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ABSTRACT

Three widely used open-source packages for determining phonon properties and lattice thermal conductivities (ALAMODE, phono3py, and
ShengBTE) are benchmarked by teams of expert users and the package developers. The phonons for Ge, RbBr, monolayer MoSe2, and AlN
are modeled at zero temperature, and they scatter through three-phonon and phonon-isotope processes, with thermal conductivities
obtained from the linearized Peierls–Boltzmann transport equation with input from density functional theory calculations. Over a wide
range of temperatures, the thermal conductivities calculated by the teams fall within at most +15% of their mean values for each of the
four materials. The phonon frequencies, obtained from the harmonic force constants, do not show large differences between the calcula-
tions, indicating that the modal heat capacities and group velocities are not responsible for the thermal conductivity variations. It is the life-
times associated with three-phonon scattering, obtained from the cubic force constants, that drive the variations. The many decisions
required to calculate the cubic force constants (e.g., supercell size, atomic displacement, neighbor cutoff, and application of symmetries)
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make identification of the precise origin of the thermal conductivity variations challenging. The calculated thermal conductivities do not
generally show agreement with experimental measurements, which is attributed to the limitations of the density functional theory calcula-
tions. Guidance for the development of best practices is provided, which will help to standardize protocols needed for building thermal con-
ductivity databases. The results provide a baseline for future benchmarking of other packages and more advanced calculations.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0289819

I. INTRODUCTION

The integration of density functional theory (DFT) calcula-
tions, lattice dynamics theory, and solutions to the linearized
Peierls–Boltzmann transport equation (PBTE) have enabled
first-principles-driven predictions of phonon properties and lattice
thermal conductivities that agree with experimental measurements
for a range of materials.1–4 While open-source and commercial
DFT packages have long been available, early phonon property and
thermal conductivity calculations were performed using in-house
codes for the lattice dynamics and PBTE. Over the last decade,
open-source packages have been released for performing these
calculations,5–17 enabling the broad research community to study
thermal transport by phonons. While each package has a similar
workflow, differences exist in how they are used by researchers and
in how the underlying algorithms are implemented, which may
impact calculations.

As established researchers transition from in-house codes to
open-source packages, as new researchers enter the field using
these packages, and as new computational capabilities are imple-
mented based on the foundation provided by these packages, there
is a growing need to assess their performance. The objective of this
study is to benchmark three commonly used open-source packages
(ALAMODE,5 phono3py,6,7 and ShengBTE8). One package will not
be identified as being better than the others. Instead, how the
developers and expert users apply these packages to a set of materi-
als that span different compositions, crystal structures, bonding
environments, and thermal conductivity magnitudes will be pre-
sented. The results will be used to suggest best practices for calcu-
lating phonon properties and thermal conductivity. The
establishment of such best practices is essential for building
databases18–20 and for enabling repeatability and validation of pub-
lished results.

This paper is organized as follows. The procedure for calculat-
ing phonon properties and thermal conductivity is briefly summa-
rized in Sec. II, and the studied materials are described in Sec. III.
The benchmark process is explained in Sec. IV, with details about
the packages, the teams, and the calculation chronology. The results
are presented in Secs. V and VI, with a focus on dispersion curves,
temperature-dependent thermal conductivities, frequency-dependent
thermal conductivity accumulation functions, and lifetimes. The
results are discussed in the context of experimental measurements in
Sec. VII, suggested best practices are provided in Sec. VIII, and the
paper concludes with a summary and outlook in Sec. IX.

II. LATTICE THERMAL CONDUCTIVITY CALCULATION

The workflow for calculating lattice thermal conductivity is
described in previous reports.4,8,9,21 A short summary is provided

here. The ultimate objective is to evaluate the thermal conductivity
in the α-direction, kα , from

kα ¼
X

i

civ
2
g,α,iτα,i: (1)

The summation is over the phonon modes in the first Brillouin
zone. ci, vg,α,i, and τα,i are the mode-dependent volumetric heat
capacity, the α-component of the group velocity vector, and the
α-direction lifetime. This benchmarking project is limited to
phonons obtained from zero-temperature DFT theory that scatter
through three-phonon and phonon-isotope processes. These fea-
tures are common to the assessed packages and underlie more
advanced calculations; for example, temperature-dependent
phonons;16,22 four-phonon scattering;23–25 scattering by
defects,26,27 boundaries,28–30 and electrons;31–35 and the so-called
“coherent” contribution to thermal conductivity that can be
obtained from the Wigner transport equation36–38 or the quasi-
harmonic Green–Kubo approach.39

The starting point is a crystal structure, which is relaxed to min-
imize the potential energy and forces for a chosen calculator (e.g.,
DFT or an empirical potential). Phonons are computed from har-
monic lattice dynamics. The required inputs are the atomic masses
and harmonic force constants, which are the second derivatives of
the potential energy with respect to atomic displacements away from
equilibrium. These inputs are used to build the dynamical matrix at
a wave vector in the first Brillouin zone, whose diagonalization pro-
vides phonon frequencies and mode shapes. The frequencies are
used to calculate the volumetric heat capacity using Bose–Einstein
statistics and to build the phonon dispersion and the density of
states. The group velocity vector is the gradient of the dispersion.

The calculated phonons are non-interacting. Cubic force con-
stants are required to obtain the intrinsic three-phonon scattering
rates from the Fermi golden rule. Phonon-isotope scattering is typi-
cally treated using the harmonic-level theory of Tamura.40 The
phonons and their scattering rates are then used in a solution to
the PBTE [under the relaxation time approximation (RTA) or
using the full scattering matrix] to solve for the phonon distribu-
tion functions and lifetimes. Thermal conductivity can then be cal-
culated from Eq. (1). Many of the calculations presented here are at
the RTA level, for which the lifetimes in Eq. (1) carry no direc-
tional dependence.

III. MATERIALS

Four materials were chosen for the benchmark calculations:
germanium (Ge), rubidium bromide (RbBr), monolayer molybde-
num diselenide (MoSe2), and aluminum nitride (AlN), with some
characteristics listed in Table I. Further information is provided in
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Sec. S1 of the supplementary material. These materials, which have
relatively straightforward structures and electronic behaviors, cover
a range of structure types, symmetries, bonding environments, and
compositions, with measured thermal conductivities that span from
3 to 300W/(m-K) around room temperature.

Germanium is a simple material with a diamond structure
that has a modest room temperature thermal conductivity.
High-quality, naturally occurring (with five isotopes) and isotopi-
cally purified samples (70Ge) have been characterized, such that
reliable dispersion and temperature-dependent thermal conductiv-
ity data are available.

Rubidium bromide is a cubic alkali halide rock salt compound
that also has reliable measured dispersion and thermal conductivity
data available. It has an order of magnitude lower thermal conduc-
tivity than Ge, likely due to softer ionic bonding. Both Rb and Br
have two naturally occurring isotopes. Long-range dipole correc-
tions that underlie optic branch splittings will be important for the
phonon calculations.46,47

Monolayer molybdenum diselenide is an example of a two-
dimensional (2D) hexagonal material in a larger family of transi-
tion metal dichalcogenides. Molybdenum has seven naturally
occurring isotopes, while selenium has six. As with the majority of
2D monolayers, reliable measurements are not available for the
thermal conductivity of MoSe2, as questions remain regarding
sample quality and size, strain, substrate effects, and measurement
uncertainty. MoSe2 was chosen, in part, because of a lack of refer-
ence data, experimental or theoretical, and thus less distraction to
the teams. Calculating the thermal conductivity of a 2D material
offers additional challenges than those present for the other materi-
als in the benchmark, which are all three-dimensional. These chal-
lenges include realizing the quadratic shape of the acoustic flexure
branch, which impacts the structural stability and the low-
frequency phonon–phonon scattering, and obtaining convergence
with the vacuum space size.48–50

Aluminum nitride is well-characterized experimentally. It is
anisotropic (hexagonal wurtzite crystal structure), and its strong
bonds (partially covalent, partially ionic) lead to the highest
thermal conductivity values of the studied materials. As with RbBr,
long-range dipole corrections will be important. Phonon-isotope
scattering is negligible.

IV. PROCESS

A. Open-source packages

The packages to be benchmarked are ALAMODE,5

phono3py,6,7 and ShengBTE.8 These packages were chosen from a

larger pool of similar packages based on the number of citations
they have received. These packages all

† use permutation and space group symmetries to reduce the
number of distinct force constants.

† obtain force constants, with translational invariance enforced,
internal and/or external to the package. Available techniques
include density functional perturbation theory (DFPT) (har-
monic only), finite differences, and/or linear regression. The
latter two techniques involve moving some number of atoms in a
supercell or a set of supercells.

† can handle long-range interactions.
† calculate three-phonon scattering rates.
† calculate phonon-isotope scattering rates using the Tamura

formulation.40

† ensure energy conservation in the three-phonon and
phonon-isotope scattering events using Gaussian functions
(fixed broadening or using an adaptive broadening technique)
and/or the tetrahedron method.51

† solve the PBTE under the RTA. phono3py and ShengBTE also
solve the PBTE using the full scattering matrix.

All the packages are fully deterministic, such that the same outputs
will be obtained for the same inputs, so long as the package version
is the same. Full details about each package can be found in its offi-
cial documentation.

