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Hyperordered structures in silica polymorphs
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We have been exploring with the quest hyperordered structures in terms of order within disorder in silica (SiO2)
polymorphs. In this article, we review and discuss our recent findings on this topic comprehensively in
comparison with those of previous studies. We chose several SiO4 tetrahedral corner-sharing crystalline silica
and siliceous zeolites of various density. Furthermore, we attempted to control the intermediate-range ordering
of glass by tuning of the density of silica glass under high pressures and temperatures. We extracted the density-
driven modification of the topology of tetrahedral silica polymorphs in a wide density range. Our state-of-the-art
analyses revealed two descriptors for hyperordered structures in silica polymorphs. The first descriptor of
hyperordered structures in silica glass can be expressed by the position and height of diffraction peaks observed
in X-ray and neutron diffraction data. This descriptor is not new, but we can systematically understand the
density-driven behaviour of diffraction peaks in silica glass. The second descriptor of hyperordered structures in
a series of silica polymorphs can be expressed in terms of topological characteristics: ring size distribution, cavity
distribution, ring shape, and tetrahedral order. We found an unusually large cavity volume in ¢-cristobalite
which was attributable to the formation of highly symmetrical –Si–O– sixfold rings, and highly symmetrical
eightfold and twelvefold rings in coesite even though most of the small rings were significantly buckled, which
was due to coesite having the highest density of coesite among the series of silica polymorphs. Moreover, we
found a topological similarity between glass and siliceous zeolite (MFI), in which fivefold and sevenfold rings are
observed. It is concluded that both diffraction measurement and topological analysis provide us crucial
information on hyperordered structures in silica polymorphs.
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1. Introduction

Silica (SiO2) polymorphisms, which are the most impor-
tant solid oxides in materials and earth sciences, have been
widely studied using many experimental and simulation
techniques.1,2) In contrast to crystalline silica, the structural
information of the glass and liquid is insufficient owing to
the limited information that can be accessed by exper-
imental and simulation techniques. However, the recent
advent of advanced quantum beam (X-rays, electrons, and
neutrons) and computer simulation techniques has made
feasible to obtain dependable atomic configurations.3–9)

Quantum beam diffraction techniques can provide us
direct information on the atomistic structure of glassy and
liquid materials. In particular, the combination of hard
X-ray diffraction measurements at synchrotron radiation
sources and neutron diffraction measurements at both reac-
tor and spallation sources is powerful because neutrons
are sensitive to oxide atoms, whereas X-rays are sensitive
to heavy elements.1,2) Silica glass exhibits a three-peak

structure: the first sharp diffraction peak (FSDP, Q1 ³
1.5¡¹1),10–13) in X-ray or neutron structure factor S(Q),
the second principal peak (PP, Q2 ³ 3¡¹1)12,13) in neutron
S(Q), and Q3 at Q ³ 5¡¹1 in X-ray or neutron S(Q). FSDP
can be understood in terms of a periodicity of 4¡ (2³/Q1)
and a coherence length of 10¡ (2³/¦Q1) by the peak
position and width, respectively.14) Indeed, FSDP is a
signature of periodicity arising from the succession of cage
structures formed by corner-sharing SiO4 tetrahedra.15,16)

We have been working on the synthesis of densified
silica glass via hot (up to 1500 °C at 7.7GPa) and cold
(RT/20GPa) densifications to understand the behaviour of
FSDP and PP on the basis of X-ray and neutron diffraction
data. Note that the density of glass recovered at>1200 °C/
7.7GPa by hot densification was identical to that of cold-
densified glass. We observed that the height of FSDP and
the density of the glass densified at 1300 °C/7.7GPa were
maximum, whereas the height of FSDP of the cold-
densified glass was minimum.17,18)

We have recently applied a series of topological analysis
techniques for ring size distribution, cavity distribution,
ring shape, and tetrahedral order to silica polymorphs. In
this work, we chose several SiO4 tetrahedral corner-
sharing crystalline silica and siliceous zeolites (MFI, SOD,
and FAU) of various densities to understand the density-
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driven modification of topology in a wide density range
(1.33–2.91 g cm¹3).19)

In this article, we review our recent findings as men-
tioned above and discuss the origin of hyperordered struc-
tures in silica polymorphs, and the capability of diffrac-
tion measurements and a series of topological analysis
techniques.

