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1. Introduction

The control of the coercive force (coercive field) of
permanent magnets is an important issue for achieving high
energy conversion efficiency. Neodymium magnets (Nd-Fe-B
magnets) [1–9] are known as powerful permanent magnets
and used in motors, generators, electrical appliances, etc.
Their application is expected to expand in the future due to
the growing demand for electric vehicle motors. Neodymium
magnets have a problem with coercivity at high temperatures
and are often reinforced by adding heavy rare earths such
as dysprosium (Dy). Japan depends on foreign countries for
the rare earth resources, but due to price instability, etc.,
development of high-performance permanent magnets with
reduced use of rare elements is required.

Against this background, the Elements Strategy Initiative
Center for Magnetic Materials (ESICMM) project (2012–
2021), a national project based at National Institute for
Materials Science (NIMS), has been carried out for 10 years
since 2012, and coercivity research has made significant
progress in both experimental and theoretical aspects [10]. In
this review, we mainly focus on the microscopic modeling
based on the electron theory and theoretical studies on the
coercivity at finite temperatures which were developed by the
authors and collaborators in ESICMM [11–28].

Theoretical studies of the magnetic properties and coercive
force of permanent magnets have been developed in the field
of micromagnetics [29]. For details of micromagnetics
simulations, please refer to the review by Tomohiro Tanaka
in the same special issue. In micromagnetics simulations,
a continuum model in which the magnetization is spatially
continuous with nm-order block magnetization (fixed
magnitude of magnetization) as the smallest unit is
considered, and magnetic materials are described with a
small number of macroscopic magnetic parameters, mainly

exchange stiffness constant (A) and magnetic anisotropy
energy (K ). This method has the advantage that the system
(the size is on the order of µm) of the aggregate of grains
constituting a magnetic material can be treated, and many
simulations of magnetic properties such as magnetization
reversal have been carried out. However, due to the coarse
graining of the model, the microscopic mechanism of the
magnetic properties induced by atomic-scale magnetic
interactions cannot be treated. In addition, there is a problem
in handling thermal fluctuations and temperature effects, as
described below.

Coercivity at finite temperatures is a phenomenon that
involves the collapse of a metastable magnetic state due to
thermal activation. The magnetization reversal is a stochastic
process, since it requires crossing the energy barrier and is
caused by thermal fluctuations. In order to study such effects
quantitatively, it is necessary to treat entropy effects at
temperature T correctly according to statistical mechanics.
In thermal equilibrium, using the energy E(i) of state i, the
probability of realization of state i, Peq(i), in the canonical
ensemble is expressed as

Peq ¼
1

Z
e�¢EðiÞ: ð1Þ

Here, ¢ is defined by ¢ ¼ 1
kBT

using the Boltzmann constant
kB. Z is a quantity called the partition function and defined by

Z ¼
Xall
i

e�¢EðiÞ: ð2Þ

The sum is taken for all states. Thus, the value of the thermal
equilibrium state ©Aª of any physical quantity A is given by
the average in the canonical ensemble as follows

hAi ¼ 1

Z

Xall
i

AðiÞe�¢EðiÞ: ð3Þ

When using the coarse-grained Hamiltonian for the
continuum model of micromagnetics, the degrees of freedom
(entropy) of the states are unclear and it is difficult to apply
the above probabilities. In order to properly handle temper-
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ature effects, it is necessary to use statistical mechanics
methods with the canonical ensemble. By constructing a spin
model based on atomistic theory that takes into account the
spin of all atoms in the system, the state and number of states
(entropy) can be defined, and statistical mechanics methods
can be used to correctly incorporate temperature effects in the
analysis. In this paper, we will focus on neodymium magnets
in particular, explain the atomistic spin model, and introduce
statistical mechanics methods for calculating magnetic
properties at finite temperatures (including absolute zero).
Various magnetic properties revealed by using the method-
ologies will be discussed.

2. Atomistic Spin Model

The unit cell of Nd2Fe14B, the hard magnet phase of
neodymium magnets, is shown in Fig. 1 [30]. There are two
types of Nd sites, six types of Fe sites and one type of B site.
We adopt the following atomistic Hamiltonian as a micro-
scopic model for neodymium magnets [13–15, 24]. This
system is a three-dimensional ferromagnet, and we treat the
spins classically.

H ¼ �
X
i<j

2Jijsi � sj �
XFe
i

Diðszi Þ2

þ
XNd
i

X
l;m

�l;iA
m
l;ihrliiÔm

l;i � h
X
i

Sz
i : ð4Þ

Jij is the exchange interaction between the ith and jth atoms
and Di is the anisotropy energy of the ith Fe atom. The third
term is the crystal electric field (CEF) energy of Nd, where
©l,i, Am

l;i, ©r
lªi and Ô

m
l;i are the Stevens factor, coefficient of the

spherical harmonics of the crystalline electric field, average
of rl over the radial wave function, and Stevens operator,

respectively. The fourth term is the Zeeman term, where h is
the external magnetic field. We consider l = 2, 4, 6 and m = 0
(diagonal terms). Ôm

l;i is expressed as Ô0
2 ¼ 3J2

z � J2, etc.
For Fe and B atoms, si denotes the magnetic moment of the

i-th site, whereas for Nd, si is the moment of the valence
electrons (5d and 6s) and strongly coupled to the moment of
the 4-f electrons, J i ¼ gTJi®B through the Hund coupling
as shown in Fig. 2(a). Here, gT is Landé g-factor and Ji is the
total angular momentum consisting of the orbital angular
momentum L and the spin angular momentum S. J ¼ L�
S ¼ 9=2 and gT = 8/11. Therefore, the total moment of Nd
atoms is Si ¼ si þJ i. For Fe and B atoms, we define Si = si.
Note that si of a Nd atom and Si (= si) of an Fe atom are
antiferromagnetically coupled, while Si of a Nd atom and Si
of an Fe atom are ferromagnetically coupled.

We used the magnetic moments and exchange interactions
estimated by Korringa-Kohn-Rostoker (KKR) [31] ab initio
calculations. The values are given in Ref. [24]. Nd2Fe14B has
itinerant electrons, but no methodology has been established
to incorporate the effect of itinerant magnetism. Here, we
assumed that Jij is widely distributed with respect to the
distance due to the itinerancy. We then considered Jij in the
range of r = 3.52¡, where the contribution to the magnetic
interactions is large [13]. For the anisotropy of Fe, we adopt
the literature values estimated by a first-principles calculation
[32]. For Nd atoms, the first-principles estimates of the
crystal field coefficients Am

l;i are not yet established, so we
adopted the experimental estimates [33], and for ©rlªi we used
the values of a Hartree-Fock calculation [34]. For the system
size treated in this review (less than a few tens of nm scale),
the magnetic dipole interaction is not so important and was
not considered here, but its treatment will be discussed in
chapter 8.

