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A B S T R A C T

The modified lattice kinetic scheme, which is a type of lattice Boltzmann method, was applied to simulate a fluid
flow consisting of atmosphere gas and melt liquid with a free surface for the melt pool. The conserved
Allen–Cahn equation, which was also transformed to the modified lattice kinetic scheme formulation, was
adapted to track the liquid–solid free surface moving dynamics. In addition, a multi-phase field formulation for
the modified lattice kinetic scheme of the conserved Allen–Cahn equation was derived for adaptation to a three-
phase (gas, liquid and solid) system. Melting and solidification of metal alloy were modelled by a multi-phase
field method with consideration of grain interface anisotropy. The thermal equation with a traveling laser
beam as heat source was solved by coupling fluid flow and melting / solidification analysis. A highly parallelized
computational program was developed by using the Message-Passing Interface (MPI) and Open Multi-Processing
(OpenMP) hybrid method. A three-dimensional model of powder bed fusion additive manufacturing of Ni alloy
consisting of atmosphere gas, a base plate, and powder regions was built. Simulation was conducted using a laser
beam traveling a passage. The pores generated from the initial space between the powder particles and trans-
formed in the liquid by flow convection were shown. It was confirmed that the present numerical framework
provided a high speed and robust method for large scale modelling of the powder bed fusion process from
melting to solidification microstructure evolution.

1. Introduction

Additive manufacturing (AM) is now a common engineering method
for the production of solid parts by adding material layer-by-layer
[1,2,3]. AM has the advantages of consuming smaller amounts of ma-
terial and allowing fabrication of small lots. There are many kinds of
AM, each with a different fabrication mechanism. Examples include wire
arc additive manufacturing (WAAM) [4,5,6], directed energy deposition
(DED) using wire or powder [7,8,9], binder jet three-dimensional (3D)
printing (BJ3DP) [10,11] and powder bed fusion (PBF) using a laser or
an electron beam. PBF has the advantage that it can produce complex 3D
metallic parts through rapid cycles of melting and solidification of
selected metal alloy powder granules [12,13,14,15]. Furthermore, it
provides better surface quality and dimensional accuracy than the other
methods. Laser powder bed fusion (LPBF) is more widely used in the
manufacturing industry than electron PBF due to the lower operational
cost of LPBF. The research and discussion in the present study is focused
on the LPBF process.

In the LPBF process, a high-power laser spot with a small diameter

traveling at high velocity generates a rapid change of temperature dis-
tribution, with a maximum cooling rate and high temperature gradient
of approximately 105-107 K/s and 106-108 K/m [16,17,18,19], respec-
tively. This chaotic temperature condition tends to give rise to some
defects, such as distortion of parts, unfused powder particles, surface
and internal cracks, and pores [20,21,22]. In the LPBF process, not only
the many process parameters of laser power, beam diameter, energy
density distribution, traveling velocity, hatch space, scan pattern,
powder bed thickness and support shape, but also powder properties of
particle size and its distribution, flowability, packed density, and me-
chanical and chemical properties affect the grain microstructure for-
mation and the defect generation [23]. To date, however, no simple
design model has been established to replicate the precise process con-
ditions and reduce the defects. Instead, the process conditions are
designed mainly by referring to a database established under repeated
experimental measurements. Recently, some attempts have been made
to introduce a machine learning approach to reduce the number of ex-
periments [24,25,26].

Some numerical approaches for the LPBF process have been
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attempted to analyze the multi-physics behavior, temporal thermal
distribution, powder melting, luck of fusion, melt pool flow, pore gen-
eration, solidification microstructure and solute segregation. The finite
element method (FEM) is very frequently applied to thermal analysis to
reduce the required calculation time [27,28,29]. Residual stress field
and deformation are estimated from the temporal temperature distri-
bution obtained in the thermal analysis [30,31]. Numerous studies using
computational fluid dynamics (CFD) to analyze melt pool generation,
flow behavior with free surface movement, luck of fusion and keyhole
pore generation, have also been reported [32,33,34,35]. The solidifi-
cation microstructure evolution weakly coupling with CFD analysis is
demonstrated by using a cellular automaton (CA) [36,37]. The phase
field method (PFM) is also applied to the solidification microstructure
evolution by coupling with thermal analysis [38,39] or CFD analysis
[40]. PFM has the advantage by comparing with CA, by providing rapid
solidification microstructure evolution in thermodynamically non-
equilibrium condition of LPBF process [41,42]. However, in the CFD
model for LPBF, solids are generally assumed to be high-viscosity liq-
uids. As this assumption, solidification microstructure evolution is
weakly coupling with CA or CFD analyses. Furthermore, in our experi-
ence, the execution of CFD analysis for LPBF is very time consuming,
particularly for the 3D model [43]. Some numerical methodology for
solidification microstructure evolution fully coupled with CFD analysis
is needed to reduce the total simulation time and increase reliability.

The Lattice Boltzmann method (LBM) is now generally well known as
a method with low consumption of calculation time and high numerical
stability. LBM can be adapted to the multi-phase flow [44,45]. Attempts
to apply LBM to analysis of the LPBF process have been reported
[46,47]. In the CFD method, the free surface movement is usually
tracked by introducing the volume of fluid (VOF) method [48]. The
variable of the liquid/gas volume ratio in the cell is defined in the CFD
method. A similar definition of liquid/gas ratio in the cell has been re-
ported to be adapted to LBM for the LPBF process flow [49]. In this case,
flow velocity in the gas region is usually not solved in order to maintain
numerical stability for the surface tracking. Neglecting the gas flow field
also neglects the effects of the liquid/gas density and viscosity value
ratios. These omissions also improve the numerical stability. However,
the above simplification is considered to afford an insufficient approx-
imation of the practical flow behavior. On the other hand, methods with
sophisticated functions are available to track the free surface by
expressing Cahn–Hilliard (CH) [50,51,52] or conserved Allen–Cahn
(CAC) equations [53,54]. These tracking equations permit tracking of
the free surface movement with consideration of the gas flow field. It is
confirmed that the CAC equation has higher accuracy for maintaining
small bubble volume than the CH equation, because it contains a fourth
order differentiation term with larger numerical error [55]. Neverthe-
less, there has been no large, 3D LPBF process simulation using LBM
with the free surface movement tracked by Cahn–Hilliard (CH) or
conserved Allen–Cahn (CAC) equations.

Suzuki and Inamuro proposed a kind of LBM, the modified lattice
kinetic scheme (MLKS), which has the capability to simulate liquid/gas
flow with free surface tracking under condition of large differences be-
tween gas/liquid density and viscosity [56]. They demonstrated a crown
droplet splashing flow simulated by MLKS for flow and CH equation
[57]. On the other hand, in the LPBF process, the system contains three
phases—solid, gas and liquid—after solid melting with a triple phase
boundary point. Multi-phase treatment for the liquid/gas interface is
necessary in the ripple point. Fortunately, the CAC equation was
extended to a multi-phase formulation by Lee and Kim [58]. In this
study, this extended formulation is called the multi-phase conserved
Allen–Cahn (MPCAC) equation, and it is transformed to the MLKS
formulation in order to allow efficient coupling with the MLKS flow
calculations.

Also in this study, the standard multi-phase field method (MPFM) is
adapted for melting and solidification microstructure evolution in the
solid/liquid boundary region [59]. In addition, MLKS and MPCAC are

adapted for liquid/gas flow and the free surface movement, respectively.
The phase order variable distributions at each discrete time are shared
between MPCAC and MPFM calculations in the following manner. In the
MLKS flow calculation of MPCAC liquid/gas interface movement, the
solid distribution is fixed. Conversely, in the MPFM calculation of
melting and solidification at each discrete time, the gas distribution is
fixed. These calculations are alternately repeated at each time point. The
liquid/gas flow, melting and multi-grain solidification microstructure
calculations are then synchronized with the temporal temperature dis-
tribution calculated by thermal analysis in the LPBF model. An in-house
computational program solving these equations is developed by using
MPI and OpenMP hybrid parallelization to accelerate the reduction in
the consumption of calculation time. As a result, 3D simulation for the
LPBF process in achieved, including the temporal temperature distri-
bution heated by laser beam traveling, metal powder and base plate
melting, liquid/gas flow with free surface movement and multi-grain
solidification microstructure evolution.

