to the zero time step limit, where the
total energy does not converge monotonically.15 To address this
issue, an alternative approach based on a lattice regularized Hamil-
tonian, and thus dubbed lattice regularized diffusion Monte Carlo
(LRDMC), was proposed.16 LRDMC exploits the Green’s Function
Monte Carlo (GFMC) technique,17–19 which was traditionally used
in lattice models, to continuous-space systems by discretizing the
Laplacian on a real-space mesh. In LRDMC, the projection oper-
ator is implemented as powers of a Green’s function, and unlike
standard DMC, it does not require Suzuki–Trotter factorization.
This eliminates the time step bias inherent in the conventional
DMC implementation. Instead, a bias arises due to the lattice dis-
cretization of the Hamiltonian, but this is of the order of O(a2) and
can be systematically removed by extrapolation to the continuous
space limit (a→ 0),20 which turns out to be much smoother than
the time step extrapolation of standard DMC.15

In both DMC and LRDMC, the so-called branching step plays
a central role in enhancing computational efficiency. Each walker
carries out independent projection steps and accumulates a sta-
tistical weight, which is used to perform weight and population
control through branching: walkers with large weights are spawned,
while those with small weights are removed at periodic intervals.
Except for the branching steps, all walkers evolve independently,
making these methods highly parallelizable. In practice, large-scale
DMC simulations typically involve a large number of walkers dis-
tributed across many central processing units (CPUs) or graphical
processing units (GPUs). However, branching steps require syn-
chronization: all walkers must complete their projection steps before
branching can proceed. If computational load becomes imbalanced

across walkers—for example, due to the stochastic nature of the
projection—the faster walkers must wait for the slower ones, causing
some working units (on CPUs or GPUs) to remain idle. As detailed
in Sec. II, the conventional LRDMC algorithm inherently leads to
this kind of load imbalance, especially as the number of walkers
increases. Consequently, its parallel efficiency degrades on modern
hardware platforms that rely on a large walker population. In this
work, we address this scalability issue by developing and presenting
a new LRDMC algorithm that eliminates load imbalance, thereby
enabling efficient use of large number of walkers on modern parallel
architectures.

This paper is organized as follows: in Sec. II, we review the
conventional LRDMC algorithm and we introduce the new one sat-
isfying load-balance among walkers; in Sec. III, we verify that the
proposed load-balanced LRDMC algorithm gives consistent DMC
energies if compared with the conventional LRDMC algorithm for
the methane-water dimer; in Sec. IV, we show how the load balance
fulfilled by the new algorithm improves the weak-scaling properties
of the LRDMC algorithm; and in Sec. V, we summarize the main
outcome of this work.

II. METHODS
In this section, we outline the conventional LRDMC algorithm

that has been used in previous studies,21–25 as well as the load-
balanced LRDMC algorithm proposed in this work. The essential
difference between the two algorithms lies in whether load balance
among walkers is inherently guaranteed when processed in parallel.
A schematic comparison of the two algorithms is provided in Fig. 1.
The mathematical background of both algorithms and the details of
their convergence properties are presented in Appendixes A and B.

A. Overview of the lattice regularized
diffusion Monte Carlo method

Lattice regularized diffusion Monte Carlo (LRDMC)16 is a pro-
jection technique that allows one to improve a variational ansatz
systematically in the continuous space. This method is based on
Green’s function Monte Carlo (GFMC),17–19 filtering out the ground
state wavefunction (WF) ∣Υ0⟩ from a given trial (or guiding) WF,
∣ΨG⟩. Since the eigenstates of the Hamiltonian Ĥ are a complete
basis set, the trial WF can be expanded as

FIG. 1. Schematic figure of the differ-
ence between two LRDMC algorithms:
(a) Conventional and (b) load-balanced
LRDMC algorithms. In algorithm (a),
each walker maintains its own remain-
ing time τleft and undergoes projec-
tion steps drawn from independent ran-
dom numbers until τleft = 0.0, which can
leave some walkers idle. In contrast,
in algorithm (b), every walker performs
the same number of projection steps,
thereby preserving load balancing.
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∣ΨG⟩ =∑
i≥0

ai∣Υi⟩, (1)

where ai is the coefficient for the ith eigenvector ∣Υi⟩. Therefore, by
applying (Λ − Ĥ )M

, one can obtain

∣Υ0⟩∝ lim
M→∞

(Λ − Ĥ )M ∣ΨG⟩

= lim
M→∞

(λ − E0)M[a0∣Υ0⟩ +∑
n≠0
( λ − Ei

λ − E0
)

M
ai∣Υi⟩], (2)

where Λ is a diagonal matrix with Λx,x′ = λδx,x′ and Ei is ith eigen-
value of Ĥ. Assuming a non-degenerate ground state and ∣ λ−Ei

λ−E0
∣

< 1 for i ≥ 1, the projection filters out the ground state WF ∣Υ0⟩
from a given trial WF ∣ΨG⟩, as long as the trial WF is not orthogo-
nal to the true ground state (i.e., a0 ≡ ⟨ΨG∣Υ0⟩ ≠ 0). The condition
∣ λ−Ei
λ−E0
∣ < 1 can be verified on a lattice for a large enough λ. On the

continuum, the spectrum of the ab initio Ĥ is not bounded from
above. Thus, the above-mentioned condition is verified only in the
λ→∞ limit, which can be easily taken, as shown later on. This pro-
jection scheme is called the power method. In practice, Eq. (2) can
be implemented iteratively,

∣Ψn+1⟩ = (Λ − Ĥ)∣Ψn⟩. (3)

By expanding over the given basis set with the guiding function
ΨG(x), we have

ΨG(x′)Ψn+1(x′) =∑
x

Gx′ ,xΨG(x)Ψn(x), (4)

where Ψn(x) ≡ ⟨x∣Ψn⟩ and

Gx′ ,x ≡ ⟨x
′∣Λ − Ĥ∣x⟩ ⟨x

′∣ΨG⟩
⟨x∣ΨG⟩

≡ λδx′ ,x − Hx′ ,x
ΨG(x′)
ΨG(x)

(5)

is the so-called importance sampling Green’s function. For sake of
simplicity, here and henceforth, we assume Hx′ ,x to be a real matrix.
Within a statistical implementation of the power method, we would
be tempted to interpret Eq. (4) as a master equation for a stochas-
tic variable, where Πn(x) ≡ ΨG(x)Ψn(x) represents the probability
distribution at the iteration n and G is the transition probability.
However, some important points must be elucidated in order to
reach a final statistical interpretation of this quantum evolution.

To interpret Green’s function as a transition probability, all
matrix elements of the Green’s function must be non-negative.
However, it is well known that for Fermions, Gx′ ,x is not always pos-
itive. This issue is known as the sign problem and is circumvented
via the FNA by defining an effective FN Hamiltonian, as detailed in
Appendix D. In the main text, we assume that all matrix elements
are non-negative, but the discussion can be easily generalized to
FN cases.