B. Teams

Two teams were selected for each of the three transport pack-
ages by the organizers (AJHM and LL). One team consisted of the
package developer(s). The other team consisted of expert users of
that package, who were identified based on their publication
record. The teams and their members are listed in Table II.

C. Chronology

The chronology is shown in Fig. 1. A kick-off meeting that
included all participants was held in December 2021. At this
meeting, the “Free Phase” was introduced. The six teams were first
charged with studying Ge (December 2021–February 2022). After
submitting their results and receiving feedback from the organizers,
they studied RbBr and monolayer MoSe2 (March 2022–June 2022).
The phono3py Developer team did not perform calculations for
RbBr and monolayer MoSe2. Teams were asked not to communi-
cate with each other but were encouraged to interact with the orga-
nizers. The Free Phase, thus, resulted in five or six independent

TABLE I. Materials studied in the benchmark.

Material Structure (space group)
Atoms in a primitive

cell Bonding type(s)

Measured k [W/(m-K)] @ 300 K,
naturally

occurring (isotopically pure)

Ge Diamond (Fd-3m, 227) 2 Covalent 62 (73 for 70Ge)41

RbBr Rock salt (Fm-3m, 225) 2 Covalent, ionic 3.2–3.442,43

MoSe2 2D hexagonal (P-6m2, layer group 78) 3 Covalent, ionic ∼6044

AlN Wurtzite (P63mc, 186) 4 Covalent, ionic 316 (c axis)45
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predictions of phonon properties and thermal conductivity for each
of the three materials, which were then analyzed by the organizers.

In August 2022, a meeting was held to present the results of
the Free Phase to all participants and to receive their feedback. The
next stage was the “Collaborative Phase.” The two teams for each
package were combined, such that there were now three teams in
total. The organizers met individually with these three teams in
October 2022 to solicit more feedback on the process. The teams
were tasked to apply what they had learned from the Free Phase to
first study Ge (October 2022–December 2022, to determine if dis-
crepancies from the Free Phase could be resolved) and then AlN
(January 2023–March 2023). As with the Free Phase, the three
teams were asked not to interact with each other but had full access
to the organizers. The Collaborative Phase resulted in three inde-
pendent predictions of phonon properties and thermal conductivity
for each of the two materials, which were then analyzed by the
organizers.

At the end of the Free Phase, the DFT and force constant cal-
culations were identified as possible sources of discrepancies
between the phonon properties and thermal conductivities calcu-
lated by the different teams. As such, during the Collaborative
Phase, the three Developer teams also performed calculations on
Ge using the same set of force constants (October 2022–November
2022), so as to isolate the role of the PBTE solver in the three
packages.

D. Approach

The teams were provided with a checklist for each material,
which are provided in Sec. S1 of the supplementary material. As an
example, an abridged version for the Collaborative Phase study of
Ge is provided in Table III. The only hard constraints were the
pseudopotential(s) and the exchange-correlation functional to be
used in the DFT calculations, so that variations in calculations
could not be attributed to these choices. The Perdew–Burke–
Ernzerhof solids (PBEsol) projector augmented wave (PAW) for-
malism was used for all materials except RbBr, for which no

PBEsol pseudopotential file was available for Rb in the online
Quantum Espresso (QE)52,53 repository. For RbBr, all teams used
PBE PAW. Otherwise, the teams were free to select the DFT
package, with all teams using QE or VASP54–56 (Table II). Each

FIG. 1. Chronology of events. The color for each team is used in subsequent
figures.

TABLE II. Developer and Expert teams for each package. The team leaders are
identified in bold. The DFT package used by each team is also provided [either
Quantum Espresso (QE)52,53 or VASP54–56].

Package Developer team Expert team

ALAMODE Ryota Masuki and
Terumasa Tadano

(VASP)

Tomu Hamakawa, Han
Meng, Cheng Shao, and

Junichiro Shiomi (QE and
VASP)a

phono3py Atsushi Togo
(VASP)

Tribhuwan Pandey (VASP)

ShengBTE Wu Li and Fanchen
Meng (QE)

Hua Bao, Shouhang Li, Ao
Wang, and Xinyu Zhang

(QE)

aFor consistency with the ALAMODE Developer team, only the
VASP-based results from the ALAMODE Expert team are included in the
subsequent analysis and discussion. Their QE-based results are provided in
Sec. S2 of the supplementary material.
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team was given access to an online repository for (i) completing a
summary spreadsheet with key information and results and (ii)
uploading the input files required to run all their calculations and
all the requested data. All the requested information is openly
available.57

V. RESULTS: GERMANIUM

A. Overview

This section will focus on Ge, where we have the most data sets.
Selected calculation details and results are presented in Tables IV
and V. The other materials are discussed in Sec. VI. The presentation
will start with the dispersion and temperature dependence of thermal
conductivity, then probe accumulation functions, lifetimes, and force
constants. From these results, explanations will be suggested for dif-
ferences between calculations, which will help to form the recom-
mendations for best practices in Sec. VIII.

B. Transport package

We start with the Ge Developer calculations performed with
the same set of harmonic and cubic force constants in each

transport package. These calculations allow us to investigate the
impact of the scattering rate calculations (three-phonon and
phonon-isotope) and PBTE solution on thermal conductivity, iso-
lated from details of the DFT and force constant calculations.

The phonon frequencies calculated from the three packages
are identical, with the values at high symmetry points in the
Brillouin zone reported in Table V. The isotopically pure 70Ge RTA
thermal conductivities calculated from the three transport packages
are plotted vs temperature in Fig. 2(a) (solid curves). All teams
found that a 32� 32� 32, hereafter abbreviated as 32�, phonon
wave vector (q)-grid was sufficient to remove size effects.
Between temperatures of 50 and 1000 K, the spread in the three
calculations around their mean value is less than +1%. The cor-
responding 300 K thermal conductivity accumulations as a func-
tion of frequency, f , are plotted in Fig. 2(b). The three solid
curves have the same fine structure, and the total thermal con-
ductivities at this temperature fall within a range of 0.7 W/(m-K)
[51.6–52.3 W/(m-K)]. These results indicate a strong consistency
in the three-phonon scattering rate calculations implemented in
the transport packages.

Between temperatures of 200 K and 1000 K, the isotopically
pure RTA thermal conductivities follow a T�1:05 scaling, which is

TABLE III. Abridged Ge checklist for the collaborative phase.

Germanium
Space group Fd-3m, 227
Lattice vectors R1 = (−a/2, 0, a/2), R2 = (0, a/2, a/2), R3 = (−a/2, a/2, 0)
Atomic positions Ge1 = (0,0,0), Ge2 = (a/4, a/4, a/4)
Isotopes 20.38% 70Ge (69.924 amu), 27.31% 72Ge (71.922 amu), 7.76% 73Ge (72.923 amu),

36.72% 74Ge (73.921 amu), 7.83% 76Ge (75.921 amu), use 70Ge for isotopically pure calculations

DFT PBEsol PAW, no d states in valence
Quantum Espresso: Ge.pbesol-n-kjpaw_psl.1.0.0.UPF

VASP: standard “Ge” version with a pbesol flag in INCAR file
Structure
Relaxed T = 0 K lattice constant (a) Target accuracy <0.005 Å
Methods/convergence Energy/force thresholds, integration mesh/grid shifting, smearing

Phonons
Harmonic force constants Supercell perturbations: supercell size, displacement size, symmetries applied, invariance constraints

DFPT: coarse grid, symmetries applied, invariance constraints
Dispersion Target accuracy < 0.1 THz for Γ, X, and L points

Three segments: Γ→X, Γ→K→X, and Γ→ L, with 100 evenly divided wave vector points per
segment

Normalized wave vectors (units of 2π/a) and frequencies (THz) for six polarizations
Methods/convergence Thresholds

Anharmonic transport
Cubic force constants Supercell size, neighbor cutoff, displacement size, symmetries applied, invariance constraints
Scattering rates Three-phonon (RTA) and phonon-isotope at 20 and 300 K
Thermal conductivity Evidence of convergence at 20 and 300 K for isotopically pure under RTA and full PBTE solutions.

Target accuracy <2% difference between successive grids
Naturally occurring and isotopically pure under RTA and full PBTE solutions. 20–50 K in

increments of 10 K, 50–300 K in increments of 25 K, and 300–1000 K in increments of 100 K
Accumulated with respect to frequency and mean free path at 20 and 300 K

Methods/convergence criteria Delta function representation, integration grid
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close to the T�1 scaling expected in the presence of only
three-phonon scattering and classical (i.e., Maxwell-Boltzmann)
statistics. Between temperatures of 50 and 100 K, the thermal
conductivities scale as T�2:2, pointing to the impact of quantum
statistics well below Ge’s Debye temperature of 374 K. While tem-
perature scalings stronger than T�1 have been reported in materi-
als that display hydrodynamic phonon transport in the Ziman
regime,60–62 these effects only become apparent in a full PBTE
solution, where normal processes are not treated as being purely
resistive.

