International Journal of Thermophysics (2024) 45:61
https://doi.org/10.1007/s10765-024-03351-1

™

Check for
updates

Fourier Transform Thermoreflectance Method Under
Front-Heat Front-Detect Configuration

Takahiro Baba'? - Tetsuya Baba' - Takao Mori'?

Received: 8 January 2024 / Accepted: 20 February 2024 / Published online: 25 March 2024
© The Author(s) 2024

Abstract

The thermoreflectance method, which can measure thermal diffusivity in the cross-
plane direction of thin films, mainly has two possible configurations; rear-heat
front-detect (RF) and front-heat front-detect (FF) configuration. FF configuration is
applicable to a wide variety of thin films including thin films deposited on opaque
substrates, but this configuration has some problems in determination of the ther-
mal diffusivity. One of the main problems is the effect of the penetration of pump
beam and probe beam in thin film, which affects the initial temperature distribution
near the sample’s surface after pulse heating. Several studies have tried to analyze
the effect but there have been no practical analytical solutions which can solve this
problem in FF configuration. In this paper, we propose a new analytical solution
which considers the penetration of pump beam and probe beam into thin film, and
by applying Fourier expansion analysis which we developed in a previous study to
thermoreflectance signals, we have determined the thermal diffusivity of thin film in
the thermoreflectance method under FF configuration. We measured platinum thin
films with different thickness under both FF and RF configuration and obtained con-
sistent thermal diffusivity values from both configurations.
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1 Introduction

Reliable thermophysical property values of thin films are important to develop
advanced electronics devices such as highly integrated electronic devices, phase-
change memories, magneto-optical disks, light-emitting diodes (LEDs), and sem-
iconductor lasers (LDs) [1-5]. Semiconductor devices such as central processing
unit (CPU) are composed of thin films and thin wires with a scale much smaller
than 100 nm. Since the temperature of semiconductor devices is raised by Joule
heating of electric current under operation, it is primarily important to under-
stand the flow of heat inside the device and perform thermal design to improve
the degree of integration and clock speed thereby suppressing overheating of
the device. In recording media such as DVD-RAM and Phase-change memory,
recording is performed by heating a minute area with a laser beam or electric
current and changing the state of that area (magnetization, crystalline phase, and
amorphous phase) [6]. The key technology is controlling temperature changes
inside the recording medium using pulse heating. Furthermore, in the develop-
ment of novel thermoelectric thin films, thermal conductivity or thermal diffusiv-
ity is one of the key properties to evaluate non-dimensional figure of merit of the
material [7, 8].

The picosecond thermoreflectance method was invented by Paddock and Ees-
ley for measuring thermal diffusivity of thin films [9]. Different wavelengths of
dye lasers excited by a mode-locked argon ion laser were used as pump beam and
probe beam. Since reflectivity of material surface varies depending on the surface
temperature, a change of the sample’s front surface temperature can be observed
by a change of reflected light intensity detected by photodiode. This temperature
measurement method gauged via the temperature change of reflectivity is called the
thermoreflectance method [10]. This method was applied, for example, to measure
cross-plane thermal diffusivity of aluminum thin films from 50 nm, 100 nm, and
500 nm thick by the National Research Laboratory of Metrology [11-13].

However, these studies by the picosecond thermoreflectance measurement
under front-heat front-detect (FF) configuration were less successful to determine
cross-plane thermal diffusivity of thin films, compared to the flash method for
bulk materials [14—17], because of the following reasons.

1. Since the pulse interval of pump beam was as short as 13 ns, the influence of
heating from previous pulses is large. Therefore, it is difficult to quantitatively
analyze the signal using the heat diffusion equation.

2. Since the delay time between pump beam and probe beam was typically controlled
by using optical delay lines, the observation time was shorter than 6 ns which is
smaller than the pulse interval of 13 ns.

