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A design methodology of crystal growth furnace and process aided by 

two-step optimization using machine learning models and genetic 

algorithm 

We have developed an innovative design method for crystal growth furnaces and 

processes involving two-step optimization. The first step focuses on finding the 

ideal temperature transition around the crucible without assuming a specific 

crystal growth furnace. The design of the crystal growth furnace and process is 

then optimized to replicate the ideal temperature transition. We utilized a deep 

neural network model in each optimization step to substitute crystal growth 

simulation and genetic algorithm. A proof-of-concept optimization is performed 

for the directional solidification of a crystalline silicon ingot in a crucible. Since 

our method does not rely on a predetermined furnace, we can achieve more 

flexible temperature distribution transitions than conventional approaches by 

implementing adaptable temperature boundary conditions. This allows us to 

refine the design of the crystal growth furnace and process, which has significant 

potential to advance the production of a wide range of materials and improve 

materials production environments and equipment design. 

Keywords: optimization, machine learning, genetic algorithm, crystal growth, 

process informatics 

 

1. Introduction 

The optimization of manufacturing processes for materials can be quite challenging 

due to the vast and complex parameter space involved [1–4]. Even seemingly simple 

processes, such as growing bulk crystals from a melt, can have numerous variations of 

process parameters to result in various crystal qualities [5–9]. These variations in 

process parameters include temperature distribution and its changes over time, 

component materials and their geometry, and the pre-treatment of raw materials. 

Moreover, the interaction between these parameters makes the relationship between 

process parameters and crystal quality extremely complex, making optimization 

difficult. To address these issues, optimization has conventionally been performed by 

repeating the cycle of crystal growth, crystal evaluation, and verification of growth 
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conditions based on the evaluation results. This process relies on the fundamental 

knowledge, empirical rules, and know-how of experts. However, this cycle requires 

even skilled experts to conduct a certain number of experiments due to the vast and 

complex parameter space, making the trial-and-error process costly in terms of time and 

money. Therefore, innovative efforts to decrease the time and cost of optimization 

through data-driven experiments, exemplified by Bayesian optimization, are advancing 

in various fields [10–16]. 

On the other hand, multi-physics simulation, which considers multiple physical 

phenomena, has become a common approach for designing crystal growth conditions 

[17–23]. Simulation helps narrow down the growth conditions to some extent, and 

optimal conditions can often be found with fewer experiments than before. Additionally, 

informatics applications are thriving, and advancements in process informatics are 

transforming optimization methods. It has been reported that many process parameters 

can be optimized quickly by creating machine learning models that can predict 

simulation results instantly and then applying mathematical optimization algorithms 

[24–28]. It should be remarked that most of these efforts have focused on assuming a 

specific crystal growth furnace and optimizing numerically adjustable parameters within 

the constraints of that furnace. Since attempts to apply machine learning to the design of 

a furnace have been very limited [29,30], the optimal conditions obtained may be 

locally optimal solutions based on the assumed constraints. By removing the constraint 

of using a specific crystal growth furnace, it may be possible to find conditions (such as 

the varying temperature distribution over time) that could lead to better crystals. In other 

words, we must simultaneously conduct furnace design and process optimization to 

realize ideal quality crystals. 

In this research, we propose a two-step optimization method, as illustrated in Fig. 1. 

First, we will search for ideal growth conditions without being limited by the specific 

furnace constraints. Then, we will design a furnace to achieve these growth conditions. 

To demonstrate the usefulness of this method, we will use the directional growth of 

silicon ingots in a crucible as a model system. In the first stage, we will create a 

machine learning model to predict crystal quality based on the time variation of the 

temperature distribution around the crucible periphery during the crystal growth process. 

Using mathematical optimization algorithms, we will then determine the ideal time 
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variation of the temperature distribution to achieve high-quality crystals. In the second 

step, we will parameterize the internal structure of the crystal growth furnace and create 

a machine learning model to predict the time variation of temperature based on the 

structural parameters and the crucible position. This model will provide the appropriate 

time variation of the crucible position in order to minimize the deviation from the ideal 

temperature distribution. [Figure 1. near here] 

 

2. Optimization of the crystal growth process 

2.1: Computational model for material surroundings 

To achieve the optimal temperature distribution around the crystal without 

constraints from the growth furnace structure, a calculation model focused on the 

material surroundings was developed. We created a calculation model specifically 

focusing on the environment around the crystalline silicon as shown in Fig. 2. This 