In the initial set of these Ge Developer calculations, all neigh-
bors in the 128-atom supercell were included when calculating the
harmonic and cubic force constants. This choice leads to ambiguity
when defining some interactions outside the supercell and thus
breaking of derivative permutation symmetry.63,94 In Fig. 2(b), a
second ALAMODE calculation is presented, where the cubic force
constants were truncated at the third nearest neighbor (nn) (i.e., all
considered interactions are contained within the supercell). The
resulting thermal conductivity is higher than the first ALAMODE
calculation (4.4W/(m-K) higher at a temperature of 300 K),

suggesting the sensitivity of the thermal conductivity to the cubic
force constants and their symmetries.

The ShengBTE and phono3py isotopically pure thermal
conductivities calculated using the full scattering matrix in the
PBTE solution are plotted vs temperature in Fig. 2(a) (dashed
curves). ALAMODE does not provide a full scattering matrix
PBTE solution. At a temperature of 50 K, the spread of the two
calculations around their mean value is less than +4%, and for
temperatures between 100 and 1000 K, the spread is +3% or less.
The PBTE is solved in ShengBTE using an iterative approach,
while phono3py implements a direct solution, which is a possible
reason for the larger spread compared to the RTA thermal
conductivities.

The 300 K lifetimes for isotopically pure Ge (i.e., only limited
by three-phonon interactions) are plotted in Fig. 3. These lifetimes
were calculated on the same 32� q-grid so that they can be directly
compared. While variations in the fine structure are apparent, all
calculations give the same general trends with frequency. The
spread at a given frequency is related to polarization and wave
vector dependencies.

TABLE IV. Comparison of Ge calculation decisions.

Energy
cutoff
(eV)b

Force constants (harmonic/cubic)a

Displacement
(Å)

Converged
q-grid
for k

Atoms in
supercell k-grid Cutoffc

ALAMODE
Free—Developer (VASP 6.2.1, ALAMODE
1.3.0)

300 216/64 2×/4× All atoms/3nn 0.01/0.03 50 × (300 K)

Free—Expert (VASP 5.4.4, ALAMODE 1.1.0) 225 64/64 10×/5× All atoms/3nn 0.04/0.06 50 × (300 K)
Collaborative (VASP 6.4.0, ALAMODE 1.4.1) 225 216/216 7×/4× All atoms/3nn 0.01/0.02 50 × (20 K)

50 × (300 K)

phono3py
Free—Developer (VASP 6.2.1, phonopy
2.14.0d, phono3py 2.3.0d)

240 512/64 2×/4× All atoms/all
atoms

0.03/0.03 43 × (300 K)

Free—Expert (VASP 6.2.1, phonopy 2.12.0,
phono3py 2.1.0)

600 (H),
550 (C)

432/128 2×/3× All atoms/all
atoms

0.01/0.03 41 × (300 K)

Collaborative (VASP 6.2.1, phonopy 2.12.0,
phono3py 2.1.0)

600 (H),
550 (C)

432/128 2×/3× All atoms/all
atoms

0.01/0.03 51 × (20 K)
41 × (300 K)

ShengBTE
Free—Developer (QE 6.6, ShengBTE 1.2.0) 898 DFPT/250 16×/1× …/4nn …/0.01 32×(300 K)
Free—Expert (QE 6.7, ShengBTE 1.1.1) 1088 DFPT/128 16×/2× …/5nn …/0.01 32×(300 K)
Collaborative (QE 6.6, ShengBTE 1.2.0) 898 DFPT/250 16×/1× …/10nn …/0.01 34 × (20 K)

30 × (300 K)

Developer same force constants
VASP 6.3.1, phonopy 2.14.0, phono3py 2.3.2 240 250/128 2×/2× All atoms/all

atoms
0.01/0.03 32 × (All

Teams)

aIn cells where there are two entries separated by a forward slash (/), the first entry corresponds to the harmonic force constants and the second entry
corresponds to the cubic force constants.
bUnless noted, the same value was used for the harmonic (H) and cubic (C) force constant calculations.
cnn, nearest neighbor.
dDevelopment versions, which should be closest to phonopy 2.14.0 and phono3py 2.3.0.
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The phonon-isotope scattering rates and naturally occurring
RTA thermal conductivities were also calculated using the three
packages. The structure of the phonon-isotope scattering rate
output files is the same in ALAMODE and phono3py, allowing for
a direct comparison. 99% of more than 5000 phonon modes have
phonon-isotope scattering rates that fall within +5% of their
average value. Differences are likely a result of a small difference in
how the Tamura theory is implemented.64 Between temperatures of
100 and 1000 K, the spread of the three naturally occurring thermal
conductivity calculations around their mean value is less than
+1%. This small spread, which is similar to that for the isotopi-
cally pure RTA thermal conductivities, suggests that the small dif-
ferences in the mode-wise phonon-isotope scattering rates even out
across the full spectrum.

In the remainder of the paper, we focus on the RTA solu-
tion of the PBTE to allow for a comparison of the three trans-
port packages. Furthermore, we show a mixture of calculations
for isotopically pure and naturally occurring compositions of
all materials, focusing the discussion on the anharmonic
scattering.

C. Free and collaborative phases

1. Process

After receiving the Ge results in the Free Phase from the six
teams, the organizers assessed the submissions. In some cases, the
teams were asked to make immediate modifications, for example,
re-plotting the dispersion curves along the same defined paths in
the Brillouin zone and using consistent masses. In other cases,
changes were suggested for the subsequent materials, for example,
ensuring that the Developers and Experts use the same version of
the transport package.

2. DFT calculations

The teams relaxed the Ge structure using the structural and
DFT input parameters defined in Table III. The VASP calculations
gave a lattice constant, a, of 5.702–5.703 Å, while the QE calcula-
tions gave 5.687 Å. These zero-temperature values can be compared
with the measured values of 5.653–5.658 Å in going from 8 to
300 K.59 The larger calculated lattice constant is typical of PBE

TABLE V. Selected Ge results.

Phonon frequency (THz) k @ 300 K [W/(m-K)]

a (Å) fΓ fX fL kpure knatural

ALAMODE
Free—Developer 5.702 8.49 2.10, 6.90, 7.87 1.70, 6.36, 6.97, 8.30 61.6 (RTA) 53.1 (RTA)
Free—Expert 5.702 8.65 2.07, 6.89, 7.86 1.66, 6.35, 6.96, 8.29 54.2 (RTA) 46.6 (RTA)
Collaborative 5.702 8.66 2.10, 6.90, 7.87 1.73, 6.21, 6.95, 8.33 60.4 (RTA) 52.0 (RTA)

phono3py
Free—Developer 5.702 8.71 2.11, 6.86, 7.87 1.71, 6.37, 6.94, 8.29 52.0 (RTA),

55.1 (full)
45.5 (RTA),
47.2 (full)

Free—Expert 5.703 8.56 2.11, 6.90, 7.87 1.70, 6.34, 6.96, 8.29 51.9 (RTA),
55.5 (full)

45.6 (RTA),
47.7 (full)

Collaborative 5.703 8.56 2.11, 6.90, 7.87 1.70, 6.34, 6.96, 8.29 53.3 (RTA),
56.9 (full)

46.8 (RTA),
49.0 (full)

ShengBTE
Free—Developer 5.687 8.62 2.11, 6.93, 7.85 1.71, 6.39, 6.93, 8.31 57.9 (RTA),

61.8 (full)
49.7 (RTA),
51.8 (full)

Free—Expert 5.686 8.63 2.08, 6.95, 7.85 1.70, 6.39, 6.94, 8.32 59.4 (RTA),
62.7 (full)

52.5 (RTA),
54.3 (full)

Collaborativea 5.687 8.63 2.12, 6.94, 7.86 1.72, 6.40, 6.94, 8.32 60.4 (RTA),
64.0 (full)

52.2 (RTA),
54.2 (full)

Same force constants 5.702
ALAMODE 1.4.2 8.72 2.24, 6.91, 7.93 1.75, 6.40, 7.01, 8.33 51.6 (RTA) 44.4 (RTA)
phono3py 2.9.2 8.72 2.24, 6.91, 7.93 1.75, 6.40, 7.01, 8.33 52.1 (RTA),

55.4 (full)
44.9 (RTA),
46.8 (full)

ShengBTE 1.2.0 8.72 2.24, 6.91, 7.93 1.75, 6.40, 7.01, 8.33 52.3 (RTA),
54.6 (full)

45.1 (RTA),
47.1 (full)

Experiment41,58,59 5.653–5.658
(8–300 K)

9.12 2.40, 7.21, 8.26 1.90, 6.66, 7.34, 8.70 73 (70Ge) 62

aThe ShengBTE Collaborative Phase thermal conductivities are taken from their 34× q-grid.
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generalized gradient approximation (GGA) exchange-correlation
functionals in DFT and results in phonons with lower frequencies
than obtained in measurements (described below and see
Table V).65 A further discussion on comparing the calculations for
Ge and the other materials to experimental measurements is pro-
vided in Sec. VII. Despite variations in the DFT input parameters
[e.g., smearing and electronic wave vector (k)-grid] and conver-
gence criteria [e.g., plane wave energy cutoff and energy conver-
gence threshold], the structural results are remarkably similar.
Furthermore, little variation is seen when comparing the electronic
band structures of all the calculations.

