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Data-driven estimation of plastic properties in work-hardening model 
combining power-law and linear hardening using instrumented indentation 
test
Ta-Te Chen a,b and Ikumu Watanabe a,b

aGraduate School of Science and Technology, University of Tsukuba, Ibaraki, Japan; bResearch Center for Structural Materials, National 
Institute for Materials Science, Tsukuba, Ibaraki, Japan

ABSTRACT
Instrumented indentation testing is an efficient approach for measuring mechanical properties 
such as equivalent elastic modulus and hardness. Recently, the indentation-based approach 
has been extended to estimate the stress–strain curve corresponding to tensile or compression 
tests. However, estimation performance is decreased in high work-hardening alloys because of 
the limitation of the functional expressiveness in a simple power-law hardening model contain
ing two material constants. Although a modified constitutive model can be employed to 
improve the expressiveness, additional experimental data are required to adequately deter
mine these material constants. In this study, a method for determining the additional material 
constant in a modified work-hardening model combining power-law and linear hardening was 
proposed without additional experimental data, based on the two stress–plastic strain curves 
of the power-law and linear hardening models. Consequently, the material constants can be 
determined using an existing approach. In this study, a data-driven estimation approach using 
the response surfaces of the loading curvature of a load–depth curve and the pile-up height of 
an indentation impression is established. The proposed approach was applied to high-work- 
hardening steel for validation.
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1. Introduction

In recent times, data-driven approaches are being rapidly 
adopted in various research fields as efficient approaches 
for obtaining new insights from data [1–3]. In materials 
research and development, material informatics projects 
such as the material genome initiative [4,5] and materials 
integration projects [6] have been conducted to reduce 
the time and effort required for the development of new 
materials and accelerate innovations based on artificial 

intelligence. Generally, massive datasets are required to 
employ advanced data science approaches represented by 
machine learning [7–9].

In this context, the importance of material database 
has been recognized, and material databases have been 
developed using high-throughput computing based on 
electronic structure [10,11]. However, experimental 
evaluations are required for the plastic properties of 
structural materials because of the limitations of com
putational approaches.
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Tensile and compression tests are standard 
mechanical tests because of the simple stress state, in 
which the material response is characterized as 
a stress–strain curve. However, these tests are not 
preferable for database development because bulk 
samples are required for each test and the sample 
preparation requires significant effort. Meanwhile, 
the hardness test has been employed as an efficient 
approach to estimate the strength in the development 
of a material database, which can provide multiple test 
data from a single sample [12,13]. In addition, the 
mechanical properties of small constituents, such as 
single crystal grains can be extracted using this 
approach [14,15]. Therefore, hardness testing is gain
ing attention as a high-throughput experimental 
approach. Kadambi et al. [16], Asgharzadeh et al. 
[17], Ikeda et al. [18], and Goto et al. [19] obtained 
massive data on composition-dependent hardness 
from a sample by applying the hardness test to com
position gradient samples.

The instrumented indentation test is an extension 
of the hardness test [20,21], in which the relationships 
between the applied load P and penetration depth h 
were measured. The elastic stiffness and hardness can 
be estimated from the resulting P–h relationship 
[22,23]. The instrumented indentation test has been 
extensively applied to characterize the mechanical 
behavior of alloys, e.g. crystal orientation dependency 
[24], dislocation mechanism [25,26], and phase- 
boundary strengthening [27]. By coupling the instru
mented indentation test with its computational simu
lations, various approaches have been proposed to 
estimate the stress–strain curve of alloys correspond
ing to the tensile test [28–30]. A power-law hardening 
model containing two material constants was 
employed in the estimation approaches using 
a standard sharp indenter. Although the constitutive 
model is simple, additional experimental data with a 
P–h curve are required to determine the two material 
constants adequately and estimate a unique stress– 
strain curve [31,32]. Futakawa et al. [33] developed 
a dual-indenter approach using two sharp indenters 
with different apex angles. Iracheta et al. [34] and Goto 
et al. [35,36] estimated plastic properties based on the 
effect of pile-up height around the indentation impres
sion on the stress–strain curve. Chen et al. [37] devel
oped an estimation approach based on the interaction 
between the existing and subsequent indentation tests. 
However, the simplest constitutive model has 
a limitation in terms of expressiveness to characterize 
a stress–strain curve, particularly in high work- 
hardening alloys. Although a better constitutive 
model can be employed, additional experimental 
data are generally required to obtain a unique stress– 
strain curve. Goto et al. [35] drew response surfaces of 
the loading curvature of a P–h curve and the pile-up 

height of an indentation impression to investigate the 
sensitivity to material constants in the simplest power- 
law hardening model. Based on the different tenden
cies of the response surfaces, the pile-up height was 
used to determine a unique set of material constants in 
addition to the P–h curve. In this context, additional 
suitable experimental data must be investigated to 
employ a modified constitutive model. However, sen
sitivity analysis and determination of a unique solu
tion, even in a constitutive model containing three 
material constants, are more challenging in compar
ison with the simplest model. Moreover, additional 
experimental evaluation requires time and effort in 
practice.