2. Data analysis

To understand the topology of silica polymorphs, the
ring size distribution, cavity distribution (surface cavity
volume was calculated using a cut off distance rcut =
2.5¡), and ring shape [one-dimensional persistence dia-
gram (PD),20,21) which shows the birth and death of rings
in silica polymorphs], were calculated using the R.I.N.G.S.
code,22,23) pyMolDyn code,24) and HomCloud package,25)

respectively.
The tetrahedral order parameter q for Si-centric tetrahe-

dra is expressed by26)

q � 1� 3

8

X3

i¼1
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where ªijk is the angle between the central Si atom j and its
neighbouring Si atoms i and k. This parameter was de-
signed to be unity in a regular tetrahedron and have a mean
value of zero in a perfect gas.

The details of a series of analyses are described in our
previous publications.27–29)

3. Results and discussion

3.1 Hot- and cold-densified silica glasses
Figure 1(a) shows the temperature-dependent densities

of the hot-densified silica glass at 7.7GPa (black) and the
cold-densified silica glass (RT/20GPa, cyan), and those
of ¡-cristobalite (green), ¡-quartz (magenta), and coesite
(grey).17) As can be seen in the figure, the density of hot-
densified silica glass does not change monotonically; the
density increases rapidly up to 600 °C/7.7GPa, but in-
creases slowly thereafter. Figure 1(b) shows the X-ray
(upper) and neutron (lower) total structure factors S(Q)
of densified silica glasses.17) It is well known that X-rays
are more sensitive to the silicon–silicon correlation at
Q1 ³ 1.5¡¹1, whereas neutrons are more sensitive to the
oxygen–oxygen correlation at Q2 ³ 3¡¹1 [no PP is ob-
served in X-ray S(Q)],5,17) suggesting that we should focus
on the FSDP in X-ray S(Q) and the PP in neutron S(Q). As
can be seen in Fig. 1(b), the FSDP of X-ray S(Q) shifts to
the high-Q side and its height decreases at 400 °C/7.7GPa
but increases at 1200 °C/7.7GPa. This peak height change
reflects the ordering of Si–Si correlation at the FSDP posi-
tion according to the MD-RMC model for hot densifica-
tion.17) We suggest that the rapid increase in density is
associated with the reduction in cavity volume17) and the
slow increase in density thereafter associated with the
structural ordering expressed by the height of FSDP in X-
ray S(Q). This ordering is largely affected by the evolution
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Fig. 1. (a) Temperature-dependent densities of the hot-densified silica glass at 7.7GPa (black) and cold-
densified silica glass (RT/20GPa, cyan), and those of ¡-cristobalite (green), ¡-quartz (magenta), and coesite
(grey).17) (b) X-ray (upper) and neutron (lower) total structure factors S(Q) of densified silica glasses.17)

(c) Coherence length (2³/¦Q1) of the hot-densified silica glass and cold-densified glass (cyan).17)
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of the Si–Si correlation towards relaxation to the crystal-
line phase because no such a clear behaviour is observed
in the FSDP of neutron S(Q) owing to the difference in
weighting factors for X-ray and neutron diffraction data.
Although the diminishment of FSDP was observed in
many previous studies using in situ X-ray diffraction,30–34)

in situ neutron diffraction,35) and X-ray diffraction mea-
surements of hot- and cold-densified glasses,36) our finding
is the first to show that the evolution of FSDP in hot-
densified glass. Note that the density of hot-densified glass
synthesized at 1200 °C/7.7GPa is identical to that of cold-
densified glass [cyan in Fig. 1(a)]. Nevertheless, the height
of FSDP of the latter is much lower than that of the former,
suggesting that we synthesized two densified silica glasses
with the same density, but different structures. Figure 1(c)
shows the coherence length (2³/¦Q1) values of the hot
(black)- and cold (cyan)-densified silica glasses,17) dem-
onstrating the modification of the glass structure in the
intermediate-range scale by pressure and temperature. This
behaviour suggests that a glass structure rejuvenates up
to 400 °C/7.7GPa and then relaxes to a coesite structure
thereafter because hot-densified glass transforms into coes-
ite when the temperature is increased. Moreover, we mea-
sured the density and X-ray diffraction data of hot- and
cold-densified glasses and found that cold-densified glass
is not permanently densified, which is inconsistent with
previous studies.37,38)

