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Abstract 24 

A novel testing method was developed to evaluate the fracture toughness of ultra-high-strength 25 

(UHS) steel sheets. The study also examined the influence of specimen thickness, utilizing 26 

specimens of varying thicknesses (1.6 ~ 10 mm). While the toughness of all specimens was 27 

determined by the threshold for planar crack propagation originating from the fatigue pre-crack-28 

front near the mid-thickness zone, the apparent fracture toughness was dependent on specimen 29 

thickness. This phenomenon was attributed to the crack-closure effects experienced during the 30 

pre-cracking process. In-depth analyses revealed that, in the absence of crack-closure effects, the 31 

intrinsic toughness remained unaffected by changes in specimen thickness. 32 

 33 

Keywords:  34 

Ultra-high-strength steel; Fracture toughness; Thickness effect; Crack-closure; MT specimen 35 

 36 

Abbreviations: 37 

CT compact tension 38 

EBSD electron backscatter diffraction 39 

FEA finite element analysis 40 

IPF inverse pole figure 41 

IG intergranular 42 

IQ image quality 43 

MT middle-cracked tension 44 

OM optical microscopy 45 

PAG prior austenite grain 46 

RT room temperature 47 

SEM scanning electron microscopy 48 

SIF stress intensity factor 49 

UHS ultra-high-strength 50 

 51 

Nomenclature: 52 

a crack-length from the load-line 53 

a0 initial crack-length from the load-line 54 

Δa crack extension 55 

b uncracked ligament 56 

b0 initial uncracked ligament 57 

B specimen thickness 58 

Be effective thickness 59 



3 
 

BN minimum thickness at the roots of the side grooves 60 

c length of the growing crack in the FEA model 61 

C0 compliance of the initial gradient line of P-Vm record 62 

Ci compliance of the post pop-in 63 

E Young’s modulus 64 

F fraction of the flat fracture region 65 

Gc fracture toughness in terms of the energy release rate 66 

GIc resistance to the flat fracture as the work per unit area 67 

GSc resistance to the slant fracture as the work per unit area 68 

HV Vickers hardness 69 

Jc the toughness of instable fractures before stable tearing crack extension 70 

JIc resistance to the initiation of ductile cracking 71 

JQ provisional toughness in terms of the J-integral 72 

Ka SIF for the tip of the arrested side crack 73 

Kc static fracture toughness 74 

Kc,ap apparent fracture toughness 75 

Kc,eff effective fracture toughness 76 

Kg SIF for the tip of the growing side crack 77 

KIc plane-strain static fracture toughness 78 

Kmax the maximum SIF 79 

Kop SIF at the crack-opening point 80 

KQ  provisional fracture toughness 81 

KR resistance to crack extension 82 

ΔKeff effective SIF range 83 

n hardening exponent 84 

P load 85 

Pmax the maximum load during the fracture toughness test 86 

Po crack-opening load 87 

PQ critical load to the initiation of cracking 88 

Py normal load in the y-direction 89 

r distance from the crack-tip 90 

R stress ratio 91 

Re residual error of Vm to Vm,fit 92 

S energy absorbed by plastic deformation 93 

u displacement in the x-direction 94 

v displacement in the y-direction 95 
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Vm crack-mouth opening displacement 96 

Vm,fit crack-mouth opening displacement without crack-closure 97 

w displacement in the z-direction 98 

W plate width 99 

α yield offset 100 

δ elongation after fracture 101 

ε strain 102 

εY yield strain 103 

εu uniform elongation 104 

η dimensionless parameter regarding the plastic component of the J-integral 105 

θ half-angle of the chevron notch-tip 106 

ν Poisson’s ratio 107 

σ stress 108 

σB tensile strength 109 

σy normal stress in the y-direction 110 

σY yield stress 111 

φ reduction in area 112 

χ, ψ constants 113 

 114 

1. Introduction 115 

The rapid climatic changes resulting from significant emissions of greenhouse gases have led 116 

to increasingly severe natural disasters worldwide. Consequently, there is an urgent need to 117 

achieve net-zero CO2 emissions, or carbon neutrality. Presently, all industries are actively working 118 

to reduce the CO2 emissions associated with their operations. For example, ultra-high-strength 119 

(UHS) steel sheets with a tensile strength, σB, of approximately 1500 MPa have been integrated 120 

by the automobile industry into the manufacture of vehicular body parts. Such an application aims 121 

to enhance the fuel efficiency of vehicles by reducing their weight [1,2], a trend expected to 122 

encourage the adoption of higher-strength materials in various other components. In the case of 123 

thin automobile elements, it is crucial for any unstable fracture to be prevented during their service 124 

lives and, as such, static fracture toughness, Kc, is one of the most essential material properties. 125 

Since higher-strength materials typically exhibit lower Kc values as compared with lower-strength 126 

materials [3,4], the evaluation of Kc is of paramount importance for ensuring the safety of vehicles 127 

fabricated with UHS materials. 128 

Numerous efforts have been pursued in order to understand toughness, focused primarily on 129 

the impact toughness of UHS steels from a metallurgical perspective [5–15]. For example, using 130 

quenched AISI 4340 steels with a σB exceeding 2000 MPa, Lai et al. [5] and Richie et al. [6, 7] 131 
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discovered that the coarse-grained materials displayed higher impact fracture toughness than 132 

those that were fine-grained. Similarly, Tomita conducted a systematic investigation to explore 133 

the effects of assorted factors on the toughness of AISI 4340 steel such as rolling ratio [8], the 134 

second phase (upper or lower bainite) included in the martensitic primal phase [9], and the 135 

contents of sulfur and calcium [10, 11]. Kimura et al. [12-14] demonstrated that “tempforming” 136 

— the thermomechanical processing that produces an ultra-fine elongated grain structure — also 137 

enhances the toughness of UHS low-alloy steels. Liu et al. [15] confirmed the excellent toughness 138 

of the steel with ultra-fine elongated grains fabricated using the deformed and partitioned process 139 

[16], with a σB exceeding 2000 MPa and a uniform elongation, εu, of more than 8%. 140 

On the other hand, from a mechanical perspective, studies have concluded that the Kc value is 141 

affected by the thickness of a component, commonly known as the “thickness effect” [17–21]. 142 

This phenomenon is attributed to the intricate stress and strain distribution ahead of the crack-tip, 143 

extending throughout the thickness of the material. In regions of intermediate thickness, where 144 

the stress state approaches the plane strain condition, the material near the crack-tip experiences 145 

restricted deformation by the surrounding materials, resulting in high triaxiality in these zones. 146 