2. Numerical method

2.1. Modified lattice kinetic scheme for Gas–Liquid flow

The modified lattice kinetic scheme (MLKS) was proposed by Suzuki
and Inamuro as a kind of lattice Boltzmann method (LBM) [56]. MLKS
was developed to simulate a liquid–gas mixture flow with high numer-
ical stability under high density ratio and high viscosity ratio conditions
with free surface moving motion. The standard LBM does not treat the
pressure equation directly. It permits quasi-compression. On the other
hand, MLKS must solve the following iterative pressure equation, in
which constant densities for liquid and gas phases are defined:

p(x, t+Δt) = p(x, t)+
ω(x, t)

3
∑15

i=1

[
ΔPi+ geq

i (x − ciΔx, t)
]

(1)

where p(x, t) is pressure at time t, geqi is the equilibrium distribution
function, ci is the discretized particle velocity vector, and Δx is the
lattice spacing of LBM. Note that all variables are defined as dimen-
sionless in MLKS just as for LBM. The characteristic values for dimen-
sionless variables must be carefully selected to maintain the numerical
stability. ω is the over-relaxation parameter and is defined as follows:

ω(x, t) =
ρ(x, t) − ρG

ρL − ρG
(ωmax − ρG)+ ρG, ρG ≤ ωmax ≤ ρL (2)

ΔPi in Eq. (1) is provided as

ΔPi =
3
2
Ei
[

1
ρ(x − ciΔt, t)

+
1

ρ(x, t)

]

[p(x − ciΔx) − p(x) ] (3)

where Ei is the weight of the LBM definition. In this study, the 3D 15-ve-
locity model (D3Q15), i = 1 ∼ 15, is applied to the MLKS formulations
[60]. ci and Ei are summarized in Table 1. ρ in Eq. (2) is density and is
assumed by linear interpolation as

ρ = ϕ(ρG − ρL)+ ρL (4)

where ρL and ρG are the liquid and gas densities, respectively. ϕ is a
phase order variable of the gas phase in the interface region of the free

Table 1
Three-dimensional 15-velocity model (D3Q15 model).

i ci Ei

1 (0, 0, 0) 2
9

2, 3, 4, 5, 6, 7 ( ± 1, 0,0), (0,±1, 0), (0, 0,±1) 1
9

8, 9, 10, 11, 12, 13, 14, 15 ( ± 1,±1,±1) 1
72
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surface that is defined as 0 ≤ ϕ ≤ 1. ϕ = 0 and ϕ = 1 indicate liquid and
gas matrixes, respectively. 0 < ϕ < 1 represents the interface region
between liquid and gas phases. The ϕ distribution is derived by the
conserved Allen–Cahn equation [61], which is described later. In this
study, it is defined that ρG = 1 and ρL >> 1. The equilibrium distribu-
tion function of MLKS, geq

i , in Eq. (1) is defined using the same formu-
lation as the standard LBM one:

geq
i = Ei

[

3ci⋅u+
9
2
(ci⋅u)2

−
3
2
u2
]

(5)

where u is the flow velocity vector.
Equation (1) leads to the Poisson equation for pressure under the

condition of spatially changing density by the following procedure.
First, substitution of the temporal Taylor expansion up to the first de-
rivative term of p(x, t+Δx) into Eq. (1) gives

Δt
∂p
∂t =

ω
3
∑15

i=1

[
ΔPi + geq

i (x − ciΔx, t)
]
+O

[
(Δt)2

]
(6)

where the description (x, t) is omitted. Next, spatial Tayler expansion up
to the second derivative term for x − ciΔx is applied to ρ(x − ciΔt, t) and
p(x − ciΔx) in Eq. (3), giving the following equation:

ΔPi=
3
2
Ei
[

− Δxciβ
2
ρ

∂p
∂xβ

+(Δx)2ciβciγ
{

∂(1/ρ)
∂xβ

∂p
∂xγ

+
1
ρ

∂2p
∂xβ∂xγ

}]

+O
[
(Δx)3

]

(7)

Spatial Tayler expansion of (x − ciΔx,t) is also applied to
geq
i (x− ciΔx,t) by using Eq.(5), which leads to the following:

geq
i (x − ciΔx, t) = Ei

[

3ciαuα +
9
2
ciαciγuαuγ −

3
2
uαuα − Δxciβ

{

3ciα
∂uα

∂xβ

+
9
2
ciαciγ

∂
∂xβ

(
uαuγ

)

−
3
2

∂
∂xβ

(uαuα)

}

+
1
2
(Δx)2ciβciγ

{

3ciα
∂2uα

∂xβ∂xγ

+
9
2
ciαciδ

∂2

∂xβ∂xγ
(uαuδ) −

3
2

∂2

∂xβ∂xγ
(uαuα)

}]

+O
[
(Δx)3

]

(8)

Summation of Eq. (8) provides

∑15

i=1
geq
i (x − ciΔx, t) = − Δx

∂uα

∂xα
+

1
2
(Δx)2 ∂2

∂xα∂xβ

(
uαuβ

)
(9)

Summation of Eq. (7) leads to,

∑15

i=1
ΔPi =

1
2
(Δx)2 ∂

∂xα

(
1
ρ

∂p
∂xα

)

(10)

Substituting Eqs. (9) and (10) into Eq. (6) results in

Δt
∂p
∂t =

ω
3

[

− Δx
∂uα

∂xα
+

1
2
(Δx)2

{
∂

∂xα

(
1
ρ

∂p
∂xα

)

+
∂2

∂xα∂xβ

(
uαuβ

)
}]

(11)

Under condition of converged pressure, which can be assumed as
∂p
∂t = 0, Eq. (11) provides the following two relations:

∂uα

∂xα
= 0 (12)

∂
∂xα

(
1
ρ

∂p
∂xα

)

= −
∂2

∂xα∂xβ

(
uαuβ

)
(13)

Equations (12) and (13) show the continuity condition of incom-
pressible flow and Poisson equation for pressure, respectively. The
iteration scheme for pressure, Eq. (1), has similarity to the computa-
tional fluid dynamics (CFD) schemes, and the maker and cell (MAC) or
semi-implicit method for pressure linked equation (SIMPLE) methods.
However, the MAC or SIMPLE schemes expend much computational cost
to solve the pressure equation due to the huge iteration number for
convergence because the parabolic partial differential equation of Eq.
(13) is directly solved by the finite difference method (FDM), finite
volume method (FVM) or finite element method (FEM). On other hand,
in MLKS, Eq. (1) is usually rapidly converged by fewer than five itera-
tions. MLKS has a greater advantage for fast computation than the CFD
method.

The time evolution of the flow velocity vector in LBM is determined
as

ρu =
∑15

i=1
cif eqi (14)

where f eqi is the equilibrium velocity distribution function of LBM. On
the other hand, in MLKS, the flow velocity is provided as follows by
using ΔPi and geqi :

u(x, t + Δt) =
∑15

i=1
ci
{

ΔPi(x, t + Δt) + geqi (x − ciΔx, t)

+ 3AuEiciβ
[
uβ(x, t) − uβ(x − ciΔx, t)

]
+ 3AuEiciβVβ(x, t)

}

+
1

ρ(x, t)FSVΔx+
1

ρ(x, t)FrclΔx+
1

ρ(x, t)FbuoyΔx

(15)

where Au is a relaxation coefficient, which is related with viscosity μ as
follows:

μ =
1
6

ρ(1 − Au)Δx (16)

where μ is defined using the viscosities of gas and liquid, μG and μL,
respectively, as the same linearly interpolated formulation as in Eq. (4),

μ = ϕ(μG − μL)+ μL (17)

Vβ in Eq. (15) is defined as

Vβ =
1
ρ

∂μ
∂xβ

(
∂uα

∂xβ
+

∂uβ

∂xα

)

Δx (18)

This term presents the viscosity change at the interface of gas and
liquid. The terms FSV and Frcl in Eq. (15) are the external force per unit
volume in the gas–liquid interface region for the interfacial tension σ
and the volumetric force transformed from the recoil pressure prcl caused
by evaporation of metal liquid in the gas–liquid interface region,
respectively. A continuous surface model [62] is applied to the trans-
formation from the force per unit area to the volumetric force vector in
the interface region between high differences in gas and liquid densities
as [54],

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

FSV = σGL • χ •
∇ρ(x, t)
ρL − ρG

⋅
ρ(x, t)

(ρL + ρG)/2
+
dσGL

dT
[∇T − (n • ∇T)n ] •

|∇ρ(x, t) |
ρL − ρG

⋅
ρ(x, t)

(ρL + ρG)/2
,

Frcl = prcl •
∇ρ(x, t)
ρL − ρG

⋅
ρ(x, t)

(ρL + ρG)/2
,

(19)

S. Nomoto et al. Computational Materials Science 250 (2025) 113688 

3 



where n is the normal unit vector in the interface through the density
gradient,

n :=
∇ρ(x, t)
|∇ρ(x, t) | (20)

and χ is the interface curvature expressed as

χ = − ∇ • n(x, t) (21)

The second term of FSV in Eq. (19) is the tangential effect of σGL,
where temperature dependency is considered for σGL to include the ef-
fect of Marangoni convection in this study as follows:

σGL = σ0 + ξMar(T − TM) (22)

where σ0 is the reference interface energy on the gas–liquid interface,
ξMar := dσGL

dT is the Marangoni coefficient and TM is the melting temper-
ature. In Eq. (19), the following recoil pressure prcl model proposed by
Anisimov is employed [63,64]:

pprc =
1 + βR

2
p0⋅exp

[
LvMSLD

RTvap

(

1 −
Tvap
T

)]

,T ≥ Tvap (23)

where βR is the vaporization ratio,MSLD is the molar mass of metal alloy,
R is a gas constant, and p0 is the non-dimensional atmospheric pressure,
which is defined by p̂0/

(
ρGc2). Lv is the latent heat of vaporization and

Tvap is vaporization temperature. It is noted that the vapor flow dis-
continuities and expansion from the liquid phase to ambient gas are not
resolved in this study.

The last term on the right hand side of Eq. (15), Fbuoy, is the volu-
metric buoyancy force and determined as:

Fbuoy = gk[βGρGϕ+ βLρL(1 − ϕ) ](T − TM) − (ρ − ρG)gk (24)

The first and second terms show the Boussinesq approximation for
the gravity effect of weakly changing density in the gas and liquid
phases, respectively, where gk is the gravity vector, βG and βL are the
bulk modulus values of the gas and liquid phases, respectively, T is
temperature and TM is melting temperature. The third term is the
buoyant force caused by the density difference between gas and liquid.