Even when Green’s function is non-negative, Gx′ ,x is generally
not normalized. Therefore, we need to introduce a normalization
factor bx = ∑x′ Gx′ ,x so that we can define the p matrix as

px′ ,x =
Gx′ ,x

bx
. (6)

px′ ,x can now be interpreted as transition probability since it is non-
negative and row-wise normalized (∑x′px′ ,x = 1). Then, the corre-
sponding Markov process considers the presence of the normaliza-
tion factor bx by adding a weight w in the statistical implementation
of the projection, which is thus defined by a dyad (xn, wn). Its
evolution from (xn, wn) is described by

xn+1 = x′ with probability px′ ,x, (7)

wn+1 = wn ⋅ bx. (8)

The Markov process, comprising the diffusion of the configuration
as well as its weight, can be cast in the following master equation:

Pn+1(x′, w′) =∑
x
∫ dw K(x′, w′∣x, w) Pn(x, w), (9)

where the transition kernel K is defined as K(x′, w′∣x, w)
= px′ ,xδ(w

′ − wbx). Multiplying both sides of Eq. (9) by w′ and
integrating over it yields

∫ dw′ w′Pn+1(x′, w′) =∑
x

px′ ,xbx ∫ dw wPn(x, w)

=∑
x

Gx′ ,x ∫ dw wPn(x, w). (10)

The marginal weighted probability is nothing but the mixed many-
body distribution, i.e., ∫dw w Pn(x, w) = Πn(x) at step n. Thus, the
desired ground-state energy E0 is computed at the projection step n
as

E0 =
⟨ΨG∣Ĥ∣Ψ0⟩
⟨ΨG∣Ψ0⟩

= ∑x eL(x)ΨG(x)Ψn(x)
∑x′ ΨG(x′)Ψn(x′)

, (11)

where the local energy, eL(x), is defined as

eL(x) =
⟨ΨG∣Ĥ∣x⟩
⟨ΨG∣x⟩

=∑
x′

Hx,x′ ⋅
ΨG(x′)
ΨG(x)

. (12)

To implement the Markov process in a computable scheme, we
define its basic element, the so-called walker, determined by the dyad
(x, w). Note how the weight w is associated to the amplitude of the
mixed distribution at x. The walker changes its configuration and
weight by performing a Markovian process with a discrete iteration
time n: the dyad (xn, wn) is distributed according to Pn(x, w). Most
importantly, the walker determines, in a statistical sense, the mixed
quantum state ΨG(x)Ψn(x) as

ΨG(x)Ψn(x) = ∫ dw w Pn(x, w) ∼ ⟨δx,xn wn⟩, (13)

where ⟨⋅ ⋅ ⋅⟩ denotes the statistical average over independent Markov
chains at the nth step. Thus, the desired ground-state energy E0 is
computed as

E0 = ∑x eL(x)ΨG(x)Ψn(x)
∑x′ ΨG(x′)Ψn(x′)

= ∑x eL(x) ∫dw w Pn(x, w)
∑x′ ∫dw′ w′ Pn(x′, w′)

∼ ⟨eL(xn)wn⟩
⟨wn⟩

. (14)
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However, in practice, the strategy of simply computing independent
Markov chains and averaging their results is not adopted. This is
because walkers with extremely large or small weights may appear,
leading to numerical instability. While keeping a multi-walker strat-
egy with Nw walkers, we instead reconfigure their weights via the
so-called branching technique for a more efficient computation.20

Every Nproj projections, the code performs a branching step as
follows.

(1) Select the new walkers from the previous ones with a prob-
ability that is proportional to the former walkers’ weights
before the branching step,

pα,n =
wα,n

∑β wβ,n
. (15)

(2) Set the new weights equal to the weights average of the
former walkers,

wα,n+1 = w̄n ≡
1

Nw
∑
β

wβ,n ∀α. (16)

Note that, in the multi-walker formalism, the dyad acquires the addi-
tional walker index α: (xα,n, wα,n). As rigorously proved in Refs. 18
and 20, this walkers’ reconfiguration does not change their statistical
average and suppresses their fluctuations by dropping (spawning)
walkers having small (large) weights. The selection of new configu-
rations in a branching step is implemented by an efficient reconfig-
uration scheme deciding which walker survives or dies by extracting
Nw correlated random numbers,20

Zα =
ξ + α − 1

Nw
, α = 1, . . . , Nw, (17)

where ξ is a uniform variate in [0,1). This set of numbers is then used
to select the new configuration by comparing it with the normalized
weights wα,n/w̄n. This reconfiguration provides the same stabiliza-
tion effect as the conventional branching scheme,5 but with the
advantage that the total number of walkers remains fixed through-
out the simulation.18,20 Since the total number of walkers is fixed,
the reconfiguration method is known to alleviate the population-
control bias, which is problematic in the standard DMC branching
scheme.18 However, the intrinsic exponential scaling of computa-
tional cost in projection methods for large systems,26 originating
from weight fluctuations of walkers, should remain, although it is
not problematic in practical applications.26

To make full use of the available samples, observables are eval-
uated using all samples obtained after the Markov chain has reached
equilibrium. After thermalization time p expressed in branching step
units, the configurations x along the Markov process will be equi-
librated according to πeq(x); then, at each branching step n, we
can imagine to start the projection n − p steps backward with ini-
tial weights wα,n−p = 1∀α. In this case, the initial probability is given
by Pn−p(x, w) = δ(w − 1)πeq(x). To perform the Monte Carlo aver-
ages with the branching technique, we can accumulate the average
weights in the global population factor Ḡp

n developed after n − p
branching steps,

Ḡp
n =

p

∏
j=1

w̄n−j , (18)

while setting the weights to 1 after each walkers reconfiguration. In
this way, the ground state energy is computed as

E0 ≈ ∑n Ḡp
nēL(xn)
∑n Ḡp

n
, (19)

where ēL(xn) is the mean local energy averaged over the walkers,
which reads

ēL(xn) = ∑α wα,neL(xα,n)
∑α wα,n

(20)

and is evaluated just before each reconfiguration, with weights
wα,n acquired only during the evolution after the n − 1th branching
step.

We notice that the ground-state energy has the zero-variance-
zero-bias property. In other words, the fluctuation of the local energy
becomes zero for ∣ΨG⟩ = ∣Ψ0⟩ since ∣Ψ0⟩ is an eigenstate of the
(fixed-node) Hamiltonian Ĥ. Even with a variational trial wave-
function ∣ΨG⟩ ≠ ∣Ψ0⟩, the energy variance is always finite because
the divergence of the local energy in the vicinity of the nodal
surface is always canceled out by the zeros of the trial and fixed-
node WFs.27 Let us denote the distance from the nodal surface
as δ. The trial wave function ΨG and the fixed-node solution
Ψ0 vanish linearly with this distance, i.e., ΨG ∝ δ and Ψ0 ∝ δ,
and the local energy eL diverges as eL ∝ δ−1 with a trial wave-
function ΨG that is not an exact eigenfunction of the fixed-node
Hamiltonian.27 Therefore, Π(x) ≡ ΨG(x)Ψ0(x) and eL(x) behave
as ∝ δ2 and δ−1, respectively. The calculation of the energy vari-
ance requires the integral ∫ 1

ϵ dδΠ(δ)(eL(δ))2 ∼ ∫ 1
ϵ dδ(δ2)(δ−2)

= ∫ 1
ϵ dδ, where ε is an infinitesimal positive number. This is

always finite. However, for derivatives, such as ∂eL(x)∝ δ−2,
we have ∫ 1

ϵ dδΠ(δ)(∂eL(δ))2 ∼ ∫ 1
ϵ dδ(δ2)(δ−2)2 = ∫ 1

ϵ dδδ−2. Thus,
the variance of derivatives intrinsically diverges in the vicinity of
nodal surface. A reweighting28,29 or regularization30 technique is
needed to cure the divergence.

When applying the GFMC in the context of ab initio calcula-
tion, the original continuous Hamiltonian is regularized by allowing
electron hopping with step size a. The corresponding Hamiltonian
Ĥ a is then defined such that Ĥ a → Ĥ for a→ 0. After discretiz-
ing the space through a lattice spacing a, the hopping elements
Hx′ ,x of the Hamiltonian can be computed by considering only
the hoppings of each electron to its neighboring grid points in the
current electronic configuration. As a result, Hx′ ,x becomes sparse,
allowing the GFMC method to be applied to a continuous Hamilto-
nian. This approach is referred to as LRDMC.16 Then, the energy
obtained by LRDMC exhibits a bias of the order of O(a2) with
respect to a, and therefore, to access unbiased total energies (or other
observables), LRDMC calculations are performed for several values
of a, and an extrapolation to a→ 0 is carried out. The technical
details are explained in Appendix D.