Consequently, the propensity for brittle fracture increases as the plastic deformation required for 147 

ductile fracture is hindered. In contrast, where the stress state approximates the plane stress 148 

condition with low stress triaxiality near the surface, the material tends to exhibit ductile fracture. 149 

Such a variation in stress state influences the fracture morphology, resulting in thickness-150 

dependent fracture toughness for the entire crack. In general, when the component is especially 151 

thick and the plane strain condition predominates throughout, the overall resistance to cracking 152 

(i.e., Kc) tends to decrease. In light of these mechanistic considerations, some research groups 153 

have proposed evaluation models to quantify the Kc value of the components with arbitrary 154 

thicknesses [22–25]. All of these models adhere to a simple energy-based concept that combines 155 

the work required to produce brittle flat fracture in the interior region and ductile slant fracture 156 

near the surface. However, it remains unclear whether any of these evaluation models are also 157 

applicable to the UHS steels, thus warranting further investigation. 158 

As noted above, there is a major need to investigate the effect of thickness on the Kc value of 159 

UHS steels. However, only a few studies have actually addressed this issue. The primary 160 

challenge lies in the absence of a suitable evaluation method for determining the Kc of UHS steel 161 

sheets. For example, the commonly used ASTM-E399 standard [26] for assessing the fracture 162 

toughness of metallic materials focuses on evaluating the plane-strain, static fracture toughness, 163 

KIc. However, this standard was not designed to measure the Kc value of a thin sheet where a plane 164 

stress state predominates. Conversely, the ASTM-E1820 standard [27] outlines a method for 165 

measuring resistance to the initiation of ductile cracking, JIc, and the toughness of unstable 166 

fractures before stable tearing crack extension, Jc, using specimens with arbitrary thickness 167 
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fabricated from ductile materials. However, its applicability to brittle UHS steels remains 168 

uncertain. Also, the ASTM-E1921 standard [28] and its similar ones [29] specify the evaluation 169 

of cleavage fracture toughness, but they are intend for ferritic steels. Additionally, although the 170 

ASTM-E561 standard [30] details the method for assessing fracture resistance in thin sheets, it 171 

primarily aims to obtain a continuous record of resistance to crack extension, KR, plotted against 172 

crack growth. This relationship is referred to as the K-R curve and the standard lacks a procedure 173 

for determining the Kc value. 174 

The aforementioned situation underscores the compelling need to establish an evaluation 175 

method for determining the fracture toughness of UHS steel sheets, as this is vital for ensuring 176 

the safety of the next-generation weight-saving automobiles. Consequently, our study focused on 177 

developing a novel method to measure the fracture toughness of a UHS steel with varying 178 

thicknesses. 179 

 180 

2. Material and methods 181 

2.1. Material 182 

In this study, a hot-rolled, low-alloy steel plate (JIS SCM440) with a thickness of 22 mm was 183 

used, the chemical composition of which is documented in Table 1. After being maintained at 184 

1123 K for 30 min, the plate was water-quenched, then tempered at 573 K for 60 min, followed 185 

by air cooling. This tempering condition was chosen to obtain the tensile strength over 1700 MPa. 186 

It should be noted that the thickness of the plate was halved via wire electro-discharge machining 187 

prior to heat treatment, i.e., it was heat-treated with a thickness of about 11 mm. The mechanical 188 

properties of the material (yield stress, σY; tensile strength, σB; yield strain, εY; uniform elongation, 189 

εu; elongation after fracture, δ; reduction in area, φ) were obtained by tensile testing in ambient 190 

air, using a round-bar specimen with a diameter of 4 mm and a gauge length of 24 mm, at an 191 

initial strain rate of 5×10−5 s−1. These properties are listed in Table 2, together with the data for 192 

average Vickers hardness, HV (load: 9.8 N; holding time: 30 s; 25-point average). Also, the 193 

nominal stress-strain diagram revealed by this tensile test is illustrated in Fig. 1. The material’s 194 

initial microstructure was analyzed via the electron backscatter diffraction (EBSD) technique, 195 

using scanning electron microscopy (SEM) operated at an acceleration voltage of 15 kV and a 196 

beam step-size of 0.2 µm. Additionally, prior austenite grain (PAG) boundaries were observed 197 

through optical microscopy (OM) after etching treatment with the AGS etchant (produced by 198 

SANKEI Co., LTD.). The material’s inverse pole figure (IPF) and image quality (IQ) maps, as 199 

well as its initial microstructure revealed after etching, are showcased in Fig. 2. The average PAG 200 

size was 13 µm, determined using the lineal intercept method in accordance with the ASTM-E112 201 

standard [31] (inspection area: 190×190 mm; total length of the test lines: 500 mm; magnification: 202 

178×; 5-inspection-fields average). 203 
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Table 1 204 

Chemical composition of the material (in mass %). 205 

C Si Mn P S Cu Ni Cr Mo Fe 

0.39 0.18 0.62 0.014 0.003 0.14 0.08 1.03 0.17 Bal. 
 206 

Table 2 207 

Mechanical properties of the material. 208 

σY [MPa] σB [MPa] εY [-] εu [-] δ [%] φ [%] HV [-] 

1470 1720 0.0074 0.0334 9.55 57.2 519 
 209 

 210 
Fig. 1 Nominal stress-strain diagram of the material. 211 

 212 

 213 
Fig. 2 Initial microstructure of the material: (a) IPF map projected normal to the inspection area; 214 

(b) IQ map; (c) OM image after etching treatment. The solid black lines in (c) correspond to the 215 

PAG boundaries. 216 
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2.2. Novel fracture toughness testing method for UHS steel sheets 217 

As broached in Section 1, the use of the conventional fracture toughness testing methods poses 218 

many challenges for the evaluation of UHS steel sheets. The ASTM-E399 standard [26] outlines 219 

the procedure for determining the KIc value using compact tension (CT) or single edge-notched 220 

bending specimens, inappropriate for assessing the Kc value of thin materials dominated by the 221 

plane stress state. On the other hand, although the ASTM-E561 standard [30] provides guidelines 222 

for measuring the K-R curve for thin materials using middle-cracked tension (MT) specimens, it 223 

does not encompass the determination of the Kc value. While these traditional standards possess 224 

inherent strengths and weaknesses, what is noteworthy is their common measurement of the load, 225 

