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A B S T R A C T

Semiconducting quasicrystals and their approximant crystals (ACs) have attracted significant attention because 
of their potential applications as thermoelectric materials. Herein, we report the synthesis of a semiconducting 
AC in the Al–Ge–Ru system and its thermoelectric properties. The Al–Ge–Ru AC exhibited a band gap of 
approximately 0.25 eV. Notably, we observed a negative Seebeck coefficient, which reached a maximum 
magnitude of 200 µV K− 1, marking the first example of an n-type semiconducting AC. The Al74Ge4Ru22 AC 
exhibiting degenerate semiconductor behavior reached a dimensionless figure of merit of 0.28 at a peak tem
perature of 473 K. This represents the highest figure of merit achieved to date for a quasicrystalline-based 
thermoelectric material.

Thermoelectric materials are capable of converting thermal energy 
into electrical energy and vice versa. In recent years, with energy and 
environmental issues becoming increasingly pressing, growing attention 
has been paid to using thermoelectric materials to generate electricity 
from waste heat. The performance of thermoelectric materials is eval
uated by the dimensionless figure of merit (zT), 

zT=S2σT/κ,                                                                                   (1)

where S, σ, κ, and T represent the Seebeck coefficient, electrical con
ductivity, thermal conductivity, and the average operating temperature 
of a sample, respectively. To achieve high zT, materials need to possess a 
large power factor (S2σ) and low κ.

We have focused on quasicrystals as materials that meet the criteria 
of high S2σ and low κ [1,2]. Quasicrystals exhibit unique properties such 
as electronic transport [3,4], intermediate valence states [5], uncon
ventional quantum critical states [6], superconductivity [7,8], ferro- and 
antiferromagnetism [9,10], high-temperature specific heat [11,12], and 
thermal conductivity [13]. For example, icosahedral quasicrystals found 
in Al–transition metal systems exhibit electrical properties similar to 
those of degenerate semiconductors because their electronic structure 
has a deep pseudogap near the Fermi level. Additionally, quasicrystals 
exhibit low κ comparable to that of glass because of their complex 

atomic arrangements, making them a candidate for thermoelectric ap
plications [14]. Takagiwa et al. [15] reported the highest reported zT for 
quasicrystals of 0.26 at 473 K for the Al–Ga–Pd–Mn system. This value is 
approximately one fourth of the target for established thermoelectric 
materials such as (Bi,Sb)2Te3 [16]. The limited zT of quasicrystals is 
primarily attributed to their low S of 90 μV K− 1 compared with 180 μV 
K− 1 for (Bi,Sb)2Te3.

When considering both electron (indicated by subscript e) and hole 
(indicated by subscript h) contributions, S can be expressed as, 

S = (σhSh− σe|Se|)/(σh+σe).                                                            (2)

Eq. (2) implies that the absolute value of S decreases when electrons 
and holes coexist. Therefore, achieving a large S requires a sufficiently 
large band gap (Eg). However, despite the discovery of over 70 ther
modynamically stable quasicrystals, no semiconducting or insulating 
quasicrystals have been identified, posing an important unresolved issue 
in solid-state physics.

The lack of periodicity in quasicrystals makes their band structure 
difficult to calculate, hindering the search for semiconducting quasi
crystals. Therefore, we have explored semiconductor candidates in 
approximant crystals (ACs) that exhibit quasicrystal-like structures and 
properties but possess periodicity, enabling band-structure calculations. 
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The structures of ACs are classified by the degree of approximation 
represented by two consecutive numbers in the Fibonacci sequence, 
such as 1/0, 1/1, 2/1, …, qn/qn–1 and therefore, 1/0 ACs have the 
simplest crystal structure. As a result, we identified Al–Si–Ru 1/0 as the 
first semiconducting AC [17]. The Al–Si–Ru 1/0 AC has an Eg of 0.15 eV 
and exhibits a large S of over 200 μV K− 1 at 350 K, indicating its po
tential for substantially higher thermoelectric performance compared 
with that of conventional quasicrystals and their ACs. However, the 
intrinsic semiconducting nature of Al–Si–Ru 1/0 with low σ limits its 
maximum zT to 0.03. An attempt has been made to optimize carrier 
density through Cu doping, but zT of the resulting material only reached 
a maximum of 0.2 [18]. Semiconducting ACs outside the Al–Si–Ru 
system have not yet been identified, and guidelines for achieving 
semiconductor-like band structures in ACs are not well established. 
Higher performance may be realized by discovering semiconducting ACs 
in different alloy systems.