“crucible model” was utilized to conduct non-stationary calculations by providing a 

time series of temperature boundary conditions on all four sides. For the simulations, a 

commercial crystal growth simulator CGSim, provided by STR Japan K.K., was 

employed. This software package enables the calculation of the entire thermal process, 

from melting to cooling. Heat transfer among the components of the furnace, through 

heat conduction, thermal radiation, and melt convection, significantly affects the heat 

transport. Consequently, an axisymmetric two-dimensional cylindrical and unsteady 

comprehensive heat transfer analysis was conducted to consider these factors in all 

components of the crucible model. Moreover, unsteady calculations were performed for 

the entire solidification and cooling processes to predict changes in dislocation density 

and residual stress within the crystal [31,32]. The physical properties of silicon used for 

the simulation are summarized in Table I. [Figure 2. near here] [Table I. near here] 

 

2.2: Generation of temperature boundary conditions 

Using the crucible model, we statistically investigated the relationship between the 

solid-liquid interface shape, growth rate, and dislocation density by applying various 

time-series temperature boundary conditions around the crucible, assuming the crystal 

growth and cooling processes, and performing unsteady calculations. First, the melting 
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process (0-7 hours) was analyzed unsteadily using the crucible model, and the results at 

7 hours were used as the initial conditions. For the crystal growth and cooling processes, 

the temperature boundary conditions were randomly given around the crucible within 

realistic constraints to generate the training data for machine learning. The method of 

generating the realistic temperature boundary conditions is as follows. First, 13 nodes 

were selected from the 174 nodes around the crucible, and the temperatures were 

randomly generated with a constrained quartic function in temporal transition as 

expressed by equation (1). Boucetta et al. used artificial neural networks to perform 

optimization of the temperature sensor locations to predict the temperature distribution 

in the furnace accurately and found that attention should be paid to the vicinity of 

material boundaries[33]. Considering their significant impact, we selected the nodes at 

the locations shown in Fig.3(a). This includes monitoring the temperatures near the 

bottom of the crucible and the top of the ingot. [Figure 3. near here] 

The constraints of the quartic function are expressed as the following equations 

(2)-(6).  
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 ( ) represents the temperature time series data generated by the quartic function.    

represents the start time of the crystal growth process,      represents the end time of the 

cooling process,    and      represent the initial and final temperature of the crystal 

growth process, and    represents the lower temperature limit of each node i at       .     

is temperature transition speed at the end of the melting process.  

The main constraints include fixed initial and final temperatures, continuity during the 

melting process, and a defined temperature range, as expressed in Eqs. (2) to (5). These 

constraints are essential for controlling the temperature gradient in the growth direction, 

preventing remelting, which is characteristic of the directional solidification process, 
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and ensuring experimental reproducibility. For the temperature range, upper and lower 

limits are established along with a specific lower temperature threshold for each node at 

a given time,       , as expressed in Eq. (6). This constraint is crucial for preventing 

rapid crystallizations.  In this study,        and    were set to ensure a crystallization rate 

of no more than 0.35 mm/min. Without this limitation, the crucible would cool too 

quickly, resulting in crystallization from the upper section and uncontrolled dislocation 

propagation. Consequently, simulations often fail to converge. While this constraint 

reflects a realistic condition, it is also vital for efficient data generation. However, if the 

constraints are too strict, they may reduce the search space and lead to the overlooking 

of optimal solutions. Therefore, it is important to balance realistic constraints with a 

broad exploration of conditions. 

Figure 3(b) shows an example of the generation of temperature boundary 

conditions. The temperature boundary conditions for the remaining 161 nodes were then 

obtained by cubic spline interpolation. Using the temperature boundary conditions 

generated by the above procedure, an axisymmetric two-dimensional transient 

simulation was performed assuming various temperature distribution transitions 

independent of the growth furnace geometry. 

 

2.3: Construction of DNN model 

A deep neural network (DNN) model was constructed to explore the 

correspondence between crucible wall temperature and ingot quality characteristics. 