B. The conventional LRDMC algorithm
and its intrinsic load-imbalance

As we have seen above, in the LRDMC framework, the pro-
jection of the wavefunction is governed by the repeated application
of a Green’s function, interpreted as a stochastic transition matrix
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Eqs. (6)–(8). To ensure a probabilistic interpretation, Green’s func-
tion must be non-negative, which often requires shifting the Hamil-
tonian by a constant Λ such that all diagonal elements become
positive [Eq. (5)]. While on a lattice this shift can always be applied,
on the continuum this is prevented from the fact that the local
Hamiltonian terms can become arbitrarily large due to the diver-
gence of the Coulomb potential. Moreover, choosing an excessively
large shift degrades the efficiency, as it increases the probability for
a walker to remain in the same configuration. This follows from
Gx,x ≫ Gx′≠x,x, thus px,x ≫ px′≠x,x, leading to long autocorrelation
times and inefficient sampling.

To circumvent this issue, the projection steps Eqs. (7) and (8)
are reformulated in the λ→∞ limit, so defining a continuous-time
stochastic process. Rather than evolving the walker with discrete
steps governed by the bare px′ ,x Eq. (6), the algorithm considers
the number of successive diagonal moves stochastically, followed by
a single off-diagonal move driven by px′≠x,x. Within this formal-
ism, the number k of successive diagonal moves is drawn from a
uniformly distributed random number ξ ∈ [0, 1), resulting in19,31

k = ⌊− ln (1 − ξ)
1 − pxn ,xn

⌋. (21)

The corresponding walker weight is updated as

wn+1 = wn ⋅ bk. (22)

This approach is generalized to the continuous-time limit, namely,
λ→∞, i.e., with an infinitesimal time step defined as δτ ≡ 1/λ
→ 0.20,32 In this limit, the projection in Eq. (2), (Λ − Ĥ )M

, is
evaluated by keeping M/λ = τ finite, such that the imaginary time
evolution is cast in exp (−τ Ĥ), apart from an irrelevant constant
λM . At the same time, the denominator of Eq. (21) can be written as

1 − px,x = ∑
x′(≠x)

px′ ,x =
∑x′(≠x) Gx′ ,x

λ − eL(x)
→ δτ ∑

x′(≠x)
Gx′ ,x +O((δτ)2).

(23)
By plugging Eq. (23) into Eq. (21), one obtains at the leading order
in δτ,

τξ = −
ln (1 − ξ)
∑x′(≠xn) Gx′ ,xn

, (24)

which corresponds to τξ = kδτ, the persistence time at configuration
x in the continuous-time limit. Correspondingly, Eq. (22) becomes

wn+1 = wn ⋅ exp (−τξeL(xn)). (25)

Therefore, in the continuous-time limit formulation, one estimates
the persistence time at configuration xn via Eq. (24) and updates
the walkers weights according to Eq. (25), before performing an off-
diagonal move exclusively driven by the off-diagonal elements Gx′ ,xn

appropriately normalized with ∑x′(≠xn) Gx′ ,xn
. The imaginary time

is then updated according to τleft ← τleft − τξ at each off-diagonal
update until τleft becomes 0. Each branching (reconfiguration) step
is performed after an integrated imaginary time evolution τ that is
an input parameter defined a priori. Importantly, this continuous-
time formalism allows simulations of the imaginary-time propagator

exp(−τH) without requiring the Suzuki–Trotter decomposition,
thereby eliminating the systematic Suzuki–Trotter error inherent
in traditional DMC implementations. The price to pay is the lat-
tice discretization bias that has to be extrapolated, as we have seen
in Sec. II A.16,20 The pseudocode of the conventional LRDMC
algorithm is shown in Algorithm 1.

The conventional LRDMC algorithm faces a specific challenge
in massively parallel environments, particularly with many walk-
ers. In the conventional algorithm, the projection time evolution is
governed by stochastic sampling the propagation intervals, or per-
sistence times τξ , using uniform variates Eq. (24). As a result, the
computational effort required per walker to complete the total time
evolution τ between two branching steps becomes unbalanced: the
number of steps necessary for each walker to reach τleft = 0 varies
randomly. This imbalance poses a problem because the branching
process must wait until all walkers have completed their projec-
tion steps. Consequently, walkers that finish earlier have to remain
idle until the slowest walker completes its projection. Consequently,
the parallel efficiency of the conventional LRDMC algorithm dete-
riorates as the number of walkers increases. This degradation can
be shown to grow logarithmically with the number of walkers
Nw, as detailed in Appendix C. Indeed, the maximum number of
moves during a fixed time interval between two branching steps
increases as log(Nw), indicating that the actual computation time
also increases as log(Nw), even though the per-walker workload
remains unchanged on average.

One might consider alleviating the load-imbalance problem
within the framework of the conventional LRDMC algorithm by
choosing a sufficiently large projection time τ between two consec-
utive branching steps. However, employing a large value of τ has
two main limitations: a degradation of computational efficiency and
a possible numerical overflow arising from the accumulated walker
weights. Regarding the first issue, if τ is taken too large, the weight
distribution among walkers becomes highly imbalanced. As a result,
at the branching step, a substantial number of walkers are eliminated
and the walkers’ survival rate diminishes. This, in turn, decreases
the effective sample size, thereby increasing the statistical error.
Consequently, a too large τ value severely undermines the efficiency
of the LRDMC calculation, thus a trade-off must be found between
the load-imbalance reduction and the increase in the statistical error
bar. As for the second issue, in the conventional LRDMC algorithm,
the weights are updated according to Eq. (25), and as evident from
this expression, they grow exponentially at each step. Therefore,
when a large τ value is used, some weights could lead to numerical
overflow. Furthermore, the accumulation of weights using Eq. (18)
can become infeasible for the same reason.

To overcome the load-imbalance of the conventional LRDMC
algorithm, we propose a new LRDMC algorithm that ensures a
perfectly load-balanced evolution of walkers between two branch-
ing steps, independently of their number. The details of the new
algorithm are described in Sec. II C.

C. The load-balanced LRDMC algorithm
The idea behind a load-balanced LRDMC algorithm relies on

the possibility to define a branching rate determined by a fixed num-
ber of off-diagonal moves, set equal for every walker, rather than by
the persistence time, which depends instead on each walker path,
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ALGORITHM 1. Conventional LRDMC algorithm.

finally responsible of the load imbalance issue. In Sec. II B, we have
seen that the persistence time is proportional to the magnitude of
the diagonal Green’s function elements of the LRDMC Hamiltonian.
Thus, we need to define a projection process that is driven by an
auxiliary Hamiltonian with zero diagonal matrix elements, in such
a way that the corresponding walkers will never stop; i.e., they will
constantly hop from site to site. This can be realized with the strat-
egy described as follows. Given the FN LRDMC Hamiltonian H on
a lattice, we can formally divide its matrix elements in off-diagonal
H̄x′ ,x and diagonal W(x) ≡ Hx,x ones, such that

Hx′ ,x = H̄x′ ,x + δx′ ,x W(x), (26)

where H̄x,x = 0 by construction. Notice that the above-mentioned
partition can be realized ∀x thanks to the potential regularization

provided by the definition of the LRDMC Hamiltonian, which cuts
off any divergence of the bare ab initio potential by means of the
length scale a (see Appendix D for a detailed description of the reg-
ularized potential). From Eq. (26), it follows that the wavefunction
Ψ0, ground state of the FN LRDMC Hamiltonian with energy E0,
will fulfill the following Schrödinger equation:

∑
x

H̄x′ ,xΨ0(x) = (E0 − W(x′))Ψ0(x′). (27)

In analogy with the original Schrödinger equation, one can define
a modified Green function (with importance sampling) based on
H̄x′ ,x,

Gx′ ,x = −
1

W(x) − E0
H̄x′ ,x ⋅

ΨG(x′)
ΨG(x)

. (28)
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According to Eq. (28), one can implement a stochastic process, in
close analogy with what has been derived for conventional LRDMC
algorithm based on Eq. (5) by using the decomposition,

Gx′ ,x = bxpx′ ,x,

bx =
1

W(x) − E0
b̄x,

b̄x = −∑
x′
ΨG(x′)H̄x′ ,x/ΨG(x),

px′ ,x = −
ΨG(x′)H̄x′ ,x/ΨG(x)

b̄x
.