Equation (15) can be transformed to the Navier–Stokes equation in
the same manner as shown for the pressure equation. Tayler expansion is
applied to t+Δt and x − ciΔx up to the first and the second orders,
respectively, for the terms u(x, t+Δt), ΔPi(x, t+Δt), geqi (x − ciΔx, t) and
u(x − ciΔx, t) in Eq. (15). The expansion of geqi (x − ciΔx, t) has already
been presented above, in Eq. (8). ΔPi(x, t) appears in Eq. (7). Taking the
Tayler expansion of ΔPi(x, t+Δt) for time leads to

ΔPi(x, t+Δt) = ΔPi+Δt
∂(ΔPi)

∂t (25)

where ΔPi is the first order of Δx as shown in Eq. (7). Note that Δt =
ShΔx, in which Sh is the Strouhal number defined by Sh = L̂/( t̂0 ĉ) =

Û/ĉ, where L̂ is the characteristic length, t̂0 the characteristic time, Û
the characteristic velocity and ĉ the characteristic particle velocity. As
Sh has a value depend on the order of the nondimensional grid width,
Sh = O(Δx), the second term of Eq. (25) can be neglected because it is

the third order of Δx, O
[
(Δx)3

]

ΔPi(x, t+Δt) = ΔPi(x, t)

=
3
2
Ei
[

− Δxciβ
2
ρ

∂p
∂xβ

+(Δx)2ciβciγ
{

∂(1/ρ)
∂xβ

∂p
∂xγ

+
1
ρ

∂2p
∂xβ∂xγ

}]

+O
[
(Δx)3

]
(26)

Execution of summation for the first term on the right-hand side of
Eq. (26) by using Eq. (7) with consideration for Eq. (26) results in

∑15

i=1
ciαΔPi(x, t+Δt) = − Δx

1
ρ

∂p
∂xα

(27)

By substituting Eq. (8), the second term on the right-hand side of Eq.
(15) becomes

∑15

i=1
ciαgeq

i (x − ciΔx, t) = uα − Δx
∂

∂xβ

(
uαuβ

)
+

1
6
(Δx)2

(
∂2uα

∂x2
β
+2

∂
∂xα

∂uβ

∂xβ

)

(28)

Substituting Eqs. (18), (27) and (28), u(x, t+Δt) = u(x, t)+Δt ∂u
∂t and

uβ(x − ciΔx, t) = uβ(x, t) − Δxciγ
∂uβ
∂xγ

+1
2(Δx)

2ciγciδ
∂2uβ

∂xγ ∂xδ
into Eq. (15) leads to

Δt
∂u
∂t +

1
ρFbuoyΔx=− Δx

1
ρ

∂p
∂xα

− Δx
∂

∂xβ

(
uαuβ

)
+

1
6
(Δx)2

(
∂2uα

∂x2
β
+2

∂
∂xα

∂uβ

∂xβ

)

−
1
6
Au(Δx)2

(
∂2uα

∂x2
β
+2

∂
∂xα

∂uβ

∂xβ

)

+
1
ρ

∂μ
∂xβ

(
∂uα

∂xβ
+

∂uβ

∂xα

)

Δx

+
1
ρFSVΔx+

1
ρFrclΔx+

1
ρFbuoyΔx

(29)

Dividing both sides by Δx using the relation Δt= ShΔx results in

Sh
∂u
∂t +

∂
∂xβ

(
uαuβ

)
= −

1
ρ

∂p
∂xα

+
1
6
(1 − Au)Δx

(
∂2uα

∂x2
β
+2

∂
∂xα

∂uβ

∂xβ

)

+
1
ρ

∂μ
∂xβ

(
∂uα

∂xβ
+

∂uβ

∂xα

)

+
1
ρFSV +

1
ρFrcl +

1
ρFbuoy

(30)

Applying the relation between the relaxation coefficient Au and
viscosity μ to Eq. (30) gives

Sh
∂u
∂t +

∂
∂xβ

(
uαuβ

)
= −

1
ρ

∂p
∂xα

+
μ
ρ

(
∂2uα

∂x2
β
+2

∂
∂xα

∂uβ

∂xβ

)

+
1
ρ

∂μ
∂xβ

(
∂uα

∂xβ
+

∂uβ

∂xα

)

+
1
ρFSV +

1
ρFrcl +

1
ρFbuoy

(31)

Applying ∂2uα
∂x2

β
+2 ∂

∂xα

∂uβ
∂xβ

= ∂
∂xβ

(
∂uα
∂xβ

+
∂uβ
∂xα

)

+ ∂
∂xβ

∂uβ
∂xβ

into Eq. (31) provides

the compressible Navier–Stokes equation:

Sh
∂u
∂t +

∂
∂xβ

(
uαuβ

)
= −

1
ρ

∂p
∂xα

+
1
ρ

∂
∂xβ

[

μ
(

∂uα

∂xβ

+
∂uβ

∂xα

)]

+
μ
ρ

∂
∂xβ

∂uβ

∂xβ
+

1
ρFSV +

1
ρFrcl+

1
ρFbuoy (32)

Finally, adapting the continuity condition, Eq. (12), to Eq. (32) re-
sults in the incompressible Navier–Stokes equation:

Sh
∂u
∂t + uβ

∂uα

∂xβ
= −

1
ρ

∂p
∂xα

+
1
ρ

∂
∂xβ

[

μ
(

∂uα

∂xβ
+

∂uβ

∂xα

)]

+
1
ρFSV +

1
ρFrcl+

1
ρFbuoy

(33)

The total volume of atmosphere gas in the LPBF model of this study is
assumed to be maintained while the powder and base plate of metal
alloy are melted by the traveling laser spot and the molten alloy solid-
ifies after the laser spot passes. The gas–liquid interface moves with the
melt pool flow generated by the forces FSV, Frcl and Fbuoy, as shown in Eq.
(33). Many previous studies simulating PBF by using LBM do not deal
with gas flow because the gas–liquid interface tracking tends to be more
stable than treatment of both the gas and liquid flows [55]. As shown by
the numerical procedures above, some gas–liquid interface tracking
method is needed. Now, there are two capable equations to track
interface movement by coupling MLKS. One is the Cahn–Hilliard
equation [50,51,52]. The other is the conserved Allen–Cahn equation
[53,54]. The former method has a disadvantage that bubble of small
diameter tends to numerical disappear because its equation contains
forth derivative. In this study, the conserved Allen–Cahn equation is
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employed to track gas–liquid interface order ϕ distribution.
The conserved Allen–Cahn (CAC) equation is expressed as follows:

Sh
∂ϕ
∂t +

∂
∂xα

(uαϕ) =
∂

∂xα

{

Mϕ

[

1 −
4

|∇ϕ|
4ϕ(1 − ϕ)

W

]
∂ϕ
∂xα

}

(34)

The one-dimensional static solution of Eq. Eq 34 is promptly ob-
tained as

ϕ =
1
2

[

1 − tanh
(

2
W
x
)]

(35)

From this solution, it is understood that Eq. (34) is a kind of phase-
field equation for ϕ, in which double well potential is employed for
the energy barrier. The second term in the bracket on the right-hand side
of Eq. (34) operates by conserving the gas–liquid fraction ratio by
eliminating the curvature effect. Mϕ is the interface mobility parameter.
W is a parameter related to the interface thickness. The MLKS formu-
lation for Eq. (34) was obtained as follows [56]:

ϕ(x, t+Δt) =
∑N

i=1

{
f eqi (x − ciΔt, t)+AEi[ϕ(x, t) − ϕ(x − ciΔt, t) ]

}

(36)

where A is the relaxation coefficient. f eqi is the equilibrium distribution
function, expressed as

f eqi = Eiϕ(1+3ci⋅u)+3Eici⋅nMϕ
4ϕ(1 − ϕ)

W
(37)

where n is the normal unit vector in the gas–liquid interface region, and
the interface mobility Mϕ is related to the relaxation coefficient A as

Mϕ =
1
6
(1 − A)Δx (38)

The conserved Allen–Cahn equation, Eq. (34), can be derived from
the MLKS formulation in Eq. (37) by the same procedure as used for the
previous pressure equation or Navier–Stokes equation. Tayler expansion
is applied to t+Δt and x − ciΔx up to the first and the second orders,
respectively, for the terms ϕ(x, t+Δt), f eqi (x − ciΔx, t) and ϕ(x − ciΔx, t)
in Eq. (36). The detailed derivation will be presented in the next section,
where Eq. (37) for a two-phase system is expanded for a multi-phase
system.

The MLKS calculation is performed in dimensionless time and space
in the same manner as for LBM. Other physical phenomena, such as the
temporal temperature field, melting and solidification, are calculated
using dimensional formulations. Transformation between dimensionless
values and dimensional values obeys the following relations:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ci =
ĉi
ĉ
, x =

x̂
L̂
, u =

û
ĉ
, t =

t̂
t̂0
, ρ =

ρ̂
ρ̂0
,

gi =
ĝi⋅ L̂
ĉ2 , p =

p̂
ρ̂0 • ĉ2, σ =

σ̂
ρ̂0 • ĉ2

• L̂
, μ =

μ̂
ρ̂0 • ĉ • L̂

Mϕ =
M̂ϕ

ĉ• L̂
.