Figure 4 shows the structure of the DNN model constructed (hereinafter referred to as 

Model A). Temporal temperature profiles and mesh coordinates (r, z) of the ingot region 

(62 × 108 points) at 13 locations on the crucible wall were selected as inputs for Model 

A. The temporal temperature profiles were selected every 20 minutes for 600 minutes 

from the start of crystal growth. Thus, a total of 390 temperature values (30 time steps × 

13 positions) were input to the DNN. The temperature profiles were entered after 

normalization using the upper and lower temperature limits set during the generation of 

the temperature profiles at each location. The hidden layer consisted of 150 nodes × 5 

layers. The output was the dislocation density and solidification time for each grid (r, z) 

of the silicon ingot at the end of crystal growth. The dislocation density was designed to 

be output in normal logarithm. The Adaptive Moment Estimation (Adam) method 
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included in TensorFlow was used as the optimization algorithm. ReLU was used as the 

activation function, which is a nonlinear function that outputs the input as it is if the 

input is above 0 and outputs 0 if the input is below 0. [Figure 4. near here] 

Using the crucible model, we conducted 211 sets of simulations with 390 different 

combinations of temperature variations to generate the training data for Model A. The 

output data included 211 sets of dislocation density and crystallization time, with a total 

of (62 × 108) data points. We performed five-fold cross-validation to train and evaluate 

the neural network for Model A.  

Figure 5 compares the simulation results with the predictions of Model A. Model 

A was well-trained and could instantly predict the crystallization time required for 

silicon ingot growth, as well as the interface geometry during crystal growth, and the 

dislocation density. Figure 6 shows parity plots to evaluate the prediction accuracy of 

Model A for all test data. It is evident that both (a) the crystallization time and (b) the 

distribution of dislocation density were predicted with high accuracy. The average R2 

scores from five-fold cross-validation for the crystallization time and the logarithm of 

dislocation density were 0.997 and 0.881, respectively. A summary of each R2 score, 

mean absolute error (MAE), and mean squared error (MSE) for the five-fold cross-

validation models is presented in Table S1 in the Supplemental. The lower prediction 

accuracy for dislocation density compared to crystallization time can be attributed to the 

lack of high dislocation density data. Under certain temperature boundary conditions, 

regions with extremely high dislocation densities, exceeding 10¹⁰ cm⁻², can develop 

locally. However, since these regions rarely occur under the conditions used to generate 

the training data for this study, there is limited data on such high dislocation densities, 

resulting in decreased average prediction accuracy. Nonetheless, the focus of this study 

is to identify conditions that lead to low dislocation density, making the lack of high 

dislocation density data less critical for our objectives. 

It should be remarked that the simulation of a 10-hour process in CGSim takes 

about 7 hours (25200 seconds). On the other hand, the constructed Model A outputs the 

same result in about 800 microseconds. This means that the constructed machine 

learning model is able to obtain the same results as the simulation 31.5 million times 

faster. [Figure 5. near here][Figure 6. near here] 
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2.4: Optimization of temperature distribution transition by genetic algorithm 

The genetic algorithm (GA) was applied to obtain the optimal crucible wall temperature 

distribution transition: NSGA-II[34], an algorithm developed by Debet et al. and 

capable of multi-objective optimization, was employed in this study [34]. GA inherently 

requires a large number of evaluations, making it less efficient compared to methods 

like Bayesian optimization. However, GA is less likely to get stuck in local optima, 

making it effective for finding global solutions. This advantage is particularly 

noteworthy in scenarios where a machine learning model supports rapid, large-scale 

evaluations, as shown in previous studies [25-27, 30].  

Since 390 temperatures (30 time steps at 13 locations) were considered too time-

costly to optimize, we focused on the temperature coefficients of the constrained quartic 

function used in the data generation. In the constrained quartic function, two 

coefficients can describe the temperature transition at each location because of the three 

strong constraints Eqs. (2)-(4) for five variables. Therefore, there are 26 parameters to 

be optimized, representing temperature transitions at 13 locations. Before proceeding 

with the optimization, it is beneficial to examine the correlation of the regression 

coefficients for possible further dimensionality reduction and interpretation of the 

optimization results. Figure 7 shows a scatter plot of the two coefficients at 13 locations 

for the temperature transient used in the training data generation. The red line in the 

figure is the linear regression result, and each graph shows the R2 score of the linear 

regression. It is obvious that there is strong linearity for the pairs of polynomial 

coefficients at all 13 locations. This may be due to the limit constraints of Eqs. (5) and 

(6) imposed on the temperature data generation. Therefore, we worked on optimizing 13 

polynomial coefficients, one for each position, for a total of 13. [Figure 7. near here] 