3. Computational Methods for Thermodynamic Quan-
tities and Dynamics

If an atomistic spin model such as eq. (4) is constructed,
the states and number of states of the system can be clearly
defined, and finite temperature properties can be calculated
using statistical mechanics methods. Here we mainly describe
Monte Carlo methods used to calculate thermal equilibrium
states, and the stochastic Landau-Lifshitz-Gilbert (sLLG)
equation [11, 35] used to calculate time-dependent dynamics.

3.1 Monte Carlo method
3.1.1 Canonical ensemble Monte Carlo method

Monte Carlo methods are often used to calculate the
physical quantity ©Aª in thermal equilibrium. In Monte Carlo
methods, the eq. (3) is realized by sampling with a
probability dependent on the state i (importance sampling)
and taking the sampling average. Let the spin state
(S1*Sk*SN) be the state i at time t, then the probability
of state i at t + ¦t is given by the following master equation

Pði; tþ�tÞ ¼ Pði; tÞ �
X
j 6¼i

Wði ! jÞ�tPði; tÞ

þ
X
j 6¼i

Wðj ! iÞ�tPðj; tÞ: ð5Þ

Here, W(i ¼ j) is the transition probability per unit time from
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c

(a)

(b)

(c)

12.19

8.80

Fig. 1 (a) Unit cell of Nd2Fe14B. Nd, Fe, and B atoms are denoted by red,
blue, and yellow spheres, respectively. The lattice constants for the a, b,
and c axes are da = db = 8.80¡, and dc = 12.19¡, respectively. (b) Side
view (from a or b axis). (c) Top view (from c axis). Reprinted figure with
permission from [M. Nishino et al., Phys. Rev. B 103, 014418 (2021)].
Copyright (2021) by the American Physical Society. (online color)

M. Nishino and S. Miyashita2



state i to state j. In Monte Carlo methods, the state is updated
every one step (one Monte Carlo step) with ¦t = 1. If the
following ergodicity and detail balance are satisfied for the
transition probability W(i¼ j) for any states i, j, then starting
from any initial state, convergence to a unique stationary state
is guaranteed, generating an equilibrium distribution (ca-
nonical distribution).
(I) Ergodicity (connectivity condition): for any states i, j, the
transition probability W(i ¼ j) is non-zero, or can be
expressed as the product of a finite number of non-zero
transition probabilities.
(II) Detailed balance (this is a sufficient conditions and there
are some methods which do not satisfy the detailed balance
[36]):

PðiÞeqWði ! jÞ ¼ PðjÞeqWðj ! iÞ: ð6Þ
Let P(i)eq = e¹¢E(i)/Z (equilibrium distribution). In the
Metropolis algorithm, which is often used to practice these
conditions, the state update of i ¼ j is performed with the
probability W(i ¼ j) = 1 for HðiÞ � HðjÞ and Wði ! jÞ ¼
expð�¢ðHðjÞ �HðiÞÞÞ for HðiÞ < HðjÞ. The transition
probabilities can be chosen arbitrarily if (I) and (II) are
satisfied. Since the Monte Carlo step is different from real
time, Monte Carlo methods are used for the calculation of
physical quantities in equilibrium and of the free energy as
shown in Sec. 3.1.2, while the method described in Sec. 3.2
is used for the analysis of real time dynamics.
3.1.2 Generalized ensemble methods and free energy

calculations
The partition function can also be expressed using the

density of states ³(E) with respect to energy as

Z ¼
X
E

�ðEÞe�¢E: ð7Þ

Once the density of states is known, the partition function is
obtained and the free energy F can be calculated by the
following equation.

F ¼ � 1

¢
lnZ: ð8Þ

Using the multi-canonical Monte Carlo method [37, 38] it is
possible to calculate the free energy.

In the canonical ensemble Monte Carlo method just
described, the sampling is based on the Boltzmann factor
e¹¢E. In this sampling, the states near a high energy barrier

have low probabilities of realization P(E) (£ e¹¢E) and are
not sampled well. Therefore, the energy histogram
H(E) £ ³(E)P(E) £ ³(E)e¹¢E is close to zero for energies
near high barriers. The multicanonical method samples by a
non-Boltzmann factor e¹f (E) so that high energy states are
also sampled. The probability of realization P(E) is adjusted
so that the energy histogram H(E) is flat (H(E) = C(const-
ant)), and finally a random walk on the energy space is
realized to obtain PðEÞ ’ C

�ðEÞ. When ³(E)/C is obtained,
the free energy can be calculated from the eqs. (7) and (8)
(where C is the contribution of constant). This method is
more laborious than canonical ensemble Monte Carlo
methods, but the Wang-Landau method [38], which is a
kind of the multi-canonical method, is often used. The multi-
canonical method and the replica exchange method that
takes into account transitions between different temperatures
[39], etc., are called generalized ensemble methods. These
methods were developed for the calculation of first-order
transitions and for the calculation of global minima in
systems with multi-valley structures of potential energy, and
are used in various fields such as spin glass relaxation and
protein structure calculations.

In coercive force (field) analysis, it is convenient to
consider the probability of realization in the magnetization
space. Using the density of states as a function of energy and
magnetization Mz, the partition function is expressed as

Z ¼
X
Mz

X
E

�ðE;MzÞe�¢E �
X
Mz

ZðMzÞ: ð9Þ

With the formula

FðMzÞ ¼ � 1

¢
lnZðMzÞ; ð10Þ

the free energy in the magnetization space (free energy
landscape) can be calculated, and the energy barrier as a
function of magnetization can be obtained. Here, the
histogram H(Mz) for magnetization is H(Mz) £ Z(Mz) in the
canonical ensemble, but H(Mz) £ Z(Mz)P(Mz) in the multi-
canonical method, and the probability of realization of
magnetization P(Mz) is adjusted so that H(Mz) = C as in the
energy case [40, 41]. Finally, P(Mz) = C/Z(Mz) is obtained,
and F(Mz) is obtained from the formula (10).

3.2 Stochastic LLG equation method
The Monte Carlo method is an effective method for

Ex

Nd
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4f
5d

HundSOI
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Dy
Fe

4f
5d

HundSOI

(a) (b)

s s

Fig. 2 (a) Magnetic coupling between Nd and Fe atoms. The total moment in an Nd atom and that in an Fe atom are ferromagnetically
coupled. Ex and SOI represent the exchange interaction and spin-orbit interaction, respectively. (b) Magnetic coupling between Dy and
Fe atoms. The total magnetic moment of a Dy atom and that of an Fe atom are antiferromagnetically coupled. Reprinted figure with
permission from [M. Nishino et al., Phys. Rev. B 106, 054422 (2022)]. Copyright (2022) by the American Physical Society. (online
color)
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calculating zero-temperature or finite-temperature equilib-
rium states, but it does not provide concrete information on
real-time dynamics, such as what the state will be after a
certain number of seconds. For real-time dynamics, it is
necessary to solve the equations of motion for spins. The
LLG equation (eq. (11)) is a standard equation, which
consists of the equation of motion of the torque representing
the precession motion of the magnetization and its relaxation
terms.

d

dt
Si ¼ � £

1þ ¡2i
Si � heff

i � ¡i£

ð1þ ¡2i ÞSi
Si � ½Si � heff

i �:
ð11Þ

Here, £ is the electron gyromagnetic ratio and ¡i is the
damping constant.

heff
i ¼ � @H

@Si
ð12Þ

is the effective magnetic field applied to the i-site, including
the external magnetic field, exchange interactions and dipole
interactions around the i-site, and magnetic field due to the
magnetic anisotropy energy of the i-site.