(39)

where the superscript ̂ means the dimensional value. ρ̂0 is the char-
acteristic density and is defined as equal to the atmosphere gas density
ρ̂G in this study. The dimensional lattice spacing Δ̂x is set to the same
value as the grid length of the finite difference method for the following
MPFM and thermal analysis.

2.2. Multi-Phase modified lattice kinetic scheme formulation for the
conserved Allen–Cahn equation

In the LPBF process, the system consists of three phases, i.e., gas,
liquid and solid, when a melt pool exists. Lee and Kim proposed a
conserved Allen–Cahn equation for a multi-phase system as follows

[58]:

Sh
∂ϕi

∂t +
∂

∂xα
(uαϕi) = Mϕ

〈
∂

∂xα

{

1 −
1

|∇ϕi|

4ϕi(1 − ϕi)

W

}
∂ϕi

∂xα

−
ϕ2
i

∑N
k=1ϕ2

k

∑Np
j=1

[
∂

∂xα

{

1

−
1

⃒
⃒∇ϕj

⃒
⃒

4ϕj
(
1 − ϕj

)

W

}
∂ϕj

∂xα

]〉

(40)

here, Np is the number of phases in the system. ϕi is the phase order of
the i phase. The following restrictions are defined:
∑Np

i=1
ϕi = 1, 0 ≤ ϕi ≤ 1 (41)

The second term on the right-hand side of Eq. (40) has a feature
maintains the condition of Eq. (41). In this study, Np=3 and i = 1: Gas, 2:
Liquid, 3: Solid. The solid phase order ϕSolid is varied by multi-phase field
method calculations as shown in Fig. 1. Thus, the ϕSolid distribution is
fixed at each time step in Eq. (39). In other words, ϕGas and ϕLiquid are
solved by Eq. (40) with the fixed ϕSolid distribution at each time step.

If Eq. (40) is directly solved by some discretized method, such as the
finite difference method or finite volume method, it will consume a large
amount of calculation time and lose the advantage of MLKS for flow.
Therefore, the MLKS formulation of Eq. (40) must be coupled with the
pressure and flow calculations in Eq. (1) and Eq. (15), respectively. It
can be derived by the following procedure. During the derivation of Eq.
(34) from Eq. (36), it is found that Eq. (34), except for the convection
term,

Sh
∂ϕ
∂t =

∂
∂xα

{

Mϕ

[

1 −
1

|∇ϕ|
4ϕ(1 − ϕ)

W

]
∂ϕ
∂xα

}

(42)

is expressed as follows:
⎧
⎪⎨

⎪⎩

ϕ(x, t + Δt) =
∑Np

i=1

{
ξeq
i (x − ciΔt, t) + AEi[ϕ(x, t) − ϕ(x − ciΔt, t) ]

}
,

ξeq
i = Eiϕ + 3Eici⋅nMϕ

4ϕ(1 − ϕ)
W

.

(43)

The right-hand side of Eq. (42) is obtained as

∂
∂xα

{

Mϕ

[

1 −
1

|∇ϕ|
4ϕ(1 − ϕ)

W

]
∂ϕ
∂xα

}

=
∑Np

i=1

{
ξeqi (x − ciΔt, t)+AEi[ϕ(x, t) − ϕ(x − ciΔt, t) ]

}
− ϕ (44)

Applying Eqs. (36) and (44) to Eq. (40) leads to the MLKS

Fig. 1. Schematic illustration of the gas–liquid–solid multi-phase field.
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formulation of the multi-phase CAC equation:

Equation (45) will give precise gas and liquid order values while
maintaining the condition of Eq. (41) in the triple point region.

2.3. Multi-Phase field method for melting and solidification

The following standard multi-phase field equation is introduced to
simulate melting and solidification in a multi-grain system as shown in
Fig. 1 [59]:

∂ϕi

∂ t̂
=
∑Np

j=1

Kij
N

{(
δG
δϕj

−
δG
δϕi

)

+
2π

δ̂MPF

̅̅̅̅̅̅̅̅̅
ϕiϕj

√
Δgij

}

(46)

here, ϕi represents the gas, liquid or solid grain order values that are
defined as 0 ≤ ϕi ≤ 1. N is the number of coexisting phase or grain at a
point in the interface region. Kij is the phase field interface mobility
parameter. G is free energy. δ̂MPF is the interface thickness. Δgij is the
interface driving force that is estimated by Δgij = ΔS(TM − T), where ΔS
is entropy of fusion. TM is the melting temperature. The deviation of free
energy with order δG/ϕi, with consideration for anisotropy in the liq-
uid–solid interface, is expressed as

δG
δϕi

=
∑Np

j=1

{

−
∂

∂xp

[

εij
∂εij

∂
(
∇pϕj

)
(
∇ϕj

)2

]

+ εij∇εij⋅∇ϕj+
1
2

ε2
ij∇

•∇ϕj+Wijϕj

}

(47)

where εij and Wij are phase field parameters related to the interface
energy σ̂ij and interface thickness δMPF. Anisotropy of 3D four hold
symmetry for the solid–liquid interface is defined to be a trigonometrical
function εij as follows [65]:

εij = εijζij, ζik = 1 − ε̃
{

3 − 4
(
ń 4

1 + ń 4
2 + ń 4

3
) }

where εij is the is isotropic constant, ζij is the normalized trigonometrical
function and ε̃ is its amplitude. ń i is the relative unit vector to the
preferential growth orientation of solid crystal, which is explained as
follows:
⎧
⎪⎪⎨

⎪⎪⎩

nʹ
i = aij • nj,

aij =

⎡

⎢
⎢
⎣

cosφcosθ cosφsinθ sinφ

− sinθ cosθ 0

− sinφcosθ − sinφsinθ cosφ

⎤

⎥
⎥
⎦,

(49)

where nj is the unit normal vector in the liquid–solid interface region,
and aij is the directional cosine of the crystalline unit vector of grain. θ
and φ are the Euler angle relative to the x-coordinate on the x-y plane

and the angle relative to the x-y plane, respectively, in Cartesian co-
ordinates x-y-z. It is provided for the MPFM parameters, εij andWij, to be
related to the reference interfacial energy σij and the interface thickness
δ̂MPF as follows [59]:

ε2
ij =

8
π2σij δ̂MPF ,Wij =

4σij
δ̂MPF

(50)

By using these relations, the phase field mobility Kij in Eq. (46) is
defined to be related with Mij as follows:

Kij =
π2

4δ̂MPF
Mij (51)

Substituting Eqs. (47)–(49) into Eq. (46) leads to an executable
formulation in the computation program. The MPFM equation, Eq. (17),
is solved by the finite difference method using a constant grid width
equal to the dimensional lattice spacing of MLKS. The MPFM equation is
assumed to be effective only for the solid–liquid interface region. The
gas–liquid and gas–solid interfaces are set to be nonreactive, with their
phase field mobilities defined as zero.

2.4. Thermal analysis

The following temperature diffusion equation with a convective
term, which is effective in the gas or liquid flow fields, is applied to
thermal analysis in this study:

∂T
∂ t̂

+∇ • (Tu) = k∇2T+Qbm+Qlt +Qevap+Qrad (52)

here, T is temperature and k is the temperature diffusion coefficient
defined by

k = kGasϕGas+ kLiquidϕLiquid+ kSolidϕSolid (53)

where kGas, kLiquid and kSolid are the temperature diffusion coefficients of
the gas, liquid and solid phases given as

kGas =
λGas

ρGas • cpGas
, kLiquid =

λLiquid
ρLiquid • cpLiquid

, kSolid =
λSolid

ρSolid • cpSolid
(54)

where λGas, λLiquid and λSolid are the thermal conductivities of the gas,
liquid, and solid phases, respectively. cpGas, cpLiquid and cpSolid are the
specific amounts of heat in the gas, liquid, and solid phases, respectively.
Qbm, Qlt, Qevap and Qrad in Eq. (52) are the volumetric heat of the laser
beam absorption Q̂bm, the melting/solidification latent heat Q̂lt, the
evaporation latent heat Q̂evap and the volumetric heat radiation Q̂rad,
respectively, divided by cp • ρ, where cp ≡ cpGasϕGas +cpLiquidϕLiquid
+cpSolidϕSolid and ρ ≡ ρGasϕGas + ρLiquidϕLiquid + ρSolidϕSolid. Equation (52)
is numerically solved by the finite difference method by using a constant

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϕi(x, t + Δt) =
∑N

j=1

{
f eq
j
(
x − cjΔt, t

)
+ AEj

[
ϕi(x, t) − ϕi

(
x − cjΔt, t

) ] }

−
ϕ2
i

∑Np
k=1ϕ2

k

∑Np
j=1

〈
∑N

k=1

{
ξeq
k (x − ckΔt, t) + AEk

[
ϕj(x, t) − ϕj(x − ckΔt, t)

] }
− ϕj(x, t)

〉

,

f eq
j = Ejϕi

(
1 + 3cj⋅u

)
+ 3Ejcj⋅nMϕ

4ϕi(1 − ϕi)

W
,

ξeq
k = Ekϕj + 3Ekck⋅nMϕ

4ϕj
(
1 − ϕj

)

W
, i = Liquid,Gas, Solid.