3. The pump beam does not heat just the surface of the sample since the beam
penetrates into the thin film and exponentially decays from the surface with an
attenuation length of 10 nm order. This is also the case for the probe beam.
Although these effects were analyzed [18, 19], an analytical equation considering
the penetration of both pump beam and probe beam has not been obtained.
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To avoid these disadvantages of picosecond thermoreflectance method under FF
configuration, the National Research Laboratory of Metrology shifted its research
focus from FF configuration to rear-heat front-detect (RF) configuration, which are
geometrically similar to the flash method [20-23]. This approach has been success-
ful to measure the cross-plane thermal diffusivity of thin films with the same reli-
ability as the flash method. However, although a thin metallic film on a transparent
substrate can be measured under RF configuration, thin films on opaque substrate
could not be measured under this configuration.

To meet the urgent needs of material science and technology, an engineering
approach was introduced to the picosecond thermoreflectance method under FF
configuration, where thermal diffusivity and thermal conductivity of the first layer,
which is called as the transducer by this approach, are approximated to be infinitely
large. Then, the thermophysical properties of the second and subsequent layers are
estimated by analyzing the cooling curve of the surface of the first layer under the
FF configuration [24-26]. Now the term “Time Domain Thermoreflectance (TDTR)
method” is often used for this specific approach to derive thermal diffusivity values
from thermoreflectance signals in time domain. Many studies by the TDTR method
have been reported including temperature-dependent thermal boundary conductance
at Al,O; and Pt/Al,O; interfaces [27] and simultaneous measurement of thermal
conductivity and specific heat capacity [28].

The National Research Laboratory of Metrology was reorganized to the National
Metrology Institute of Japan (NMIJ) in 2001. Key technologies have been devel-
oped in NMIJ to solve the two constraints of picosecond thermoreflectance meas-
urements, 1. 2. mentioned above. First one is control of delay time between pump
beam and probe beam, using electrical control by Taketoshi et al. [29]. This tech-
nology realized measurement of thermoreflectance signal over the entire period of
pulse interval. Second one is replacement of “Ti—Sapphire lasers with pulse interval
of 13 ns” to “mode-locked fiber laser with a pulse interval of 50 ns” by Yagi et al.
[23, 30, 31]. This technology enabled to observe thermoreflectance signals over
the entire period of 50 ns. By replacing the large-scale and expensive Ti—sapphire
laser system with the compact fiber-laser system, this measuring instrument can be
assembled much more compactly, cost-effective, and enable it to be popularized for
wide use by science and technology.

Recently, a new analytical approach based on Fourier transform, which can repro-
duce temperature responses over the entire range of pulse interval, was developed
by Baba et al. [32]. This analytical approach has reduced the uncertainty of thermal
diffusivity determination by the thermoreflectance method under RF configuration.
This approach has also been extended to simultaneously determine thermal diffusiv-
ity of thin film and interfacial thermal resistance between thin film and substrate
[33].

In this study, we report the application of the Fourier transform approach to the
thermoreflectance method under the FF configuration.
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2 Experiments

Figure 1 shows a schematic diagram of the thermoreflectance method in front-heat
front-detect (FF) configuration. In the case of FF configuration, a laser beam is incident
on the surface of thin film to heat up the surface. Another laser beam is incident on the
same surface and reflection from the surface is detected by photodetector to observe
the surface temperature. The wavelength of pump beam and probe beam are 1550 nm
and 775 nm, respectively. More detailed information about our experimental setup is
explained in our previous work [32].

In actual thermoreflectance measurements, heat transfer across thin films can be
regarded as one-dimensional because diameter of the pump beam, which is 45 pm
in our apparatus, is far larger than thickness of thin films. Thus, analytical solutions
for temperature responses from a sample can be derived from one-dimensional heat
equation.