P, as a function of the crack-mouth opening displacement, Vm. By concentrating on this similarity, 226 

a combination of the test method outlined in ASTM-E561 and the KIc evaluation procedure 227 

specified in ASTM-E399 could potentially produce the Kc value of UHS steel sheets. Based on 228 

this hypothesis, an innovative evaluation procedure for the Kc of UHS steels is detailed herein. 229 
 230 

2.2.1. Fracture toughness specimen suitable for a UHS steel sheet 231 

Prior to undergoing fracture toughness testing, the specimens first needed to be pre-cracked. In 232 

the case of the MT specimens, a fatigue pre-crack was introduced from both sides of the fatigue 233 

starter-notch machined into the middle section. Ideally, the lengths of pre-cracks should be equal, 234 

but in reality, to successfully produce such a result is difficult, especially when dealing with 235 

higher-strength steels. This is due to their faster, fatigue crack-growth rates in comparison to those 236 

registered in lower-strength steels [32–34]. Schematic illustrations of two typical examples of 237 

unsuccessful cracking are exhibited in Fig. 3. In order to maintain the reliability of the test results, 238 

it is essential to achieve symmetric fatigue pre-cracking. Therefore, the effects of the specimen 239 

mounting method and the shape of the fatigue starter-notch were both investigated. 240 
 241 

 242 
Fig. 3 Schemas of unsuccessful fatigue pre-cracking: (a) crack propagation from one side of the 243 

notch; (b) non-uniform crack propagation from both sides. 244 
 245 

The ASTM-E561 standard [30] recommends a multiple-bolt grip or single-pin support for MT 246 

specimens. In this study, we also sought to establish which mounting method was the more 247 

appropriate for obtaining symmetrical cracking via elastic finite element analysis (FEA) with 248 

Abaqus 2021. The 2D, middle-cracked finite plates examined by FEA adhered to the dimensions 249 
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recommended in ASTM-E561 [30] for MT specimens under tensile loading. The model simulated 250 

crack propagation from one side of two crack-tips, as reproduced in Fig. 4(a). It should be noted 251 

that the multiple-bolt grip was modeled by a fully-fixed condition (illustration on the left in Fig. 252 

4(a)), whereas the single-pin support was modeled by a point force (illustration on the right in Fig. 253 

4(a)). In the figure, a0 is the initial crack-length from the load-line, c is the length of the growing 254 

crack, W is the plate-width, σy is the normal stress in the y-direction, and Py is the normal load in 255 

the y-direction. In the FEA, the stress intensity factor (SIF) for the tip of the arrested side crack, 256 

Ka, and that for the tip of the growing side crack, Kg, were determined using the J-integral 257 

approach with an 8-node plane-stress element. In total, there were 1,890 ~ 2,099 nodes and 606 258 

~ 675 elements for the fully-fixed supported model and 2,036 ~ 2,392 nodes and 648 ~ 764 259 

elements for the single-pin supported model. Insofar as material properties were concerned, the 260 

Young’s modulus, E, of 206 GPa and the Poisson’s ratio, ν, of 0.3 were adopted. In both models, 261 

the minimum mesh size was W/600. The FEA results are plotted against the c/W in Fig. 4(b). As 262 

featured, there is no substantial difference between the multiple-bolt grip and single-pin support 263 

below c/W = 0.07, the upper limit for fatigue pre-cracking according to ASTM-E561 [30]. The 264 

results imply that any propensity for asymmetric cracking is unaffected solely by a change in 265 

mounting method, and that other adjustments are necessary to minimize the gap between the 266 

fatigue pre-crack lengths. 267 

Notwithstanding, specimens should be well aligned prior to loading; any bending of the 268 

specimens can negatively influence the symmetry of fatigue pre-cracking and fracture toughness 269 

testing. In this regard, the single-pin support which allows for a specimen’s rotation is more 270 

advantageous than the multiple-bolt grip, since the latter can easily provoke specimen bending 271 

and misalignment. Therefore, the single-pin support method was selected for the experiments 272 

conducted in this study. 273 
 274 

 275 
Fig. 4 Details of the FEA for consideration of specimen mounting: (a) geometry and boundary 276 

conditions for the FEA models; (b) the FEA results in both boundary conditions. The error was 277 

determined to be (Kg − Ka)/Ka × 100. 278 
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According to the ASTM-E399 standard [26], three types of fatigue starter-notches are proposed 279 

(i.e., a straight-through notch, a slot ending in a drilled hole and a chevron notch). Typically, the 280 

straight-through notch is preferred, while the chevron notch is recommended where the 281 

introduction of a fatigue pre-crack in a material proves difficult. As displayed in Fig. 5(a), the 282 

chevron notch-tip possesses an angle (i.e., the notch-front does not cross at right angles to both 283 

sides of the specimen) and a large stress concentration is evident at the vertex. This stress 284 

concentration can equalize the crack initiation lives at both ends of the fatigue starter-notch. Two 285 

MT specimen prototypes with chevron notch-tip angles, 2θ (90° and 120°), were fabricated. The 286 

specimens were designed according to the proportion specified in ASTM E-561 [30], and the pin-287 

hole diameter was set to W/3 following ASTM E-647 [35]. The crack-growth direction was 288 

oriented perpendicular to the rolling direction of the material. Fatigue pre-cracking was then 289 

carried out, the details of which will be provided in a later section. For information, the fatigue 290 

starter-notches were established via wire electro-discharge machining. Fig. 6 presents the 291 

successful results of fatigue pre-cracking trials. As expected, almost symmetric fatigue pre-cracks 292 

were introduced, irrespective of 2θ. The ASTM-E647 standard [35] requires that the difference 293 

between the right- and left-hand-side crack lengths in MT specimens is within 0.025W and that 294 

the crack lengths on the front and back surfaces do not differ by more than 0.25B (B is specimen 295 

thickness). The experiments conducted in this study met these requirements. Specifically, the 296 

largest bilateral gap in the pre-crack lengths was about 0.5 mm, corresponding to a c/W ratio of 297 

0.02 in Fig. 4(b), resulting in an SIF error of less than 0.3%. Therefore, in this study, the shape of 298 

the MT specimen illustrated in Fig. 5(a) was employed. 299 
 300 

 301 
Fig. 5 Shapes and dimensions of the specimens: (a) MT specimen; (b) CT specimen. 302 
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 303 
Fig. 6 OM images showing the examples of successful fatigue pre-cracking in the MT specimens: 304 