(45)
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grid in the same manner for the constant grid in MPFM or the dimen-
sional lattice spacing of MLKS.

The laser beam power density I0 is assumed to obey a radius Gaussian
distribution as follows:
⎧
⎪⎨

⎪⎩

I0 = λabs
P

2πσr2
exp
(

−
r2

2σr2

)

,

r = x − vt,
(55)

where P is laser power, r is the radius from the beam center axis, σr is the
1/e ratio radius and λabs is the absorption coefficient. This heat source is
traveling with the laser beam velocity, v = (vx, 0,0). In this study, the
beam axial direction is defined for the z-coordinate. The laser power
absorption is assumed to follow the Beer–Lambert law, in which the
absorbed rate for depth in the z direction is assumed to be

dI
dz

= −
I

μabs
(56)

Integrating Eq. (56) gives

I = IoExp
(

−
Δzdpth

μabs

)

(57)

where μabs is a parameter of absorption depth. The volumetric heat of the
laser beam absorption Q̂bm at coordinate z is expressed as

Q̂bm = I/Δz (58)

The absorption depth Δzdpth for the inversed z-direction from the top
surface on a liquid or solid is measured in only the liquid or solid regions,
and not in the gas region. The melting/solidification latent heat Q̂lt is
provided as

Q̂lt = ρSolidL⋅ϕ̇Solid (59)

where L is the melting/solidification latent heat and ϕ̇Solid is the time
differentiation of the solid phase order of MPFM. The finding that the
signs of Q̂lt (ϕ̇Solid) for melting and solidification are negative and posi-
tive, respectively, is commensurate with these physical states. The
model for heat flux caused by metal liquid evaporation heat loss pro-
posed by Knight, which is similar to Eq. (23), is adapted in this study as
follows [66]:

qevap = nβRLv

̅̅̅̅̅̅̅̅̅̅̅̅
MSLD

2πRT

√

⋅p̂0⋅exp
[
LvMSLD

RTvap

(

1 −
Tvap
T

)]

,T ≥ Tvap (60)

where n is the normal unit vector on the gas–liquid interface, βR is the
vaporization ratio, MSLD is the molar mass of metal alloy, R is a gas
constant, p̂0 is vapor pressure, Lv is the latent heat of vaporization and
Tvap is the vaporization temperature. The heat flux qevap, Eq. (60), is

transformed to the volumetric heat Q̂evap in the gas–liquid interface
region by applying a continuous surface model analogous to that in Eq.
(19) as follows [62]:

Q̂evap = −

⃒
⃒
⃒qevap

⃒
⃒
⃒
|∇ρ(x, t) |

ρL − ρG
⋅

ρ(x, t)
(ρL + ρG)/2

(61)

where the minus sign shows the endothermic reaction of evapora-
tion. The radiation heat flux qrad from the gas–solid or gas–liquid surface
to the gas space is expressed as

qrad = nεσBolz
(
T4 − T4

0
)

(62)

where σBolz is the Stefan–Boltzmann constant, ε is the emissivity and T0 is
the atmosphere temperature. As in Eq. (61), qrad can be written as the
volumetric heat Q̂rad as follows:

Q̂rad = − |qrad|
|∇ρ(x, t) |
ρS,L − ρG

⋅
ρ(x, t)

(
ρS,L + ρG

)/
2

(63)

here, ρS,L represents the solid and liquid densities, and the relation ρS =

ρL is assumed in this study.

2.5. Parallelization computing

As described above, the MLKS, the MPFM and the thermal equations
are suitable for a super-computing algorithm. These are solved using
MPI/OpenMP hybrid parallelized programing with the HPE SGI 8600
system at the Numerical Materials Simulator Station of the National
Institute for Materials Science [67]. Intel OneAPI FORTRAN is selected
for the MPI/OpenMP hybrid programing [68]. The LPBF process for the
simulation is modeled as a cubic region, in which the metal-alloy base
plate is set on the x-y plane at the origin of the z direction. Metal alloy
powder particles are layered on the top of the base plate. Another space
that does not include the solid phase is defined to be filled with the gas
phase. The LPBF model region is divided for the x and y directions by the
block regions of a cube, for which the grid point numbers in the x and y
directions are set to be constants, respectively. MPI parallelization is
performed on the small cubic regions. OpenMP is applied to “DO LOOP”
of the program for the x, y and z loops in each block.

3. Validation of numerical method

The MLKS formulation of the multi-phase CAC equation represented
by Eq. (45) is the novelty of this numerical method. Eq. (45) is validated
in two fundamental problems consisting of three fluid phases, the
equilibrium shape of the droplet in contact with two liquid domains and
the bubble rising in two liquid phases as follows.

3.1. Equilibrium shape of droplet contacting with two liquid domains

The initial shapes of the droplet and two liquid phases and their
dimensions are defined in Fig. 2. The cross-sectional shape for the y-
direction is the same. Consequently, the two-dimensional simulation
was carried out by the three-dimensional model calculation. The center
of one droplet, defined as liquid-1 was placed at the center of the vertical
direction on the left side of the region. A symmetrical boundary condi-
tion was applied to the left side. The boundary between the phases,
liquid-2 and liquid-3, was placed horizontally at the center of the ver-
tical direction. The triple point between three liquid phases exists at the

Fig. 2. Initial droplet contacting with two liquid domains.
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right end of the droplet (liquid-1). Densities of droplet (liquid-1), liquid-
2 and − 3 were set to the same value, 1× 103Kg/m3. Viscosity of droplet
(liquid-1), liquid-2 and − 3 were set to the same value, 1× 10− 2Ps⋅s. Grid
width Δx for x, y and z directions was set to 1/6400 m (0.15625 µm).
Gird numbers for x, y and z directions were defined as 450, 10 and 300.
The number for the y-direction was very small because the same phases
and flow values were distributed in the two-dimensional space, the x-z
plane. The value of surface tension between droplet and liquid-2, σ12,
and between droplet and liquid-3, σ31, was defined as the same value,
1× 10− 2N/m. Meanwhile, the interfacial tension between liquid-2 and
− 3, σ23, was set to two values, 1.732 × 10− 2N/m (Case-1) and 1.0 ×

10− 2N/m (Case-2) in order to compare equilibrium morphologies due to
σ23 differences. The interfacial width W and the relaxation factor A of
the CAC parameter were chosen as 4Δx and 0.6, respectively. The
characteristic length L and the particle velocity c of the MLKS parameter
were set to Δx and 50m/s, respectively.

The volume force vector FSV in the interfacial region for the inter-
facial tension σ is defined by Eq. (19) according to the continuous sur-
face model [62]. In this equation, the interfacial unit normal vector n
was defined by based on the density variation. However, in this test
model, the density was constant in all phases. Therefore, the interface
unit normal vector, Eq. (20), is defined by the gradient of the phase
order ϕi instead of the density. FSV is expressed by considering the triple
point region, as follows,
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

FSV =
1
2
∑2

i=1

∑3

j=2

[
σij
(
χini + χjnj

)
• ξ
]
,

ξ = Bϕiϕj|∇ϕi|
⃒
⃒∇ϕj

⃒
⃒, B =

15W
2tan− 1(1 − 2λ)

, λ := 0.1
(64)

where the integration of ξ for the normal direction in the interface be-
comes unit [69].

The equilibrium morphologies of Cases − 1 and − 2 achieved at
45,000 time step of MLKS. The phase and flow velocity vector distri-
butions with interface lines of Case − 1 and − 2 are shown in Fig. 3. The
density and viscosity of all liquid phases are the same values, respec-
tively. Therefore, the phase and flow velocity vector distributions are
symmetric for the horizontal line at the center for the vertical direction.
Half of the upper and lower distributions show phase and velocity vector
distributions, respectively, in Fig. 3. The flow is driven by interfacial
tension with curvature as expressed in Eq. (19). The phase interface is
transformed by the flow velocity according to the phase order convec-
tion term of Eq. (40). It is expected that the larger tension σ23 of Case-1
will result in a larger velocity around the interface between liquids − 2
and − 3 than Case-2. The higher velocity of Case-1 shifts the triple point
more to the right than Case-2. In fact, it is confirmed that the maximum
velocity around the interface between liquids − 2 and − 3 is greater in
Case-1 than in Case-2 and the horizontal length of the droplet (liquid-1)
is longer in Case-1 than in Case-2. According to the equilibrium between
the interfacial tensions at the triple point, the angle of the droplet

becomes 60 deg. and 120 deg. in Cases − 1 and − 2 respectively. The one
of Case-2 is nearly 120 deg. Meanwhile, the one of Case-1 is around 90
deg. It is considered reasonable by reasoning as follows. The flow
boundary layer occurs around and inside in the interface region between
liquid − 1 and − 2, as can be seen in the flow velocity vector distribution
of Fig. 3. This finite flow boundary layer thickness is considered to in-
crease the angle of the droplet side at the triple point compared to that
determined by the equilibrium between the interfacial tensions. This
slight difference is not an issue in this study. The triple point dose not
move at each time step because the third phase is defined as a solid that
does not flow. The MLKS equation of the multi-phase CAC, Eq. (45), has
the property of keeping the summation of the phase orders of gas, liquid
and solid as one in this study.