3 Analysis
3.1 Heat Diffusion Across Thin Film on Substrate

If a sample is assumed to be a single-layered film on semi-infinite substrate as shown in
Fig. 1, the relationship between the temperature at front surface of thin film 7}, the tem-
perature at interface between thin film and substrate T, the heat flux across surface of
thin film ¢, , and the heat flux across the interface g, is expressed as follows in Laplace
domain [34]

[q;(@ ] _ | cosh(vmE)  —bpvEsinh(y/72) [ G) ] 0
T.(&) —msmh(\ 7€) cosh(y/7;€) T,
d 2
f
7=, )
a5
Fig. 1 Diagram of thermoreflec- Thin Film
tance method under front-heat
front-detect (FF) configuration Probe beam l
Pump beam
trat
(Pulss] Substrate
Detector
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where 7 is heat diffusion time across thin film, df is thickness of thin film, ag is
thermal diffusivity of thin film, and b, is thermal effusivity of thin film. £ is a com-
plex variable in Laplace domain.
‘When thickness of substrate is assumed L to be semi-infinite, the temperature of the
interface between thin film and substrate 7,(¢) in Laplace transform is expressed as
follows [34]

~ 1 ~
T(&) = ——=xq,®,
b,V/E ®

where b, is the thermal effusivity of substrate.

3.2 Effect of Penetration of Pump Beam

If a laser beam is incident on an actual material, the initial distribution of heat in the
material can be expressed as follows

0;(x) = kexp(—«x), @)

where « is absorption coefficient, which is the reciprocal of penetration depth /. In
the case of a semi-infinite material, the surface temperature of the material after
pulse heating at distance x can be expressed as following Green’s function [34].

1 Xexp<—£> 5
b/mt 4at )’ )

where b is thermal effusivity and « is thermal diffusivity of material. The surface
temperature of the material 7;(7) can be expressed by the convolution of Eqgs. 4 and
5 as follows

® 2 t t
T:(t) = G(x, H)Q;(x)dx = Z erf -
7 /0 (0 \/;cplexp<7i>er C< Ti) ©

l2
a

G, 1) =

T; =

) )
where 7, is heat diffusion time across the penetration depth, which means the heat
diffusion time across the material whose thickness is the same as the penetration
depth /.

3.3 Matrix Representation of Beam Penetration

Effect of beam penetration can be represented by a matrix as explained in this
subchapter. The relationship between the temperature at front surface of thin film 77,
the temperature at interface between thin film and substrate T, the heat flux across
surface of thin film g, , and the heat flux across interface g, is expressed as Eq. 1. If
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the first layer has finite heat capacity and infinite thermal conductivity, Eq. 1 can be
expressed as follows

[@(5)] _ [1 —cf&] [qu(é)] .
T,(¢) 0 1 T,(&) ®)
Cr = crpydy, ©9)

where C; is heat capacity per unit area of thin film, ¢, is specific heat capacity of
thin film, and p; is density of thin film. Considering Eq. 3 and ch(é) = 1, the Laplace
transform of surface temperature 7,(¢) can be expressed as follows:

1

1
X
bE 14T E (10

C 2
(%)

where 7, is characteristic time called heat effusion time. The surface temperature
Ty(1) is expressed as inverse Laplace transform of 7;(£) as follows:

2 t !
T,(t) = ——ex <—>erfc< —>
h Vernd; s b 2

Equation 12 is the same as Eq. 6 when 7, = 7;. This means penetration of laser
beam can be regarded as heat effusion from a layer with finite heat capacity and
infinite thermal conductivity since they are mathematically equivalent to each other.

An equation which considers the penetration of probe beam, as well as the pen-
etration of pump beam, can be expressed by a linear combination of the above-
mentioned equation with heat diffusion times associated with heating and detection,
respectively (see Appendix for details). Therefore, the contribution from the pene-
tration of both pump beam and probe beam can be expressed by the matrix in Eq. 8.

T =

3.4 Effect of Beam Penetration into Thin Film on Substrate

To consider the contribution from the penetration of pump beam in thin film, we
assumed that the thin film can be divided into two layers as shown in Fig. 2. The
thickness of the first layer corresponds to the penetration depth of pump beam /. In
this case, the temperature at the front end of the first layer is named 7}, (§) and the
heat flux across the front end is named E]}](é). On the other hand, the temperature
at the interface between the first layer and second layer in thin film is named 7}, ($),
which corresponds to the temperature at the front end of the second layer, and the
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Fig.2 Schematic diagram of two-layer (thin film and substrate) model with penetration of pump beam

heat flux across the interface is named (}}5(5). The relationship between temperature
and heat flux can be extended by cascading quadrupole matrices as follows [34]

50] [y by
Tv(f) B _mSinh(v ’L}-zé’) COSh(\/Tf?)