(a) 2θ = 90°; (b) 2θ = 120°. 305 
 306 

2.2.2. Fracture toughness testing procedure for UHS steel sheets 307 

The fracture toughness test of the MT specimen (specimen thickness, B: 1.6 mm) was 308 

performed using a uniaxial, servo-hydraulic, fatigue-testing machine. Monotonic tension was 309 

applied to the specimen at a constant cross-head speed that provided the initial loading rate of 310 

0.03 MPa∙m1/2/s until final fracture. The Vm was monitored using a clip-on gauge (gauge length: 311 

5 mm) mounted on the specimen surface by attachable knife-edges. Before the fracture toughness 312 

test, a fatigue pre-crack totaling 12 mm in length (including the starter-notch) was introduced at 313 

the stress ratio, R, of 0.1, using the aforementioned fatigue-testing machine. The constant axial 314 

loading range was periodically reduced in accordance with ASTM-E561 [30] and, at the final 315 

stage of pre-cracking, the maximum SIF, Kmax, reached about 18 MPa∙m1/2. During tensile testing 316 

with thin specimens supported by a single pin, fractures often occur from the pin-hole, leading to 317 

invalid results. To prevent such undesirable fractures, ASTM-E338 standard [36] recommends 318 

using the reinforcing plates if the material’s σY is below 1380 MPa. Given that the material tested 319 

has a σY of 1470 MPa, reinforcing plates were not utilized. After the fracture toughness test, the 320 

fracture surface was observed via OM and SEM and the value of a0 (i.e., fatigue pre-crack-length) 321 

was measured at mid-thickness and two quarter-thickness points. The average of these three 322 

measurements was taken as the value of a0. Throughout the experiment, K was calculated using 323 

the following equation: 324 

K = 
P

WB
ටπa∙ sec ቀ

πa

W
ቁ (1) 325 

where a is the crack-length from the load-line (including the starter-notch). In order to determine 326 

the Kc value, the critical load to the initiation of cracking, PQ, was defined using a 5% offset secant 327 

line method in reference to ASTM-E399 [26], then the provisional fracture toughness, KQ, was 328 

derived by applying the values of a0 and PQ to Eq. (1). If the ratio of the maximum load during 329 

the fracture toughness test, Pmax, to PQ did not exceed 1.1 (i.e., Pmax/PQ < 1.1; the severest brittle 330 

criterion), with the following small-scale yielding condition fulfilled, the KQ was regarded as Kc: 331 
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b > 2.5ቀ
KQ

σY
ቁ
ଶ
 (2) 332 

where b is the uncracked ligament when PQ was measured. For the MT specimen, b was derived 333 

as W/2 − a. Additionally, the ASTM E-1820 and E-1921 standards [27,28] outline other criteria 334 

to validate whether the provisional toughness is determined by brittle cracking. In ASTM E-1820 335 

[27], the validation based on the J-integral aspect is introduced as follows: 336 

B, b0 ≥ 100×JQ/σY (3) 337 

Δa < 0.2 mm + JQ/(2σY) (4) 338 

where Δa is crack extension, b0 is initial uncracked ligament, and JQ is the provisional toughness 339 

in terms of the J-integral. Taira et al. [37] and Hoshide et al. [38] proposed the following 340 

evaluation formula of J-integral value for the MT specimen: 341 

J = 
K2

E
 + 

S

Bb
 (5) 342 

where S is the energy absorbed by plastic deformation (the area under the P-Vm record). The 343 

precise procedure to determine the S value can be found in the reference [37,38]. In this study, JQ 344 

was derived from Eq. (5) by substituting KQ for K. Additionally, as discussed later, since the KQ 345 

for the MT specimens was determined by the initiation of the crack at the middle thickness where 346 

the plane strain state is dominant (cf. Section 4.3), E in Eq. (5) was substituted by E/(1 − ν2). On 347 

the other hand, Δa was estimated by the iteration following ASTM-E561 [30]. The ASTM E-1921 348 

standard [28] offers another criterion to determine the rapid propagation of Vm (pop-in) attributed 349 

to brittle fracture through the change of compliance. as follows: 350 

Ci

C0
 > ൤1 + 0.01η ቀ

W

a0
 െ  1ቁ

ି1
൨ (6) 351 

where C0 is the compliance of the initial gradient line of P-Vm record, Ci is the compliance of the 352 

post pop-in and η is the dimensionless parameter regarding the plastic component of the J-integral. 353 

The method to determine the value of Ci/C0 is detailed in ASTM E-1921 [28]. Referring to Eq. 354 

(5), the η-value can be regarded as 1 for the MT specimen. In summary, the validation of KQ was 355 

conducted following three standards (i.e., ASTM E399, E-1820, and E1921). The fracture 356 

toughness test and fatigue pre-cracking for the MT specimen were conducted in ambient air at 357 

room temperature (RT).  358 
 359 

2.3. Fracture toughness testing of CT specimens 360 

In order to assess the effect of thickness in the present UHS steel, the Kc values in 6-mm- and 361 

10-mm-thick materials were also measured by the fracture toughness testing of CT specimens. 362 

These tests were carried out using the same testing machine as in the experiment with the MT 363 

specimen. The CT specimens were fabricated with their crack-growth direction perpendicular to 364 

the rolling direction in the base material, the shapes and dimensions of which are detailed in Fig. 365 
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5(b). The specimens were pulled at a constant cross-head speed so that the initial loading rate was 366 

0.03 MPa∙m1/2/s up until final fracture. The Vm during the test was recorded using a clip-on gauge 367 

attached to the machined knife-edges lying on the load-line (cf. Fig. 5(b)). Prior to the 368 

measurement of the Kc value, a fatigue pre-crack totaling 25.4 mm (including the starter-notch) 369 

was introduced based on the procedure specified in ASTM-E399 [26]. The Kmax at the final stage 370 

of pre-cracking was about 15 MPa∙m1/2. Upon completion of the tests, fracture surfaces were 371 

observed via OM and SEM, with the values of a0 and PQ determined in a manner similar to that 372 

of the MT specimens (cf. section 2.2.2). In the CT specimen tests, K was derived using the 373 

following equations: 374 

K = 
P

B√W
·f ቀ

a

W
ቁ (7) 375 

fቀ
a

W
ቁ  = 

2 + a/W

ሺ1 – a/Wሻ3/2 ∙ ൤0.886 + 4.64 ቀ
a

W
ቁ  – 13.32 ቀ

a

W
ቁ

2
 + 14.72 ቀ

a

W
ቁ

3
 – 5.6 ቀ

a

W
ቁ

4
൨ (8) 376 

The value of Kc was calculated in the same manner as for the MT specimen (cf. section 2.2.2). 377 