Figure 8 shows the workflow of the GA in conjunction with Model A. NSGA-II 

solved the minimization problem with three objective functions: the mean value of 

dislocation density, the maximum value of dislocation density, and the crystallization 

time. Specifically, 1000 random individuals were generated within the range of 

parameters used in the training data of Model A. After 200 generations of changes, the 

optimal combinations of parameters were proposed. In each optimization loop, 13 

polynomial coefficients suggested by NSGA- II were substituted into the constrained 

quartic function to obtain time series temperature data at the 13 selected locations. Then, 
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the objective functions were calculated through Model A using the time series 

temperature. The entire optimization process was completed in less than six hours 

thanks to fast prediction by machine learning models, and the obtained solution was 

well converged, as shown in Fig. S1 in the Supplemental. [Figure 8. near here] 

Figure 9 shows the Pareto surfaces for crystallization time, average dislocation 

density, and maximum dislocation density obtained through the NSGA-II. After 200 

generations, the Pareto front shifted to the lower left compared to the initial cluster. This 

supports the effectiveness of optimization through GA. For furnace optimization, we 

should select a target solution from model B, which is represented in the Pareto front 

consisting of 1000 individuals. When choosing this solution, it is crucial to consider the 

implications of extrapolation. Solutions with shorter solidification times fall outside the 

range of the training data, leading to frequent computational infeasibility in simulations. 

Therefore, we avoided solutions located in the extrapolation range and instead opted for 

the solution anticipated to yield the minimum maximum dislocation density. This 

solution is indicated by stars in Figure 9.  

[Figure 9. near here] 

We conducted simulations using the optimal temperature distribution transition 

derived from a set of optimal parameters, focusing on the crucible wall temperature. 

Figure 10 displays the ideal temperature distribution on the side wall of the crucible. 

While the overall temperature is lowered with time to promote crystallization, the 

temperatures at the 0 mm and 10 mm positions behave quite differently. The 

temperature at the 0 mm position increases during the post-growth stage. This increase 

is intended to reduce the post-solidification temperature difference between the top and 

bottom of the crystal ingot, thereby mitigating thermal stress. In contrast, the 

temperature at the 10 mm position rises during the middle to late stages of the growth. 

By elevating the temperature of the lower crucible side region, heat removal from the 

bottom-side surfaces is suppressed, making heat flux through the bottom surface 

predominant. Both temperature transients help to suppress the multiplication of 

dislocations. In Fig. 11, we compare the average growth rate and dislocation density at 

the center of the ingot using the original recipe and post-optimization results. It is noted 
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that the “original recipe” refers to the parameter set usually used in the authors' group, 

which has been optimized through actual experimental trials and errors. Thus, the 

simulation result of the original recipe is much better than that of the randomly 

generated training data. The optimized temperature distribution transition exhibits a 

rapid growth rate in the early stage. Additionally, the original recipe shows an increase 

in dislocation density towards the top of the ingot, while this increase is mitigated in the 

optimized transition. As mentioned above, in crystal growth with the optimal 

temperature distribution, we observed heating of the bottom-side wall of the crucible 

during the middle to late stages of the growth. This heating appears to have limited heat 

dissipation from the side wall, consequently reducing the crystal growth rate near the 

side wall. This suppression of heat removal led to a decrease in the generation of 

dislocations, as well as a reduction in the temperature difference in the radial direction 

of the ingot. Notably, the temperature difference at the top of the ingot in the final stage 

of crystal growth was 24 K in the original recipe and reduced to 8 K in the optimal 

temperature distribution transition. These findings indicate that the optimal temperature 

distribution effectively reduced the temperature gradient in the radial direction during 

the late growth stage, resulting in a lower dislocation density.  [Figure 10. near here] 

[Figure 11. near here] 

Furthermore, a correlation analysis was performed not only on the optimal solution 

but also on the entire training data generated in this study to investigate the influence of 

temperature at each position around the crucible. Figure 12 shows the correlation 

coefficient matrix between the polynomial coefficients and the objective functions, i.e., 

crystallization time, the maximum dislocation density, and the average dislocation 

density. The subscripts correspond to the position shown in Fig.2 :1-3 in the polynomial 

coefficients refer to the three nodes in the upper part of the model, starting from the 

center; 4-10 refer to the seven nodes in the side part of the model, starting from the 

bottom; 11-13 correspond to the three nodes in the lower part of the model. The 

crystallization time is correlated with the polynomial coefficients at nodes a1-a3 and a9-