. 13)
y cosh(y/zE) by \/Esinh(4/7,E) q71(8)
—ﬁsinh(\/'rﬂf) cosh(4/7;,€) T4 (9)
l2
Ty = o (14
(d —1)°
(e (1>

where 7;; is heat diffusion time across the first layer in thin film, 7, is heat diffu-
sion time across the second layer in thin film, ay, is thermal diffusivity of the first
layer in thin film, a, is thermal diffusivity of the second layer in thin film, by, is
thermal effusivity of the first layer in thin film, and by, is thermal effusivity of the
second layer in thin film. If the first layer has finite heat capacity and infinite thermal
conductivity /lfl (i.e., infinite thermal diffusivity afl), each of the elements, which
includes Ty, converges as follows:

2
lim cosh(1 /rﬂé) = lim cosh( l—é) =1 (16)
A =0 =00 Q.

'f1
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. sinh< ﬁé)
m Slnh(‘\/Tflé) - lim ) -0 (17)

li
U by y/E MR Cppfapé

lim bf]\/_smh(‘/rfl ) = hm L /Py /aflfsmh(ﬁ ) =Cné  (18)
=00

Cri = ¢rpyl, (19)

where Cy, is heat capacity per unit area of the first layer in thin film. Therefore,
Eq. 13 can be expressed as follows

[@@] _ | cosh(vmg)  —bpyesinh(y/zng) [ cﬂg] [gz(:)]
T©] " |~ yptinh(vVeg)  cosh(y/7nd) 0 1 [[7,®
(20)
In thermoreflectance method, the surface of the thin film is assumed to be
pulse heated, which can be expressed by Dirac delta function 6(¢). The Laplace
transform of 6(¢) is 1. Considering Eq. 3 and @(5) = 1, the following relationship
between heat flux and temperature can be obtained from Eq. 20.

bs\/EYN"s(z;‘) = cosh(ﬁ) - (C}@cosh(ﬁ) + bfz\/gsinh<\/%>>7?(§)

(21)
T(&) = - l\/gsinh(‘ [2,¢ ) ( \/_smh(\ [5,5¢ ) +cosh(, /Tﬁg))@]((g)
f2
(22)
By solving Eqs. 21 and 22, 7’;(5) is expressed as follows:
— 1+ yexp(—2+/7:&
@ = ——x 2/52) 3)
bvE 1 —yexp(=24/7,€) + (1 +rexp(-24/7,€) ) V/7é
2
d,—1
7= -1y 24)
%
by — b,
"= b+, 25
Cr\?2 2
7 = <i> =L 26)
by a
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where y is non-dimensional parameter called ratio of virtual heat sources [34], and
7, is heat diffusion time across the penetration depth. &, 7, , and by, are replaced
with ap, Tp and bf for conven@ce.

The surface temperature 7y(¢) can be regarded as proportional to the reflec-
tance because actual temperature change in thermoreflectance method is small.
Thus, the intensity of reflected probe beam can be expressed as follows:

ko 1+ yexp(-24/7,€)
bf\/g 1- }/exp(—Z rff) + (l + }/exp(—Z rf.f)) Tie;"
(27

where k is a proportionality constant. If the proportionality constant is redefined as
kt = k/bs, Eq. 27 can be expressed as follows

Y(&) = kTp,(6) =

v 1+ yexp(-24/7:€)
bf\/E 1- yexp(—Z 'rfcf) + (1 +yexp(—2 rfé))\/%

Equation 28, which expresses thermoreflectance signals, can be used as regres-
sion function in regression analysis. As we explained in the previous study, the
regression analysis can be applied to Fourier coefficients of thermoreflectance
signals in frequency domain [32].