At absolute zero temperature, there are no processes
crossing the energy barrier because there are no thermal
fluctuations, and the dynamics of magnetization can be
calculated using this equation. In contrast, in the finite
temperature case, thermal fluctuations can cause a relaxation
process from a metastable state to a stable state crossing the
energy barrier. The effect of thermal fluctuations is given by
introducing a noise field ²i(t) [11, 35]. heff

i is modified as
follows.

heff
i ¼ � @H

@Si
þ �iðtÞ: ð13Þ

Here, �iðtÞ ¼ ð²xi ; ²yi ; ²zi Þ is the white Gaussian noise and
satisfies the following relations

h²®i ðtÞi ¼ 0; h²®i ðtÞ²¯jðsÞi ¼ 2Di¤ij¤®¯¤ðt� sÞ: ð14Þ
This noise is related to temperature as shown below. The time
evolution equation of the probability distribution function
equivalent to this sLLG equation (Stratonovich representa-
tion of the Fokker-Planck equation) [11] is given by

@

@t
PðS1; � � � ; SN; tÞ ¼

X
i

£

1þ ¡2i

@

@Si
�
��

¡i

Si
Si � ðSi �Heff

i Þ

� £DiSi � Si �
@

@Si

� ��
PðS1; � � � ;SN; tÞ

�

þ
X
i

£

1þ ¡2i
ðSi �Heff

i Þ � @

@Si
PðS1; � � � ;SN; tÞ: ð15Þ

Now, if the following fluctuation-dissipation relation is
satisfied

Di ¼
¡ikBT

£Si
; ð16Þ

it can be proved that the distribution function in the steady
state (t ¼ ¨) at temperature T corresponds to the canonical
distribution [11, 35]

PeqðS1; � � � ;SNÞ / expð�¢HðS1; � � � ;SNÞÞ: ð17Þ

That is, given a damping constant, the temperature T can be
controlled by changing the magnitude (amplitude) of the
noise. The sLLG equation is a stochastic differential
equation, and since the noise is multiplied by the physical
quantity (magnetization), it is a so-called multiplicative
process, and care must be taken in the method of integration.

4. Thermodynamic Properties

4.1 Magnetization
Figure 3 shows the temperature dependence of magnet-

izations of Nd2Fe14B magnets in equilibrium, calculated by
the sLLG and Monte Carlo methods (Metropolis algorithm).
M is the magnitude of magnetization, Mz is the z component
of magnetization (c-axis component), and Mxy is the xy
component of magnetization (ab-plane component). The
calculated values of the sLLG equation and those of the
Monte Carlo method are in good agreement, and the
equilibrium state (canonical distribution) is realized in the
calculations with both methods.

The spin-reorientation transition is confirmed by simu-
lations to occur around 150K, where Mz has a maximum
[4, 6–8]. Figure 4(a) illustrates the temperature dependence
of the crystal electric field (CEF) energy of Nd atoms in
Nd2Fe14B. ª is the angle from the c-axis. At absolute zero
temperature, the potential minimum exists at ª ’ 0:2³ and
ª ’ 0:8³, but above the spin-reorientation transition temper-
ature, the minimum shifts to ª = 0 and ª = ³, and it is
understood that the spin-reorientation transition occurs.

The Curie temperature TC is about 870K (the estimated
value of TC for the infinite system by Binder plot [42]), which
overestimates the experimental value of about 600K [4, 5].
This is due to the overestimation of the magnetic interactions
in the first-principles calculation. However, considering the
current accuracy of first-principles calculations, it is a
sufficiently reliable value. Therefore, we will henceforth
express temperature in units of TC. In our experience, for
obtaining physical quantities in equilibrium, the Monte Carlo
method requires shorter simulation time.
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Fig. 3 Temperature dependences of M, Mz, and Mxy of the atomistic model
for the Nd2Fe14B magnet with comparison between Monte Carlo and
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4.2 Domain wall
The properties of domain walls are important in the study

of the magnetization reversal process. In this section, we
show the variation of the domain wall shape and width with
temperature calculated by the Monte Carlo method (Metrop-
olis method). Since neodymium magnets have anisotropy
along the c-axis, two types of domain walls are possible, as
shown in Fig. 5(a). One is a Bloch-type domain wall that
moves along the a-axis (or b-axis), and the other is a Néel-
type domain wall that moves along the c-axis. Regarding the
domain walls of Bloch and Néel, the magnetization {Mz(x)}
at position x in the a-axis and c-axis, respectively, was
calculated by the Monte Carlo method, and superimositions
of the obtained snapshots (symbols) are shown in Fig. 5(b)
and Fig. 5(c) [14]. The abscissa is in units of the lattice
constant. Next, from these plots, we obtained the domain
wall width. The domain wall width is defined in the
continuum model as follows [29]. Let m(T ) be the magnitude
of magnetization at temperature T, the z component of
magnetization at position x from the center of the domain
wall (mx(x) = 0) is

mzðxÞ ¼ �mðT Þ tanh x

¤0

� �
: ð18Þ

¤0 is called the wall parameter and is defined by ¤0 �
ffiffiffiffiffi
A
K1

p
,

where A and K1 are the stiffness constant and the first
magnetic anisotropy constant, respectively, of the continuum
model. The domain wall width is given by

¤W ¼ ³¤0 ¼ ³

ffiffiffiffiffiffiffi
A

K1

r
: ð19Þ

By fitting mz(x) (eq. (18)) with ¤0 and m(T ) as fitting
parameters to the snapshot data of Mz obtained by the Monte
Carlo method, ¤0 is obtained and the domain wall width ¤W
can be evaluated. The temperature dependence of the domain
wall width is given in Fig. 5(d). At high temperatures, the
domain wall broadens. At around room temperature, it is
about 6–7 nm. The domain wall widths estimated by
experiments for A and K1 [29, 43, 44] are 3.6–5.4 nm, and
those observed by electron microscopy [45–47] are 1–10 nm.
The calculated values are close to the experimental ones.