(29)

In order to interpret bx as a legitimate weight while px′ ,x is the nor-
malized transition probability, bx must be non-negative in the FNA.
This follows from the positiveness of W(x) − E0 ∀x. To show this,
take the minimum of the potential W(x0) occurring for some con-
figuration x0. Since the trial state ψG(x) = δx,x0 has variational energy
W(x0), this implies immediately that W(x) − E0 > 0 ∀x. Then, as
we have already seen in Sec. II A, the algorithm built on the set of
Eq. (29), performs the conventional lattice update,

xn+1 = x′ with px′ ,x,
wn+1 = wnbx.

(30)

A master equation formally equivalent to Eq. (4) can then be
drawn for the above-mentioned stochastic process. One can show
(see Appendix B) that a stationary distribution of this process is the
marginal weighted probability given by

∫ dwwP(x, w) = (W(x) − E0)ΨG(x)Ψ0(x), (31)

which is the conventional LRDMC mixed distribution Eq. (13)
modulated by the factor (W(x) − E0). As derived in Appendix B,
we can prove that for a good enough mixed distribution
(W(x) − E0)ΨG(x)Ψ(x); namely, with Ψ(x) close enough to the
true FN ground-state wavefunctionΨ0(x), the initial state converges
to the final distribution in Eq. (31) for M →∞ with the modified
Green function in Eq. (28). Owing to these convergence properties,
for averaging an observable, we need to consider the additional fac-
tor (W(x) − E0) in the distribution, which must be compensated by
an extra inverse factor in the weights. For instance, the total energy
is evaluated as

E0 = ∑x eL(x)ΨG(x)Ψn(x)
′
∑
x
ΨG(x′)Ψn(x′)

, (32)

ALGORITHM 2. Load-balanced LRDMC algorithm.
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which can be computed by

E0 ∼
⟨eL(xn) wn

W(xn)−E0
⟩

⟨ wn
W(xn)−E0

⟩
, (33)

where eL(x) = −b̄x + W(x) is the local energy of the FN LRDMC
Hamiltonian Hx′ ,x in Eq. (26) and ⟨⋅ ⋅ ⋅⟩ is the statistical average over
independent Markov chains at the nth step, denoted as (xn, wn), and
distributed according to P(x, w) Eq. (31). From Eq. (33), it is clear
that the ground state estimate E0, which is the value appearing in
the modified Green’s function of Eq. (28), can be self-consistently
determined by averaging the local energy.

The sampling strategy implied by ⟨⋅ ⋅ ⋅⟩ in Eq. (33) and adopted
by the load-balanced LRDMC algorithm follows exactly the same
multi-walkers framework described in Subsection II A, together with
the same walkers reconfiguration scheme [see Eqs. (15)–(19), which
perfectly hold also in this case]. A difference between the conven-
tional and the load-balanced LRDMC algorithms shows up in the
weighted averages of the multi-walker framework. Indeed, the mean
local energy averaged over the walkers, corresponding to Eq. (20) in
the conventional algorithm, now becomes

ēL(xn) =
∑α

wα,n
W(xα,n)−E0

⋅ eL(xα,n)
∑α

wα,n
W(xα,n)−E0

, (34)

where the weights accumulated according to Eqs. (29) and (30)
must acquire an extra factor 1/(W(x) − E0) in the averages to com-
pensate for the modified distribution of Eq. (31). This is the same
difference that links Eq. (33) with Eq. (14). In the load-balanced
LRDMC algorithm, E0 is updated after each branching step.

In addition, in the load-balanced algorithm, the ground-state
energy has the zero-variance-zero-bias property since ∣Ψ0⟩ is an
eigenstate of the (fixed-node) Hamiltonian Ĥ. However, the vari-
ance behavior in the vicinity of the nodal surface is different from
the conventional one. Let us denote again the distance from the
nodal surface as δ. In the load-balanced LRDMC algorithm, we
have the additional factor (W(x) − E0) in the local observable
part, which diverges as δ−1 in the vicinity of nodal surface. As
in the conventional LRDMC algorithm, the trial wave function
ΨG and the fixed-node solution Ψ0 vanish linearly with this dis-
tance, i.e., ΨG ∝ δ and Ψ0 ∝ δ, and the local energy eL diverges
as eL ∝ δ−1 with a trial wavefunction ΨG that is not an exact
eigenfunction of the fixed-node Hamiltonian Ĥ. Therefore, Π(x),
eL(x), and (W(x) − E0) behave as ∝ δ, δ−1, and δ−1, respec-
tively. The calculation of the energy variance requires the integral
∫ 1
ϵ dδΠ(δ)(eL(δ)/(W(δ) − E0))2 ∼ ∫ 1

ϵ dδ(δ)(1)2 = ∫ 1
ϵ dδδ, where

ε is an infinitesimal positive number. This is always finite, as in the
conventional LRDMC algorithm. For derivatives, such as ∂eL ∝ δ−2,
we have ∫ 1

ϵ dδΠ(δ)(∂eL(δ)/(W(δ) − E0))2 ∼ ∫ 1
ϵ dδ(δ)(δ−2/δ−1)2

= ∫ 1
ϵ dδδ−1. Thus, despite the divergence of the variance of deriva-

tives being milder than that in the conventional algorithm (i.e.,
∫ 1
ϵ dδδ−2), a reweighting or regularization technique is still needed

to cure the divergence. Nevertheless, we can expect the error bar
on energy derivatives, such as ionic forces, in the load-balanced
algorithm to be smaller than the one computed by the conven-
tional algorithm at fixed statistics due to reduced fluctuations of the
reweighted operators close to the nodes.

In addition to the differences in the weighted averages, the main
change with respect to the conventional LRDMC algorithm con-
cerns the way the branching rate is set. Indeed, in this modified
LRDMC algorithm, the number of steps between two branchings,
denoted Nproj, is no longer stochastically determined as in the con-
ventional algorithm. In the conventional LRDMC algorithm, as
described in Subsection II B, Nproj corresponds to the randomly
determined number of projections required to reach the projection
time τ between two branching steps. Instead, in the load-balanced
LRDMC, Nproj is defined a priori as a fixed input parameter. Indeed,
no continuous-time limit is needed, as no λ→∞ limit is taken. The
electrons instantaneously jump from site to site, with a sequence
determined by Nproj, equally set for all walkers. As a result, the com-
putational cost associated with the projection steps becomes strictly
uniform across all walkers. This uniformity is expected to prevent
any degradation in parallel efficiency, even when a large number
of walkers is employed. Indeed, as we will demonstrate later, the
weak-scaling results clearly show that the conventional algorithm
suffers from a decline in weak-scaling performance, which goes like
ln(Nw). In contrast, the new algorithm exhibits excellent weak-
scaling behavior. This indicates that the proposed modification is
crucial for maintaining a high computational throughput, espe-
cially in LRDMC calculations that aim to leverage GPUs hardware
architectures. Moreover, we have numerically verified to high preci-
sion that both the conventional and load-balanced algorithms yield
consistent results in the limit a→ 0, provided the average number
of projection steps is the same. This confirms the equivalence of
the two algorithms in our testbed systems, as far as the convergence
properties are concerned.

The pseudocode of the load-balanced LRDMC algorithm is
reported in Algorithm 2.