3. Phonon dispersion

The dispersion curves along selected high-symmetry direc-
tions are plotted in Figs. 4(a)–4(c). Each sub-figure contains the
results from the Free and Collaborative Phases for a given transport
package. All calculations employed acoustic sum rules to enforce
translational invariance for the harmonic force constants. While
the acoustic phonon frequencies for the three calculations for a
given transport package are generally close, differences are present
in the optic phonon frequencies for ALAMODE and phono3py.

The ShengBTE phonons were all determined using DFPT in
QE, with the same k-grid (16�) and similar input q-grids (either
6� or 7�). There is no visual difference in the dispersion curves
plotted in Fig. 4(c). From Table V, the phonon frequencies at a
specified wave vector and polarization all fall within 0.04 THz.

FIG. 2. Ge Developer calculations performed using the same set of harmonic and cubic force constants. (a) Temperature dependence of RTA and full PBTE solution
thermal conductivities for isotopically pure 70Ge. (b) RTA thermal conductivity accumulation with frequency at a temperature of 300 K for isotopically pure 70Ge.

FIG. 3. Ge Developer calculations of 300 K three-phonon scattering lifetimes
performed using the same set of harmonic and cubic force constants and a
32� q-grid.
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The ALAMODE harmonic force constants were obtained
using VASP by displacing one atom in a supercell and using linear
regression. In the Free Phase, the Developer used a 216-atom
supercell with a 0.01 Å displacement and a 2� k-grid, while the
Expert used a 64-atom supercell with a 0.04 Å displacement and a
10� k-grid. In the Collaborative Phase, the team used a 216-atom
supercell with a 0.01 Å displacement with a 7� k-grid. Differences
in the frequencies are apparent; for example, the spread is 0.17 THz
for the optic mode at the Γ-point and 0.14 THz for the longitudi-
nal acoustic mode at the L-point.

The phono3py harmonic force constants were also obtained
using VASP by the linear regression method,66 with all calculations
using a 2� k-grid. In the Free Phase, the Developer used a
512-atom supercell with 0.03 Å displacements, while the Expert
used a 432-atom supercell with 0.01 Å displacements. The
Collaborative Phase calculations were the same as those from the
Expert in the Free Phase. Differences in some frequencies are
apparent, while others are very close; for example, the spread is
0.16 THz for the optic mode at the Γ-point.

Encouragingly, the three sets of dispersion curves from the
Collaborative Phase line up well, with frequency spreads for the
modes listed in Table V ranging from 0.01 to 0.18 THz.

4. Thermal conductivity

The temperature dependence of the RTA thermal conductivity
for isotopically pure Ge is plotted in Fig. 5(a) for the Free Phase
and in Fig. 5(b) for the Collaborative Phase. Data between tempera-
tures of 100 and 1000 K are plotted and considered in the ensuing
analysis. The q-grid choice, which was based on convergence
studies at 300 K in the Free Phase and at 20 and 300 K in the
Collaborative Phase, may lead to size effects at low temperatures.
Considering all Free Phase and Collaborative Phase data together,
there is no discernible trend in the thermal conductivities with the
converged q-grid sizes.

For a given transport package, the spread in the two Free
Phase thermal conductivities around their mean at a given temper-
ature is less than +2% for ShengBTE, less than +1% for
phono3py, and less than +6% for ALAMODE. For each transport
package, one of the Developer or Expert thermal conductivities is
systematically higher than the other.

Considering all the Free Phase data together, the six thermal
conductivity sets fall within a range around their mean that starts
at +13% at a temperature of 100 K (223–281W/mK) and
decreases to +8%–9% between temperatures of 300 and 1000 K
(e.g., at 300 K, 51.9–61.6W/mK). The phono3py thermal conduc-
tivities are the lowest, possibly due to not using a cutoff for the
anharmonic interactions.63 There is no discernible trend between
the ALAMODE and ShengBTE results.

In moving from the Free Phase to the Collaborative Phase, the
teams made changes in their calculations, as shown in Table IV.
Team ALAMODE used a larger supercell and smaller displace-
ments for obtaining the cubic force constants. Team phono3py
used a finer q-grid for the thermal conductivity calculation. Team
ShengBTE used more neighbors when calculating the cubic force
constants. In the Collaborative Phase, the ALAMODE and
ShengBTE isotopically pure RTA thermal conductivities fall within
0.2W/mK between temperatures of 200 and 1000 K. Below 200 K,
the difference increases as temperature decreases, which may be
due to the different q-grids used by these two teams (Table IV).
The phono3py thermal conductivity calculations (no anharmonic
cutoff ) are systematically about 12% lower than the ALAMODE
and ShengBTE results over the temperature range of 200–1000 K.
At a temperature of 300 K, the thermal conductivities are
60.4W/mK (ALAMODE), 53.3W/mK (phono3py), and 60.4W/
m K (ShengBTE).

The 300 K thermal conductivity accumulations as function of
frequency for naturally occurring Ge are plotted in Fig. 6(a) for the
Free Phase and in Fig. 6(b) for the Collaborative Phase. The spread
in the total thermal conductivities is discussed in the previous

FIG. 4. Ge dispersion from the Free (Developer and Expert) and Collaborative (Team) Phases from (a) ALAMODE, (b) phono3py, and (c) ShengBTE.
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FIG. 5. Isotopically pure Ge RTA thermal conductivity in (a) the Free Phase and (b) the Collaborative Phase.

FIG. 6. Naturally occurring Ge RTA thermal conductivity accumulation as a function of frequency at 300 K in (a) the Free Phase and (b) the Collaborative Phase.
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paragraphs. All nine accumulation functions show a rapid increase
with frequency up to about 3 THz followed by a more gradual
increase up to the maximum frequency. Differences are prominent
in the low-frequency regime, while the behavior is similar in the
high-frequency regime. In the Free Phase data, the 9% spread
around the mean for frequencies greater than 3 THz is similar to
that for the total thermal conductivity. With decreasing frequency,
this spread increases dramatically: 15% at 2 THz, 30% at 1 THz, and
>100% below 0.5 THz. The increasing spread is primarily a result of
the sampling of low-frequency acoustic phonons. The calculations
giving the highest overall thermal conductivities also have the steep-
est low-frequency thermal conductivity accumulations, demonstrat-
ing the importance of the low-frequency acoustic phonons.

5. Three-phonon scattering lifetimes and cubic force
constants

From Eq. (1), differences in calculated thermal conductivities
must originate from the modal heat capacities, group velocities,
and/or lifetimes. Because the differences in the phonon frequencies
from all the calculations are small (Table V), heat capacity and
group velocity effects are unlikely to drive the observed range of
thermal conductivities. The lifetimes, and thus the scattering rates,
are the most likely culprit.

Based on the frequency-dependent thermal conductivity accu-
mulation functions shown in Figs. 6(a) and 6(b), we now examine
the three-phonon scattering lifetimes in the low-frequency
(<1 THz) regime. The low-frequency thermal conductivity accumu-
lations for naturally occurring Ge at a temperature of 300 K for the
Collaborative Phase are plotted in Fig. 7(a). Most of the differences
in the accumulations, and thus the overall thermal conductivity,
occur in this frequency region. The ShengBTE integration grid is
the sparsest (30�, compared to 50� for ALAMODE and 41� for
phono3py) so that the smaller number of low-frequency modes
carry more weight in their contributions. The corresponding
three-phonon-scattering lifetimes are plotted in Fig. 7(b) as a func-
tion of frequency. At 0.75 THz and higher, the lifetimes generally
agree and differences in the thermal conductivity accumulations
are relatively constant. Below 0.75 THz, the phono3py lifetimes are
generally lower than the ALAMODE lifetimes, which is reflected in
the generally lower thermal conductivity accumulation for
phono3py. Large mode lifetimes [encircled in Fig. 7(b)] can be cor-
related with rapid increases in the accumulations for the
ALAMODE and ShengBTE curves at 0.3 and 0.55 THz, respec-
tively. The variations in the lifetimes and low-frequency thermal
conductivity accumulations can be partially attributed to the use of
different q-grids, where polarization and wave vector dependencies
can become apparent. The variations in the thermal conductivity
accumulations average out with increasing frequency, as more
modes are included in the summations per unit frequency.

It may be tempting to blame low-frequency variations in the
three-phonon scattering on variations in the enforcement of transla-
tional invariance on the cubic force constants.67 Each package,
however, applies these conditions to numerical precision. We did not
verify whether other symmetry constraints were determined to the
same accuracy. The eight largest irreducible cubic force constants for
the Collaborative Phase calculations are presented in Table VI. Also

included are the values for the Developer calculations performed
using the same force constants (Sec. V B). The values are remarkably
similar, though the phono3py terms are generally larger, which could
be related to its smaller lifetimes seen in Fig. 7(b).

Consistent with our finding, Xie et al. found that the thermal
conductivities of silicon, graphene, and silicene calculated from
empirical potentials are sensitive to the cubic force constants.68 In
their silicon calculation, when the force accuracy was 10�6 eV/Å,
the calculated thermal conductivity can yield a 20% error. After
imposing translational invariance conditions, the error can be
reduced to less than 2%. When the force accuracy was 10�5 eV/Å,

FIG. 7. Naturally occurring Ge RTA 300 K (a) thermal conductivity accumulation
as a function of frequency and (b) three-phonon scattering lifetimes, up to a fre-
quency of 1 THz.
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even after imposing the translational invariance conditions, the
error of thermal conductivity can still be as large as 10%.