The fact of the narrower width of the Néel wall than that of
the Bloch wall is considered to be due to the lattice structure
in which the Nd surface is perpendicular to the c-axis. The
exchange interactions between adjacent Nd and Fe atoms are
smaller than those between adjacent Fe atoms. The exchange
energies «2Jijsisj« are 1.60³7.10meV (r ¯ 3.52¡) for the
former, while the latter are 16.22³44.6meV. The temperature
dependences of the Bloch and Néel domain walls can also
be evaluated by determining the macroscopic parameters, the
stiffness constant and magnetic anisotropy constant, from
atomistic models. The Monte Carlo method for the canonical
ensemble is used to find the domain wall energy EDW(T ) at
temperature T, and by using a constrained Monte Carlo
method with a fixed magnetization direction [48], ª-depen-
dence of the finite temperature magnetic anisotropy energy
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figure with permission from [M. Nishino et al., Phys. Rev. B 106, 054422 (2022)]. Copyright (2022) by the American Physical Society.
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EAðT Þ ¼ K1ðT Þ sin2 ª þK2ðT Þ sin4 ª þK4ðT Þ sin6 ª ð20Þ
can be calculated. K1(T ), K2(T ), and K4(T ) for Nd2Fe14B are
obtained by fitting the coefficients of EA(T ) [13, 17]. The
stiffness constant A(T ) is obtained by the relation:

EDWðT Þ ¼ 2
ffiffiffiffiffiffiffiffiffiffi
AðT Þ

p Z ³

0

dª
ffiffiffiffiffiffiffiffiffiffiffiffiffi
EAðT Þ

p
: ð21Þ

From the magnetic anisotropy energy and stiffness constant,
the temperature dependence of the domain wall width dW ¼
³

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðT Þ

EAðT Þ³=2�EAðT Þ0
p

is obtained. The A(T ) obtained in this way

is actually smaller in the c-axis than in the a-axis, and the
temperature dependences of both domain wall widths dW are
very close to those in Fig. 5(d) [17].

5. Coercivity of Nanograin

The coercive force (field) is the threshold field at which the
metastable magnetization collapses. At absolute zero temper-
ature, it is the field at which the energy barrier vanishes, but
at finite temperatures, the process of jumping over the free
energy barrier becomes possible due to thermal fluctuations.
When the inverse magnetic field is strong or the temperature
is high, the barrier disappears and the magnetization relaxes
deterministically and smoothly, as shown in Fig. 6(a). On
the other hand, when the magnetic field is weak and the
temperature is low, there is a barrier as shown in Fig. 6(b),
and the relaxation is caused by thermal fluctuations and
occurs stochastically as a kind of Poisson process, resulting

(a) (b)

MZ MZ

F F

(c)

Fig. 6 (a) Deterministic process. (b) Stochastic process by barrier-crossing dynamics. (c) Snapshots of the magnetization reversal for the
nano grain from the all-down spin state under a reversed field (h = 4.0 T). Red and blue parts denote down-spin and up-spin states,
respectively. Reprinted figure (c) with permission from [M. Nishino et al., Phys. Rev. B 102, 020413(R) (2020)]. Copyright (2020) by
the American Physical Society. (online color)
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in a longer relaxation time. In this section, we describe
methods to investigate the coercivity of nanograins.

The magnetization reversal dynamics by the sLLG method
was studied for a nanograin of 12 © 12 © 9 unit cells at
T = 0.46TC (near room temperature) [19]. Figure 6(c) shows
snapshots of the magnetization reversal from the down spin
state at ¡ = 0.1 under the reversed magnetic field h = 4.0 T.
This relaxation is in the stochastic regime. Nucleation occurs
from a corner, and the reversal region was first expanded
with a Bloch-type domain wall parallel to the ab-plane, and
then grew in the direction of the c-axis with a Néel-type
domain wall. This trend is independent of ¡. This process is
due to the fact that the exchange interactions along the a- and
b-axes are stronger than those along the c-axis. When a single
nucleation is the rate-determining event, the large distribution
of relaxation times makes it difficult to evaluate the mean
relaxation time. To overcome this difficulty, we introduced a
statistical relation between the reversal probability p and the
relaxation time ¸ as a statistical method for evaluating the
relaxation time.

If an event (relaxation) occurs with probability p in unit
time, the probability that the event occurs for the first time in
period [t, t + ¦t] is pe¹pt¦t. Thus the average relaxation time
©¸ª is given by the following formula.

h¸i ¼ p

Z 1

0

te�ptdt ¼ 1

p
: ð22Þ

The probability that an event occurs in period [0, t] is
P(t) = 1 ¹ e¹pt. Thus, after running N simulations, the
number of samples of non magnetization reversal (survived)
is Nsv(t) = N ¹ Ndone(t) = Ne¹pt. From this relation, p (and ¸)
can be obtained from the slope of the graph of ln(Nsv(t)/N ).

Figure 7(a) shows the magnetic field dependence of the
relaxation times for various ¡ values. The relaxation time
increases rapidly as the magnetic field decreases below 4.2 T.
From a real-time simulation of 0.5 ns, a sub-µs relaxation can
be calculated by using the statistical relation. Since coercivity
is a relaxation phenomenon of 1 s in the experiment, the
following fitting function was used to estimate the 1 s
relaxation (a long relaxation time). For long relaxation times,
a single exponential decay of Arrhenius type is expected.

Therefore, the relaxation time was extrapolated by including
a correction term in the form of a double exponential fitting
of eq. (23).

¸ðhÞ ¼ Ae�ah þ Be�bh ¼ Ae�ahð1þ Ce�dhÞ; ð23Þ
where C = B/A and d = b ¹ a. In Fig. 7(b), the fitted lines
by this equation are depicted. The intersection of each line
and ¸ = 1 s gives the coercive force. The coercive force was
estimated to be about 3 T (Hc = 3–3.2 T). From Fig. 7(b),
we can see that the threshold field obtained from the realistic
simulation time (ns) is about 20–25% larger than the
threshold field corresponding to the relaxation of 1 s. In the
following sections, we estimate the coercive force from the
relaxation of the order of ns, which is about 20% higher than
the coercive force corresponding to 1 s.

In the above, we directly measured the relaxation time of
magnetization reversal and obtained the relaxation time from
Nsv(t), but we can also estimate the coercivity from the
survival probability P(H ) = Nsv(H )/N for a magnetic field
sweep (the field h is denoted by H(t) as a function of time).
The probability of Arrhenius relaxation is given by p ¼
1
¸0
e�¢EBðH Þ. For ¸0 we adopt the value ¸0 = 10¹11 s [49],

which is often used in magnetization reversal. The
probability of no relaxation (survival) when the magnetic
field is swept from H = ¹¨ (down spin state) to H as a
linear function of time H(t) = vt is given by the following
formula [28].