3.2 Amorphous silica with a zeolite like
topology

Figure 2 shows the X-ray total structure factors S(Q) of
cold-densified silica glass17) and cold-densified amorphous
MFI obtained by cold densification of a MFI single crys-
tal.39,40) Note that the densities of two samples are both
2.7 g cm¹3. The X-ray S(Q) of both samples are identical
and exhibit an FSDP at Q = 2¡¹1, although amorphous
MFI has a tiny peak at around Q ³ 0.6¡¹1, as indicated
by an arrow, which corresponds to a trace of (101) and
(020) reflections in crystalline MFI. Figure 3 shows the
primitive41,42) ring size distributions (left) and atomic con-
figurations (right) of (a) cold-densified silica glass and (b)

cold-densified amorphous MFI.40) The ring size distribu-
tion of silica glass shows a broad (threefold to tenfold)
distribution, although (Si–O)6 sixfold rings, which are the
only rings of cristobalite,19) are predominant. This broad
distribution is topologically disordered according to
Cooper.43) Amorphous MFI also shows a broad (fourfold
to tenfold) distribution, but the fraction of fivefold rings is
large, which is a trace of crystalline MFI because we chose
the crystal structure as an initial atomic configuration for
the RMC modelling of amorphous MFI. Indeed, we could
not fit the experimental diffraction data by RMC modelling
when we started from a random configuration.39) The dif-
ference in ring size distribution is found to be well reflect-
ed in the distributions in cavities; cavities of silica glass are
randomly distributed, whereas those of amorphous MFI
has a crystalline topology. This difference is a reason why
silica glass is not permanently densified, whereas amor-
phous MFI formed by cold densification is stable for at
least ten years17) and has a different amorphous structure
compared to cold-densified silica glass.

3.3 Topological analyses of silica polymorphs
Figure 4 shows the crystal structures of ¡-cristobalite,

¢-cristobalite, ¡-quartz, coesite, FAU, SOD, and MFI
together with the atomic configuration of silica glass
obtained by a combination of molecular dynamics and
reverse Monte Carlo8,44) (MD–RMC) modelling.40) Note
that the density of silica glass (2.21 g cm¹3) is the same as
that of ¢-cristobalite, and those of siliceous zeolites (FAU:
1.33 g cm¹3; SOD: 1.66 g cm¹3; MFI: 1.84 g cm¹3) are
lower than that of silica glass. On the other hand, the
densities of the remaining three crystalline phases (¡-
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glass17,40) and cold-densified amorphous MFI.39,40)
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Fig. 3. Primitive ring size distributions (left) and atomic con-
figurations (right) of (a) cold-densified silica glass and (b) cold-
densified amorphous MFI.40) Red spheres: oxygen; blue spheres:
silicon. Cavities are shown in green. Note that the atomic con-
figuration of cold-densified silica glass was obtained by MD–
RMC simulation.17)
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cristobalite: 2.33 g cm¹3; ¡-quartz: 2.65 g cm¹3; coesite:
2.92 g cm¹3) are higher than that of silica glass. As can be
seen in Fig. 4, the intertetrahedral oxygen–oxygen corre-
lations up to 3.2¡, which are indicated by green sticks, are
observed only in coesite, silica glass, and MFI. The be-
haviour of MFI might be the reason why densified amor-
phous MFI was permanently densified for at least 10 years
by cold densification, as discussed in sect. 3.2.

A schematic of intra- and intertetrahedral oxygen–
oxygen correlations in silica glass is shown in Fig. 5(a) as
an example.19) These correlations are observed only in
coesite, silica glass, and MFI. Since coesite has the high-
est density among silica polymorphs, an intertetrahedral
oxygen–oxygen correlation is formed at a high density. In
the case of silica glass, an intertetrahedral oxygen–oxygen
correlation is the result of disorder. However, it is difficult
to form an intertetrahedral oxygen–oxygen correlation in
MFI because density is very low compared with those of
coesite and silica glass.