III. VALIDATION OF THE ALGORITHM
AND ITS IMPLEMENTATION

We first demonstrate that the conventional algorithm of
LRDMC and the load-balanced version yield identical results. In
the QMC community, recent efforts have aimed at systemati-
cally evaluating the reproducibility of results across independently
developed codes.15 A notable example is a collaborative study involv-
ing 11 different community-developed QMC packages, in which
the total energy and binding energy of a water–methane dimer
were computed using a standardized basis set and a common effec-
tive core potential, thereby allowing for a controlled comparison
of code implementations. In the present work, we adopt the same
water–methane system as our benchmark case. The two LRDMC
algorithms—conventional and load-balanced—were implemented
using the jQMC33 and TurboRVB34 packages. For both oxygen
and hydrogen atoms, we employed correlation-consistent effec-
tive core potentials (ccECPs)35,36 and used the associated cc-pVTZ
basis sets, as in the aforementioned benchmark study. The angu-
lar part of the basis functions was expressed using spherical (solid)
harmonics. The trial wavefunction was generated using PySCF37,38

and converted into the jQMC and TurboRVB wavefunction for-
mats via TREX-IO.39 We adopted the same functional form and
variational parameters of the Jastrow factor used specifically in
the TurboRVB calculations of the benchmark study15 for both the
jQMC and TurboRVB calculations. A central technical challenge in
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TABLE I. LRDMC energies of the water molecule for discretized lattice spaces (a), computed using both the load-balanced
and conventional algorithms implemented in jQMC and TurboRVB.

LRDMC energy (Ha)

jQMC TurboRVB

a (bohr) Load-balanced Conventional Load-balanced Conventional

0.05 −17.234 83(3) −17.234 93(5) −17.234 85(2) −17.234 87(1)
0.10 −17.235 16(2) −17.235 14(4) −17.235 09(2) −17.235 07(1)
0.15 −17.235 59(3) −17.235 62(5) −17.235 35(2) −17.235 40(1)
0.20 −17.236 16(2) −17.236 22(5) −17.235 71(2) −17.235 73(1)
0.25 −17.236 88(2) −17.236 80(6) −17.236 08(2) −17.236 11(1)
0.30 −17.237 35(2) −17.237 23(5) −17.236 48(2) −17.236 48(1)

TABLE II. Total energies (Ha) of the methane, water, methane–water, and its binding energy (meV), obtained with the extrapo-
lation to τ → 0 (DMC) and a→ 0 (LRDMC). The CASINO (DMC), QMCPACK (DMC), and TurboRVB (conventional LRDMC)
results are taken from Ref. 15. The numbers in parentheses indicate 1σ in the last digit(s).

Package
Methane

(Ha)
Water
(Ha)

Methane–Water
(Ha)

Binding
energy (meV)

CASINO (DMC) −8.078 56(1) −17.234 73(2) −25.314 32(3) −26.8(1.0)
QMCPACK (DMC) −8.078 58(2) −17.234 82(3) −25.314 43(7) −29.0(1.1)
TurboRVB (conventional LRDMC) −8.078 60(1) −17.234 79(1) −25.314 45(1) −28.1(3)

TurboRVB (load-balanced LRDMC) −8.078 62(2) −17.234 82(2) −25.314 47(2) −29.0(7)
jQMC (load-balanced LRDMC) −8.078 70(2) −17.234 72(2) −25.314 59(4) −27.6(1.2)

DMC calculations using ECPs is the treatment of the non-local part
of the ECP operator. In this work, we adopt the determinant locality
approximation (DLA)40 within the LRDMC framework, which cor-
responds to using the DLA with the T-move41 scheme in standard
DMC.24

To begin with, we verified that the conventional and load-
balanced LRDMC algorithms yield identical results for the water
molecule, which is as one of the benchmark systems in the previous
reproducibility study.15 Table I shows the total energies computed
with both algorithms for a = 0.05, 0.10, 0.15, 0.20, 0.25, and 0.30 a.u.

FIG. 2. Total energy of methane,
water, methane–water dimer, and bind-
ing energy. The data for QMCPACK
and CASINO are taken from Ref. 15.
The error bars in the graphs repre-
sent one standard deviation (1σ). The
corresponding numbers are shown in
Table II.
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This verification was carried out using both jQMC and TurboRVB
packages. The conventional LRDMC results obtained with Tur-
boRVB were taken from Ref. 15, while all other data were newly
computed in the present work. As shown in Table I, for all values of
a, the total energies obtained with both jQMC and TurboRVB agree
within the error bars between the conventional and load-balanced
LRDMC algorithms. This demonstrates that, given the same trial
wavefunction, both algorithms sample the same fixed-node ground
state at fixed a, confirming the numerical equivalence of the two
projection algorithms. A more detailed discussion of the computa-
tional performance and parallelization efficiency (i.e., weak-scaling)
of these algorithms is provided in Sec. IV.

Next, we compare the DMC and LRDMC results obtained
from different packages. As demonstrated in Ref. 15, the energies
at finite time step discretization (τ) in DMC and finite lattice-
space discretization (a) in LRDMC are dependent on the details
of each package’s implementation and thus are not suitable for
direct comparison. Therefore, we perform calculations analogous
to those in the reproducibility study15 to assess the consistency of
our implementation. In particular, for the methane molecule, water
molecule, and methane–water dimer, we compute the total energies
in the a→ 0 limit using the load-balanced LRDMC implementa-
tion in both jQMC and TurboRVB. These results are then com-
pared with the τ → 0 DMC energies reported in Ref. 15, obtained
using QMCPACK42,43 and CASINO,44 as well as with the a→ 0
extrapolated values from the conventional LRDMC implementa-
tion in TurboRVB.34 The results are summarized in Fig. 2 and
Table II. As clearly shown in these comparisons, the computed
total energies and binding energies exhibit excellent agreement with
the literature values, thereby validating the correctness of our load-
balanced LRDMC implementations in both jQMC and TurboRVB
packages.

IV. WEAK SCALING BENCHMARK AND DIRECT
COMPARISON BETWEEN THE CONVENTIONAL
AND LOAD-BALANCED LRDMC ALGORITHMS

In this study, the weak-scaling benchmark was conducted using
the jQMC package on Leonardo,45 a supercomputer operated by
CINECA in Italy. Leonardo is equipped with four NVIDIA® A100
GPUs per node. By assigning a large number of walkers to each
GPU and utilizing inter-node parallelization, we performed bench-
marks for the two different LRDMC algorithms. For this scaling
analysis, we chose the benzene molecule, which has 30 valence elec-
trons (Ne = 30). For both carbon and hydrogen atoms, we employed
ccECPs pseudopotentials,35,36 along with the corresponding aug-cc-
pVTZ basis sets. For the angular part, the polynominal (Cartesian)
function was employed (i.e., the d and f orbitals are composed
of 6 and 10 orbitals). The trial wavefunction was generated using
PySCF37,38 and subsequently converted to the jQMC wavefunction
format via TREX-IO.39 The Jastrow factor included both two-body
and three-body terms34 and was variationally optimized by minimiz-
ing the energy using the stochastic reconfiguration (SR) method.46

The conventional LRDMC calculations have been performed at an
optimal branching time τ = 0.30 a.u., a good compromise between
reduction of load-imbalance and increase in stochastic error bars
due to walkers fluctuations, yielding an average projection number
of Nproj = 294. The load-balanced LRDMC calculations employed
the same projection number (Nproj = 294) to have a clearer idea on
the relative efficiency between the two algorithms.

Figure 3(a) presents the results of the weak-scaling test for
the conventional and load-balanced LRDMC algorithms, each one
normalized with respect to the corresponding numerical cost of
400 walkers on 4 GPUs. These benchmarks provide a quantitative
assessment of the parallel efficiency of the implementations with

FIG. 3. Comparison of the weak-scaling benchmark between the conventional and load-balanced LRDMC algorithms, measured on Leonardo using benzene molecule (Ne

= 30). A Hamiltonian discretization parameter of a = 0.30 a.u. was applied in all LRDMC calculations. In the conventional LRDMC runs, τ was set to 0.3 a.u., yielding an
average projection number of Nproj = 294. The load-balanced LRDMC calculations employed the same projection number (Nproj = 294).
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multiple walkers and serve as critical indicators of its suitability for
large-scale LRDMC simulations. As clearly shown in Fig. 3(a), the
conventional algorithm exhibits a steep decline in computational
efficiency as a function of the logarithm of the number of walk-
ers (i.e., the degree of GPU parallelization). As explained in Sec. II,
this is because the conventional algorithm determines the length of
each projection step using a stochastic estimate of the persistence
time, resulting in a sizable load imbalance among parallel walkers.
Since all walkers must wait until the slowest projection operation
is completed, some walkers remain idle in the last projection peri-
ods. This behavior leads to an increased likelihood of encountering
“slow” walkers with long projection times as the number of walkers
grows, resulting in a linear degradation of weak-scaling efficiency as
a function of ln(Nw). In contrast, the load-balanced LRDMC algo-
rithm ensures, by design, the computational workload is uniformly
distributed among walkers. Consequently, the benchmark results
demonstrate that the proposed algorithms maintains nearly optimal
weak scaling even for very large number of walkers (up to 51 200 in
our test).