PðHÞ ¼ exp � 1

v¸0

Z H

�1

1

e¢EBðhÞ dh
� �

: ð24Þ

Here, the phenomenological relation often used in the study
of magnetization reversal in permanent magnets [50, 51]

EBðHÞ ¼ E0 1� H

H0

� �n

ð25Þ

is applied. E0 is the energy barrier under zero magnetic field
and H0 is the magnetic field for zero barrier. The value of
the exponent n is established as n = 1³2 for many magnetic
materials. In the case of coherent magnetization reversal as
in the Stoner-Wohlfarth model, the exponent is n = 2 [52]. It
has been experimentally shown that n ’ 1 in neodymium

10-12

10-10

10-8

10-6

10-4

0.01

1

0 1 2 3 4 5 6 7 8

 = 0.1

 = 0.15

 = 0.2
MC

 
[s

]

h [T]

0 1 2 3 4 5 6 7 8

(b)

10-12

10-11

10-10

10-9

10-8

10-7

3 4 5 6 7 8

 = 0.1
 = 0.15
 = 0.20
MC

 
[s

]

h [T]

(a)

Fig. 7 (a) Magnetic field dependence of the relaxation time (magnetization reversal time) with the damping factor (¡) dependence.
(b) Extrapolation of the relaxation time. MC denotes the relaxation time of the Arrhenius law (¸ = ¸0e¦F) estimated in a Monte Carlo
study [21]. Reprinted figure with permission from [M. Nishino et al., Phys. Rev. B 102, 020413(R) (2020)]. Copyright (2020) by the
American Physical Society. (online color)

Atomistic Model Study on Magnetic Properties of Permanent Magnets 7



magnets [50, 53]. Here, n = 1 is adopted. The above
probabilities can also be computed for n = 2. In fact, n = 1
gives a closer value than n = 2 to the coercivity estimated for
the above system [28]. Using eq. (25), we obtain

lnð�lnPðHÞÞ ¼ ¢E0

H0

H þ ln e�¢E0
H0

v¸0¢E0

� �
ð26Þ

and E0 and H0 can be evaluated from the slope and y-
intercept when the left-hand side is plotted as a function of
magnetic field.

On the other hand, the relaxation time ¸ is ¸ =
¸0 exp(¢¦F ), and from this relation ¢¦F = 25.3 when ¸ =
1 s and ¸0 = 10¹11 s. Setting ¦F = EB(H ),

¢�F ¼ ¢E0 1� Hc

H0

� �
¼ 25:3: ð27Þ

From this relation, the coercive force is given using H0 and
¢E0 as

Hc ¼ H0 1� 25:3

¢E0

� �
: ð28Þ

The coercive force can be calculated using E0 and H0

evaluated with the formula (26). In fact, applying this
method to the above nanograin, we obtained a coercivity of
about 3 T [28].

The coercive force of the nanograin can also be obtained
by calculating the free energy for magnetization using the
Monte Carlo method described in Sec. 3.1.2. The Wang-
Landau method is used to obtain F(Mz,H = 0) under zero
magnetic field H = 0. The free energy under a magnetic
field H is obtained as

FðMz;HÞ ¼ FðMz;H ¼ 0Þ �HMz: ð29Þ
The left panel of Fig. 8(a) shows the relation between the
magnetizationMz (M in the figure) and free energy for several

magnetic fields including H = 0, and the right panel presents
the energy barrier at 3.5 T. Figure 8(b) shows energy barriers
to the magnetic field for several sizes of grains. Since the
energy barrier corresponding to ¢F = 25.3 can be crossed by
thermally activated effects, the coercive field is the magnetic
field at the point where the free energy curve intersects
25.3kBT. In the system of 12 © 12 © 9 unit cells, the
intersection of the blue curve and 25.3kBT is Hc = 3.3 T
[21]. This value is close to the coercive force obtained by the
real-time dynamics method described above, indicating the
validity of the coercivity evaluation of both methods. As
shown in Fig. 8(b), the coercivity almost saturates when the
grain size exceeds 20 nm.

6. Nucleation and Pinning Fields

6.1 Hard–soft–hard magnet model
In order to realize stronger coercivity at high temperatures,

it is necessary to investigate the effect of grain and grain
boundary structures and properties on the coercivity. For this
purpose, a hard-soft-hard magnet model (Fig. 9) in which
hard magnets are in contact with an intermediate soft magnet
has been studied [54–57]. This model captures the essence of
nucleation and pinning in inhomogeneous systems and has
been used to analyze various phenomena in experimental and
theoretical studies of magnetic materials including GMR
sensors [50, 58, 59]. In particular, for a continuum model of a
hard–soft–hard magnet at zero temperature, one-dimensional
nonlinear equations are solved with stiffness and magnetic
anisotropy constants as parameters. The obtained diagram
representing the nucleation and depinning field thresholds
(the former is called nucleation field and the latter pinning
field) as a function of the ratio of the parameters is well
known and has been used in the interpretation of experiments
[55, 56].

Here we will see how the diagram is modified by the effect
of thermal fluctuations. For this purpose, we consider a
model of hard–soft–hard magnet in a simple cubic lattice of
the Heisenberg model with an anisotropy term. First, in order
to define the parameters, the continuum model Hamiltonian

H ¼
Z

dr
A

2
ðrmðrÞÞ2 �KmzðrÞ2 �MH �mðrÞ

� �
ð30Þ

is considered. Here, m is the unit vector of the magnetization
direction at position r, and A is the exchange stiffness
constant, K is the anisotropy constant, H is the magnetic
field, and M is the magnitude of magnetization. The magnetic

(a)
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M
z,
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Mt

Mz

(b)

Fig. 8 (a) Free energies as a function of Mz of the Nd2Fe14B grain at
0.46TC. Lx = Ly = 14.1 nm, Lz = 14.6 nm. Red line is for H = 0 and other
lines are for applying H. (b) Free-energy barriers as a function of the
magnetic field for four system sizes: Lx = 10.6 nm, 14.1 nm, 21.1 nm,
24.6 nm (Lx = Ly, Lz = 1.038Lx). Reprinted figure with permission from
[Toga et al., npj Comput. Mater. 6, 67 (2020)]. Copyright 2020 NPG.
(online color)
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x
y

z
Hard Soft Hard

Region I Region II Region III

Fig. 9 Schematic picture of a system consisting of two bulk hard magnets
and a boundary soft magnet. Regions I and III are characterized by J1, D1

and S1, while region II is characterized by J2, D2 and S2. Free boundary
conditions are adopted for the lattice model. (online color)
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properties of the hard (soft) magnets are specified by the
stiffness constant A1 (A2), the anisotropy constant K1 (K2),
and the magnitude of magnetization M1 (M2). Normalized
external magnetic field

h ¼ H

HSW

; HSW � 2K1

M1

ð31Þ

and parameters

F ¼ A2M2

A1M1

ð32Þ

E ¼ A2K2

A1K1

; ð33Þ

are defined [12, 55]. HSW is the Stoner-Wohlfarth field of the
hard magnets.

Consider the case where the magnetization of the system is
oriented in the positive direction (z direction) and a reversed
magnetic field is applied. The state of magnetization in each
of the regions I to III is defined as follows.

• (+++) is a state in which the magnetizations in
regions I, II, and III are in the positive direction.

• (+¹+) is a state in which nucleation and then
magnetization reversal have occurred in region II,
while the magnetizations in the other regions remain
positive.

• (+¹¹) is a state where the magnetization is kept
without reversal only in region I.

• (¹¹¹) is a state where the magnetizations in the
whole region are reversed.