VI. RESULTS: RbBr, MONOLAYER MoSe2, AND AlN

A. Overview

We now present results for RbBr (Free Phase), monolayer
MoSe2 (Free Phase), and AlN (Collaborative Phase), following a
similar narrative as that used for Ge in Sec. V. The feedback pro-
vided to the teams after the Ge Free Phase led to more consistency
in how the calculations were carried out. As such, we focus here on
a comparison between all calculations performed for a given
material.

All teams handled the long-range Coulombic interactions
present in these three materials using DFPT. Similar to what was
found for Ge, differences in the calculated phonon frequencies,
which are used to calculate the heat capacity and the group

velocity, are small. The lifetimes, and thus the scattering rates,
are again the key differentiators in the calculated thermal
conductivities.

B. RbBr

The RbBr calculation details are provided in Table VII, and
the key results are provided in Table VIII. The RbBr lattice con-
stants fall within a range of 7.007–7.022 Å, with the VASP-based
calculations at the higher end. The diagonal entries of the dielectric
constant tensor are in the range of 2.456–2.467, and the Born effec-
tive charges are in the range of 1.164–1.165e (positive for Rb
and negative for Br). The RbBr dispersion curves are plotted in
Fig. 8(a). The maximum spread of the Γ, X, and L point frequen-
cies listed in Table VIII is 0.07 THz.

The naturally occurring RbBr RTA thermal conductivities are
plotted vs temperature in Fig. 8(b). The five thermal conductivity sets
fall within a range around their mean of +13% between temperatures
of 100 and 1000K (e.g., at 300 K, 2.67–3.46W/mK). Each of the data
sets is well modeled with a T�n scaling, where 0:978 , n , 0:984.
There is no discernible trend in the thermal conductivities with the con-
verged q-grid sizes. The 300K accumulation functions as a function of
frequency are plotted in Fig. 8(c). Similar to the discussion regarding
Ge in Sec. VC 4, the spread of the accumulation functions reflects that
of the total thermal conductivities above 1.5 THz. Below 1.5 THz, the
relative spread dramatically increases to 30% at 0.5 THz and >100%
below this frequency, despite the observable differences in Fig. 8(c)
being most apparent above 1.5 THz.

The 300 K three-phonon scattering lifetimes corresponding to
the smallest (ShengBTE-Expert) and largest (ShengBTE-Developer)
thermal conductivities are plotted in Fig. 8(d) as a function of fre-
quency. Differences are apparent across the frequency spectrum. In
comparing these two calculations, the major differences are (i) The
Developer used smaller thresholds, energy cutoff, and k-grid in

TABLE VI. Eight largest cubic force constants in Ge (eV/Å3). The “Same FCs” are
those from Sec. V B. The other three columns are from the Collaborative Phase.
More details are provided in Sec. S3 of the supplementary material, describing the
unit cells, atoms, and displacement directions for these force constants.

Same FCs ALAMODE phono3py ShengBTE

1 26.776 26.770 26.782 26.698
2 6.746 6.760 6.785 6.784
3 4.843 4.849 4.851 4.784
4 4.693 4.717 4.730 4.659
5 2.316 2.321 2.329 2.433
6 0.204 0.216 0.209 0.191
7 0.192 0.191 0.194 0.184
8 0.188 0.185 0.187 0.174

TABLE VII. Comparison of RbBr calculation decisions.

Force constants (harmonic/cubic)a

Displacement
(Å)

Converged
q-grid for
k @ 300 K

Energy
cutoff
(eV)b

Atoms in
supercell k-grid Cutoffc

ALAMODE
Developer (VASP 6.2.0, ALAMODE 1.3.0) 300 64/64 2×/2× All atoms/14nn 0.01/0.03 30×
Expert (VASP 6.3.0, ALAMODE 1.0.0) 290 64/64 2×/2× All atoms/3nn 0.04/0.08 30×

phono3py
Expert (VASP 6.2.1, phonopy 2.12.0,
phono3py 2.1.0)

600 (H),
550 (C)

250/128 2×/3× All atoms/all
atoms

0.01/0.03 41×

ShengBTE
Developer (QE 6.6, ShengBTE 1.2.0) 898 DFPT/250 6×/1× …/6nn …/0.01 24×
Expert (QE 6.7, ShengBTE 1.2.0) 1088 DFPT/128 16×/2× …/5nn …/0.01 20×

aIn cells where there are two entries separated by a forward slash (/), the first entry corresponds to the harmonic force constants and the second entry
corresponds to the cubic force constants.
bUnless noted, the same value was used for the harmonic (H) and cubic (C) force constant calculations.
cnn, nearest neighbor.
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their phonon calculations. Given the similarities in the phonon dis-
persions, these decisions are unlikely to have a major effect on the
thermal conductivities. (ii) The Developer used a larger supercell
(250 atoms vs 128 atoms) and a larger cutoff (6nn vs 5nn) for the
cubic force constant calculations.

C. Monolayer MoSe2

The monolayer MoSe2 calculation details are provided in
Table IX, and the key results are provided in Tables X and XI. The
lattice constants (3.267–3.270 Å) and Se layer separations (2Δ)
(3.328–3.332 Å) both fall within tight ranges.

The dielectric constants (in-plane and cross-plane) and
z-direction Born effective charges show a range of values. The key
difference in these calculations was the choice of the cross-plane
system size (which sets the amount of vacuum space), which
ranged from 14.3 Å to 40.0 Å. The dielectric tensor components
decrease with increasing vacuum space (7.90–3.46 for in-plane and
1.64–1.16 for cross-plane). The effect of the cross-plane system size
on the dielectric constants can be corrected.71 Upon doing so, the
dielectric constant ranges reduce to 15.74–15.81 (in-plane) and
6.11–6.19 (cross-plane). The magnitudes of the z Born effective
charges for Mo and Se decrease with increasing vacuum space.

The MoSe2 dispersion curves are plotted in Fig. 9(a). The
spread of the five calculations for the five Γ-point frequencies
ranges from 0.04 to 0.14 THz (Table X). We fit the first 10% of the
Γ�M acoustic flexure branch from each team with a second-order
polynomial. The ratio of the linear coefficient to the quadratic coef-
ficient ranged from 0.001–0.04 (arbitrary units) for the five disper-
sions. This result confirms the expected quadratic behavior.

The naturally occurring MoSe2 RTA thermal conductivities are
plotted vs temperature in Fig. 9(b). The five thermal conductivity
sets fall within a range around their mean of +7% between temper-
atures of 100 and 1000 K [e.g., at 300 K, 65.5–73.8W/(m-K)].

Each of the data sets is well modeled with a T�n scaling, where
1:078 , n , 1:085. There is no discernible trend in the thermal
conductivities with the converged q-grid sizes. Thermal conductiv-
ity shows a weak positive correlation with increasing cross-plane
system size. The 300 K thermal conductivity accumulation func-
tions as a function of frequency are plotted in Fig. 9(c). The
ALAMODE Developer curve is lower than the other curves starting
from the lowest frequencies. The other four curves begin to show
separation around a frequency of 2 THz.

The 300 K three-phonon scattering lifetimes are plotted in
Fig. 9(d) as a function of frequency for the ALAMODE Developer
(lowest thermal conductivity) and ALAMODE Expert (second-
highest thermal conductivity) calculations. Clear differences can be
seen for frequencies below 0.5 THz, which lead to the differences
seen in the low-frequency thermal conductivity accumulations. As
seen in Table IX, there are numerous differences in the Developer
and Expert cubic force constant calculations, including the super-
cell size, the k-grid, the cutoff, and the displacement size. The
Expert also used a larger cross-plane system size than the
Developer (40.0 Å vs 18.3 Å).

D. AlN

The AlN calculation details are provided in Table XII, and the
key results are provided in Table XIII. The lattice constants a
(3.113–3.116 Å) and c (4.982–4.987 Å), and the internal coordinate
u (0.381–0.382 Å) all fall within tight ranges. The diagonal entries
of the dielectric constant tensor are in the ranges of 4.482–4.496
(x and y) and 4.712–4.727 (z). The magnitudes of the Born
effective charges are in the ranges of 2.514–2.522e (x and y) and
2.678–2.685e (z) (positive for Al and negative for N). The AlN dis-
persion curves are plotted in Fig. 10(a). The spread of the three cal-
culations at the two Γ-point frequencies where there is splitting
and at the four A-points is at most 0.02 THz (Table XIII).

TABLE VIII. Selected RbBr results.