Considering the above research context, in this work, we aimed to 
synthesize novel semiconducting ACs and measure their thermoelectric 
properties by investigating the Al–Ge–Ru system, in which Si of the 
Al–Si–Ru system is substituted with another group-14 element, Ge.

We prepared mother ingots by arc melting high-purity raw mixtures 
of Al(4 N), Ge(4 N), and Ru(3 N) powders under an Ar atmosphere. Raw 
powder mixtures were prepared by cold pressing. Subsequently, the 
mother ingots were annealed at 1273 K for 72 to 168 h. Phase identi
fication was conducted using powder X-ray diffraction (XRD) analysis 
(Smart Lab SE, Rigaku, Japan) and scanning electron micro
scopy–energy-dispersive spectroscopy analysis (JSM-IT200, JEOL, 
Japan). Lattice parameters were determined by Le Bail analysis [19] 
using a partial structure with Rietan-FP software [20]. True density 
(powder density) was measured using a pycnometer under an He gas 
atmosphere (AccuPyc 1330 apparatus, Micromeritics, USA).

For the evaluation of thermoelectric properties, specimens were 
prepared by spark plasma sintering (LABOX-110MC, SinterLand, Inc, 
Japan), followed by annealing at 1273 K for 72 to 168 h. Density was 
measured using the Archimedes method, and specific heat and thermal 
diffusivity were measured using the flash method (LFA 467-HT, Netzsch, 
German). κ was calculated using measured density, specific heat, and 
thermal diffusivity. σ was measured using the four-probe method. S was 
measured using the steady-state temperature difference method (ZEM-3, 
Advance Riko, Japan). κ, σ, and S were determined in the temperature 
range from room temperature to 873 K.

The composition of the synthesized Al–Ge–Ru alloys and the results 
of phase identification are plotted on a ternary phase diagram in Fig. 1. 

While there are no reports about Al-Ge-Ru system so far, it was found 
that a 1/0 AC phase exists near Al74.5Ge3.5Ru22. The single-phase region, 
although having some degree of freedom between Al and Ru, is very 
narrow. When the Ge content of the alloy exceeds 4.0 at. %, the solu
bility limit is reached, resulting in a two-phase equilibrium state of the 
1/0 AC phase and diamond-structured Ge. Conversely, if the Ge content 
of the alloy is <3.0 at. %, Ru4Al13 appears as a secondary phase. Addi
tionally, the RuAl2 phase emerges as a secondary phase in the Ru-rich 
region. In the case of the Al–Si–Ru system, the single-phase region of 
the 1/0 AC phase is located near Al69Si7.5Ru23.5. In contrast, the alloy 
with composition corresponding to Al69Ge7.5Ru23.5 consists of a three- 
phase equilibrium of the 1/0 AC phase, Ge, and RuAl2. This indicates 
that the Al–Ge–Ru 1/0 ACs exist in a composition range that is more Al- 
rich and Ru-poor compared with that of the Al–Si–Ru 1/0 ACs. 
Furthermore, in the Al–Si–Ru system, multiple ternary compounds [21] 
exist adjacent to the 1/0 AC phase [22]. Conversely, no ternary com
pounds exist adjacent to the Al–Ge–Ru AC phase, at least at 1273 K.