The threshold field at which (+++)¼ (+¹+) occurs at
T = 0, i.e., the threshold field at which nucleation occurs in
region II (soft phase) is given by

hNCIIð0Þ ¼
E

F
: ð34Þ

However, this is calculated in the limit of infinite width of W,
and the threshold value is slightly larger than this value when
W is of finite width [55]. The threshold field at which
(+¹+) ¼ (¹¹¹) or (+¹¹) ¼ (¹¹¹) occurs at T = 0,
i.e., the threshold field at which the domain wall propagates
from region II to regions I and III (hard magnet phase) is
given by

hDWPð0Þ ¼
1� E

ð1þ
ffiffiffiffi
F

p
Þ2 : ð35Þ

This magnetic field is called the pinning field. For
h < hDWP(0), the domain wall does not propagate into the
hard magnetic phase. For hNCII(0) < h < hDWP(0), the mag-
netization reversed by nucleation is confined to region II and
the state is (+¹+). For the magnetization reversal of the
whole system, the threshold field (nucleation field) is the
larger value of hNCII(0) and hDWP(0),

hNCð0Þ ¼ max
E

F
;

1� E

ð1þ
ffiffiffiffi
F

p
Þ2

� �
: ð36Þ

The dotted line (straight line) in Fig. 10(a) illustrates this
relation for F = 0.5.

In the following, we treated the anisotropic Heisenberg
model on the lattice (37) to investigate temperature effects
[12]. We observed how this diagram changes with temper-
ature effects. The system is the following spin model on a
simple cubic lattice with Lx © Ly © Lz = 60 © 6 © 6 sites.
L1 = L2 = L3 = 20.

H ¼ �
X
hi;ji

Ji;jsi � sj �
XN
i¼1

DiS
2
i;z �H

XN
i¼1

Si;z: ð37Þ

For Ji, j > 0, only the nearest neighbor interaction was
considered, and g®B = 1 was the unit.

In this case, J was used instead of A, D instead of K, and
the parameters F and E were defined as

F ¼ J2S2
J1S1

; ð38Þ

E ¼ J2D2

J1D1

: ð39Þ

The magnitudes of magnetization were set equal in regions I,
II, and III («Si« = S1 = S2 = 1) and the magnetic anisotropy
energy of the hard phase was set to D1 = 0.2J1. The Curie
temperature of the hard phase is TC ’ 1:5J1. Here, for the
magnetic field, we used the normalized field h = H/HSW as in
eq. (31). Here, HSW = 2D1/S1.

Using the sLLG method, we simulated the time evolution
of the states by applying a reversed magnetic field to the
(+++) state and investigated the magnetic field thresholds.

(a) (b) (c)

E/F

(1-E )/(1+ F1/2)2

Fig. 10 Threshold fields between (+++) and (+¹+) (blue upward triangles) and between (+¹+) and (¹¹¹) (red downward
triangles) for F = 0.5 at (a) T = 0, (b) T = 0.3J1, and (c) T = 0.5J1. The dotted lines denote hNCII(0) in (34) and hDWP(0) in (35).
Reprinted figure with modification from [S. Mohakud et al., Phys. Rev. B 94, 054430 (2016)]. Copyright (2016) by the American
Physical Society. (online color)
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Figure 10(a) shows the magnetic field thresholds for
(+++)¼ (+¹+) (blue line) and (+¹+)¼ (¹¹¹) (red
line) at T = 0. It can be seen that the analytical value for
the continuum model (dotted line) is a good approximation.
Figure 11(a) gives the threshold field of (+¹¹) ¼ (¹¹¹)
at T = 0. In this case, the magnetic field thresholds for small
E coincide with the analytical values of the continuum model,
but for large E, the magnetic field thresholds shift upward
from the analytical values. This is due to the so-called narrow
domain wall effect, which makes the continuum approx-
imation poor [12]. As seen in Figs. 10(b) and 10(c), the field
thresholds of (+++) ¼ (+¹+) and (+¹+) ¼ (¹¹¹)
decrease significantly from the field thresholds of T = 0 as
the temperature increases, and the (+¹+) region expands.
As shown in Figs. 11(b) and 11(c), the threshold field of
(+¹¹)¼ (¹¹¹) also decreases due to the temperature
effect, but the E dependence becomes moderate. Especially in
the narrow domain wall situation, the magnetization state of
regions II and III has little influence on region I, and the
surface nucleation in region I becomes important [12].

6.2 Nucleation and pinning fields in Nd2Fe14B
The nucleation and pinning fields were evaluated for the

cases of Bloch and Néel walls, respectively, by simulating
a hard-soft-hard magnet model composed of the atomistic
model (4) of Nd2Fe14B [20]. In the case of Bloch wall, the a
direction corresponds to the x direction in Fig. 9, and the c
direction to the x direction in the case of Néel wall. The

soft magnet phase (grain boundary) is complex with an
amorphous-like structure that depends on experimental
conditions. Since the first-principles study [60, 61] has just
begun and it is difficult to use the microscopic parameters
established at this time, we assumed the same structure as
the hard magnet phase. The parameters E and F are defined
as in the previous section. However, in Nd2Fe14B, there are
various kinds of exchange interactions and magnetic
anisotropy energies, which were scaled in the same
proportion. Figure 12(a) shows for the Bloch and Néel
domain walls the E-dependences of the threshold field
between (+++) and (+¹+) and between (+¹+) and
(¹¹¹) at T = 0K. We assumed F = 0.5. L1 = L2 = L3 =
12 unit cells and the height and depth are 5 unit cells. The
outline of the diagram is similar to that of the anisotropic
Heisenberg model described in the previous section. The
threshold field is lower in the case of the Néel wall, reflecting
the weaker exchange interaction in the c-axis. Figure 12(b)
exhibits the threshold field between (+¹¹) and (¹¹¹) at
T = 0K. This pinning field is not so different between the
two domain walls as in the case of the nucleation field. Where
E is large, the threshold value increases reflecting the nature
of the narrow down wall.

Figure 13(a) depicts the magnetic field thresholds between
(+++) and (+¹+) and between (+¹+) and (¹¹¹) at
T = 0.34TC, and Fig. 13(b) shows the threshold field
between (+¹¹) and (¹¹¹). Compared with the change
of the threshold field between T = 0 and T = 0.5J1

(a) (b) (c)

Fig. 11 Threshold fields between (+¹¹) and (¹¹¹) (red downward triangles) for F = 0.5 at (a) T = 0, (b) T = 0.3J1, and (c) T =

0.5J1. Blue dashed lines denote threshold fields between (+¹+) and (¹¹¹) in Fig. 10. Reprinted figure with permission from
[S. Mohakud et al., Phys. Rev. B 94, 054430 (2016)]. Copyright (2016) by the American Physical Society. (online color)

(a) (b)

Fig. 12 (a) Threshold fields at 0K between (+++) and (+¹+) (circles) and between (+¹+) and (¹¹¹) (triangles) with the
comparison between Bloch and Néel domain walls. (b) Threshold fields at 0K between (+¹¹) and (¹¹¹) with the comparison
between Bloch and Néel domain walls. Reprinted figure with permission from [I.E. Uysal et al., Phys. Rev. B 101, 094421 (2020)].
Copyright (2020) by the American Physical Society. (online color)
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(’ 0:33TC) for F = 0.5 in the anisotropic Heisenberg model
of the previous section, the threshold field of Nd2Fe14B
shows a larger decrease rate due to temperature effects. This
is may be due to the sensitiveness to temperature effects
because of the weaker exchange interaction between Nd and
Fe compared to that between Fe and due to the property of
the magnetic anisotropy energy of Nd, which is the origin of
the spin rearrangement transition.