Phonon frequency (THz)a k @ 300 K [W/(m-K)]

a (Å) fΓ fX fL kpure knatural

ALAMODE
Developer 7.022 2.29, 3.47 0.99, 1.78, 2.35, 2.45 1.67, 1.82, 2.50, 2.61 3.10 (RTA) 3.05 (RTA)
Expert 7.017 2.33 3.51 1.02, 1.80, 2.40, 2.49 1.69, 1.87, 2.55, 2.63 3.49 (RTA) 3.43 (RTA)

phono3py
Expert 7.022 2.28, 3.47 0.99, 1.79, 2.35, 2.44 1.67, 1.80, 2.49, 2.61 2.94 (RTA),

4.15 (full)
2.89 (RTA),
4.04 (full)

ShengBTE
Developer 7.015 2.29, 3.48 1.04, 1.83, 2.38, 2.48 1.72, 1.81, 2.50, 2.67 3.54 (RTA),

4.97 (full)
3.46 (RTA),
4.80 (full)

Expert 7.007 2.28, 3.47 0.97, 1.77, 2.36, 2.46 1.68, 1.81, 2.50, 2.62 2.71 (RTA),
4.02 (full)

2.67 (RTA),
3.92 (full)

Experiment42,43,69,70 6.893–6.924
(300–413 K)

2.82, 3.88 1.00, 1.78, 2.86, 2.96 2.08 (TA), …, 2.77 (LA), … 3.2–3.4

aThe experimental phonon frequencies are at a temperature of 80 K.
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The AlN RTA thermal conductivities in the in-plane (a) and cross-
plane (c) directions are plotted vs temperature in Fig. 10(b). For the
in-plane direction, the three thermal conductivity sets fall within a range
around their mean of +9% at a temperature of 100K that decreases to
+4% at a temperature of 1000K. The range at 300K is 263–282W/
(m-K). For the cross-plane direction, the three thermal conductivity sets

fall within a range around their mean of +14% at a temperature of
100K that decreases to 5% at a temperature of 1000K. The range at
300K is 232–282W/(m-K). Between temperatures of 400 and 1000K,
each of the data sets is well modeled with a T�n scaling, where
1:13 , n , 1:15. Due to AlN’s high Debye temperature of 1150K, the
scaling is stronger at lower temperatures, as was found for Ge.

FIG. 8. RbBr results. (a) Dispersion. (b) Naturally occurring RTA thermal conductivity. (c) Frequency-dependent thermal conductivity accumulation at 300 K. (d) ShengBTE
three-phonon scattering lifetimes at 300 K.
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TABLE IX. Comparison of monolayer MoSe2 calculation decisions.

Force constants (harmonic/cubic)a

Energy
cutoff (eV)b

Cross-plane
system size (Å)

Atoms in a
supercell k-grid Cutoffc

Displacement
(Å)

Converged q-grid
for k @ 300 K

ALAMODE
Developer (VASP 6.2.1,
ALAMODE 1.3.0)

450 18.3 192/108 2 × 2 × 1/
2 × 2 × 1

All atoms/
9nn

0.01/0.03 100 × 100 × 1

Expert (VASP 6.3.0,
ALAMODE 1.4.1)

316 40.0 192/192 1 × 1 × 1/
1 × 1 × 1

All atoms/
7nn

0.04/0.08 60 × 60 × 1

phono3py
Expert (VASP 6.2.1, phonopy
2.12.0, phono3py 2.1.0)

600 (H),
550 (C)

21.3 192/108 3 × 3 × 1/
3 × 3 × 1

All atoms/
all atoms

0.01/0.03 101 × 101 × 1

ShengBTE
Developer (QE 6.6,
ShengBTE 1.2.0)

1388 26.4 DFPT/392 10 × 10 × 1/
5 × 5 × 1

…/6nn …/0.01 120 × 120 × 1

Expert (QE 6.7MaX,
ShengBTE 1.2.0)

1088 14.3 DFPT/147 12 × 12 × 1/1
× 1 × 1

…/8nn …/0.01 100 × 100 × 1

aIn cells where there are two entries separated by a forward slash (/), the first entry corresponds to the harmonic force constants and the second entry
corresponds to the cubic force constants.
bUnless noted, the same value was used for the harmonic (H) and cubic (C) force constant calculations.
cnn, nearest neighbor.

TABLE X. Selected monolayer MoSe2 results.

Phonon frequency (THz) k @ 300 K [W/(m-K)]

a, 2Δ (Å) fΓ kpure knatural

ALAMODE
Developer 3.270, 3.330 5.03, 7.24, 8.61, 8.74, 10.65 65.1 (RTA) 63.4 (RTA)
Expert 3.269, 3.332 5.01, 7.19, 8.58, 8.70, 10.55 71.5 (RTA) 69.7 (RTA)

phono3py
Expert 3.270, 3.330 5.03, 7.25, 8.61, 8.74, 10.69 70.5 (RTA), 94.0 (full) 68.1 (RTA), 89.0 (full)

ShengBTE
Developer 3.267, 3.330 5.04, 7.25, 8.63, 8.76, 10.66 73.8 (RTA), 94.9 (full) 71.0 (RTA), 89.9 (full)
Expert 3.269, 3.328 5.05, 7.25, 8.63, 8.77, 10.65 67.6 (RTA), 88.6 (full) 65.5 (RTA), 84.1 (full)

Experiment44 59 ± 18

TABLE XI. Monolayer MoSe2 results related to the long-range Coulombic calculations.

Cross-plane system size (Å)

Dielectric constant Born effective charge (e)

In-plane Cross-plane Mo xy, z Se xy, z

ALAMODE
Developer 18.3 6.37 1.44 −1.868, −0.158 0.934, 0.079
Expert 40.0 3.46 1.16 −1.867, −0.122 0.934, 0.061

phono3py
Expert 21.3 5.62 1.35 −1.868, −0.150 0.934, 0.075

ShengBTE
Developer 26.4 4.18 1.27 −1.870, −0.137 0.935, 0.069
Expert 14.3 7.90 1.64 −1.893, −0.200 0.946, 0.100
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The 300 K in-plane accumulation functions up to a fre-
quency of 5 Thz are plotted in Fig. 10(c). Differences become
apparent at frequencies below 1 THz, with the phono3py values
increasing slower than those of the other calculations, which is
reflected in the three-phonon lifetimes plotted in Fig. 10(d).
When comparing how the cubic force constants were calculated

by the three teams, there are differences in the supercell size, the
k-grid, and the cutoff.

E. q-grid convergence

We now consider the convergence of thermal conductivity
with the q-grid, which is a critical step in the workflow. While

FIG. 9. MoSe2 results. (a) Dispersion. (b) Naturally occurring RTA thermal conductivity. (c) Frequency-dependent thermal conductivity accumulation at 300 K.
(d) ALAMODE three-phonon scattering lifetimes at 300 K.
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specific guidance beyond “Evidence of converged thermal conduc-
tivity with varying integration meshes” was not requested from the
teams, data were provided in many cases. The available results at
300 K are plotted in Figs. 11(a)–11(d).

In the Ge Free Phase calculations, no quantitative guideline
was provided for how well to converge the thermal conductivity
with the q-grid. For all subsequent calculations, the teams were
asked to converge to within a less than 2% difference between suc-
cessive q-grids. In their convergence studies, the teams (i) typically
converged to within a difference much smaller than 2% between

successive q-grids; (ii) started with a q-grid as small as 4� and as
large as 87�; and (iii) applied spacings between successive q-grids
that varied between 2 and 30 within the same material and/or for
different materials. In a future benchmarking study, it would be
wise to provide more guidance on the q-grid convergence.

In considering the data in Figs. 11(a)–11(d), thermal conduc-
tivity generally increases with a finer q-grid. It sometimes
decreases, as seen in the phono3py Expert and ShengBTE Expert
calculations for RbBr, where those two teams started at coarser
grids than the other teams. All of the AlN calculations show some

TABLE XII. Comparison of AlN calculation decisions.

Energy cutoff
(eV)b

Force constants (harmonic/cubic)a

Displacement
(Å)

Converged
q-grid

for k @ 300 Kd
Atoms in a
supercell k-grid Cutoffc

ALAMODE
Collaborative (VASP 6.3.1,
ALAMODE 1.4.2)

550 192/192 3×/3× All atoms/
15nn

0.01/0.03 53 × 53 × 33

phono3py
Collaborative (VASP 6.2.1, phonopy
2.12.0, phono3py 2.1.0)

500 300/72 3×/3 × 3 × 2 All atoms/all
atoms

0.03/0.03 31 × 31 × 17

ShengBTE
Collaborative (QE 6.7MaX,
ShengBTE 1.4.0)

1633 DFPT/300 12×/1× …/7nn …/0.01 45×

aIn cells where there are two entries separated by a forward slash (/), the first entry corresponds to the harmonic force constants and the second entry
corresponds to the cubic force constants.
bUnless noted, the same value was used for the harmonic (H) and cubic (C) force constant calculations.
cnn, nearest neighbor.
dNone of the teams obtained a converged thermal conductivity at a temperature of 20 K.

TABLE XIII. Selected AlN results.