Figure 3(b) presents the actual elapsed times between two con-
secutive branching steps for the conventional and load-balanced
LRDMC algorithms. This benchmark demonstrates the extent to
which the load-balanced LRDMC algorithm accelerates the calcu-
lation compared to the conventional LRDMC algorithm. As clearly
shown in Fig. 3(b), the load-balanced LRDMC algorithm consis-
tently outperforms the conventional algorithm for any number
of Nw. The speed-up becomes more pronounced as Nw increases:
for Nw = 400, the speed-up factor is ×1.18, while for the largest num-
ber of walkers tested in this work, Nw = 51 200, the speed-up reaches
×1.24. It should be noted that the conventional and load-balanced
LRDMC calculations were carried out with the same number of
branching steps and they provided consistent error bars. These
results indicate that the load-balanced LRDMC algorithm not only
improves the scaling with respect to Nw compared to the conven-
tional LRDMC algorithm but also yields a substantial reduction in
the actual computational cost.

V. CONCLUSIONS
In this work, we have introduced a load-balanced algorithm

for the lattice regularized diffusion Monte Carlo (LRDMC) method,
which is based on the Green’s Function Monte Carlo (GFMC)
framework. We implemented this algorithm in the ab initio quan-
tum Monte Carlo packages, TurboRVB and jQMC, and demon-
strated that (1) it reproduces the same results as the conventional
LRDMC algorithm and (2) it achieves superior parallel efficiency
compared to the conventional algorithm as the number of walk-
ers (Nw) increases up to ∼105. A direct comparison between the
conventional and load-balanced LRDMC calculations reveals that
the latter is more efficient by ×1.18 and ×1.24 for Nw = 400 and
Nw = 51 200, respectively, always due to a more optimal man-
agement of the walkers evolution between two branching steps.
Achieving an appropriate load balance among walkers is increas-
ingly critical, as many modern supercomputers are equipped with
many-core GPUs. Maximizing GPU utilization requires processing
a large number of walkers on each GPU, which in turn necessitates
simulations with many walkers. The present work addresses this

challenge, enabling more efficient DMC simulations on GPU-based
architectures.

While our benchmarks were carried out in the context of
ab initio QMC, the same load-balanced implementation can be
applied wherever GFMC-based simulations require large walker
populations. GFMC is not only widely used in electronic-structure
calculations but also in lattice-model studies in condensed-matter
physics18 and in ab initio nuclear-physics47 computations. In any
such application where performance is limited by walker imbal-
ance, the load-balanced LRDMC (GFMC) algorithm presented here
should yield significant speedups.
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APPENDIX A: THE STATIONARY DISTRIBUTION
OF THE CONVENTIONAL LATTICE REGULARIZED
MONTE CARLO METHOD

Let Green’s function with importance sampling be defined as

Gx′ ,x = (Λx′ ,x − Hx′ ,x) ⋅
ΨG(x′)
ΨG(x)

, (A1)

with Λ ≡ λδx′ ,x being a diagonal matrix. Since Gx′ ,x is generally not
normalized, we introduce a normalization factor bx = ∑x′ Gx′ ,x so
that the transition probability can be written as

px′ ,x =
Gx′ ,x

bx
. (A2)

Here, we assume that all elements of px′ ,x are non-negative real num-
bers after the FN-approximation. In the GFMC framework, both
position x and weight w are updated as follows.

1. Generate xn+1 = x′ with probability px′ ,x.
2. Update the weight: wn+1 = wn ⋅ bx.

They imply that we are tracking not only the probability of position,
denoted as π(x), but also a joint probability distribution over both
position and weight, denoted as P(x, w). First, we drive the equi-
librium probability of position, π(x). The master equation for the
probability distribution π(x) over the state space becomes

πn+1(xj) =∑
i
πn(xi) pxj ,xi. (A3)

Defining the vector,

π⃗n = [πn(x1),πn(x2), . . . ,πn(xM)], (A4)

the transition matrix P ∈ RM×M with elements Pi,j ≡ pxj ,xi , where M
is the number of basis, the above-mentioned master equation can be
expressed compactly as

π⃗n+1 = π⃗nP. (A5)

The matrix P is a right stochastic matrix: a square matrix with
non-negative entries and rows summing to 1 (∑jPi,j = 1). If P is
irreducible (i.e., any state is reachable from any other in a finite
number of steps) and aperiodic (i.e., the greatest common divisor
of the return times to a state is one), then it is a primitive matrix
and satisfies the conditions of the Perron–Frobenius Theorem.49

By Gershgorin’s circle theorem, the maximum eigenvalue of any
right stochastic matrix is 1,50 and the Perron–Frobenius theorem
guarantees that all other eigenvalues have modulus less than 1. Con-
sequently, the iteration of the projections by P filters out the eigen-
state with the eigenvalue of 1 and there exists a unique stationary
distribution π⃗eq, such that

π⃗eq = π⃗eqP. (A6)

This describes the mathematical structure behind the power method
for iteratively updating probability distributions. In other words,
repeatedly applying the update π⃗k+1 = π⃗kP from any initial distribu-
tion leads to convergence toward the stationary state π⃗eq, as all non-
dominant eigenmodes decay exponentially. We can immediately
show that πeq(x)∝ bx∣ΨG(x)∣2 is indeed a stationary distribution
by plugging it into Eq. (A3),

∑
x

bx∣ΨG(x)∣2 ⋅ px′ ,x =∑
x
∣ΨG(x)∣2 ⋅ Gx′ ,x

=∑
x
(λδx′ ,x − Hx′ ,x)ΨG(x)ΨG(x′)

=∑
x
(λδx,x′ − Hx,x′)ΨG(x)ΨG(x′)

=∑
x
(λδx,x′ − Hx,x′)ΨG(x)/ΨG(x′) ⋅ ∣ΨG(x′)∣2

=∑
x

Gx,x′ ∣ΨG(x′)∣2

= bx′ ∣ΨG(x′)∣2, (A7)

where the hermiticity of the Hamiltonian Hx,x′ = Hx′ ,x is exploited,
by also assuming for simplicity that the Hamiltonian matrix ele-
ments are real. Then, by the Perron–Frobenius theorem, this left
eigenvector with eigenvalue 1 is unique, confirming that bx∣ΨG(x)∣2
corresponds to the stationary distribution [also see Eq. (8.40)
of Ref. 20].