However, for the CT specimen, it should be noted that b in Eq. (2) is W − a. The J-integral value 378 

for the CT specimen can be derived using the following equation: 379 

J = 
K2൫1 ି  ν2൯

E
+ 

ηS

Bb0
 (9) 380 

For the CT specimen, η can be determined as 2 + 0.522b0/W. The JQ value is calculated by Eq. 381 

(9). Fracture toughness testing and fatigue pre-cracking of the CT specimens were performed in 382 

ambient air at RT. 383 
 384 

3. Results 385 

3.1. Fracture toughness of a UHS steel sheet 386 

Fig. 7 shows an example of the record of P against the Vm during fracture toughness testing of 387 

the MT specimens (Specimen No. 1). In this example, the KQ value was established as 52.7 388 

MPa∙m1/2 which could not be regarded as Kc, since it did not meet only the brittle fracture criterion 389 

following ASTM E-399 (i.e., Pmax/PQ > 1.1). Table 3 summarizes the test results for the MT 390 

specimens, revealing that all tests were deemed to be invalid. On the other hand, after reaching 391 

the critical point where the experimental data crossed the 5% offset secant line, the Vm displayed 392 

rapid propagation at several points in all experiments, with a small breaking sound indicating that 393 

the crack grew intermittently in brittleness.  394 

Fig. 8 illustrates the fracture surface of Specimen No. 1 as an example. The fracture surface 395 

can be divided into three regions (fatigue pre-cracked, flat and slant regions), as shown in Fig. 396 

8(a). Clearly dominating the fracture surface, the flat region consisted mainly of intergranular 397 

(IG) fracture and, as characterized by SEM observation (cf. Fig. 8(b)), exhibited brittle fracture. 398 

In contrast, the slant region consisted of dimples, a typical feature of ductile fracture morphology 399 



14 
 

(cf. Fig. 8(c)). These observations suggest that KQ represents the resistance to the initiation of 400 

brittle cracking. In other words, the KQ values for the MT specimens can be considered as valid, 401 

even though the brittle fracture criterion was unfulfilled (i.e., Pmax/PQ > 1.1). Additionally, the 402 

compliance with the brittle fracture criteria specified in ASTM E-1820 and E-1921 (i.e., Eqs. (3), 403 

(4), and (6)) support this hypothesis. This issue will be explored later in greater detail. 404 
 405 

 406 
Fig. 7 An example of the P vs. Vm record for the MT specimen. 407 

 408 

Table 3 409 

Results of fracture toughness tests and validations. 410 

Specimen No. 1 2 3 4 5 6* 

Geometry MT CT MT 

a0 [mm] 5.86 5.68 5.73 25.34 25.30 5.59 

B [mm] 1.6 6 10 1.6 

b0 [mm] 9.15 9.32 9.27 25.47 25.53 9.40 

PQ [kN] 17.3 16.4 16.7 5.55 9.55 11.7 

Pmax [kN] 22.3 20.7 23.0 6.38 9.94 12.1 

KQ [MPa∙m1/2] 52.7 48.0 51.2 39.5 40.6 37.9 

JQ [kJ/m2] 12.3 10.2 11.6 7.1 7.7 6.4 

Pmax/PQ [−] 1.29 1.26 1.38 1.15 1.04 1.03 

100×(JQ/σY) [mm] 0.83 0.69 0.79 0.48 0.52 0.43 

b − 2.5ቀ
KQ

σY
ቁ
ଶ
 > 0 ? Yes Yes Yes Yes Yes Yes 

Δa – {0.2 mm + JQ/(2σY)} < 0 ? Yes Yes Yes Yes Yes Yes 

Ci

C0
 െ  ൤1 + 0.01η ቀ

W

a0
 െ  1ቁ

ି1
൨ > 0 ? Yes Yes Yes Yes Yes Yes 

Decision (KQ = Kc ?) No No No No Yes Yes 
*The specimen No.6 is the MT specimen with side grooves. 411 
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 412 
Fig. 8 Fracture surface of the MT specimen: (a) OM images; (b) and (c) SEM images 413 

corresponding to regions α and β. 414 
 415 

3.2. Fracture toughness of CT specimens of a UHS steel 416 

The P-Vm records of the CT specimens are featured in Fig. 9. The CT specimens also exhibited 417 

intermittent crack-growth with a breaking noise similar to the MT specimens, with all the brittle 418 

fracture criteria fulfilled only in the case of B = 10 mm (cf. Table 3). Regarding the fracture 419 

surfaces, there was no significant difference to be noted in either of the CT specimens. They were 420 

both almost flat and dominated by IG fracture, as can be seen in Fig. 10. Having been created by 421 

the merging of several images, some vertical stripes inadvertently appeared in Fig. 10(a) and (b). 422 

Thus, it is necessary to clarify that those streaks do not in any way derive from the surface 423 

morphologies of the CT specimens. The validity of the analysis based on the KQ for B = 6 mm 424 

will be examined later. 425 
 426 

 427 
Fig. 9 The P vs. Vm records for the CT specimens with thicknesses of (a) 6 mm and (b) 10 mm. 428 
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 429 
Fig. 10 Fracture surfaces of the CT specimens: (a) and (b) OM montage images of the specimens 430 

with thicknesses of 6 mm and 10 mm, respectively; (c) and (d) SEM images corresponding to 431 

regions α and β. 432 

 433 

4. Discussion 434 

4.1. Determination condition for the fracture toughness of UHS steel 435 

As mentioned in Section 3.1, although the KQ values of the MT specimens did not meet the all 436 

brittle fracture criteria, they can potentially be regarded as valid since almost all fracture surfaces 437 

featured IG fracture (cf. Fig. 8). In order to verify this hypothesis, a test was interrupted 438 

immediately after the first sound of a brittle break (interruption test). It must be emphasized that, 439 

barring the disruption, the test strictly followed the procedure previously described in Section 440 

2.2.2. 441 

The result of the interruption test (P-Vm record) is provided in Fig. 11, indicating that the test 442 

was disrupted almost at the critical point where the experimental data crossed the 5% offset secant 443 

line. After this interruption test, in order to thermally etch the fracture surface formed during 444 

tensile loading, the specimen was heat-treated at 573 K for 30 min, followed by air cooling, then 445 

fractured by tensile testing with cross-head speed of 20 mm/min in ambient air after immersion 446 

in liquefied nitrogen for 10 min. It is important to note that, before the tensile test, the specimen’s 447 

ligament on the crack-plane was reduced in width via wire electro-discharge machining so as to 448 

facilitate easy fracture. The fracture surface obtained as a result of the interruption test is presented 449 

in Fig. 12, in which the initiated crack regions are surrounded by broken red lines. At crack 450 

initiation, only flat fracture was produced, comprised principally of IG fracture (cf. Fig. 12(b)). 451 