a10, which corresponds to the upper part of the computational model. The average and 

maximum dislocation densities are strongly correlated with the polynomial coefficients 

at nodes a4-a7 in the lower part of the side of the calculation model. This may indicate 

that the radial temperature gradient from the beginning to the middle of crystal growth 
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has a strong influence on the size of the average dislocation density. In addition, the 

correlation coefficient between crystallization time and dislocation density has an 

opposite sign, suggesting a trade-off relationship between fast growth and low 

dislocation density.  As demonstrated in these analyses, systematic data generation for 

temperature distribution transient using quartic function and constraints is useful for 

capturing the tendency of the parameter influence. [Figure 12. near here] 

 

3. Optimization of the growth furnace design 

3.1: Screening of crystal growth furnace geometry parameters 

We are in the process of designing a crystal growth furnace to achieve optimized 

temperature distribution obtained in Chapter 2. First, we conducted a thorough 

screening of various parameters related to the furnace to understand how the furnace 

design affects the temperature around the crucible and to reduce the optimization 

parameters. More simulations are needed to create machine learning models to optimize 

more parameters. Thus, we focused on the most influential parameters to streamline the 

optimization process. We selected seven structural parameters inside the crystal growth 

furnace that had been expected to impact the temperature distribution around the crystal 

and used an L18 orthogonal table for efficient screening.  

Figure 13(a) illustrates the geometry inside the crystal growth furnace. By 

performing transient simulations with different parameter values in L18 orthogonal 

table f, we obtained the temperature distribution around the crucible. We used the 

simulation results to construct a multiple regression model and then calculated the root 

mean square errors (RMSE) for 13 temperature transient at different points around the 

crucible. This allowed us to analyze the impact of each parameter on the temperature 

distribution around the crystal. The regression coefficients in the multiple regression 

model show how the independent variables are related to the dependent variable. In our 

results, we found that the crucible table radius (rc) and graphite table (tg) had smaller 

effects compared to the other variables as shown in Fig.13(b). As a result, we focused 

on optimizing the model using the remaining five variables and constructing a nonlinear 

DNN model to use in the optimization process. [Figure 13. near here] 

 

3.2: Construction of DNN model with input of selected parameters 
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In order to explore the relationship between the parameters related to the apparatus 

structure, crucible movement speed, and the temperature distribution around the 

crucible during crystal growth, we worked on the construction of a DNN model. For the 

parameters related to the apparatus structure, five parameters were selected for 

optimization based on the screening results: core tube width dt, crucible base thickness 

tc, insulation material diameter di, insulation material thickness ti, and susceptor 

diameter rs. The temperature of the heaters outside the core tube were fixed focusing on 

the furnace design. For the crucible movement speed, time series data of crucible 

position were used as the optimization target. Specifically, the crucible position was 

expressed as a constrained quartic function of time t, and its coefficients were used for 

optimization. The equation satisfied by the constrained quartic function is shown below. 

 

 ( )  ∑   
 

 

   

 ( )  

 (  )     ( )  

 (    )       ( )  

     
  

  
      (  )  

 (    )   ( )   (  ) (  )  

 

The function  ( )  represents the time series of the vertical position of the crucible 

generated by a quartic function. The initial time of the crystal growth is denoted as   , 

and the end time of crystal growth by the optimal temperature distribution transition is 

denoted as     . The crucible movement speed, represented by 
  

  
, was set within a range 

with the lower limit      = -10 mm/min and the upper limit      = 1 mm/min, which is 

the empirically determined range where we can grow crystals without cracking. The 

degree of freedom of the quartic function is 5, but by imposing the above constraint, the 

degree of freedom becomes 3. In other words, the crucible movement speed can be 

expressed by three variables. 

In order to build the DNN of model B, we conducted 238 simulations with varying 

furnace designs and crucible movement speeds using CGSim software with an 

axisymmetric two-dimensional cylindrical model. Since our objective function to be 

optimized is the temperature distribution around the crucible, we performed only 

unsteady thermo-fluid calculations without coupling with time-consuming stress 



 

13 

 

analysis and dislocation propagation calculations. On the other hand, the simulations 

should start from room temperature because the melting process depends on the furnace 

design, while the crucible model can start with the same initial state just after the 

melting. Table II displays the parameter ranges and the number of partitions utilized to 

create the training data. Additionally, Figure 14 illustrates some of the time trends of the 

crucible positions used in the training data. The high degree of freedom allows for not 

only monotonically movements but also complex movements that combine descents and 

ascents. [Table II. near here] [Figure 14. near here] 