Y =

(28)

4 Results

We measured platinum thin films (100 nm, 150 nm, and 200 nm thick) deposited
on fused quartz substrate with a picosecond thermoreflectance apparatus PicolR
(NETZSCH-Geritebau GmbH) under FF configuration. Figure 3(a), (b), and (c) shows
thermoreflectance signals from O s to 5 ns, observed from the 100 nm thick, 150 nm
thick, and 200 nm thick Pt thin film, respectively. The signals were sampled at 100 GHz
sampling rate (10 ps sampling interval). The interval of periodic pulse of pump beam
AT is 50 ns. Fourier coefficient Y, was calculated from the thermoreflectance signal by
using DFT in the range of 0 s to 50 ns [32]. After obtaining Y, least squares method
was applied to the absolute value of the Fourier coefficient|Y,,| as follows:

Y, = Y(v,. k1. 5.7.2)| + e, (29)

where v, is frequency and € is error. k1, %}-, 7 , and 7, are estimates of fitting param-
eters k/, Y, and 7;. By estimating fitting parameters, [, ar, bf , and b, are deter-

mined by following equations.
b
o &
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Fig.3 (a): Thermoreflectance signal under FF configuration from the 100 nm thick Pt film and regres- p-
sion curves in time domain. (b): Thermoreflectance signal under FF configuration from the 150 nm thick
Pt film and regression curves in time domain. (c): Thermoreflectance signal under FF configuration from
the 200 nm thick Pt film and regression curves in time domain

2
d.—1
a = g 31)
Tf
by = \Joyerps (32)
1-7
b, =b—— 33
fl +7 (33)

Equation 30 is derived from Eqs. 24 and 26. Figure 4 shows the absolute value
of the Fourier coefficient |Y, | obtained from the signal in Fig. 3(a) and the regres-
sion curve in frequency domain. Frequency components above 20 GHz, which are
not significant, are discarded. Table 1 shows estimates of fitting parameters 1’-},
7 , and 7, obtained by applying least squares method to the absolutes of Fou-
rier coefficients |Y,|. Thermal diffusivity of thin film a, and penetration depth
of pump beam / were determined by the estimates of the fitting parameters. The
specific heat capacity ¢, and density p, are 1337 - (kg - K)~! and 21500kg - m™3 ,
respectively, which are literature values for platinum [35]. The red lines in Fig. 3
and 4 show regression curves derived from Eq. 28 in time domain and frequency
domain, respectively. The regression curves, which are calculated by Fourier
series, are oscillating at around 0 s because of Gibbs phenomenon. Figure 5 shows
the thermoreflectance signal from the 100 nm thick Pt film and its regression
curve in the whole observation time of 50 ns, which is zoomed in Fig. 3(a). By
considering the contributions from 7;, the regression curve can fit the signals in
the whole observation time.

We measured each of the films three times under FF configuration, and under
RF configuration as well. Figure 6 shows normalized thermoreflectance signals
obtained from the 200 nm thick Pt film under both FF and RF configuration. Both
signals close to each other after heat diffusion time of the film. Tables 2 and 3
show thermal diffusivity values and penetration depth values obtained from the
whole measurement, respectively. Average values and standard deviations in three
measurements were also calculated. The determination of thermal diffusivity of Pt
thin film is consistent, and their relative values of standard deviation (SD/Average)
are less than 10 % for the 100 nm thick and 150 nm thick Pt thin film. The values
under FF configuration agree with these under RF configuration within smaller
deviation than 10 % for 150 nm thick and 200 nm thick Pt thin film. The deter-
mination of penetration depth of pump beam is also consistent, and their relative
values of standard deviation are less than 10 % for the 100 nm thick and 150 nm
thick Pt thin film.
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Fig.4 Absolute of Fourier coefficients |Yn| of thermoreflectance signals obtained from the 100 nm thick
Pt film and regression curves in frequency domain

Table 1 Estimates of fitting

d % A o !
parameters and thermal am s S S m
properties determined by the m*~ - s
parameters
100 376 x1071% 0.708 2.00x 107" 1.76 x 107> 1.87x 107%
150 1.18x 107 0.729 155%x 107" 1.54%10™° 1.55%x1078
200 1.66x 107 0.683 126x107"" 2.04x107 1.60x 1078
——— signal
= ——— regression curve
8. —
o
o
- B
3 o
©
S
o 3
8 -t
o
8
8 —
N