Here, we discuss the origins of FSDP and PP.
Figure 5(b) shows the schematic illustrations of ¢-cristo-
balite with the assignment of FSDP and PP proposed by
Benmore and Wilding.45) As discussed in sect. 3.1, the
periodicity estimated by the position of FSDP in silica
glass is 4¡ (2³/Q1), which corresponds to that of dFSDP
in Fig. 5(b). They assigned the coherence length of 2¡
(2³/Q2) to the distance from the base to the apex of a
SiO4 tetrahedron (dPP) as suggested by Salmon and

Zeidler.13) However, this interpretation cannot explain the
reason why the PP of silica glass evolved under high
pressures at room temperature,35) where the Si–O coordi-
nation number remained to be four. We suggest that the
ordering of intertetrahedral oxygen–oxygen correlation
under high pressures associated with the reduction in
cavity volume, as illustrated in Fig. 5(c), is the origin of
the evolved PP under high pressures. This hypothesis is in
line with the density increase shown in Fig. 1(a). The ori-
gin of Q3 was discussed in Ref. 14, in which the succes-
sion of nearest neighbour correlations can reproduce Q3.
Figure 6 shows the oxygen–oxygen total correlation

functions TOO(r) (a) and intratetrahedral oxygen–oxygen
total correlation functions T intra

OO(r) (b) of hot-densified
silica glasses obtained by MD-RMC simulation. Note that
T intra

OO(r) were calculated by using only the intrateraheral
oxygen–oxygen correlations. A prominent correlation
peak is found at 2.6¡, and a subtle second oxygen–
oxygen correlation peak is observed at ³3.5¡, whose
height increases with temperature (density), whereas
T intra

OO(r) remains the same, suggesting that only the
intertetraheral oxygen–oxygen correlation evolved by hot
densification. This behaviour is in line with the behaviour
of the PP shown in Fig. 1(c), in which the PP shifts to the
low-Q side caused by the evolution of the height of the
peak observed at 3.5¡ in TOO(r) by hot densification.
Figure 7 shows the cavity distributions in silica poly-

morphs19) and Table 1 summarizes the densities and cav-

SOD (cubic)
d = 1.66 g cm 3

MFI (orthorhombic)
d = 1.84 g cm 3

-quartz (trigonal)
d = 2.65 g cm 3

coesite (monoclinic)
d = 2.92 g cm 3

glass
d = 2.21 g cm 3

FAU (cubic)
d = 1.33 g cm 3

-cristobalite (cubic)
d = 2.21 g cm 3

-cristobalite (triclinic)
d = 2.33 g cm 3

Fig. 4. Crystal structures of ¡-cristobalite, ¢-cristobalite, ¡-quartz, coesite, FAU, SOD, and MFI together with
the atomic configuration of silica glass obtained by MD–RMC simulation.19) Red spheres: oxygen; blue spheres:
silicon. The intertetrahedral oxygen–oxygen correlations are highlighted by green sticks.
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ity volume ratios of silica polymorphs. It is found that the
cavity volume ratio of ¢-cristobalite (54%), whose density
is identical to that of silica glass, is higher than those of
silica glass (33%) and MFI (47%). On the other hand, we
observe no cavities in ¡-cristobalite, ¡-quartz, and coesite.
Moreover, FAU has the highest cavity volume ratio (69%)
because it has the lowest density among the silica poly-
morphs. A series of analyses suggest that the cavity vol-
ume ratio of ¢-cristobalite is comparable to those of
siliceous zeolites, which agrees with Gaskell and Wallis’s
argument,46) on the basis of which they reported the
structural similarity between silica glass and ¢-cristobalite
in terms of the peak position in diffraction data.