The structure of a DNN model, referred to as Model B, is shown in Fig. 15. Model 

B takes the input parameters related to the five furnace designs, the vertical coordinates 

of the crucible, and the experimental time, all of which have been normalized. The 

hidden layer of Model B consists of 100 nodes across 5 layers. The outputs are the 

temperatures at 13 selected locations, which are the inputs of Model A. By including the 

experimental time as one of the input layers, this model can provide the temperatures at 

13 locations at any given time. We used the Adam optimization algorithm in 

TensorFlow and employed the ReLU activation function. [Figure 15. near here] 

The average R2 score for the five-fold cross-validation models of Model B was 

0.808. Each R2 score, MAE, and MSE for the five-fold cross-validation models are 

summarized in Table S2 in the Supplemental. In Fig. 16, the simulation results, which 

are testing data not used for the DNN training, are compared with the predictions from 

Model B. It is evident that Model B is well-trained and can rapidly predict the optimal 

temperature distribution around the crucible. It is worth noting that the simulation by 

CGSim takes about 6 hours for a time-transient calculation. In contrast, Model B 

produces the same results in about 800 microseconds, which means it is possible to 

obtain almost the same results as the simulation 27 million times faster. This allows for 

the exploration of a huge number of parameter combinations in the following 

optimization.  [Figure 16. near here] 

 

3.3 Optimization of the geometry of the crystal growth furnace by genetic 

algorithm 

Figure 17 shows the workflow of the GA in conjunction with Model B. NSGA-II 

aimed to minimize the difference from the temperature distribution transition around the 
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crucible optimized in Capter 2. NSGA-II generated 1000 random individuals as initial 

values within the range of parameters used in the training data for Model B, and 200 

generations of changes, and proposed optimal parameter combinations to minimize the 

objective functions. The obtained solution was well converged, as shown in Fig. S2 in 

the Supplemental. 5 parameters related to the furnace design and 3 polynomial 

coefficients for the crucible movement were obtained. By substituting the obtained 

polynomial coefficients into the constrained quartic function shown in Equation (7), the 

time series of the vertical coordinates of the crucible was obtained. By inputting 

parameters related to the furnace design, vertical coordinates, and time into Model B, 

temperature transitions at 13 locations around the crucible were predicted, and each 

objective function was calculated from the prediction results. The vertical coordinate 

transition of the crucible was designed to satisfy following constraints: the upper and 

lower bounds of the vertical coordinate and the upper and lower bounds of the crucible 

movement speed. [Figure 17. near here] 

Table III displays the parameters of the furnace design for the solution selected 

from the Pareto front, considering the importance of crucible wall temperature. 

Additionally, Figure 18 illustrates the time evolution of the vertical coordinates of the 

crucible. A noteworthy finding regarding the movement of the crucible indicates that it 

should be rapidly lowered in the early stage and raised in the late stage of the growth 

phase. These finding aligns with the results of the temperature transition optimization 

conducted in Chapter 2, which did not assume a specific furnace structure and 

demonstrated an increase in temperature during the late growth phase. [Table III. near 

here] [Figure 18. near here] 

To evaluate the performance of the finally optimized furnace design and process 

conditions obtained by the proposed optimization sequence, we performed high-fidelity 

simulations with stress analysis and dislocation calculations, which are not incorporated 

in the simulations to generate training data for Model B. The results are shown in Figure 

19. The dislocation density obtained with optimal furnace design and process conditions 

is lower than the original one, supporting the effectiveness of our optimization sequence. 

It is important to note that the differences in results between Model B and Model A 

stem from the variations in their simulation setups. The crucible model for Model A 

starts with the same initial conditions just after the melting process. Even though the 
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continuous constraint on the temperature tangent shown in Equation (4) was adopted, 

the rapid temperature change at the initial stage of the growth phase leads to the 

generation of dislocations. On the other hand, the simulation for Model B starts from 

the room temperature and continues to the growth phase, which results in a lower 

dislocation density.  

In this way, it was demonstrated that process development, including equipment 

design, is possible by optimizing the temperature distribution transition without 

assuming a specific equipment structure as the first step and the furnace structure and 

crucible movement as the second step. 