Fig. 2 displays the XRD patterns of single-phase samples obtained 
after arc melting followed by heat treatment at 1273 K for 72 h for the 
compositions of Al74Ge4Ru22, Al74.5Ge3.5Ru22, and Al74Ge3.5Ru22.5. 
Most of the XRD patterns of Al–Ge–Ru 1/0 AC show peaks at similar 
positions to those calculated for the Al–Si–Ru 1/0 AC, known as the C 
phase [23], with a lattice constant of approximately 0.77 nm. However, 
broadening of the peaks on the high-angle side was observed. Addi
tionally, peak splitting appeared at approximately 2θ of 25◦ and 45◦ This 
splitting corresponds to the superlattice peaks that match the 2 × 2 × 2 
base-centered superlattice structure of the C phase, known as the C4 
phase, in the Al–Si–Ru 1/0 ACs [23]. Therefore, it is considered that all 
three samples synthesized this work have the C4 phase structure. In the 
Al–Si–Ru system, even within the same 1/0 AC, three phase types exist 
based on composition: the C phase with primitive cubic lattice, the C1 
phase with a body-centered cubic structure and a 2 × 2 × 2 superlattice 
structure, and the C4 phase with a C-centered orthorhombic structure 
[22]. In contrast, only the C4 phase was observed in the Al–Ge–Ru sys
tem. We prepared two single-phase batches at the same nominal 
composition. The XRD patterns show slight batch-to-batch differences in 
peak shapes and relative intensities. Comparable variations are also 
commonly observed for the same specimen before and after SPS. We 
attribute these to minute compositional fluctuations, slightly preferred 
orientation, and small differences in the SPS thermal history. Eluci
dating the atomic-scale origin will require single-crystal structure 
analysis, which we plan as future work. Importantly, we have observed 
similar batch-dependent variations in XRD intensity ratios for related 
approximants in the Al–Si–Ru and Al–Ir systems, with negligible impact 

Fig. 1. A ternary isothermal section of the Al–Ge–Ru system near the 1/ 
0 approximant phase at 1273 K.

Fig. 2. Powder XRD patterns of single-phase samples in Al–Ge–Ru 1/0 AC with 
calculated pattern of C4-phase in the Al–Si–Ru system [23].
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on the measured thermoelectric properties.
Table 1 lists lattice constants, unit cell volumes, true densities, 

relative densities, and the number of atoms per unit cell for the 
Al74Ge3.5Ru22.5, Al74.5Ge3.5Ru22, and Al74Ge4Ru22 compositions inves
tigated in this study. The lattice constants were averaged [aave=V1/ 

3=(abc)1/3, where V is the volume of the unit cell and a, b, and c are 
lattice constants] to give aave of approximately 1.55 nm, which is twice 
the lattice constant of the primitive cell of the 1/0 AC, indicating that the 
Al–Ge–Ru 1/0 AC samples have a 2 × 2 × 2 superlattice structure.

The true density of the synthesized samples is approximately 4.8 g 
cm− 3, which is slightly lower than the 4.9–5.0 g cm− 3 of the Al–Si–Ru 1/ 
0 ACs. The number of atoms per unit cell calculated using V, the average 
atomic mass (Mave), and Avogadro’s number (NA) was 246 for both 
Al74Ge3.5Ru22.5 and Al74.5Ge3.5Ru22. Considering that the Al–Ge–Ru 1/ 
0 ACs have a superlattice structure with V eight times that of the 
primitive cell, the number of atoms per primitive cell is 30.8. This is 
comparable to the number of atoms per unit cell of 31 in the Al–Si–Ru 1/ 
0 ACs.

Fig. 3 shows the temperature dependence of κ for Al74Ge3.5Ru22.5, 
Al74.5Ge3.5Ru22, Al74Ge4Ru22, and Al67.6Si8.9Ru23.5 [17]. The Al–Ge–Ru 
1/0 ACs exhibit quite low κ at room temperature of 1–1.2 W m− 1 K− 1 

because of the frequent phonon Umklapp scattering caused by their 
complex crystal structure. The increase of κ with temperature is thought 
to be caused by the increase of electronic thermal conductivity origi
nating from carrier excitation, which corresponds with the temperature 
dependence of σ discussed later.