As stated in Section 1, it has been proposed in the existing literature that Kc is determined based 452 

on the following relationship [22–25]: 453 
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Gc = F∙GIc + (1 – F)GSc (10) 454 

where, Gc is fracture toughness in terms of the energy release rate; GIc is the resistance to flat 455 

fracture as the work per unit area; GSc is the resistance to slant fracture as the work per unit area; 456 

F is the percentage of the flat fracture region. Since the value of F is 1.0 at the crack-initiation 457 

point in the MT specimen (cf. Fig. 12), it is evident that KQ is determined by the threshold for the 458 

initiation of brittle cracks, even though the brittle fracture criterion is not applicable. On the other 459 

hand, the plane stress state is generally predominant in thin components, in which the ease of 460 

ductile fracture is greater than in thick materials, as detailed in Section 1. The thickness and crack-461 

lengths of the MT specimens were 1.6 mm and 6 mm, respectively, a combination seemingly 462 

sufficient to provoke slant fracture throughout the entire thickness of steels with σB lower than 463 

that of UHS steels [25,39–41]. Notwithstanding, in UHS steel, the Kc was determined to be the 464 

initiation of a brittle crack (cf. Fig. 12). Hence, it is more reasonable to consider that the initiation 465 

of brittle cracks dominated fracture toughness in the CT specimens. Based on the preceding 466 

discussion, all KQ values obtained in this study were regarded as valid. Hereafter, this credible, 467 

apparent fracture toughness is denoted as Kc,ap. 468 

 469 

 470 
Fig. 11 The P vs. Vm record in the interruption test with the MT specimen. The test was halted just 471 

after crack initiation. 472 

 473 
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 474 
Fig. 12 Fracture surface after the interruption test: (a) OM images; (b) SEM images corresponding 475 

to region α. 476 
 477 

4.2. Effect of crack-closure on fracture toughness 478 

Based on the conventional model concerning the thickness effect on fracture toughness (i.e., 479 

Eq. (10)), the KQ of the present UHS steel with B = 1.6 ~ 10 mm was considered to be Kc,ap, as 480 

proposed in Section 4.1. In this scenario, this UHS steel should not exhibit the thickness 481 

dependence of Kc,ap. However, the reality was different, as depicted by the solid black circles in 482 

Fig. 13, where it is evident that the Kc,ap of this UHS steel was clearly dependent on B. This 483 

contradiction merits the further examination which follows. 484 
 485 

 486 
Fig. 13 Thickness dependence of fracture toughness. Kc,ap represents apparent toughness, while 487 

Kc,eff denotes effective fracture toughness considering crack-closure effects. For B = 1.6 mm, the 488 

average Kc,ap and Kc,eff values from three tests are displayed with error bars indicating the 489 

maximum and minimum values. 490 
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Regarding fatigue cracks, it is well known that the compressive stress field in the vicinity of a 491 

crack-tip generated by plastic deformation [42,43], as well as the roughness of a crack-face [44], 492 

the oxides wedged between the crack-wake [45], etc., can hinder a crack’s opening deformation. 493 

This phenomenon, known as crack-closure, reduces the effectiveness of the driving force for crack 494 

extension. The influence of crack-closure is schematically depicted in Fig. 14. During a loading 495 

process in the presence of crack-closure, a crack cannot open below a certain point. According to 496 

Elber [42,43], in a fatigue crack, the loading portion below the crack-opening load, Po (cf. Fig. 497 

14), does not contribute to crack-growth, defining the effective SIF range, ΔKeff, as follows: 498 

ΔKeff = Kmax – Kop (11) 499 

where, Kop is the SIF at the crack-opening point. Based on this concept [46–49], considerable 500 

strides have been made and much progress recorded in the research of fatigue cracks. In this study, 501 

a similar concept for the effective crack-growth driving force was taken into account insofar as 502 

the determination of effective fracture toughness was concerned. 503 

As stipulated in the ASTM-E399 standard, in order to minimize the impact of crack-closure on 504 

Kc, the value of Kmax at the final stage of pre-cracking must not exceed 60% of the Kc (i.e., Kmax/Kc 505 

< 0.6) [26]. Even though the present fracture toughness tests satisfied this requirement (Kmax/Kc,ap 506 

≈ 0.36 for the MT specimen and 0.38 for the CT specimen), the crack-closure introduced in the 507 

fatigue pre-cracking stage affected the test results, as shown in Fig. 15. Referring to Eq. (11), the 508 

effective fracture toughness, Kc,eff, would be derived by the following equation: 509 

Kc,eff = Kc,ap – Kop (12) 510 

If the Kop (or Po) is known, the Kc,eff could be derived from this equation. The ASTM-E647 511 

standard [35] specifies the procedure for determining the crack-opening point using unloading 512 

compliance. However, in the present study, since unloading compliance was not an option, the 513 

crack-opening point was determined according to the below-mentioned procedure, one essentially 514 

identical to the method outlined in the standard. First, the initial gradient line must be linearly 515 

approximated. Then, using this approximation, the crack-mouth opening displacement without 516 

crack-closure, Vm,fit, should be calculated as the ideal state. Next, the residual error of Vm to Vm,fit, 517 

Re, should be evaluated via the following formula: 518 

Re = (Vm – Vm,fit) / Vm,fit × 100 (13) 519 

Subsequently, the relationship between P and Re can be estimated using the following equation: 520 

P = ln(Re/χ) / ψ (14) 521 

where, χ and ψ are constants. It is noteworthy to mention that Eq. (14) was determined to minimize 522 

the fitting error after a process of trial-and-error. Finally, the value of P can be derived by applying 523 

Re = 2% to Eq. (14), with this P-value to be regarded as Po. Here, the error margin of 2% was 524 

adopted in accordance with the recommendations of ASTM-E647 [35]. 525 

 526 
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 527 
Fig. 14 Schematic illustration of the effect of crack-closure on the P vs. Vm trend. 528 