In the final section of this paper, we discuss the advantages, challenges and 

applicability associated with the proposed two-step optimization approach. One 

significant advantage of this method is the potential for model reuse. In this study, 

Model B was employed to model and optimize the effects of changes in the geometry 

inside the crystal growth furnace, such as the diameter of the crucible susceptor and the 

bottom thermal insulators, as well as the temporal variation in the crucible position. It 

should be noted that these were optimized under limited constraints and several 

assumptions, and they may not represent the global optimum considering all degrees of 

design freedom. In other words, several parameters remain to be optimized. Equipment 

design includes additional structural elements, such as the shape of the thermal 

insulators outside the core tube, and process parameter optimization involves temporal 

transitions in heater powers. Thus, future optimization efforts must address these 

parameters as well. Crucially, Model A retains its universal applicability. The only 

requirement is to develop a new Model B that considers the new parameters, enabling 

optimization to achieve the ideal conditions identified by Model A. The two-step 

optimization approach proposed in this study provides a versatile framework capable of 

accommodating various optimization scenarios. 

On the other hand, a significant challenge in the two-step optimization approach 

lies in designing meaningful and feasible constraints for the boundary conditions of 

Model A while maintaining flexibility. In this study, the boundary conditions for Model 

A involved the temporal variation of the crucible's peripheral temperatures. To ensure 

unidirectional solidification from the bottom, constraints as expressed by equations (2) 

to (6) were applied while maintaining flexibility. If the constraints are too stringent, the 
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potential to identify optimal conditions is restricted; conversely, overly lenient 

constraints may yield unrealistic conditions. Thus, achieving an optimal balance is 

essential. Currently, designing these constraints requires specialized knowledge of the 

equipment, which poses a challenge. In the future, developing a framework for 

constraint design based on more diverse data is anticipated. 

The two-step optimization proposed in this study can be applied not only to 

unidirectional solidification of multicrystalline silicon but also to a wide range of crystal 

growth processes. For example, in the Czochralski method for bulk crystal growth, we 

can optimize the internal structure of the furnace to achieve an ideal solid–liquid 

interface shape. This can be done by setting the crucible exterior and crystal 

surroundings as intermediate boundary conditions, performing inner-model 

optimization, and then designing the furnace structure accordingly. Similarly, in vapor-

phase growth aimed at achieving uniform film thickness and composition, we could 

position a boundary closer to the substrate than the gas inlet. The gas flux across this 

boundary would be optimized first, and then the gas flow channels would be designed to 

realize the optimized flux profile. 

By using carefully selected boundary conditions, high-degree-of-freedom 

optimizations, as demonstrated here, can become feasible. However, as mentioned 

earlier, this approach requires advanced expertise to define the appropriate boundaries 

and constraints. Therefore, the future development of support tools for designing 

boundary conditions is highly desirable. 

 

4. Conclusion 

We have developed a method for designing growth equipment and the growth process 

to produce high-quality crystals using simulation and machine learning. This allows for 

the exploration of optimal crystal growth conditions without being tied to specific 

growth equipment. We combined computational, machine learning, and mathematical 

optimization models to optimize the temperature distribution around the crucible and 

the growth furnace design. As a result, we discovered effective recipes for increasing 

the temperature and adjusting the crucible position during the late growth stage. The 

design method for manufacturing equipment introduced in this study can be applied not 

only to the growth of crystalline silicon, but also to various manufacturing methods and 
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equipment for other materials. This enables the development of processes, including 

equipment design, which has been challenging with traditional methods. We believe 

that our research will contribute to the advancement of process informatics. 
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Table I. Physical properties of silicon used for the simulation 

 

 Si solid Si melt 

Density [kg/m
3]

                                  

Emissivity                    0.3 

Specific heat [J/kg□K] 927 1040 

Thermal conductivity [W/mK]                         66.5 

Melting point [K] 1685  

Latent heat [J/kg]           
Volume expansion coefficient 

[1/K] 
           

Viscosity coefficient 

[kg/m□s]] 
           

Young’s modulus [Pa]             

 
 

  



 

21 

 

 

 

  

 
 

Figure 1. Schematic illustration of the two-step optimization proposed in this study. 
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Figure 2. Schematic diagram and mesh of the crucible model, assuming Si in a crucible under 