3.2. Bubble rising in two liquid phases

The purpose of this study is to understand gas pore dynamics in LPBF
simulation. The accurate prediction of gas bubble motion behavior in
two liquid phases needs to be confirmed in this test calculation. Some

Fig. 3. Equilibrium shape of droplet contacting with two liquid domains at 45,000 time step, (1) Case-1: σ23 = 1.732× 10− 2N/m, (2) Case-2: σ23 = 1.0× 10− 2N/m.

Fig. 4. Dimensions for initial bubble in two liquid phases.
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verification model calculations have been performed by Boyer et. al.
[70] and Aihara et. al. [71]. Boyer et. al. proposed the Cahn-Hilliard
equation adapted to follow the phase boundary motion instead of the
Allen-Cahn equation. Aihara et. al. presented finite difference approach
to solve phase interface tracking coupled with Navier-Stokes equation.
The initial shapes of bubble and two liquid phases and their dimensions
were defined in Fig. 4. It shows the center cross section for x and y di-
rections. The diameter of the spherical bubble was set as L = 30Δx. Δx
is the grid width, which is constant for x, y and z directions. Phase-2 and
phase-3 (liquid phases) were distributed for vertical direction by upper
length 4L and lower length 2L, respectively. The center of the bubble
was placed at the centers for x and y directions at the interface between
phases − 1 and − 2. The grid width Δx was set to 1/6400 m (0.15625
µm). The densities of the bubble (gas phase), phases − 2 and − 3 were
chosen as 1Kg/m3, 0.9 × 103Kg/m3 and 1× 103Kg/m3, respectively. The
difference in densities between bubble and phase-3 is close to the
practical ratio of gas to liquid. Slightly lower density of phase-2 than
phase-3 makes no natural convection between phases − 2 and − 3.
Bubble has buoyancy force due to gravity. However, the bubble floating
motion must be influenced by interfacial tensions. The viscosity of the
bubble (gas phase), phases − 2 and − 3 were set to 1.83× 10− 5Ps⋅s, 1.0×

10− 3Ps⋅s, and 1.0× 10− 5Ps⋅s, respectively. These values are also close to
the practical ones of gas and liquid. The surface tension values between
bubble and phase-3, σ31, and between phases − 2 and − 3, σ23, were
defined as the same value, 1N/m. Meanwhile, the interfacial tension
between the bubble and phase-2, σ12, was set at three values, 0.3N/m
(Case-1), 1.0N/m (Case-2) and 1.5N/m (Case-3) in order to compare the

equilibrium bubble morphologies due to σ12 differences. The interfacial
width W and the relaxation factor A of the CAC parameter were chosen
as 4Δx and 0.6, respectively. The characteristic length L and the particle
velocity c of the MLKS parameter were set to Δx and 20 0m/s,
respectively.

Fig. 5. Equilibrium bubble morphologies in two liquid phases with interface, (a) density and (b) phase distributions, for (1) Case-1, (2) Case-2 and (3) Case-3.

Fig. 6. LPBF model dimension and alloy powder distribution.
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The density and phase distributions with interface of each case are
shown in Fig. 5. The blue region shows the interface region between the
phases. Its width is confirmed to be maintained by four grids as entered
in the CAC equation. In Case-1, the bubble morphology reached the
equilibrium shape. The critical radius of the bubble, rc, to detach from
the interface of phases − 3 and 2 can be promptly obtained by the bal-
ance between the buoyancy of the bubble and the pulling force inte-
grated by σ23 on the circumference of the bubble sphere as follows,

rc =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3
2

σ23

(ρ2 − ρ1)g

√

(65)

Substituting σ23, ρ2 and ρ1 into Eq. (65) gives rc = 1.24 × 10− 2 m.
Consequently, it is confirmed that bubble does not detach from the
phase-3 boundary and reach equilibrium morphology because the radius
of the initial bubble sphere, 2.34 × 10− 3 m, is smaller than rc. Case-1
reached the equilibrium condition after 30,000 non-dimensional time
steps. Other Cases − 2 and − 3 also reach their own equilibrium shapes at
the same time steps of 20000. Each equilibrium shape and position for
the z-direction is determined by the balance between the interfacial
tensions, σ12, σ23, σ31, and the buoyancy of the bubble. In Case-1, the
bubble is placed above the initially vertical position of the interface
between phases − 1 and − 2 and is stretched in the vertical direction to
compensate for the small value of σ12. Meanwhile, in Case-3, it can be
seen that larger σ12 sinks the equilibrium z-position from the initial
phases − 2 and − 3 interface than other cases. In Case-2, the equilibrium
z-position is almost neutral and rises slightly because all the interface
tensions are equal, and the buoyancy of the bubble is relatively smaller
than the interfacial tensions due to the large difference between rc and
the bobble radius. In Cases − 2 and − 3, the widths of the equilibrium
bubble shapes are longer than in Case-1 because of the dominant control
of the interfacial tensions. These tendencies are confirmed in agreement
with the results of Aihara et. al. [71].

4. Physical and numerical conditions

4.1. LPBF model and process parameters

The LPBF model in this study is illustrated in Fig. 6. The model size
was set as 1000μm, 500μm and 570μm for the x, y and z directions,
respectively. The laser beam is defined as traveling in the x direction.
The grid width Δx̂ of the finite difference method for MPFM and the
thermal equations, Eqs. (46) and (52), was set at 2× 10− 6m. The
characteristic length L̂ was defined as 2× 10− 3m. The nondimensional
grid width, Δx := Δx̂/L̂, became 1× 10− 3, which was adapted to the
flow and CAC MLKS equations. The numbers of grids in the region were
500× 250× 285. The Ni alloy base plate thickness was 260 μm. The
base plate was defined to consist of equiaxed grains generated by a
Voronoi diagram, the average diameter of which was 30 µm. The
number of base plate grains by this definition was 9196. These grains
were provided their own crystalline angles as preferential growth
orientation angles, θ and φ of Eq. (49), which were randomly generated.
In Fig. 6, the colors of the base plate grains show Euler angle φ differ-
ences. The particles of the Ni alloy powder were assumed to be spherical
in shape. The average radius and its standard deviation of the powder
were defined as 30 μm and 6 μm, respectively. The particle distribution

was generated by using the discrete element method (DEM) under the
condition of a powder layer thickness of 30 μm with 1000 particles [72].
These powder particle dimensions are practical values for the experi-
mental conditions for Ni alloy in our laboratory. The powder particles
were also provided with their own preferential growth orientation an-
gles, θ and φ. The space above the powder layer and between the power
particles was assumed to be filled with dry air atmosphere. The char-
acteristic particle velocity ĉ for nondimensionalization of MLKS was set
as 20 m/s. The Strouhal number, Sh, was defined as the unit in this
study. These parameter and characteristic values are equivalent to the
characteristic time t̂0 = L̂/ĉ/Sh, 1 × 10− 4s and the characteristic ve-
locity Û = ĉ. The time difference for MPFM, Δ t̂MPFM, was set at 1×

10− 6s. The dimensional time step of MLKS became Δ t̂ = Δx̂/ĉ = 1×

10− 7s. Therefore, MLKS calculations were performed ten times per one
MPFM finite difference calculation. The same treatment was adapted for
the thermal equation.

Table 2
Laser beam conditions, Eqs. (55) and (56).

Parameter Symbol Value

Beam radius (1/e ratio radius) σr 40 µm
Traveling velocity v 1 m/s
Beam power P 400 W
Absorption depth μabs 70 µm
Absorption coefficient λabs 0.7

Table 3
Physical properties.

Property Symbol Value Eq.
No.

Reference

Density of liquid ρL 7118 Kg/m3 4
[75]

Viscosity of liquid μL 7 × 10-3 Pa⋅s 17
[76]

Surface tension gas/
liquid

σGL 1.8 J/m2 19
[77]

Marangoni coefficient ξMar − 1 × 10-4 J/m2/K 22
[75]

Melting temperature TM 1574 K 22,
24 [75]

Vaporization ratio βR 0.5 23,
60

​

Boiling temperature Tvap 3335 K 23,
60 [74]

Vapor pressure p̂0 1 atm 23,
60

​

Latent heat of
vaporization

Lv 6.69 × 106 J/Kg 23,
60 [75]

Molar mass of solid MSLD 5.87 × 10-2 Kg/mol 23,
60 [75]

Thermal expansion
coefficient of gas

βG 6.25 × 10-4 1/K 24 ​

Thermal expansion
coefficient of liquid

βL 1.29 × 10-4 1/K 24
[74]

Interface energy solid/
liquid

σSL 0.5 J/m2 50
[19]

Thermal conductivity of
gas

λGas 0.024 W/m/K 54
[75]

Thermal conductivity of
liquid

λLiquid 6.7 +

0.014 • TW/m/K
54

[75]

Thermal conductivity of
solid

λSolid 6.7 +

0.0136 • T W/m/K
54

[75]

Heat capacity of gas cpGas 1000 J/Kg/K 54
[75]

Heat capacity of liquid cpLiquid 754 J/Kg/K 54
[75]

Heat capacity of solid cpSolid 643 J/Kg/K 54
[75]

Latent heat of fusion L 2.66 × 105 J/Kg 59 [75]
Atmosphere

temperature
T0 293 K 62 ​

Emissivity ε 0.7 62
[75]

Table 4
Numerical parameters.