 529 

 530 
Fig. 15 Details of the P vs. Vm trend at the low-load regime for (a) MT and (b) CT specimens. 531 

 532 

Fig. 16 presents the relationships between P and Re as well as the fitting curves. The results of 533 

the determined Kc,eff are listed in Table 4 and the Kc,eff vs. B trend is also plotted in Fig. 13 using 534 

solid red rectangles. Despite the thickness effect on Kc,ap, the Kc,eff values were almost independent 535 

of B (Kc,eff ≈ 40 MPa∙m1/2). This Kc,eff tendency aligns with the scenario proposed in Section 4.1.  536 

 537 

 538 
Fig. 16 Relationships between P and Re in specimens with B = (a) 1.6 mm (Specimen No. 1), (b) 539 

6 mm and (c) 10 mm. Fitting curves are depicted as solid red lines. 540 
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Table 4 541 

Summary of the Kc,eff evaluation. 542 

Specimen No. B [mm] Po [kN] Kop [MPa∙m1/2] Kc,ap [MPa∙m1/2] Kc,eff [MPa∙m1/2] 

1 1.6 3.46 10.7 52.7 42.0 

2 1.6 3.44 10.1 48.0 37.9 

3 1.6 4.26 13.1 51.2 38.1 

4 6 0.46 3.2 39.5 36.3 

5 10 0.61 2.6 40.6 38.0 
 543 

4.3. Stress state at mid-thickness 544 

As evoked in Section 1, the stress field in the vicinity of the crack-tip differs according to the 545 

specimen thickness. When the specimen is sufficiently thick, the plane strain state can exist in the 546 

interior region along the crack. Conversely, this stress state would disappear if the specimen 547 

thickness was ever to fall below a certain value. Furthermore, the ratio of crack-length to 548 

specimen-width, a/W, affects the plastic constraint ahead of the crack-tip [50]. Therefore, to 549 

confirm that the Kc,eff values for each specimen thickness were determined under the equivalent 550 

fracture criterion, the stress distributions in two representative cases (MT specimen with B = 1.6 551 

mm and CT specimen with B = 10 mm) were analyzed via 3D elastic-plastic FEA using Abaqus 552 

2021. Fig. 17 showcases the 3D-FEA models and boundary conditions. The shapes and 553 

dimensions of the FEA models were the same as the actual specimens shown in Fig. 5, and the 554 

fatigue pre-crack-lengths were employed as the a values (i.e., 6 mm for the MT specimen and 555 

25.4 mm for the CT specimen). Considering the symmetry of the specimens, it is pertinent that 556 

the FEA was conducted using the one-eighth and quarter models for the MT and CT specimens, 557 

respectively. An 8-node brick element was used in these FEA, with a total of 597,883 nodes and 558 

576,396 elements for the MT specimen and 428,310 nodes and 412,412 elements for the CT 559 

specimen. In addition, as a reference, the σy distribution under the plane strain condition was 560 

analyzed using a 2D elastic-plastic model. In this 2D-FEA, the CT-specimen-shaped model using 561 

a 4-node, plane strain element (9,441 nodes and 4,262 elements) was employed. In both the 3D- 562 

and 2D-FEA, the minimum mesh size was 5 μm. In all FEA, monotonic tension was applied to 563 

each model so that the SIF became 40 MPa∙m1/2 corresponding to Kc,eff (cf. Section 4.2). The 564 

material’s stress-strain property was approximated by the Ramberg-Osgood hardening model as 565 

follows [51]: 566 

Eε = σ + αቀ
σ

σY
ቁ

n ି 1
α (15) 567 

where, ε is strain, σ is stress, α is the yield offset and n is the hardening exponent. In accordance 568 

with the tensile test result (cf. Section 2.1), 1470 MPa for σY, 0.121 for α and 17 for n were 569 

employed. Furthermore, E of 206 GPa and ν of 0.3 were adopted. Fig. 18 compares the σy 570 
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distributions against the distance from the crack-tip, r, at the thickness center of the MT and CT 571 

specimens, together with those in the plane strain condition. As evidenced in this figure, these 572 

distributions were virtually identical. Considering these FEA results together with the fracture 573 

morphology at the initiation stage of cracking (cf. Section 4.1) and the effect of crack-closure (cf. 574 

Section 4.2), it is concluded that the intrinsic fracture toughness, Kc,eff, of the UHS steel is identical, 575 

irrespective of B. This is the first quantitative demonstration of the thickness independence of the 576 

fracture toughness of UHS steel. 577 
 578 

 579 
Fig. 17 Geometry and boundary conditions for the 3D-FEA models: (a) MT specimen; (b) CT 580 

specimen. The symbols u, v and w represent the displacements in the x-, y- and z-directions, 581 

respectively. 582 
 583 

 584 
Fig. 18 Distributions of σy ahead of the crack-tip at the mid-thickness of the fracture toughness 585 

specimens obtained via FEA. 586 
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4.4. Simple evaluation of Kc,eff using side-grooved specimen 587 

The aforementioned results and discussions demonstrated that crack closure is responsible for 588 

the thickness dependence of the Kc,ap. As mentioned in Section 4.2, several mechanisms can evoke 589 

crack closure (e.g., plasticity-induced [42,43], roughness-induced [44], and oxide-induced models 590 

[45], etc.). From a mechanical perspective, the plastic deformation at the near-surface, where the 591 

stress triaxiality is not so high, would dominate crack closure (i.e., the plasticity-induced 592 

mechanism is dominant). In this scenario, if the plastic deformation near the surface introduced 593 

during the fatigue pre-cracking process is inhibited and/or eliminated, the value of Kc,ap should 594 

become lower since the effective component of the applied K becomes higher. Indeed, ASTM E-595 

399 and E-1820 standards [26,27] permit the introduction of side grooves onto the specimen 596 

surfaces to constrain plastic deformation near the surface, facilitating the measurement of KIc. By 597 

introducing side grooves after the fatigue pre-cracking process, these standards aim to obtain a 598 

straight fatigue pre-crack front by removing the lagged portion of the crack and to inhibit the 599 

plastic deformation during the fracture toughness test. However, the contribution of the side 600 

grooving in eliminating the plastic zone near the surface to reduce the crack closure is not 601 

specified. In this section, the potential for measuring Kc,eff without the analysis discussed in 602 