In this study, an estimation approach of plastic 
properties from an instrumented indentation test was 
proposed based on a response surface method, in 
which a modified constitutive model combining 
power-law and linear hardening was employed. In 
the proposed approach, the additional material con
stant was determined based on the stress–plastic strain 
curve of the power-law and linear hardening models. 
Consequently, the material constants could be deter
mined using an existing approach. In this study, we 
propose a data-driven estimation approach using the 
response surfaces of the loading curvature of a P–h 
curve and the pile-up height of an indentation impres
sion, which is an extension of an existing approach 
[35]. In addition, the proposed approach was applied 
to high-work-hardening steel for validation.

2. Constitutive model

In this study, an isotropic elastoplastic constitutive 
model was employed to characterize the material 
response of an alloy. For elasticity, the St. Venant 
model was employed in an isotropic format, which 
contains two material constants: Young’s modulus E 
and Poisson’s ratio ν. For the plasticity, the von Mises 
stress σ� was used for the stress norm to characterize 
the stress state in the plastic constitutive model. As an 
extension of the existing model proposed by Dao et al. 
[28], the elastoplastic stress–strain relationship is 
described using the equivalent stress σ� and strain ε�
as follows: 

σ� ¼ E�ε� if σ� < σY ðelasticityÞ
σ� ¼ K ε�ð Þn þHp� if σ� ¼ σY ðelastoplasticityÞ

�

;

(1) 

where E�; σY;K; n;Hp, and � are the equivalent elastic 
modulus, yield stress, plastic coefficient, work- 
hardening exponent, linear hardening coefficient, 
and equivalent plastic strain, respectively. The equiva
lent strain and elastic modulus are defined as follows: 
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ε� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3

dev ε½ � : dev ε½ �
r

and E� ¼
3E

2 1þ νð Þ
;

where ε is the strain tensor. In Equation (1), the con
tinuous condition of the stress and strain states at the 
initial yield stress σ0 can be written as 

σ0 ¼ K
σ0

E�
� �n

[K ¼ σ0
E�

σ0

� �n

: (2) 

From Equations (1) and (2), the yield strength σY is 
derived as a solution to the following equation: 

σY ¼ σ1� n
0 σY þ E��ð Þ

n
þ Hp�; (3) 

where the relationship � ¼ ε� � σ�=E� is used on the 
assumption of a simple loading process. As mentioned 
above, the constitutive model has five independent 
material parameters: E, ν, σ0, n, and Hp.

The simplest work-hardening models of the power- 
law and linear hardening can be derived as special 
cases of Equation (3) as follows: 

σPH
Y ¼ σPH

0
� �1� n σPH

Y þ E��
� �nPH

if Hp ¼ 0 and
(4) 

σLH
Y ¼ σLH

0 þHLH
p � if n ¼ 0; (5) 

where fσPH
Y ; σPH

0 ; nPHg and fσLH
Y ; σLH

0 ;HLH
p g are sets of 

yield strength and material constants of the power-law 
and linear hardening models, respectively. Based on the 
existing approach [35–37], the two material constants 
can be determined using the loading curvature C of a 
P–h curve and additional experimental data, in which 
the P–h curve is assumed to be P ¼ Ch2. Note that 
power-law hardening can characterize the stress–strain 
curve in a small-strain range but is less expressive for 
ductile alloys that show high work-hardening in a finite 
strain range. For such high-work-hardening alloys, lin
ear hardening is generally better for describing the 
stress–strain curve in a middle strain range; however, 
it cannot express nonlinear responses in both small and 
large strain ranges. As mentioned above, both constitu
tive models have limitations because of their functional 
features. By combining power-law and linear hardening, 
the expressiveness can be improved, and the material 
response of the work-hardening model (3) is expected to 
be the intermediate between these simplest models. The 
stress–plastic strain curves of these constitutive models 
are schematically illustrated in Figure 1.

3. Determination of material constants

3.1. Concept

In this study, the linear hardening coefficient Hp, 
which is approximately the hardening rate in the finite 
strain range, is determined from the stress–plastic 

strain curves of the two simplest work-hardening 
models (Figure 1).