Parameter Symbol Value Eq. No.

Relaxation parameter for CAC A 4 (non-dimension) 38, 45
Interface width for CAC W 5 37, 45
Interface mobility for MPFM KLS 1 × 10-8 m4/J/s [19] 46, 51
Interface width for MPFM δ̂MPF 5 Grid [19] 46, 50
Anisotropy amplitude ε̃ 1/30 [19] 48
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The previous time step, Δ t̂, was confirmed to be a stable condition
according to the stability criterion of capillarity and viscosity in view of
the CFD method as follows, respectively [73]:

Δ t̂σ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(ρL + ρG) • (Δx̂)
3

4πσGL

√

(66)

and

Δ t̂μ =
ρL(Δx̂)

2

6μL
(67)

By using the following physical constants, Δ t̂σ and Δ t̂μ were

Fig. 7. (1) Temporal melt pool surfaces and powder particles with the temperature distributions. (2) Temperature and grain distributions on a cross-section in the
center of the width (y) directions (a) 0.2 ms, (b) 0.4 ms, (c) 0.6 ms, (d) 0.8 ms.
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estimated as 1 × 10− 7s and 7.0× 10− 7s, respectively.
Simulation for the single track of the laser beam traveling for the x-

direction was performed as shown in Fig. 6. The beam was set to start
from the root of the x-direction at the center of the y-direction. The beam
traveling velocity and the power P in Eq. (55) were 1 m/s and 400 W,
respectively, which were practical values for the experimental condi-
tions. The laser beam condition values in Eqs. (55) and (56) are sum-
marized in Table 2. The absorption depth, μabs, and the absorption
coefficient, λabs, were decided after some trial calculations.

The physical constants according to the equations in the previous
section are listed in Table 3. In this study, calculations were performed
by using the physical constants of an Ni alloy, IN738LC. The density
ratio of gas by liquid, ρG/ρL, was assumed to be 500. This value was
considered large enough for approximation of the gas atmosphere. The
viscosity ratio of gas by liquid, μG/μL, was assumed to be 382.5. This
resulted in an actual air value of 1.83 × 10− 5Pa • s in 273 K. The melting
temperature TM was defined as the average value of the equilibrium
liquidus and solidus temperatures, 1489 K and 1614 K, respectively,
obtained by Thermo-Calc Software [74]. In Eqs. (23) and (60), the
vaporization ratio βR and p̂0 were assumed to be 0.5 and 1 atm,
respectively, as control parameters. The thermal expansion coefficient of
gas, βG, was approximated by the ideal gas formulation, 1/T, under the
assumption of a gas temperature of 1600 K around the melt pool. The
thermal expansion coefficient of liquid, βL, was obtained by using
Thermo-Calc Software [74] under condition of a molar volume differ-
ence from 1600 K to 2000 K for Inconel738LC composition. The atmo-
sphere temperature for radiation, T0, and the initial base plate
temperature were defined as room temperature: 293 K. However, the
initial gas region temperature in Fig. 6 was assumed to be 1273 K due to
the restriction on large cooling in the early stage.

Numerical parameter values for the MLKS formulation of the multi-
phase CAC equation, Eq. (45), and MPFM equation, Eq. (46), are listed in
Table 4. The relaxation parameter A and interface widthW for CAC were
decided after some trial calculations to obtain a stable result.

The boundary condition of temperature on the outer surface in Fig. 6
was set as insulation under a gradient condition. Therefore, the outflow
of heat from the system was promoted by the radiation expressed by Eq.
(62). The zero gradient and symmetry conditions were applied to the

pressure and velocity conditions of gas and liquid flows, respectively.
The boundary condition for the order variable of MPFM was also set as
the zero-gradient condition.

The MPI parallelization was set to 25 by dividing the LPBF model
region, Fig. 6., into five blocks for the x and y directions. The number of
grids in each block for the x and y directions were set to 100 and 50,
respectively. The boundary grid point data between these blocks were
transformed by using the MPI data passing function at each time step.
Open-MP parallelization is also performed for “DO LOOP” of the pro-
gram in each program to accelerate the overall computation speed. The
number of cores for MPI parallelization was set to 300 in the present
calculation.

5. Results and discussion

The calculation was performed in 1200 time steps, of which the
travelling length was 1200 µm. The last 200 steps were used for the
solidification progress in the melt pool around the LPBF model for the
beam travelling direction. The calculation time was measured to be 2.45
min per time step. The calculation time for a beam travel length of 1000
µm (length of the LBPF model for the x-direction) was approximately 41
h. This was considerably less than the 60 h required by our LPBF CFD
calculation [78]. This method includes not only flow field and solid/
liquid transformation calculations, but also solidification microstructure
transformation in a single calculation run.

Fig. 7 shows the temporal melt pool surfaces and powder particles
with the temperature distributions (column (1)), and temperature and
grain distributions on cross-section in the center of the width (y-direc-
tion) (column (2)). The base plate grain distributions are also shown in
Fig. 7. The color variation for the base plate grain shows the differences
in the crystalline Euler angle φ. It can be seen that powder particles and
base plate grains promptly melt with beam traveling, where the tem-
perature rapidly increases over melting temperature. At the same time,
the melt pool surface in the high temperature region is depressed by the
recoil pressure of metal absorption. The depressed surface does not
retain a keyhole shape. It intermittently repeats an up and down
movement, as shown in the panels in column (2) of Fig. 37 This is
because the Beer–Lambert model, Eq. (57), of beam absorption does not

Fig. 8. Temporal melt pool surfaces and powder particles with the temperature distributions (a) 0.2 ms, (b) 0.4 ms, (c) 0.6 ms, and (d) 0.8 ms.
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provide a digging effect like a ray tracing model.
On the other hand, it can also be seen that gas pores are generated

from the initial space between the powder particles in the melt pool.
These gas pores are transported by liquid flow convection and buoyancy
and finally go out into the atmosphere. The transportation of gas pores
also seems to collide with the hole generated by the recoil pressure in
column (2) of Fig. 7. This interaction also accelerates the complex melt
pool flow and surface movement. The pores expelled from the melt pool
can be seen as a hole around the rear of the beam absorbed area in Fig. 7
(column (1)). As the pores disappear, the vertical position of the melt
pool surface gradually drops.

In Fig. 7 (column (2)), the melt pool depth becomes maximum just
after melting and gradually decreases with the progress of solidification
by cooling. The melt pool length for the beam traveling direction seems
to be relatively longer than Rosenthal’s analytical solution [79], in
which melting latent heat is not considered. In the present method, the
latent heat included in the thermal equation, Eq. (52), has a reheating
effect that reduces the local cooling rate. Furthermore, the flow con-
vection in the melt pool promotes the uniformity of temperature. Then,
it lengthens the melt pool.

In order to see the gas pore generation and transportation more
clearly, Fig. 8 shows the 3D birds-eye view of the melt surface with the
temperature distribution, which is cut on the cross-section in the center
of the y-direction, for the same time points as in Fig. 7. The liquid/gas
interface strongly fluctuates with the instantaneous keyhole shape just
after the powder particles melt, and then gradually flattens. On the other
hand, the initial spaces between the powder particles are immediately
transformed into spherical pores after melting. The collision between
the generated pores and the fluctuated pushed-down surface can be seen
more clearly in Fig. 8. Meanwhile, the colliding pores disappear
immediately. The remaining pores float and finally go out into atmo-
sphere by buoyancy. It can be clearly seen that the melt pool surface
drops as the pores are expelled. The depth and height of the melt pool
decrease along with the progression of the solidification with decreasing
temperature, as shown in Fig. 7 (column (2)). It is expected that if the

pores are trapped in the solid due to rate of the solidification process
being faster than the speed of the outflowing pores, the trapped pores
will remain as a defect. Under the present process conditions, no trapped
pores were seen (Figs. 7 and 8). Thus, the results in Figs. 7 and 8 confirm
that the multi-phase formulation for the MLKS of the CAC equation has
the ability to precisely track the liquid/gas interface movement by
coupling with the MLKS flow calculations.

The velocity vector and grain distribution on the cross-section in the
center of the width (y) direction are shown in Fig. 9. Grain color is
graded to crystalline angle φ. It can be seen that flow velocity vector
distributions are strongly changed by fluctuations of the liquid/gas
interface of the melt pool, particularly around the region where the gas
pores go out into the atmosphere. Complex flow distributions result for
both the melt pool and atmosphere gas region. As previously mentioned,
the pores are not trapped in the solidification microstructure as defects.
However, some holes generated by pores appear to have remained as
bumps on the solidified surface. The epitaxial grain growth from the
melt pool bottom with cooling after beam passing can be seen in Fig. 9
just as in Fig. 7 (2).

The growth directions of the upward epitaxial grains are almost
vertical with little incline to the beam traveling direction because the
leaned angle of the temperature gradient direction for the traveling di-
rection is also small, as shown in Fig. 7 (column (2)). The growth di-
rections are controlled by the temperature gradient around the solid/
liquid interface because solute element diffusion simulation is not
implemented in this study. The diffusivity of temperature is generally
more than one order of magnitude larger than that of a solute element.
Therefore, in the present macroscopic simulation, solute element
diffusion is considered to be neglected. However, the influence of the
interface anisotropy between liquid and grain seems to appear as
boundary roughness in the interfaces between solidified grains.