7. Dysprosium Substitution Effect

As mentioned in the introduction, Nd magnets have
problems in high-temperature properties and are often
substituted with Dy to suppress the decrease in coercive
force at high temperatures. Experiments using the method
of grain boundary diffusion process have shown that the
coercivity can be enhanced without loosing remanence [62–
66]. Dy-rich shells have been observed to form between the
grain boundary and core grains [66]. The effect of this
coercivity enhancement by Dy substitution has been studied
by micromagnetics calculations using macroscopic parame-
ters of the Dy-substituted phase [67, 68]. The enhancement
effect at absolute zero temperature has also been investigated
in a simplified crystal lattice model [69]. However, the
microscopic origin of the coercivity-enhancing effect of Dy
substitution, including the temperature effect, can be under-
stood only by the method of atomistic modeling.

Here we explain the mechanism and effect of the coercivity
enhancement by Dy substitution based on an atomistic model
[27]. The Hamiltonian (4) has the energy term of the crystal
electric field of eq. (40).

H ¼
XNd,Dy
i

X
l;m

�l;iA
m
l;ihrliiÔm

l;i ð40Þ

is composed of Nd and Dy atoms. For Dy, the coefficients of
the crystal electric field, etc. are those of Dy. For Dy atoms,
J ¼ Lþ S ¼ 15=2 and gT = 4/3. As shown in Fig. 2(b), si
of Dy atoms and Si (= si) of Fe atoms are antiferromagneti-
cally coupled. The magnitude of this exchange interaction is
almost the same as that between Nd and Fe atoms [27]. In
this case, unlike Fig. 2(a), Si (¼ si þJ i) of a Dy atom and Si
(= si) of an Fe atom are antiferromagnetically coupled.

As shown in Fig. 14, the Nd layers are numbered from
n = 1 at the (001) surface of the hard magnet phase of
Nd2Fe14B to n = 2 and n = 3* toward the interior. We
considered two systems: the system in Fig. 14(a) where the
surface is in contact with the vacuum (system A) and the
system in Fig. 14(b) where the surface is in contact with the
soft magnet phase (system B). The hard magnet phase
consists of 12 © 12 © 9 unit cells, the soft magnet phase
12 © 12 © 3 unit cells, with periodic boundary conditions in
the a and b axes, and a free boundary condition for system A
and periodic boundary condition for system B in the c axis.
Here, all Nd atoms from layer 1 to layer n were replaced by

(a) (b)

Fig. 13 (a) Threshold fields at 0.34TC between (+++) and (+¹+) (circles) and between (+¹+) and (¹¹¹) (triangles) with the
comparison between Bloch and Néel domain walls. (b) Threshold fields at 0.34TC between (+¹¹) and (¹¹¹) with the comparison
between Bloch and Néel domain walls. Reprinted figure with permission from [I.E. Uysal et al., Phys. Rev. B 101, 094421 (2020)].
Copyright (2020) by the American Physical Society. (online color)
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Fig. 14 (a) System A. The Nd surface layers were in contact with vacuum. In this example, Nd atoms (red) in the first Nd layer
were substituted by Dy atoms (orange). The Nd layers are numbered as n = 1, 2,* . (b) System B. The Nd surface layers were in
contact with a soft magnet phase. [M. Nishino et al., Phys. Rev. B 106, 054422 (2022)]. Copyright (2022) by the American Physical
Society. (online color)
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Dy atoms, and the threshold field of magnetization reversal
was investigated. As in the previous section, the soft magnet
phase was assumed to have the same structure as the hard
magnet phase, and small magnetic parameters (exchange
interactions by a factor of 0.5 and magnetic anisotropy
energies by a factor of 0.2) were adopted as in the
micromagnetics calculations. The threshold field of magnet-
ization reversal was estimated by real-time simulation of the
sLLG method.

Figure 15 presents the n dependence of the threshold field
and its temperature dependence for system A (dotted line)
and system B (solid line). n = 0 means no Dy substitution
(original system). The ratios (%) in the figures are those
against the value of n = 0. Since magnetization reversal
occurs more easily in the grain boundary phase, domain
walls are more easily generated at the phase boundary, and
surface nucleation of the hard magnet phase tends to occur.
Therefore, the coercive force is greatly reduced compared to
that of the vacuum surface. However, the ratio against n = 0
when n increases in system B is larger than that in system A,
and the coercive force increases by a large ratio with Dy
substitution in system B. In other words, the enhancement
of coercivity is more intensely in system B. This is a
characteristic feature of Dy substitution, and it suggests that
Dy substitution has a strong pinning effect hindering the
domain wall motion to the hard magnet phase. The rate of
increase of coercivity (¦hC/¦n) with respect to the number
of Dy substitution layers (n) is constant at finite temperature
and almost equal for both systems.

Regarding system A, we investigated n-dependence of the
coercivity for the system with the magnetic anisotropy of Nd
atoms enhanced by a factor of 2 instead of Dy substitution
[22], and compared it with that of Dy substitution. We
compared the ratios of increase of n = 5 against n = 0 for

0.34TC, 0.46TC, and 0.69TC. In the case of Dy-substitution,
the increase is 144%, 140%, and 132%, respectively, while
in the case of doubly enhanced magnetic anisotropy of Nd
atoms, the increase is 123%, 121%, and 111% [22]. This
indicates that the coercivity enhancement effect is maintained
at high temperatures in the case of Dy substitution.

Next, we observed at the change in nucleation dynamics
when the substituted Dy layer was increased. Figure 16
shows the nucleation of n = 1 and n = 5 in system B. The
magnetic field was used near the threshold value.
Figure 16(a) shows the case with n = 1 where only one
layer was Dy-substituted. A large part of the soft magnet
phase was reversed before the magnetization of the hard
magnet phase was reversed, indicating that depinning occurs
from the surface of the hard magnet phase. On the other hand,
Fig. 16(b) has five Dy-substituted layers and nucleation
occurred from the inside of the hard magnet part. Surface
nucleation is suppressed by Dy substitution, and is replaced
by bulk nucleation. This change in nucleation mechanism
was also observed in system A, but n boundary for the
change from surface nucleation to internal nucleation was
n ’ 2 in system A and n ’ 3 in system B.