Ar gas atmosphere. The surrounding area is divided into 174 sections for input of boundary 

conditions. 
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Figure 3. (a) 13 node locations and (b) A typical example of randomly generated temperature 

boundary conditions with a constrained quartic function in temporal transition at each node. 
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Figure 4. The structure of Model A to consists of an input layer, 5 hidden layers, and an output 

layer. 
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Figure 5. Comparison of simulations and predictions by DNN model A (a) Crystallization time 

distribution: Contour lines correspond to the transition of the solid-liquid interface shape during 

crystal growth. (b) Dislocation density distribution at the end of cooling.  
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Figure 6. Parity plots for (a) crystallization time and (b) dislocation density after growth. 
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Figure 7. Pairs of polynomial coefficients after normalization at each node. The red line is the result 

of linear regression. 
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Figure 8. The workflow of GA combining DNN, where the input to the DNN is a temperature 

profile; the optimization parameters of the GA are polynomial coefficients tied to the temperature 

profile. 
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Figure 9. Pareto surfaces obtained by NSGA-II.The ★ mark in the figure was selected as the 

optimal solution. 
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Figure 10. Optimal temperature distribution transition at the crucible side wall obtained by GA 
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Figure 11. Comparison of (a) growth rate and (b) dislocation density at the center of the ingot using 

the original recipe and post-optimization results  
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Figure 12. Correlation coefficient matrix of polynomial coefficients and objective function for each 

node of the training data. The correlation between the polynomial coefficients and the objective 

function is calculated using the normalized data. 
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Figure 13. (a) Parameters indicating the geometry inside the crystal growth furnace and (b) 

standard multiple regression coefficient matrix to show the impact of the parameters on the 

temperatures  
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Table II Range of parameters related to furnace design and number of divisions when creating 

training data 

 

 dt (mm) tc (mm) di (mm) ti (mm) rs (mm) 

Range 5-10 20-80 80-100 50-150 20-60 

Partitions 11 13 11 11 11 
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Figure 14. Time evolution of the vertical position of the crucible. The initial (●) and final (★) 

positions are fixed and represented as a smooth curve using a quadratic function. 
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Figure 15. The structure of Model B to consist of 7 layers: input layer (7 nodes), hidden layer (50 

nodes) × 5, and output layer (13 nodes). 
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Figure 16. Comparison of simulation results and model B predictions for temperature transitions 

around the crucible. 
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Figure 17. Workflow of GA combined with DNN; the GA optimization targets are the five 

parameters related to the furnace design and the polynomial coefficients tied to the vertical 

coordinate transition of the crucible. 
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Table III. Changes in parameters related to furnace design before and after optimization 

 dt (mm) tc (mm) di (mm) ti (mm) rs (mm) 

Original 7.00 50.00 96.00 91.00 22.50 

Optimal 9.5846 20.00 80.08 149.9998 58.7889 
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Figure 18. Comparison of the time evolution of the crucible vertical coordinates before and after 

optimization 
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Figure 19. Dislocation densities along the center line of the ingot calculated through high-fidelity 

simulations incorporating stress analysis and dislocation calculations. The results of model A are the 

same as those in Fig. 11 (b). 
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Table S1. DNN accuracy of Molde A  

 

fold1 T[K]  t (min)   4.639  2.769  0.998  

 log10[N/(/m2)]   0.110  0.059  0.872  

fold2 T[K]  t (min)   4.347  2.707  0.998  

    MSE  MAE  R2  
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 log10[N/(/m2)]   0.066  0.037  0.944  

fold3 T[K]  t (min)   6.416  3.533  0.996  

 log10[N/(/m2)]   0.125  0.053  0.818  

fold4 T[K]  t (min)   4.918  2.663  0.997  

 log10[N/(/m2)]   0.118  0.053  0.881  

fold5 T[K]  t (min)   4.473  2.843  0.998  

  

log10[N/(/m2)]   0.092  0.044  0.888  
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Table S2. DNN accuracy of Molde B  

  

  
fold1 T (K) fold2 

T (K) fold3 T 

(K) fold4 T (K) 

fold5 T (K)  

  

  

19.012  

15.828  

19.23  

21.29  

14.638  

  

13.224  

11.481  

14.077  

14.194  

10.902  

0.793    

0.854    

0.788    

0.742    

0.862    

  

  MSE  MAE  R2  
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Figure S1. The progress of the three objective functions in the genetic algorithm for Model A. The 

solution converged sufficiently within the 200 generations.  
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Figure S2. The progress of the three objective functions in the genetic algorithm for Model B. The 

solution converged sufficiently within the 200 generations.  

  

 