The temperature and liquid phase distributions on the cross-section
in x = 250 µm for the traveling direction are shown in Fig. 10. The
flow velocity vector and grain distributions on the cross-section in x =

250 µm for the traveling direction are shown in Fig. 11. Panels (a), (b),

Fig. 9. Flow velocity and grain distributions on a cross-section of the center for the width (y) direction. Red and blue represent the gas and liquid phases,
respectively, at (a) 0.4 ms, (b) 0.6 ms, (c) 0.9 ms, and (d) 1.1 ms. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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(c) and (d) of Figs. 10 and 11 show the results for the same time points of
0.3, 0.5, 0.7 and 0.8 ms, respectively. It can be seen that the melt pool
size of the cross-section is reduced with the maximum temperature
values decreasing from (a) to (d) in Fig. 10. Comparing Figs. 10 and 11,
it can be seen that the liquid/gas surface drops as from (a) to (b) as the
pores are expelled from the melt pool. As the temperature decreases
around the melt pool, the epitaxial grains grow from liquid/grain in-
terfaces for the maximum temperature point. Thus, at the bottom of the
melt pool, most of the grains grow vertically, as seen in Fig. 11. The
powder particles on both sides in the melt pool surface grow horizon-
tally for the center of the melt pool, as seen in panels (b) and (c) in
Fig. 11. These morphological tendencies are in qualitative agreement
with the experimental measurement in the Ni alloy PBF [29]. In the
experimental measurement, an equiaxed microstructure around the
liquid/gas surface is often observed. The temperature gradient around
the liquid/gas surface is smaller than that in the liquid/solid interface, as
seen in panel (a) of Fig. 11. This makes capability for cellular-to-
equiaxed transition (CET) around the liquid/gas interface much higher
than for the liquid/solid interface. This study did not implement a
nucleation model for the equiaxed solidification. We consider that the
equiaxed solidification feature is not mandatory for a process in which
cellular grain growth is the dominant mechanism because the grain
structure around the surface is remelted by beam traveling in the next
layer.

The complex flow velocity distribution around the liquid/gas surface

is also observed in (a) and (b) in Fig. 10 just as in Fig. 9. Especially, high
velocity from the melt pool to the atmosphere occurs where the pores go
out into atmosphere as shown in panel (b) of Fig. 11. After the melt pool
surface solidifies, gas flow convection remains and rather accelerates
above the melt pool area as seen in panels (c) and (d) of Fig. 11. This is
considered to be the reason that the symmetrical boundary condition of
flow for the simulation region designed in Fig. 6 conserves heated en-
ergy, some part of which continues to be transformed to a floating flow
region. Conversely, this result confirms that the Boussinesq approxi-
mation in Eq. (24) works precisely for the change in density as a function
of temperature.

Structural or mechanical parts produced by the LBPF process are
severely affected by porosity defects due to the complex melt flow and
rapid solidification during fabrication. To improve the quality of the
final product, it is necessary to study the mechanisms of pore formation.
Many studies have been reported so far by experimental [20–26] or
numerical approaches [27–40], as mentioned in the introduction. Based
on the present numerical results, the formation mechanism of pore and
transformation will be discussed. Before the discussion, it should be
noted that the LPBF process causes other defects such as adhesion of
unmelted powder particles, balling phenomena, surface and internal
cracks, stair-case effect on the part surface and distortion and delami-
nation of the part [22]. In this study, only pore formation is discussed in
the limited physical models and process conditions. Furthermore, pores
are classified into keyhole pores, powder pores and hydrogen pores. In

Fig. 10. Temperature and liquid phase distributions on a cross-section in 250 µm for the traveling (x) direction at times (a) 0.3 ms, (b) 0.5 ms, (c) 0.7 ms, and (d)
0.8 ms.
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this classification, the powder pore is defined as being generated from
the initial gas space between powders in this study. The hydrogen pores
are known to be common in LPBF processes for Al, Ti and Fe alloys [22].
The hydrogen pores are not treated in this study because of chemical
reaction or diffusion is not considered in the simulation model.

Keyhole formations can be clearly seen in Figs. 7, 8, and 9. These
mechanisms are explained as follows. First, a melt pool is formed by the
laser beam heating the powder and the base plate. At the same time, the
molten metal is boiled with a higher energy input and its recoil pressure
pushes down the surface of the melt pool surface. If the laser power
density is greater than a certain threshold value, which depends on the
metal alloy and process parameters [80], the depth of penetration in-
creases as the dip width narrows. The keyhole formation is then estab-
lished. In addition, the laser density is concentrated by many beam
reflections in the narrow keyhole. The keyhole growth appears to
continue until the absorbed laser power is consumed. As the down-
pressure decreases with the laser power consumption, the free surface
in the bottom of the keyhole starts to float by buoyancy. As a result, the
gas space around the keyhole bottom becomes spherical due to the
interfacial tension between the gas and liquid phases. Finally, the pore is
formed by the spherical gas space separated from the keyhole and is
transported by the melt pool flow convection and buoyancy. From the
previous studies, the keyhole generated pore usually occurs when the
keyhole depth is very large, equal to the melt pool bottom depth. As the
keyhole pore is usually associated with large defects, the process con-
ditions are designed to avoid it. In this study, the keyhole depth is very

small compared to the melt pool depth and any keyhole pore is not
confirmed in Figs. 7-9 because the process conditions of the calculation
are the same as the practical manufacturing ones.

It is well known that LPBF powders produced by the gas atomization
method contain a feedstock porosity of about 0.20 % [81]. However, the
influence of the feedstock has not been considered in this discussion
because it is not modelled in this study and is relatively small compared
to the initial inter-powder space, where the packing ratio is around 45
%. The pores shown in the previous figures are mainly powder pores in
the present simulation results. Meanwhile, the keyhole formulations
cause strong fluctuation of the melt pool surface motion, as seen in
Figs. 7-9 and 11, even when the keyhole depth is small. Although the
surface fluctuation motion is strong, it seems to accelerate the flow ve-
locity around the bottom of the melt pool only slightly, as seen in Fig. 9.
In other words, the convective flow region of relatively high velocity is
restricted in the shallow region from the melt pool surface. Figs. 7-9
show that the powder pores are transported from the surface by the
shallow convection flow and disappear from the melt pool surface by
buoyancy. The strong fluctuations of the surface are considered to
accelerate the disappearance of the powder pore before the solidifica-
tion interface trapping pores. In Figs. 9 and 11, there are no pore defects
in the solidified microstructure region below the initial boundary be-
tween the base plate and the powder bed. Some powder defects can be
seen in the upper region of the microstructure in Fig. 9 (c) and (d) and
Fig. 11 (c) and (d). These defects are not problems because the surface
area is remelted after a new powder bed is fed in the practical

Fig. 11. Flow velocity vector and grain distributions on cross-section in 250 µm for traveling (x) direction at times (a) 0.3 ms, (b) 0.5 ms, (c) 0.7 ms, and (d) 0.8 ms.
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engineering process. On the other hand, in the high laser power density
condition, which can be called “off design” condition, the keyhole pore
generated in the deep region of the melt pool is considered to have a
tendency to be trapped in the solidification interface because the
keyhole pore takes longer time to disappear from the melt pool surface
than the powder pore. The present computational method will become a
tool to design the appropriate process condition to avoid “off design”.

6. Conclusions

In this study, a modified lattice kinetic scheme, which was a kind of
lattice Boltzmann method, was adapted to simulate gas and liquid flows
in a 3D model of the laser powder bed fusion process. The multi-phase
formulation of the modified lattice kinetic scheme for the conserved
Allen–Cahn equation was newly derived to track liquid/gas free surface
movement in a three-phase system including a solid phase. The multi-
phase field was introduced to evolve the melting and solidification
microstructure. These equations were solved by coupling with the
thermal equation in the synchronized same time. Simulation for one
traveling beam was performed by using an OpenMP/MPI paralleling
program developed in-house. The following results were obtained.

(1) It is confirmed that the modified lattice kinetic scheme for
calculating liquid and gas flows gives high speed and robustness
under the condition of liquid/gas and solid/liquid interface
movements by coupling thermal analysis. Especially, the rapidly
changing velocity around the fluctuating liquid/gas surface and
expulsion of pores were precisely estimated. The time elapsed for
one laser traveling length, 1000 µm, was measured as approxi-
mately 41 h, including the time spent for solidification micro-
structure evolution.

(2) The derived multi-phase formulation of the modified lattice ki-
netic scheme for the conserved Allen–Cahn equation was
confirmed to effectively track the liquid/gas free surface move-
ment by coupling with flow in the melt pool. The highly fluctu-
ating surface was pushed down by recoil pressure, which had a
keyhole shape, and pore generation from the initial space be-
tween powder particles was observed. Consequently, their colli-
sions were also identified. Finally, pores going out into the
atmosphere by convective flow affected by buoyancy were also
identified.

(3) Melting and solidification are confirmed to be well estimated by
using a multi-phase field method coupled with analyses using the
thermal equation and the multi-phase equation of the modified
lattice kinetic scheme for the conserved Allen–Cahn equation in a
system with solid, liquid and gas phases. The solidification di-
rection on the liquid/solid interface was observed to be mainly
controlled by the temperature gradient. However, the solidified
grain boundary shape seemed to be complex due to the interface
anisotropy function implemented in the multi-phase field
method.
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