Figure 8 shows the O-centric PDs for ¡-cristobalite, ¢-
cristobalite, ¡-quartz, coesite, FAU, SOD, MFI, and silica
glass.19) The O-centric PD is important in understanding

the packing fraction of oxygen atoms47) in oxide materials.
All PDs exhibit prominent profiles at bk ³ 1.6¡2. A similar
behaviour between ¡- and ¢-cristobalites is found in the
Si-centric PDs,19) but no such similarity is observed in the
O-centric PDs, although the O-centric PD is identical be-
tween ¡- and ¢-quartz. A long lifetime (= dk ¹ bk)28)

profile observed at bk/dk = 1.45¡2/6.20¡2 in the O-
centric PD for ¢-cristobalite shows that the sixfold rings are
very symmetrical in ¢-cristobalite. It is also suggested that
this long lifetime profile is the reason for the high cavity
volume ratio in ¢-cristobalite. As can be seen in Fig. 8,
the O-centric PD for SiO2 silica glass shows a prominent
vertical profile along with the dk axis at bk ³ 1.7¡2. For
siliceous zeolites, no systematic change can be observed in
the PDs; the O-centric PD for FAU has a long lifetime
profile at bk/dk = 1.4¡2/24.5¡2, indicating that a large
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O. Schematic illustrations of ¢-cristobalite (b) and silica glass (c) with the coherence lengths of FSDP and PP.

Kohara: Hyperordered structures in silica polymorphsJCS-Japan

492



symmetrical cage is formed. MFI has an intermediate-size
cage, as can be seen in the O-centric PD at bk/dk ³ 1.4¡2/
13.0¡2, although the overall features of PDs for MFI are
identical to that of SiO2 silica glass. On the other hand, such
a long lifetime profile can hardly be observed in the O-
centric PD for SOD (Fig. 8). This feature for SOD can be
seen in Fig. 4, in which no well-defined large cage struc-
ture is observed.

Figure S1 shows the tetrahedral order parameter q
values of SiSi4 tetrahedra for a series of silica polymorphs.
¢-cristobalite, which shows perfect hyper-tetrahedral coor-
dination, has a q value larger than those of ¡-cristobalite,
¡-quartz, and coesite. On the other hand, siliceous zeolites
exhibit an opposite behaviour. MFI has the largest q
among these zeolites and significant broad distributions of
q are observed in both the MFI and silica glass profiles,

β-cristobalite glass

SODFAU MFI

Structure Density
(g cm 3)

Cavity volume 
ratio (%)

FAU 1.33 69
SOD 1.65 65
MFI 1.84 47

glass 2.21 33
β-cristobalite 2.21 54
α-cristobalite 2.33 0

α-quartz 2.65 0
coesite 2.92 0

Table 1.  Density and cavity volume ratio 
of silica polymorphs

Fig. 7. Cavity distribution in a series of silica polymorphs.19) Cavities are shown in green. Red sphere: oxygen;
pink sphere: silicon.
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2.2¡2 arises from threefold O–O–O rings in SiO4 tetrahedra.
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which have comparable average q values of 0.89 and 0.84,
respectively. This behaviour suggests that both MFI and
silica glass are intermediate between crystalline silica and
other siliceous zeolites. Small q values of FAU and SOD
are presumably due to the large fraction of twelvefold ring
(See Fig. S2).

Figure 9 shows typical even-numbered rings (cycles)
obtained by a combination of ring size distribution and
persistent homology analyses together with the lifetime of
rings (cycles).19) This method enables us to measure the
lifetime of each ring (cycle) on the basis of the Si–Si cy-
cles, O–O cycles, and Si–O bonds. The rings (cycles) are
represented by Si–Si bonds (orange), O–O bonds (cyan),
and Si–O bonds (grey). The three values in parentheses are
the lifetimes of each ring (cycle) calculated as dk ¹ bk. The
most universal feature is that oxygen atoms are buckled in
(Si–O)n rings because the lifetime (shown in orange) is
very short except in some symmetrical even-numbered
rings, such as the sixfold rings in ¢-cristobalite, and large
rings, such as the eightfold and twelvefold rings in coesite,
tenfold rings in MFI, and twelvefold rings in SOD/FAU.
Another remarkable feature is that the oxygen cycles of
four-, six-, and eightfold ring have short lifetimes in MFI,
which is the reason why MFI has the intetertrahedral O–O
correlation despite its low density. On the other hand,
the shapes of fourfold rings in coesite, FAU, SOD, and
silica glass are identical. The (Si–O)6 sixfold ring in ¢-
cristobalite is very symmetrical owing to its long lifetime,