Next, we derive the equilibrium distribution of position and
weight, P(x, w). Notice that the stationary distribution π(x)
obtained earlier is the unweighted marginal of P(x, w), i.e.,
π(x) = ∫dw P(x, w). The transition kernel K for the weighted
process is defined as

K(x′, w′∣x, w) = px′ ,x δ(w
′ − wbx). (A8)

The corresponding master equation becomes

Pn+1(x′, w′) =∑
x
∫ dw K(x′, w′∣x, w) Pn(x, w). (A9)

Multiplying both sides by w′ and integrating yields

∫ dw′ w′Pn+1(x′, w′) =∑
x

px′ ,xbx ∫ dw wPn(x, w)

=∑
x

Gx′ ,x ∫ dw wPn(x, w). (A10)

The marginal weighted probability Π(x) = ∫dw w P(x, w) is noth-
ing but the many-body wavefunction at step n, i.e., Ψn(x)ΨG(x)
≡ Πn(x) = ∫dw w Pn(x, w). In the vector notation, this leads to

Π⃗n+1 = Π⃗nG, (A11)
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where Gi,j ≡ Gxj ,xi . Since Gx′ ,x = px′ ,xbx, we can define a diag-
onal matrix B with elements Bi,i = bxi , so that G = BP. If
B is strictly positive and P is primitive, then G is also primitive.
Therefore, according to the Perron–Frobenius theorem, the mas-
ter equation has a stationary (unnormalized) solution Πeq(x), and
the spectral radius ρ(G) > 0 ensures the existence of a dominant
eigenvector. In fact, the eigenvector of G is Ψ0(x)ΨG(x), and the
corresponding eigenvalue is λ − E0, which can be easily verified by
substitution,

∑

x
Ψ0(x)ΨG(x) ⋅ Gx′ ,x =∑

x
Ψ0(x)ΨG(x)(λδx′ ,x − Hx′ ,x)

ΨG(x′)
ΨG(x)

,

(A12)

=∑
x
Ψ0(x)(λδx′ ,x − Hx′ ,x)ΨG(x′), (A13)

= (λ − E0)Ψ0(x′)ΨG(x′). (A14)

The eigenvalue (λ − E0) is apparently the dominant eigenvalue
because E0 < Ei for ∀i, where i refers to the ith excited state. Thus,
applying G repeatedly to any initial distribution yields

Π⃗initGn = Π⃗n ∼ (λ − E0)nΨ0(x)ΨG(x), (A15)

where the prefactor (λ − E0)n is canceled out in computing an
observable.

APPENDIX B: THE STATIONARY DISTRIBUTION
OF THE LOAD-BALANCED LATTICE REGULARIZED
MONTE CARLO METHOD

Given the definition of the modified Green’s function in the
load-balanced LRDMC algorithm,

Gx′ ,x = −
1

W(x) − E0
H̄x′ ,x

ΨG(x′)
ΨG(x)

, (B1)

with H̄x′ ,x being a hermitian (and real for the sake of simplicity)
matrix, we can follow the same steps carried out in Appendix A to
show that the marginal weighted probability, which reads

Πeq(x) = ∫ dw w P(x, w) = (W(x) − E0)ΨG(x)Ψ0(x) (B2)

is stationary in the stochastic Markov chain process driven by
Gx′ ,x in Eq. (B1), such that

Π⃗eq = Π⃗eqG. (B3)

This can be proven as follows:

∑
x
(W(x) − E0)Ψ0(x)ΨG(x) ⋅ Gx′ ,x

= −∑
x
Ψ0(x)ΨG(x)H̄x′ ,x

ΨG(x′)
ΨG(x)

, (B4)

= −∑
x
Ψ0(x)H̄x′ ,xΨG(x′), (B5)

= (W(x′) − E0)Ψ0(x′)ΨG(x′). (B6)

This does not guarantee that the dominant eigenvalue of the master
equation is 1 because G in Eq. (B1) [Eq. (28) of the main text] is not
normalized. However, Πeq is certainly a saddle point in the space of
distribution functions for those processes driven by G. Moreover, by
performing an eigenvalue decomposition of the initial state Ψinit,

∣Ψinit⟩ =∑
i≥0

ai∣Ψi⟩, (B7)

where ai is the coefficient for the ith eigenvectors (Ψi) with energy
εi, and εi+1 ≥ εi, one can show that the initial distribution Πinit(x)
= (W(x) − E0)ΨG(x)Ψinit(x), with E0 being the best guess for the
ground state energy ε0 (assumed for simplicity non degenerate),
is transformed by the application of G in such a way that the
distribution at the next iteration reads

Πnext(x) = (W(x) − ϵ0)[a0ΨG(x)Ψ0(x)

+∑
i>0

ai
W(x) − ϵi

W(x) − ϵ0
ΨG(x)Ψi(x)]. (B8)

The remaining part beyond a0ΨG(x)Ψ0(x) will have renormalized
coefficients ai → ai

W(x)−ϵi
W(x)−ϵ0

. If ∣ W(x)−ϵi
W(x)−ϵ0

∣ < 1 ∀x, then the amplitude
of the higher energy coefficients will be damped and the distribu-
tion will converge to (W(x) − ϵ0)ΨG(x)Ψ0(x) for a large enough
number of applications of G together with the update E0 → ε0.
The condition ∣ W(x)−ϵi

W(x)−ϵ0
∣ < 1 holds for ϵi < 2W(x) − ϵ0. If the ini-

tial state is good enough (namely, with higher energy components
suppressed, i.e., ak ≪ 1 for k such that ϵk > 2W(x) − ϵ0, and with a
non-zero overlap with the ground state, i.e., a0 ≠ 0), then the distri-
bution will converge toward the mixed ground state one Eqs. (B2)
and (31). The convergence can be easily monitored during the simu-
lation by looking at the decrease (or stability) in E0, estimated during
the projection [see Eq. (33)]. Indeed, breaking the convergence con-
dition will mean introducing very high energy states, leading to an
energy blow-up. In practice, we never found such a case in all sys-
tems studied so far, starting from “regular” variational trial states.
This is related to the fact that W(x) turns out to be always large com-
pared to the energy scales of the projected wavefunction, yielding
∀x a sufficiently wide energy stability window [ϵ0, 2W(x) − ϵ0].

APPENDIX C: EMULATION OF THE PARALLELIZATION
EFFICIENCY OF THE CONVENTIONAL LRDMC
ALGORITHM

The degradation of the parallelization efficiency of the con-
ventional LRDMC algorithm can be easily demonstrated using a
simple emulation of the implementation (i.e., a toy model). If the
total off-diagonal transition probability bx = Σx′≠x Gx′ ,x is assumed
to follow a normal distribution (or is approximated as a constant),
then the number of projection steps required until τleft = 0 can be
simulated using a simple random sampling program, correspond-
ing lines 3–5,7–9, and 11–13,17 of Algorithm 1. In Fig. 4, we plot
the minimum, maximum, and average number of projection steps
required to reach τleft = 0 as a function of the number of walkers used
in the emulation. In this emulation, the projection time τ was set 5.0,
and the off-diagonal sum of the Green’s function, bx ≡ ∑x′≠x Gx′ ,x
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FIG. 4. Emulation of the evolution of τ in the conventional LRDMC implementation
with respect to the number of walkers (see the main text for details). Simula-
tions were carried out for walker populations of Nw = 10, 100, 1000, 10 000, and
100 000.

in Eq. (24), was sampled from a normal distribution with mean of
1 × 103 and standard deviation of 0.5. As the figure shows, while the
average number of steps remains constant regardless of the number
of walkers, the branching algorithm must wait for the slowest walker
to finish. The outcome of this emulation reproduces the log(Nw)
scaling of the actual benchmark results shown in Fig. 3.