Time (ns)

Fig.5 Thermoreflectance signal under FF configuration from the 100 nm thick Pt film and regression
curve in the whole observation time of 50 ns
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Fig.6 Normalized thermoreflectance signals under FF and RF configuration from the 200 nm thick Pt

film

Table 2 All the thermal diffusivity values obtained from the whole measurement

df “//(mz/s) SD/Ave
nm - %
Ist 2nd 3rd Average SD
100  FF 176 x 1075 2.03x 107  1.79% 107  1.86x1075  1.48x107° 7.96
RF  154x107 171x107° 1.72x107° 1.66x10 1.01x107° 6.11
150  FF 154%x107°  180x10° 1.78x 107 1.71x107°  1.45x107° 8.48
RF  164x107° 1.63x10° 151x107° 159x107°  7.23x1077 4.54
200  FF 204%107°  228x107° 224x107°  219x107°  1.29x107° 5.88
RF  191x107 238x107° 252x107° 227x107° 320x107% 141
Table 3 All the penetration depth values obtained from the whole measurement
d; I/m SD/Ave
nm %
1st 2nd 3rd Average SD
100 1.87x1078 1.89 %1078 1.85% 1078 1.87x 1078 2.00x 10710 1.07
150 1.55%x 1078 1.60 x 1078 1.68x 1078 1.61x1078 6.56x 10710 4.07
200 1.60%x 1078 1.99 %1078 1.84%x 1078 1.81x1078 1.97x107° 10.9

5 Discussion

In the conventional mathematical solution for FF configuration, which does not con-
sider the penetration of pump beam, the temperature rise at 0 s is assumed to be
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Fig.7 (a): Regression curves in time domain from the conventional analytical solution (frequency com-
ponents up to 20 GHz, 5 GHz, 1 GHz are considered). (b) Regression curves in time domain from the
proposed analytical solution (frequency components up to 20 GHz, 5 GHz, 1 GHz are considered)

infinite, which is not the case of actual measurements.

Figure 7 shows the same thermoreflectance signals in Fig. 3(a). The red line,
the green line, and the blue line in Fig. 7(a) are regression curves from the con-
ventional analytical solution (z; is fixed at 0 in Eq. 28) when frequency compo-
nents up to 20 GHz, 5 GHz, and 1 GHz are analyzed, by which thermal diffusiv-
ity of the thin film is determined at 5.67 x 10 m? - 57!, 3.68 x 10 m? - s~! , and
2.84x 10> m? - s~! | respectively. Although the blue line is close to the observed
thermoreflectance signal, the regression curve deviates from the signal as the upper
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limit of frequency components increases from 1 to 20 GHz because the function
1/+/t diverges at time = 0.

On the other hand, the red line, the green line, and the blue line in Fig. 7(b) are
the regression curves from the proposed analytical solution Eq. 28 when frequency
components up to 20 GHz, 5 GHz, and 1 GHz are analyzed, by which thermal diffu-
sivity of the thin film is determined at 1.76 x 10> m? - s7,1.90 x 10> m? - s7!, and
2.64x 107> m? - 57!, respectively. When the upper limit of frequency components
increases from 1 to 20 GHz, the regression curve consistently fits the signal with
small deviation. This robustness confirms the validity of the proposed analytical
solution, which does not diverge but have finite value at = 0. When the upper limit
of frequency components is 1 GHz, the regression curve deviates from the signal at
around 0.05 ns to 0.3 ns because of the lack of higher frequency components.

6 Conclusion

We have derived a new analytical formula which considers the penetration of pump
beam and probe beam in thermoreflectance method under FF configuration. We
measured three Pt thin film with different thickness (100 nm, 150 nm, and 200 nm)
deposited on fused quartz substrate both under FF and RF configuration. By apply-
ing Fourier expansion analysis and the new formula which considers the penetration
depth of beam to the thermoreflectance signals, consistent thermal diffusivity val-
ues were obtained from both FF and RF configuration, which agree within deviation
smaller than 10 % for 150 nm thick and 200 nm thick Pt thin film. Our new approach
realized the quantitative determination of thermal diffusivity of metallic thin films
located in first layer under FF configuration, which has been a long-term unsolved
issue in this field for more than 35 years. In future, we would like to extend our ana-
lytical approach to more complicated models like multi-layer models.