which is different from the asymmetrical shape of the O–O
cycle in ¡-cristobalite. We stress that this difference,
manifested by the large dk in the O-centric PD, is related to
the formation of cavity with a small density difference be-
tween ¡-cristobalite (d = 2.33 g cm¹3) and ¢-cristobalite
(d = 2.21 g cm¹3). Note that the sixfold rings in ¡-quartz
are significantly buckled, those in MFI are slightly buck-
led, and those in coesite are rather symmetrical and
squarish. On the other hand, the sixfold rings in FAU and
SOD are very symmetrical, and those in glass are also very
symmetrical similarly to ¢-cristobalite, although glass
exhibits various ring shapes, as indicated by the broad
profiles in the O-centric PDs. A similar trend is observed
in the eightfold rings in ¡-quartz, FAU, MFI, and glass,
but the eightfold rings in coesite are symmetrical despite
having the highest density among the silica polymorphs as
mentioned above. On the other hand, the twelvefold rings
in FAU and SOD are very symmetrical and that in FAU
exhibits the longest lifetime among the silica polymorphs.
It is found that the shapes of the tenfold rings in MFI and
glass are similar, although the fraction of such rings is not
very large in the glass.
Figure 10 shows typical odd-numbered rings (cycles)

in silica glass and MFI obtained by a combination of ring
size distribution and persistent homology analyses together
with the lifetime of each ring (cycle) based on the Si–Si
cycles, O–O cycles, and Si–O bonds.19) It is found that the
shapes of the fivefold and sevenfold rings in MFI are
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polymorphs. Red sphere: oxygen; blue sphere: silicon. The conventional ring size distributions of a series of silica
polymorphs are shown in Fig. S2.19)
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identical. Furthermore, similar shapes of rings can be ob
served in silica glass. It is also found that oxygen atoms in
both the fivefold and sevenfold rings are significantly
buckled, which contributes to the local disorder in these
structures.

A series of our topological analyses suggest that silica
glass is crystallographically an analogue to ¢-cristobalite
in terms of the diffraction peak position, as suggested by
Gaskell and Wallis.46) However, ¢-cristobalite is topolog-
ically ordered because it shows only sixfold rings,19) in
contrast to the topological disorder in silica glass. In this
section, we compared silica crystals and glass with a series
of siliceous zeolites in terms of topology and concluded
that silica glass is topologically an analogue to MFI. As
reported by Onodera and coworkers,14,17) a series of
topological analyses can clarify various hidden topologies,
which cannot be detected in diffraction data. We con-
sider that such hidden topologies are correlate with the
functionality of oxide materials in terms of order within
disorder.48)

4. Conclusions

In this article, we chose several SiO4 tetrahedral corner-
sharing motif crystalline silica and siliceous zeolites in
addition to the densified glasses of various densitiers.
Using our approach, we found two descriptors for hyper-
ordered structures in silica polymorphs.

The first descriptor of the hyperordered structure in
silica glass can be expressed by the position and height of
FSDP and PP. We investigated the behaviour of FSDP and
PP by tuning pressure and temperature to obtain a sys-
tematic understanding of hyperorder. The second descrip-
tor of hyperordered structures in silica polymorphs can be
expressed in terms of topological characteristics: ring size
distribution, cavity distribution, ring shape, and tetrahedral
order without crystallographic information. We found an
unusually large cavity volume in ¢-cristobalite and highly

symmetrical eightfold and twelvefold rings in coesite. We
also found a topological similarity between glass and MFI,
in which fivefold and sevenfold rings are observed. A
series of analyses demonstrate that the way to control
topology is by tuning density through temperature and
pressure treatments even where the synthesis processes
for siliceous zeolites49) are completely different from those
for other silica polymorphs. Moreover, we demonstrate
that the topological analyses provide us with the crucial
key in understanding hyperordered structures in silica
polymorphs.
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