There are two possible microscopic origins of the
coercivity enhancement effect of Dy substitution and its
maintenance at high temperatures. The first is the difference
in magnetic interactions. The interaction between Nd and
Fe atoms is ferromagnetic, while that between Dy and Fe is
antiferromagnetic. This antiferromagnetic coupling stabilizes
the Dy moment under the reversed magnetic field and
prevents nucleation for reversal. The second is the feature
of the temperature dependence of the CEF energy of Dy.
Figure 4(b) depicts the temperature dependence of the CEF
energy of Dy atoms in the Nd magnet. Compared with
Fig. 4(a), the CEF energy of Dy atoms has a minimum at
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Fig. 15 n dependence of the threshold filed in systems A (dotted lines) and B (solid lines) at (a) 0K, (b) 0.34TC, (c) 0.46TC, and (d)
0.69TC. Reprinted figure with permission from [M. Nishino et al., Phys. Rev. B 106, 054422 (2022)]. Copyright (2022) by the American
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ª = 0 regardless of temperature, and the potential barrier is
relatively high at all temperatures. Furthermore, when we
focus on the change of the potential barrier between 0.46TC
(near room temperature) and 0.69TC, we find that the
potential barrier of Dy is 27% higher than that of Nd at
0.46TC, but is 79% higher at 0.69TC. In other words, Dy has
a relatively higher potential barrier at high temperatures. This
may be the reason why Dy substitution is effective at high
temperatures.

8. Magnetic Dipole Interaction

Since the atomistic model method takes into account the
spins of all atoms, the computable scale is realistically limited
to the order of tens of nm. The magnetic dipole interaction
is much smaller than the exchange interaction and is not
very important at that scale. Therefore, the magnetic dipole
interaction

1

4³®0

X
i6¼k

1

r3ik
Si � Sk �

3ðrik � SiÞðrik � SkÞ
r2ik

� �
ð41Þ

has not been taken into account, but it becomes important at
the scale of an assembly of grains (µm) because of the
appearance of uniform magnetization in ferromagnets. The
demagnetization field effect given by this interaction has the
effect of breaking the uniform order, and experiments and
micromagnetic calculations have shown a decrease in
coercivity (increase in demagnetization field effect) with
respect to grain size [70–73]. The coercivity of nanograins
shown in this paper (saturation at about 20 nm) is considered
to give an approximation of the upper limit of the coercivity
including the effect of thermal fluctuations of grain assembly.
The exchange interaction is of short range and the
computational cost of the simulation is proportional to the
spin number N, while the magnetic dipole interaction is of
long range and thus it increases with the square of the spin
number (N2). In Monte Carlo methods, the stochastic cutoff

(SCO) and other methods have been proposed to overcome
this difficulty [74, 75]. The SCO method accelerates the
calculation by reducing the selectivity of long-range weak
interactions in a state-update process of the Monte Carlo
method while maintaining the detailed balance condition and
ensuring that the simulation reaches equilibrium correctly as
a steady state. For a 3-dimensional system of magnetic dipole
interactions, a single Monte Carlo step can be computed in
O(N lnN ) time. However, the conventional SCO method has
difficulties that make the procedure cumbersome for systems
with complex unit cells such as Nd magnets, but a modified
SCO method (MSCO) using Walker’s algorithm has been
developed and the effect of magnetic dipole interaction has
been investigated in a thin film system of an atomistic model
of Nd [15]. In addition, magnetic profiles have been studied
using MSCO for a simple anisotropic Heisenberg model with
parameters of anisotropy constant, dipole interaction, and
system thickness [26].

9. Summary and Future Perspective

This paper introduces the methodologies for studying the
effects of temperature and thermal fluctuations on the
magnetic properties of permanent magnets and describes
the magnetic properties obtained by applying the method-
ologies, especially focusing on the properties of neodymium
magnets. The method of the atomistic model introduced here
is an extension of the study of thermal fluctuation effects
initiated by Brown [76], and correctly treats entropy effects
and temperature effects including local thermal fluctuations in
many-body systems of spins with cooperative interactions. In
this paper, we first presented a modeling of the interaction
from the atomic level in Nd2Fe14B. Then, the characteristics
of magnetization process, domain wall, coercivity of
nanograin, nucleation and pinning fields, and dysprosium
substitution effect were explained using Monte Carlo and
sLLG methods. There, the understanding of thermal

(a)

(b)

n=1

n=5

Fig. 16 Snapshots of the spin configuration in nucleation for (a) n = 1 and (b) n = 5 at the threshold fields h = 3.70T and h = 5.05T,
respectively, at 0:46TC ’ Troom in system B. The yellow-boxed regions correspond to the soft magnetic phase. Red and blue parts denote
up-spin and down-spin ones, respectively. Reprinted figure with permission from [M. Nishino et al., Phys. Rev. B 106, 054422 (2022)].
Copyright (2022) by the American Physical Society. (online color)
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fluctuations and temperature effects and their microscopic
mechanisms in the magnetic properties of permanent
magnets, which had not been well understood, was advanced,
as seen in the significant decrease in coercive force due to
thermal fluctuations.

Although we did not mention them due to space limitation,
the angular dependence of nucleation and pinning fields and
the effect of the orientation distribution of magnetic
anisotropy of grains are also important for coercivity studies,
and studies of their finite temperature properties have been
started using the above methodologies [77]. A nontrivial
behavior in the temperature dependence of the ferromagnetic
resonance of neodymium magnets has also been clarified by
the method of atomistic modeling [18].

The magnetization reversal of individual grains has been
observed experimentally, and the effect of thermal fluctua-
tions on the process has become a realistic problem [78].
Therefore, the rigorous treatment of thermal fluctuations and
temperature effects by this atomistic model is expected to
become more and more important in the future. In fact,
during the ESICMM project, European and Chinese groups
have also started to study the atomistic model of Nd2Fe14B
[79–83], and the study of permanent magnets using this
approach is expected to be developed hereafter. However,
when using the atomistic model, the current computing
power is limited to calculations on the scale of a few tens
of nm. This is the range in which a single grain or a few
grains can be included. Coercivity appears as a property of
an assembly of grains. The assembly of grains requires
calculations on the order of µm, which is done in
micromagnetics calculations.

If we start from an atomistic model and obtain macro-
scopic A(T ) and K(T ) using the constraint Monte Carlo
method introduced in 4.2, the LLG calculation for micro-
magnetics cannot handle thermal activation processes.
Adding a noise field for thermal fluctuations leads to a
double temperature effect, which is inappropriate. Therefore,
it is necessary to develop a methodology that starts from an
atomistic model and connects it to the µm order scale. For
this purpose, it is necessary to construct a coarse-grained
model consisting of local spin variables that incorporates the
effects of thermal fluctuations. For example, the following
method can be considered. For a spin set in a certain region,
we introduce a coarse-grained magnetization M. The
magnitude of this coarse-grained magnetization is variable
due to temperature effects, and the magnetization distribution
P(M ) can be calculated by the Wang-Landau method using
an atomistic model. For this coarse-grained magnetization,
we construct a coarse-grained Hamiltonian.

H ¼ �
X
i;j

Ji;jMi �Mj þ
X
i

EselfðMiÞ; ð42Þ

where Eself (Mi) is the magnetic anisotropy energy and other
contributions. The renormalized parameters (Ji, j, etc.) are
adjusted to reproduce the values of physical quantities
obtained in the original atomistic Hamiltonian. It is
conceivable to apply this coarse-grained Hamiltonian to
large systems, including magnetic dipole interactions. The
details are under investigation.
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