Fig. 4(a) and (b) show the temperature dependence of σ and S, 
respectively, measured for Al74Ge3.5Ru22.5, Al74.5Ge3.5Ru22, 
Al74Ge4Ru22, and Al67.6Si8.9Ru23.5 [17]. For all samples, σ increases with 
temperature above approximately 500 K, whereas each sample shows 
different temperature dependence of σ near room temperature. The σ 
values of Al74Ge4Ru22 and Al74.5Ge3.5Ru22 exhibit intrinsic semi
conducting temperature dependence, increasing exponentially from 
room temperature. The Eg of Al74Ge4Ru22 estimated from the corre
sponding Arrhenius plot was 0.25 eV. Al74Ge3.5Ru22.5 exhibits degen
erate semiconducting temperature dependence of σ, being metallic from 
room temperature to 423 K, and then showing semiconducting behavior 
at higher temperatures. These results reveal that Al–Ge–Ru alloys join 
Al–Si–Ru ones as semiconducting ACs. We note that the band gap of 0.15 
eV for Al-Si-Ru 1/0AC, which we previously reported, was not derived 
from an Arrhenius plot. This value was determined by using the band 
structure calculated via DFT, with the band gap as a fitting parameter to 
match the experimental results of the Seebeck coefficient. Although not 
included in the Al-Si-Ru 1/0AC paper, when the band gap of Al-Si-Ru 
1/0AC is calculated using an Arrhenius plot, it ranges from 0.26 to 
0.29 eV depending on the sample, which is almost the same as that of 
Al-Ge-Ru 1/0AC.

The S values of all samples were negative from approximately 300 to 
500 K, indicating that the majority carrier was electrons. All samples 
exhibited absolute S values comparable to those of the Al–Si–Ru 1/0 AC. 
In particular, Al74.5Ge3.5Ru22 and Al74Ge4Ru22 displayed high values of | 
S| ~200 µV K− 1 at room temperature. For Al74Ge3.5Ru22.5, |S| increases 
from room temperature to 423 K, reflecting degenerate semiconductor 

characteristics, which are consistent with the conductivity results. As 
temperature increases, |S| decreases and approaches zero, suggesting 
bipolar diffusion arising from the contribution of the minority carrier 
(holes). Specifically, the sign of S of Al74Ge4Ru22 reverses at approxi
mately 500 K, which is likely because the contribution from hole sur
passes that of electrons at high temperature. In contrast, for the nearly 
intrinsic Al74Ge4Ru22 sample with extremely low σ, this behavior begins 
near room temperature. In this case, where clear major carriers are 
absent, the conventional model of bipolar diffusion may not be strictly 
applicable. The phenomenon is more accurately described as a shift in 
the transport contribution balance between the few available electrons 
and holes upon thermal excitation. Such a mechanism can lead to a 
decrease in |S| from low temperatures, even with a relatively large band 
gap.

The Al–Ge–Ru 1/0 ACs obtained in this study show variation of their 
temperature dependence of σ and S based on composition. This variation 
is considered to result from shifts of the Fermi level and changes in 
carrier density as composition changes. The Al–Ge–Ru system 1/0 ACs 
synthesized in this study all exhibit negative S up to ~500 K, suggesting 
that the majority carriers are electrons and that the Fermi level is close 
to the conduction band. In particular, Al74Ge4Ru22 exhibits intrinsic 
semiconductor properties, indicating that its Fermi level is located near 
the center of the band gap. Meanwhile, Al74Ge3.5Ru22.5 shows temper
ature dependence of σ akin to that of a degenerate semiconductor, 
indicating that its Fermi level is positioned close to the conduction band.