Section 4.2 will be considered by conducting a fracture toughness test on an MT specimen with 603 

side grooves. 604 

Side grooves were introduced onto both surfaces of the MT specimen with B of 1.6 mm by 605 

grinding after the fatigue pre-cracking, following the procedure described in Section 2.2.2. The 606 

depth of the side grooves was set to 0.2 mm, based on the average width of the slant region in the 607 

plane MT specimen (cf. Fig. 8(a)). Consequently, the minimum thickness at the roots of the side 608 

grooves, BN, was 1.2 mm, which meets the depth requirement specified in ASTM standards (i.e., 609 

BN/B ≥ 0.75) [26,27]. The root radius and angle were 0.08 mm and 45°, respectively. When 610 

calculating the K value for the side-grooved specimen, the evaluation formula should be corrected 611 

by substituting the effective thickness, Be, for B. For the side-grooved MT specimen, the K value 612 

at the middle thickness can be derived with sufficient accuracy by correcting the thickness using 613 

following formula (cf. Appendix A): 614 

Be = B – (B – BN)2/B (16) 615 

Using this formula, the value of Be for the present side-grooved MT specimen was determined to 616 

be 1.5 mm. 617 

Fig. 19 shows the P-Vm record of the side-grooved MT specimen. Contrary to the plane MT 618 

specimen (cf. Fig. 7), the crack did not grow stably; the specimen failed after the first pop-in with 619 

only a slight increase in P. The fracture surface also differs from the plane specimen, as illustrated 620 

in Fig. 20; the slant fracture region near the surface disappeared due to the side grooves. The 621 

fracture surface was dominated by a flat fracture consisting of IG fracture, indicating that the 622 
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initiation of the IG fracture determined the KQ of the side-grooved MT specimen. The KQ value 623 

of 37.9 MPa∙m1/2, derived from Eqs. (1) and (16), was regarded as Kc,ap since all the brittle fracture 624 

criteria were fulfilled (cf. Table 3, Specimen No. 6). This Kc,ap value almost corresponds to the 625 

average of Kc,eff as illustrated in Fig. 13, demonstrating the advantage of introducing the side 626 

grooves after fatigue pre-cracking to eliminate the effect of crack closure on Kc,ap. Ultimately, it 627 

is concluded that the Kc,eff of the present UHS steel can be evaluated by a simple fracture toughness 628 

test using side-grooved MT specimens. This conclusion provides an advantage in the fracture 629 

toughness assessment for commercial UHS steel sheets, where the conventional thick specimen 630 

cannot be fabricated. 631 
 632 

 633 
Fig. 19 The P vs. Vm records for the side-grooved MT specimen. 634 

 635 

 636 
Fig. 20 Fracture surface of the side-grooved MT specimen: (a) OM images; (b) SEM images 637 

corresponding to region α. 638 
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5. Conclusions 639 

In order to investigate the thickness effect on the apparent fracture toughness, Kc,ap, in an ultra-640 

high-strength (UHS) steel, a specialized testing method suitable for measuring the Kc,ap value of 641 

UHS steel was developed. Systematic fracture toughness tests were then conducted using both 642 

novel and conventional methods, covering a range of specimen thicknesses, B, from 1.6 mm to 643 

10 mm. The main conclusions are summarized as follows: 644 

(1) The Kc,ap of the present UHS steel (σB ≈ 1700 MPa) was determined by resistance to the 645 

initiation of brittle intergranular (IG) fracture, irrespective of B. 646 

(2) Despite satisfying the fatigue pre-cracking condition (Kmax/Kc,ap < 0.6), as stipulated by 647 

ASTM-E399, Kc,ap was significantly influenced by crack-closure. 648 

(3) The effective fracture toughness, Kc,eff, without the impact of crack-closure, was almost 649 

identical regardless of B. This finding indicates that the thickness effect on the Kc,ap of UHS 650 

steel is attributed to crack-closure, highlighting the need to consider this impact during 651 

fracture toughness evaluations.  652 

(4) The simple fracture toughness test with the side-grooved thin specimen reasonably evaluated 653 

Kc,ap without the influence of crack closure (i.e., Kc,eff). This experimental finding provides a 654 

basis for the fracture toughness evaluation of commercial UHS steel sheets using thin plate 655 

specimens. 656 
 657 
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Appendix A 667 

As mentioned in Section 4.4, the evaluation formula of the SIF for side-grooved specimens 668 

should be corrected. The correction methods for the SEB and CT specimens are described in 669 

ASTM standards [26,27], but these standards do not cover the introduction of side grooves to the 670 

MT specimen. In this Appendix, the modification of the SIF evaluation for the MT specimen with 671 

side grooves is considered using elastic 3D-FEA. 672 

Fig. A.1 showcases the 3D-FEA models and boundary conditions. The ratios of all dimensions 673 

to the crack length follow the requirement of ASTM E561 (a/B = 5, 2a/W = 0.4) [30]. Considering 674 

the symmetry of the specimen, a one-eighth model, constituting the hexagonal and pentagonal 675 

elements, was used in the present FEA. The minimum mesh size was a/1000, and the total 676 
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numbers of the nodes and elements were 22,936 ~ 155,443 and 15,800 ~ 35,700, respectively. 677 

Regarding material properties, an E of 206 GPa and a ν of 0.3 were adopted. The SIF at the mid-678 

thickness was determined using the J-integral approach under a uniform remote stress condition. 679 

Additionally, the effect of the side groove angle (cf. Fig. A.1) and the thickness ratio (BN/B = 0.55 680 

~ 1) on the SIF were examined. 681 
 682 

 683 
Fig. A.1 Geometry and boundary conditions for the 3D-FEA model assessing the effect of side 684 

grooves on the SIF at mid-thickness. 685 
 686 

The correction method for the CT specimen specified in ASTM standards [26,27] is based on 687 

the analysis conducted by Shih et al. [52]. Their study demonstrated that the SIF of the CT 688 

specimen with side grooves can be evaluated by substituting Be for B in Eq. (7), comparing the 689 

SIF derived from the corrected formula with that from FEA. Following their approach, the best 690 

form of the Be providing the highest accuracy of the SIF was considered. It should be noted that 691 

the error of the SIF from the present FEA is less than 2%. Fig. A.2 showcases the present FEA 692 

results, in which K’ is the SIF calculated from Eq. (1) with the substitution of various Be values 693 

for B, and KFEA is the analytical K value, demonstrating that Eq. (16) is the best formula for 694 

determining Be in the MT specimen. 695 
 696 

 697 
Fig. A.2 FEA results of the SIF as a function of BN/B for the side groove’s half-angle of (a) 7.5°, 698 

(b) 22.5°, and (c) 45°, respectively. The K’ values were calculated with various Be values. 699 
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