APPENDIX D: FIXED-NODE APPROXIMATION
AND LATTICE DISCRETIZATION IN LRDMC

As already mentioned, Green’s function cannot be made
strictly positive for fermions; therefore, the fixed-node approx-
imation (FNA) has to be introduced20 in order to avoid the
sign problem. The FNA is implemented by defining an effective
fixed-node (FN) Hamiltonian HFN

x′ ,x, with modified off-diagonal
matrix elements and with the inclusion of the spin-flip term
Vsf(x) = ∑x′ :sx′ ,x>0 Hx′ ,xΨG(x′)/ΨG(x),

HFN
x′ ,x =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Hx,x+VSF(x) for x′ = x,

Hx′ ,x for x′ ≠ x, sx′ ,x < 0,

0 for x′ ≠ x, sx′ ,x > 0,

(D1)

where sx′ ,x = ΨG(x′)Hx′ ,xΨG(x). In other words, for off-diagonal
matrix elements Hx′ ,x coming from the Laplacian discretizaton
(kinetic terms), sx′ ,x > 0 indicates that the hopping x → x′ crosses
the nodal surface of the guiding function. For more complicated
off-diagonal elements, coming, e.g., for the non-local pseudopoten-
tials, the sign sx′ ,x has a less trivial interpretation, and it is chosen

simply to guarantee the non-negativity of the FN Gx′ ,x. Indeed,
the use of the FN Green’s function with the so-called guiding
function,

GFN
x′ ,x = (Λx′ ,x − HFN

x′ ,x)
ΨG(x′)
ΨG(x)

= λδx′ ,x −
ΨG(x′)
ΨG(x)

HFN
x′ ,x (D2)

can prevent the crossing of regions where the configuration space
yields a sign flip of Green’s function; therefore, the walkers are
constrained in the same nodal pockets to avoid the sign problem.

The Hamiltonian in the spin flip term is com-
posed of two contributions. Hx′ ,xΨG(x′)/ΨG(x)
= Kx′ ,xΨG(x′)/ΨG(x)+Vnl

x′ ,xΨG(x′)/ΨG(x), where Kx′ ,x and
Vnl

x′ ,x are the non-local elements in the kinetic and potential terms,
respectively. The non-local potential term is considered only for
calculations with non-local (semi-local) effective core potentials.
With the non-local (semi-local) ECPs, the above-mentioned
fixed-node Hamiltonian corresponds to the T-move41 in the
standard DMC framework. If one replaces Vnl

x′ ,xΨG(x′)/ΨG(x) with
Vnl

x′ ,xDG(x′)/DG(x), where DG represents the determinant part of
the trial wavefunction ΨG, the resultant fixed-node Hamiltonian
corresponds to the T-move with determinant locality approximation
(DTM)40 in the standard DMC framework.

In LRDMC, the original continuous Hamiltonian is regularized
by allowing electron hoppings with step size a, in order to mimic
the electronic kinetic energy on the continuum. The corresponding
regularized Hamiltonian Ĥ a is then defined such that Ĥ a → Ĥ for
a→ 0. Namely, the kinetic and potential parts are approximated by
a finite difference form: Ĥ a ≡ K̂ a + V̂ a.

We start from the kinetic part K̂ a. The discretized Laplacian
∇2

a acts on a function f (xi, yi, zi) as

∇2
a,i f (xi, yi, zi) =

1
a2 {[ f (xi + a) − f (xi)] + [ f (xi − a) − f (xi)]}

↔ yi ↔ zi. (D3)

Therefore, the discretized kinetic operator K̂ a ≡ − 1
2∑i∇2

a,i acts on
∣x⟩ as

K̂ a∣x⟩ ≡ −1
2

Ne

∑
i=1
∇2

a,i∣x⟩ =
3Ne

a2 ∣x⟩ −
1

2a2

6Ne

∑
j=1
∣xj⟩, (D4)

leading to

K̂a
x′ ,x

ΨG(x′)
ΨG(x)

= 3Ne

a2 δx′ ,x −
1

2a2
ΨG(x′)
ΨG(x)

δad
x′ ,x, (D5)

where δad
x′ ,x = 1 only if x′ is adjacent to x, otherwise 0. Here, one

should consider only 6Nex′ adjacent to x. Thus, the GFMC method
is applicable to the continuous ab initio Hamiltonian, thanks to
the sparsity of the discretized kinetic operator. The three versors,
upon which the displacements in Eq. (D3) are defined, are set to
rotate with random angles along the LRDMC simulation, in such
a way that the underlying lattice is randomized and the lattice space
extrapolation reach the continuous space limit faster.
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The potential term V̂ a is divided into local and non-local
terms, V̂ a ≡ V̂a

loc + V̂nl, where only the local term depends on the
discretized mesh a, through the following definition:

Va
loc(x) ≡ Vloc(x) +

1
2
[∑i (∇2

a,i −∇2
i )ΨG(x)

ΨG(x)
], (D6)

with V loc(x) = ∑iνei(ri) +∑i,jνee(ri,j) + V ii electron–ion (ei),
electron–electron (ee), and ion–ion (ii) interactions. With the
modified potential in Eq. (D6), the local energy of the original
Hamiltonian coincides with that of the regularized one,

ea
L(x) =

⟨ΨG∣ − 1
2∇

2
a + V̂a

loc + V̂nl∣x⟩
⟨ΨG∣x⟩

= ⟨ΨG∣ − 1
2∇

2 + V̂loc + V̂nl∣x⟩
⟨ΨG∣x⟩

≡ eL(x). (D7)

Together with the randomized mesh, the condition in Eq. (D7) also
accelerates the convergence of the FN Ĥ a ground-state energy to
the continuous a→ 0 limit.

With the aim at defining a rigorously stable and robust method
that works for any finite value of a, we need to further modify the
local potential in Eq. (D6), to avoid negative divergences that can
arise from the nodes of the guiding function, from electron con-
figurations too close to the nuclei, or from both, where the bare
electron–ion potential is strongly attractive. To proceed, we notice
that the regularization of Eq. (D6) can be interpreted as the modi-
fication of the bare electron–ion potential involving the ith electron
νei(ri)→ νa

zv,i(x), where

νa
zv,i(x) = νei(ri) +

(∇2
a,i −∇2

i )ΨG(x)
2ΨG(x)

for i ∈ [1, Ne], (D8)

such that Va
loc(x) = ∑i νzv,i(x) +∑i,j νee(ri,j) + Vii. The above-

mentioned modification cancels out most of the singularities of
the attractive potential thanks to the electron–ion cusp conditions
fulfilled by ΨG. However, we can still have unbounded negative
values on the nodal surface of the guiding function. A safe possibility
to protect the simulation from all these instabilities is given by
the following modification of the electron–ion potential for each
electron i:

νa
max,i(x) = max [νa

zv,i(x), νa
ei(ri)], (D9)

where νa
ei(ri) is defined as

νa
ei(ri) = −∑

I

ZI

max (∣ri − RI ∣, a) (D10)

for all-electron calculations, which introduces a lower bound
∝ −1/a, while for calculations with ECPs, νa

ei(ri) = νei(ri)
= −∑I Zpseudo

I /∣ri − RI ∣ because in the latter case, the bare Coulomb
divergence is perfectly canceled by the localized pseudopotential
channels for smooth pseudopotentials, implicitly added to Vsf in
Eq. (D1) and coming from the partial localization of V̂nl. Since the
condition νa

ei(ri) > νa
zv,i(x) is often satisfied for electrons within a

lattice-space range from the nuclei, Eq. (D9) is applied, in practice,

only when the electrons cross the nodal surface with the discretized
Laplacian (and the discretized ECP mesh),

νa
opt,i(x) =

⎧
⎪⎪⎪
⎨
⎪⎪⎪
⎩

νa
max,i(x) if ΨG(x)ΨG(xj) < 0, for at least one xj

νa
zv,i(x) otherwise,

(D11)
where xj indicates the possible configurations proposed by the dis-
cretized Laplacian (and ECP). Within this formulation, and by
replacing νa

zv,i(x) in Eq. (D8) with νa
opt,i(x) in Eq. (D11), the final reg-

ularized potential, W(x) = ∑i ν
a
opt,i(x) +∑i,j νee(ri,j)+Vsf(x) + Vii,

is protected from the possible negative energy instabilities close to
the nodal surface and/or close to the nuclei, and guarantees the
existence of a finite ground-state energy for any a > 0.

Finally, we notice that, specifically for all-electron calculations,
multiple lattice discretization can be introduced to deal with differ-
ent characteristic lengths in the real space, such as the ones affecting
core and valence electrons; see Refs. 16, 22, and 32 for details. The
multiple lattice discretization can be applied both to the conven-
tional and load-balanced GFMC algorithms. For the sake of clarity,
we used the single lattice discretization throughout the discussion.
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