Different from the Al–Si–Ru system, the Al–Ge–Ru system exhibits n- 
type behavior. This is likely related to the Al-rich composition of the 
Al–Ge–Ru system, which has lower proportions of group-14 elements 
and Ru compared with the Al–Si–Ru system. The average valence elec
tron count per atom (e/a) of each sample was calculated by assigning 
valence charges of +3 to Al, +4 to Si and Ge, and − 2 to Ru. The e/a 
values calculated for Al74Ge3.5Ru22.5, Al74.5Ge3.5Ru22, Al74Ge4Ru22, and 
Al67.6Si8.9Ru23.5 are 1.91, 1.935, 1.94, and 1.914, respectively. For the 
same structure, a higher e/a generally leads to a greater number of 
conduction electrons; however, the trends of σ and S do not always 
correlate with e/a. This is likely caused by differences in the number of 
atoms within the unit cell for each composition. Elucidating detailed 
crystal structures through single-crystal XRD could potentially resolve 
this discrepancy.

Fig. 5(a) shows the temperature dependence of zT for 
Al74Ge3.5Ru22.5, Al74.5Ge3.5Ru22, Al74Ge4Ru22, and Al67.6Si8.9Ru23.5 

Table 1 
True density, relative density, lattice constant, volume, and number of atoms per 
unit cell for Al–Ge–Ru 1/0 ACs, where uncertainty is included in () .

Sample Al74Ge3.5Ru22.5 Al74.5Ge3.5Ru22 Al74Ge4Ru22

True density (g cm− 3) 4.78(8) 4.80(8) -
Relative density ( %) 96.5(0) 97.5(4) ​
Lattice constant (nm) a 1.5467(1) 1.5478(2) 1.54753(7)

b 1.5579(1) 1.5560(2) 1.55520(7)
c 1.5503(1) 1.5518(2) 1.55171(7)

Unit cell volume (nm3) ​ 3.7397(1) 3.7347(9) 3.7291(1)
Atom number per unit 

cell
​ 246(6) 246(2) -

Fig. 3. Temperature dependence of the thermal conductivity κ of Al–Ge–Ru 1/ 
0 and Al–Si–Ru 1/0 ACs.
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[17]. Maximum zT values of 0.28 at 473 K, 0.27 at 423 K, and 0.05 at 
323 K were obtained for Al74.5Ge3.5Ru22, Al74Ge3.5Ru22.5, and 
Al74Ge4Ru22, respectively. The maximum zT of Al74.5Ge3.5Ru22 was 
higher than that of the Al–Si–Ru 1/0 AC because the former possessed a 
relatively large σ as a result of it behaving as a degenerate semi
conductor rather than an intrinsic semiconductor. The maximum zT 
values obtained in this work and in previous studies on ACs and quasi
crystals are presented in Fig. 5(b) as a function of S where zT is 
maximum. Al74.5Ge3.5Ru22 shows both the highest maximum zT and 
maximum S among reported ACs and quasicrystals [15,18,24–26]. This 
is attributed to the coexistence of a semiconducting band structure and 
degenerate semiconducting carrier density in Al74.5Ge3.5Ru22. Here, to 
verify the reliability of the thermoelectric properties, we conducted 
repeated measurements on a representative sample of Al74.5Ge3.5Ru22 

which has highest zT among three samples over three times.
The Al–Ge–Ru system was explored with the aim of identifying new 

semiconducting ACs. Three Al–Ge–Ru 1/0 AC samples, were obtained: 
Al74Ge3.5Ru22.5, Al74.5Ge3.5Ru22, and Al74Ge4Ru22. All samples exhibi
ted semiconducting behavior confirming that Al–Ge–Ru 1/0 ACs join 
Al–Si–Ru 1/0 ones as semiconducting ACs. Al74Ge4Ru22 exhibited an Eg 
of approximately 0.25 eV and its zT reached 0.28 at 473 K, which is the 
highest value reported to date for a quasicrystal or AC.
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