Phonon frequency (THz)a,b k @ 300 K [W/(m-K)]

a, c (Å), u fΓ(→M) fΓ(→A) fA kin−plane kcross−plane

ALAMODE
Team 3.114, 4.983, 0.382 18.25, 26.87 19.96, 26.11 5.16, 10.32,

19.77, 24.45
282 (RTA) 263 (RTA)

phono3py
Team 3.113, 4.982, 0.381 18.26, 26.88 19.97, 26.12 5.16, 10.32,

19.78, 24.46
253 (RTA),
285 (full)

232 (RTA),
271 (full)

ShengBTE
Team 3.116, 4.987, 0.382 18.27, 26.88 19.97, 26.12 5.16, 10.31,

19.78, 24.45
271 (RTA),
298 (full)

251 (RTA),
291 (full)

Experiment45,72,73 3.112–3.124, 4.980–4.996,
−(291–1073 K)

18.91, 20.04, 22.18, 27.44 5.36, 10.16,
–, 25.41

316

aThe direction-dependent Γ-point frequencies correspond to locations of optic phonon splitting. This distinction is not possible in the experimental
frequencies. The listed experimental values are those that fall in the same range as those from the calculations.
bNo temperature was reported in Ref. 73 for the experimental frequencies.
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oscillation in thermal conductivity with the q-grid, most notably
for ShengBTE. For a given material, the relative order of the
thermal conductivities generally does not change with the q-grid
(i.e., the curves do not cross), indicating that differences between
the calculations are consistent. RbBr, the material with the lowest
thermal conductivity, converges the fastest, while monolayer MoSe2

converges the slowest. Generally speaking, one would expect faster
convergence for materials where phonons from the full phonon
spectrum contribute to thermal conductivity. Slower convergence is
expected when low-frequency acoustic phonons dominate thermal
conductivity, as these modes are sparsely sampled on a q-grid with
uniform spacing, as was used in all the calculations.

FIG. 10. AlN results. (a) Dispersion. (b) RTA thermal conductivity. (c) Frequency-dependent in-plane thermal conductivity accumulation at 300 K. (d) Phonon–phonon scat-
tering lifetimes at a temperature of 300 K.
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For calculations that employ Gaussian functions to
ensure energy conservation in the phonon–phonon and
phonon-isotope scattering events, the choice of the smearing
width affects the thermal conductivity and its q-grid

convergence. The phono3py Expert calculations for isotopically
pure Ge at 300 K from the full PBTE solution are plotted in
Fig. 12, showing the convergence for four choices of the smear-
ing width. Also plotted are results from the tetrahedron

FIG. 11. 300 K thermal conductivity convergence as a function of the q-grid for (a) Ge, (b) RbBr, (c) MoSe2, and (d) AlN. In the ALAMODE and phono3py AlN calcula-
tions, the q-grid resolution was different for the in-plane directions and the cross-plane direction. The plotted q-grid corresponds to the average value. All other calculations
used an equal q-grid in all directions. The ShengBTE Developer calculations were done with naturally occurring isotopes and the full PBTE solution. The ShengBTE
Expert calculations were done for the isotopically pure materials and the full PBTE solution. The ALAMODE Developer and Expert calculations were done with naturally
occurring isotopes and the RTA. The phono3py Developer and Expert calculations were done for the isotopically pure materials and the full PBTE solution. All AlN calcula-
tions were done with the RTA.
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method, which does not require smearing. While the smallest
smearing width of 0.01 THz provides a similar converged
thermal conductivity as that from the tetrahedron method [55
W/(m-K)], the largest smearing width of 0.3 THz results in a
10% lower thermal conductivity.

Based on the above discussion, we suggest two explanations
for the ranges of converged q-grids reported by the teams in
Tables IV, VII, IX, and XII. First, the non-consistent criteria used
by the teams to identify convergence. Second, that earlier decisions
in the workflow (e.g., k-grid, supercell size, neighbors considered,
atomic displacement, and smearing parameter) change the q-grid
at which convergence is obtained.

VII. CALCULATIONS RELATIVE TO EXPERIMENTS

A. Overview

The main objective of this study is to compare lattice thermal
conductivity calculations from three open-source packages. We
now provide a brief comparison of the calculations to experimental
data for Ge, RbBr, and AlN, where reliable measurements are avail-
able (see Tables V, VIII, and XIII).

B. Germanium

The full PBTE solution thermal conductivities at a temperature
of 300 K for Ge are all lower than the measured data. For isotopi-
cally pure Ge, the calculations range from 55.1 to 64.0W/(m-K),

while the experimental value is 73W/(m-K) for 70Ge. For naturally
occurring Ge, the calculations range from 44.4 to 54.3W/(m-K),
while the experimental value is 62W/(m-K). If all aspects of the cal-
culations were physically accurate and fully converged, then the
resulting thermal conductivities should, in principle, be higher than
the corresponding experimental measurements as (i) there are resis-
tive phonon scattering mechanisms that are ignored and (ii) other
thermal transport channels (e.g., from electrons) are expected to be
negligible. Higher-order phonon–phonon scattering, phonon-defect
scattering, and phonon-boundary scattering will all decrease the cal-
culated lattice thermal conductivity. This effect is opposite to what
would be required to bring the calculations into better agreement
with experiment.

Materials typically expand with increasing temperature, most
often leading to softer, lower-frequency phonons. This effect is not
considered in the zero-temperature calculation of the phonons used
in this study. Phonon softening typically lowers thermal conductiv-
ity and would, thus, further exacerbate the discrepancies between
measurements and calculations for Ge.

The discrepancies between the calculations and experimental
measurements for Ge suggests that DFT (here, at the PBE GGA
level) provides limited accuracy in describing the potential energy
landscape. For example, the PBEsol GGA exchange-correlation
functional for Ge is too soft, leading to a larger lattice constant and
phonon softening compared to the experiments (Table V). Lower
phonon frequencies tend to lower the phonon group velocities, one
factor that may explain the lower thermal conductivities compared
to the experiments. At the local density approximation (LDA) level
of DFT with zero-temperature phonons and three-phonon scatter-
ing, Lindsay et al. calculated the 300 K thermal conductivity of Ge
to be 74W/mK (isotopically pure) and 60W/mK (naturally occur-
ring) from a full solution of the PBTE.67 These values, which are
larger than any calculated here, are consistent with the LDA
exchange-correlation functional being stiffer than those at the GGA
level.

Previous studies have investigated the effect of the exchange-
correlation functional on the phonon properties and thermal con-
ductivity of silicon,74,75 graphene,76,77 AlAs and BAs,78 and a series
of rock salt and zinc blende semiconductors.79 The calculated
thermal conductivities fall above and below experimental measure-
ments. These results indicate that deficiencies in the phonon trans-
port theory are not sufficient to explain discrepancies compared to
measurements, supporting our conclusion of the role played by the
DFT calculations.

C. RbBr

The full PBTE solution calculations of the thermal conductiv-
ity of naturally occurring RbBr at 300 K (3.92–4.80W/mK) overes-
timate measured values at room temperature (3.2–3.4W/mK).42,43

Given the above discussion for Ge, this overestimation may seem
surprising, given that the calculated lattice parameters are 2% larger
than the experiments and the highest optic Raman-active frequen-
cies are 10% lower than the experiments. Extrinsic scattering mech-
anisms (e.g., point defects and grain boundaries) are possible
causes for such discrepancies. The sample descriptions in these
experimental studies, however, do not suggest that crystal quality

FIG. 12. q-grid convergence of the full PBTE solution thermal conductivity of
isotopically pure Ge at 300 K from the phono3py Expert calculations. The solid
orange curve is from the tetrahedron method, while the dashed curves are from
the smearing method with increasing smearing width going from black to light
gray circles: 0.01, 0.05, 0.1, and 0.3 THz.
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was providing significant thermal resistance. We also note that the
thermal conductivity measurements on single-crystal42 and poly-
crystalline samples43 produced similar values. The model fittings
and analysis of the measured temperature-dependent thermal con-
ductivity for RbBr in Ref. 42 suggest that four-phonon scattering
processes may be important, even at room temperature. Further
analysis would be required to fully understand the discrepancy
between the calculated and measured thermal conductivities.

Chang et al. calculated the phonon properties and thermal con-
ductivity of RbBr at the LDA level of DFT with zero-temperature
phonons and three-phonon scattering.80 Compared to the GGA
results presented here, they found a smaller lattice constant of
6.70 Å, a larger maximum Γ-point frequency of 4 THz, and a larger
300 K full PBTE solution thermal conductivity of 6W/(m-K), which
is almost double the experimental measurement. These effects of
LDA vs GGA are consistent with those noted above for Ge.

D. AlN

The calculated full PBTE solution AlN cross-plane thermal
conductivity values, 271 and 291W/(m-K), underestimate the mea-
surement45 of 316W/(m-K) by 8%–14%. This underestimation is
smaller than the 12%–25% underestimation for Ge. As with Ge, the
calculated phonon frequencies are underestimated, although to a
lesser degree: 2%–4% for AlN vs 4%–7% for Ge. The AlN calcu-
lated lattice constants are within 0.1% of the measurements, com-
pared to the Ge values, which are within 0.5%–0.8%. As a stiffer
material than Ge, smaller differences in AlN’s lattice constants can
lead to relatively larger differences in the force constants and
phonon properties.

Others have calculated the cross-plane thermal conductivity of
AlN at 300 K using the full solution of the PBTE and different
choices related to the DFT and lattice dynamics calculations.
Lindsay et al.67 and Li and Mingo81 studied AlN at the LDA level
using zero-temperature phonons and three-phonon scattering. They
found thermal conductivities of 322 and �300W/(m-K). These
values are comparable to the experimental measurement45 of
316W/(m-K) and are higher than all the results obtained here at
the PBE GGA level. Shulumba et al. found that phonon renormali-
zation was not important in AlN at 300 K.82 They reported a
thermal conductivity of 320W/(m-K) based on DFT calculations at
the PBE GGA level and three-phonon scattering, which is compara-
ble to the previous LDA results. Wang et al. included four-phonon
scattering in AlN modeled at the PBE GGA level and found a
thermal conductivity of 268W/(m-K).83 They reported that includ-
ing four-phonon scattering reduced the thermal conductivity at
800 K by 13% and that the effect was smaller at lower temperatures.