Appendix

When pump beam and probe beam are incident on a thin film, the beams penetrate
a finite length from the surface, as shown in Fig. 8, in the case of FF configura-
tion. Since the heated face can be assumed to be adiabatic to the environment in
the observation period of 50 ns, contribution of the mirror image of the pulse heat-
ing should be added to the temperature response. The temperature rise after light
heating with a single pulse 7,,,(?) is represented by the dual convolution of an infi-
nite series of Green’s function with heating distribution function for the penetration
depth of pump beam §,,, and the penetration depth of probe beam 6,, by the follow-
ing equation.

Tobs(t) = Treal(t) + Tmirmr(t)’ (34)
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Fig.8 Schematic diagram of Probe beam
penetration of pump beam and
probe beam

Pump beam

where T,,,, is temperature rise by real heat source and 7, is temperature rise by
the mirror image heat source.

The contribution from the real heat source is calculated as follows.

Zb\/_/ / (x4 exp( (g — )(h) )Q()(h)d)(h dx, (35)

mlrrar

real (t) -

D(x,) = éexp(—ﬁ—j) (36)
Q(xh) = éexp(—?—f) (37

Equation 35 can be analytically solved by coordinate conversion and using the Jaco-
bian determinant as expressed by the following equations.

Xg+ 2, =1 (38)
— X =M (39)

dx,dy, dx;dy,

1
dedy, = =4 — =422 ) dnd _—dd
xd ) < n d , Yn) ndu ndu (40)

Then, Eq. 35 is transformed to the following equation.

res= i Lo (3 (G 8 e o353 )

To simplify the equation, the following parameters are defined.

el 1 o
+ 2 5d (Sh ( )
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k=L(L_1L 43

Then, Eq. 41 is transformed to the following equation.

n 2

u
Trea(t) = / exp(—K,n / eXP(—K_M)eXP<——>de'1 44
45‘15,119\/ V- 4at Sa2

This equation can be integrated by parts as follows

1 exp(—x,n) [7 2 ”
T,u(® = ( * )/ exp( K ,u)exp( f )dﬂ
45d6hb\/ —Ky - at .
°°exp n? >
exp(—x_n exp(—— (45)
46d5hb\/ / ( (=) dat

n?
+exp(K_n)exp <_4Wt> >d11

The following equation with complementary error functions is finally derived
from Eq. 45.

1 t [1 ! !
T - = )erf — )+ — Jerf -
real () \/;cp(éd+5h) <exp<Td )er C( Td> exp( T >er C< T >>

(46)
8,
U 47
Td o ( )
5.2
5= (48)
a

where 7, is heat diffusion time across the penetration depth of probe beam and 7,
is heat diffusion time across the penetration depth of pump beam. Since distance
between the mirror image heat source and the detection point is

x4 + x,(= n), the contribution from the mirror image heat source is calculated as
follows.

2
1 Y (xa + 20)
Tmirror(t) - 2]9\/;[/0 /0 D(‘xd)exp<_T>Q(/¥h)d1h dxd (49)

The following equation is derived from Eq. 49 in a similar way.

T iror®) = . <exp < L > erfc < L) — exp < L > erfc < L) >
Vmep(8,~6,) Ta Tq T T

(50)
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According to Eq. 34, the net temperature rise 7,,,(¢) is finally expressed as
follows.

2 by t 3 by t t
T, = @<mexp<r—d)erfc(\/;d) - mexp<a>erfc< T_h>>
(S
When either 6, or 6, is 0, the equation converges to the equation where only the
penetration of pump beam or only the penetration of probe beam is considered,
respectively. When 6, and 6, are equal, the equation converges to the single equation

with single diffusion time 7,,(= 7,= 7). The numerator of 2 in Eq. 51 is a coefficient
due to the addition of the mirror image heat source.
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