VIII. RECOMMENDATIONS FOR BEST PRACTICES

A. Code version

The most up-to-date versions of the DFT and transport pack-
ages should typically be used. When comparing to published
results that used earlier versions, however, it may not be possible to
obtain an agreement. When publishing work, it is essential to
specify the code versions used and provide input files that can be
used to repeat the calculations.

Changes were made to some of the packages as a result of this
work. For example, a bug was corrected in ALAMODE (present in
versions before 1.4.2) related to the calculation of some phonon
velocities when implementing non-analytic long-range Coulombic
corrections via the Ewald sum approach.84 This bug was not an
issue for long-range corrections using the mixed-space method47

within ALAMODE.
Another example of a change was in phono3py (before

version 3.0) and ALAMODE (before version 1.5.0). In these ver-
sions, the cubic force constants violated particular symmetries
when (i) no neighbor cutoff distance was specified (i.e., using all
atoms in the supercell) or (ii) the neighbor cutoff distance was
more than half of the supercell size. This violation led to an overes-
timation of the low-frequency scattering rates and thus an underes-
timation of thermal conductivity (see Sec. V B). This issue is
resolved in the later versions of these packages.

B. Convergence

Convergence tests at all stages of the workflow are integral to
any calculation of phonon properties and thermal conductivity.
Many of the required choices are not independent (e.g., the smear-
ing widths for the phonon scattering events and the q-grid for inte-
grating over the Brillouin zone, as shown in Fig. 12 for Ge). It is
computationally infeasible, however, to perform a multi-
dimensional convergence study that includes all the decisions
related to the DFT, structure, harmonic, anharmonic, and thermal
conductivity calculations. An interesting direction for future work
would be to develop an efficient and rigorous approach for estab-
lishing convergence. Careful convergence testing can also help to
quantify uncertainty, an area where the majority of reported work
is lacking.

A thorough literature review for the material to be studied, or
related materials, can provide a starting point for the computational
decisions. Significant work has been done for specifying DFT
parameters, such as thresholds, energy cutoffs, and k-grids for
lattice constant calculations for many materials. The checklists for
the materials in this study can also serve as guidance for a new
material.

For displacement-based calculations of harmonic and cubic
force constants, the key convergence-related decisions are the
supercell size and the associated k-grid, the number of neighbors
considered (i.e., the cutoff ), and size of the atomic displacement;
for example, small supercells can lead to unwanted images in the
periodic DFT simulations and too small of a cutoff can neglect
important interactions.

The q-grid should be chosen to ensure a converged thermal
conductivity for each studied condition [Figs. 11(a)–11(d)]. For
example, a q-grid that provides convergence at one temperature
may not be sufficient to achieve convergence at lower temperatures
due to the increasing importance of low-frequency modes as dic-
tated by Bose–Einstein statistics.85 As noted in Table XII, chal-
lenges were observed in the AlN thermal conductivity calculations
at a temperature of 20 K, where none of the teams were able to
identify a converged q-grid. Related to this point, evenly spaced
q-grids, as used in the three packages studied here, undersample
low-frequency modes relative to high-frequency modes.
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We also note that because thermal conductivity [Eq. (1)] is
integrated over all modes in the Brillouin zone, numerical inaccura-
cies in the mode-resolved lifetimes may cancel and q-grid conver-
gence may be easier to achieve than convergence of the lifetimes.
The lifetimes themselves are determined by sums of scattering pro-
cesses. The interplay of the q-grid size with the implementation of
energy and momentum conservation conditions, however, can be
strongly non-linear. At low temperatures, where only a small
number of modes are thermally populated, accurately determining
their converged lifetimes may be required to obtain a truly con-
verged thermal conductivity. In a future benchmarking study, it
would be valuable to compare lifetimes from different teams
obtained from the same q-grid.

C. Accuracy

The required accuracy of a thermal conductivity calculation
depends on the user’s needs and constraints (e.g., computational
time). The primary driver for the thermal conductivity variations
reported here is the calculation of the cubic force constants. In
most cases, differences in the phonon dispersions, which are calcu-
lated at the harmonic level, were negligible.

If the objective of a study is to best match experimental mea-
surements, as is often the case, then there are important decisions
to be made in the structural and harmonic calculations.
Specifically, the pseudopotential and exchange-correlation func-
tional should be chosen so as to best match measured lattice con-
stants and phonon dispersion data. If the structure and phonons
cannot be matched, then there cannot be confidence in further cal-
culations of thermal conductivity. At this stage, it is also important
to ensure that there are no imaginary phonon modes, which can be
a sign of the need for stricter DFT parameters (e.g., k-grid sam-
pling) or a dynamic instability of a low-temperature structure.

When examining thermal conductivity variations with isotopic
mass disorder, the single atomic mass that must be specified for the
dispersion and phonon–phonon scattering calculations should be
carefully considered. This mass directly affects the phonon frequen-
cies, and thus the intrinsic thermal conductivity, via variations in the
phase space for phonon–phonon scattering. We found, for example,
that one set of isotopically pure Ge calculations using a mass of
69.924 amu gave a 300 K thermal conductivity that was 2% higher
than when using the isotopically averaged mass of 72.640 amu.

The additional decisions required in more advanced calcula-
tions can also affect the thermal conductivity. For example, Li et al.
found that the sequence of calculating temperature-dependent har-
monic and higher-order force constants (e.g., all-at-once or sequen-
tially) affects the thermal conductivity of Tl3VSe4.

86 Zhou et al.
found that the energy surface roughness in a DFT calculation can
lead to an underestimation of thermal conductivity unless suffi-
ciently large atomic displacements are used to calculate the quartic
force constants.87

IX. SUMMARY AND OUTLOOK

This study provided a benchmark of three commonly used,
open-source software packages (ALAMODE, phono3py, and
ShengBTE; Sec. IVA) for calculating phonon properties and
thermal conductivity in crystalline materials using lattice dynamics

techniques and a solution of the PBTE. Though having different
numerical implementations, each package is based on the same
underlying theories and can be coupled with DFT calculations of
atomic interactions. The phonons were determined at zero temper-
ature. Lowest-order anharmonic perturbation theory was used to
describe three-phonon interactions. Phonon scattering from ran-
domly distributed isotopes was also considered. From this starting
point, the calculations can be compared with each other and serve
as a foundation for including higher levels of theory.

The calculations were carried out by the developers and expert
users of each package (Sec. IV B). Four relatively simple insulating
materials (Ge, RbBr, monolayer MoSe2, and AlN; Sec. III) that
covered a range of room temperature thermal conductivities
(3–300W/mK) were considered. Calculated phonon dispersions,
temperature-dependent thermal conductivities, 300 K thermal con-
ductivity accumulations, and 300 K lifetimes were compared and
contrasted for each material in Secs. V and VI. The most significant
effort was spent examining Ge to understand how the developers
and experts applied the packages and to gain insights into varia-
tions among the calculations.

All three packages provided similar thermal conductivity
results for all the materials, with variations within +15% of the
mean values over a wide range of temperatures. In particular, when
using the same input harmonic and cubic force constants for Ge,
the RTA thermal conductivity variations among the packages are
less than 1% (Sec. V B). In general, the calculated thermal conduc-
tivities do not show good agreement with experimental measure-
ments (Sec. VII), which we attributed to limitations in the DFT
calculations used to describe the atomic interactions.

For all materials, variations in thermal conductivities were
found to most likely derive from the calculation of the cubic force
constants and their post-processing (i.e., application of symme-
tries). In ALAMODE, we note that the translational invariance and
symmetry constraints are incorporated during the fitting process.
These calculations depend on a variety of choices, including the
supercell size, neighbor interaction cutoff, atomic displacement,
and symmetry enforcement. The cutoff, in particular, can have a
large effect, as shown in Figs. 2(b), 5(b), and 6(b). Due to their
complex interplay, no obvious correlations were observed between
these choices and the resulting thermal conductivities.
Recommendations for best practices as related to code version, con-
vergence, and accuracy were provided in Sec. VIII. More systematic
studies than what was carried out here would be required to deter-
mine the underlying origin(s) of the differences. A future bench-
mark study that includes additional packages and examines
materials with greater complexity also has the potential to provide
deeper insights.

Significant developments continue to be realized in the theo-
retical and numerical description of lattice thermal conductivity
beyond the zero-temperature phonons that interact through the
three-phonon and phonon-isotope scattering processes that were
studied here. These include renormalization (i.e., finite-temperature
phonons),16,22 four-phonon interactions,23–25 phonon-defect inter-
actions,26,27 electron-phonon interactions,31–35 and vibrational
transport due phonon coherences.36–39 Furthermore, the develop-
ment of machine learning potentials trained on DFT calculations
presents an opportunity for decreasing the computational cost and
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making calculations on crystals with large unit cells and/or low
symmetry more tractable.19,88–92 As these methodologies become
standard practice, benchmark studies similar to that presented here
will be essential.

SUPPLEMENTARY MATERIAL

See the supplementary material for the materials checklists,
results from the ALAMODE Expert QE calculations, and further
details about the Ge cubic force constants presented in Table VI.
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