Let us now focus on the intersection point of the 
stress–plastic strain curves of the power-law and linear 
hardening models. This point is defined as a critical 
strain level in which these simplest models lose their 
reproducibility, i.e. underestimation of stress in power- 
law hardening and overestimation in linear hardening. 
In this context, a suitable hardening rate is assumed to 
be the intermediate between these two simplest work- 
hardening models at the equivalent plastic strain �int of 
the intersection point. Therefore, the linear hardening 
coefficient Hp of Equation (3) can be determined from 
the stress–plastic strain curves of the power-law hard
ening and linear hardening models as follows: 

Hp ¼ α
@σPH

Y
@�

�
�
�
�
�¼�int

þ ð1 � αÞHLH
p α 2 ½0; 1�; (6) 

where α is a weight coefficient. Accordingly, using 
Equation (6), the remaining two material constants σ0 
and n of Equation (3) can be determined in the same way 
as the existing approach. The weight coefficient α con
trols the feature of the work-hardening model between 
the two simplest models. In the case of α ¼ 1 or low 
work-hardening materials (HLH

p ’ 0), the constitutive 
model (3) definitely becomes a power-law hardening 
model.

3.2. Database production

In this study, the two material constants in the work- 
hardening models (3), (4), and (5) were determined 
using a response surface method [37] based on the P–h 
curve and topography of an indentation impression 
[35]. In this approach, the material constants can be 
read from a material database prepared by high- 
throughput simulations based on a finite element 
method. By comparing a computational optimization 

Power-law 
hardening

Linear hardening*

int

Hp
LH Hp

0

Figure 1. Stress–plastic strain curves of two simplest and 
proposed work-hardening models estimated from instrumen
ted indentation test.
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approach using a gradient descent method [35], the 
data-driven approach can provide a suitable set of 
material constants in an instant without any iterative 
calculations. In a previous study [37], a response sur
face of interaction between neighboring indentation 
tests was generated in addition to that of a P–h curve. 
In this study, the response surface of a pile-up height 
of an indentation impression was prepared to deter
mine the material constants instead of the neighboring 
indentation tests.

3.2.1. Finite element model
A three-dimensional (3-D) finite element model was 
prepared for the computational simulations of the instru
mented indentation tests, as shown in Figure 2. A mirror- 
symmetrical boundary condition was employed for the 
X–Y plane along the center of the sample. The vertical 
displacement at the bottom of the sample was con
strained. The finite element model contains 15,358 
nodes and 14,138 eight-node hexahedral elements using 
reduced integration, validated in our previous study [35]. 
Note that an appropriate finite element model must be 
defined to quantitatively reproduce the corresponding 
experimental results, for which its validation and verifica
tion are required [27,38,39]. The contact area between the 
indenter and the sample was more finely discretized than 
in the other areas. A Berkovich indenter was used and 
assumed to be a rigid body in this study. The friction 
between the indenter and the sample was not considered 
because the effect of friction in the Berkovich indenter is 
insignificant [29]. The maximum indentation depth hmax 
was defined as 1.0 μm. Finite element analyses were 
performed using displacement control at the top of the 
indenter and solved as quasi-static boundary value pro
blems with an implicit scheme.

3.2.2. Response surfaces
In this study, considering the elastic properties of steel, 
E and ν were assumed to be 200 GPa and 0.3, respec
tively. The unknown material constants are σ0, n, and 
Hp in the constitutive model (3). The loading curvature 

C of the P–h curve and pile-up height Zmax of the 
indentation impression were chosen as two response 
variables characterized by the three material constants. 
Then, high-throughput computational simulations 
were performed to generate the normalized response 
variables C=E� and Zmax=hmax for these material con
stants in the range of σ0 2 ½50MPa; 650MPa�, 
n 2 ½0:0; 0:4�, and Hp 2 ½0; 2500�. Note that Zmax=hmax 

is approximately constant in indentation tests of which 
the deapth is more than 0.2 µm [40]. Based on calcu
lated mesh data, the response surfaces were depicted 
using a trilinear interpolation function (or a bilinear 
interpolation function at a cross section) as shown in 
Figure 3. In addition, the response surfaces in the cases 
of Hp ¼ 0 MP and n ¼ 0 are presented to determine 
the material constants of the power-law and linear 
hardening in Figures 4 and 5, in which the calculated 
points are indicated by dots.

4. Validation

Instrumented indentation tests were performed for 
SUS304 stainless steel, and the stress–strain curve 
was estimated using the proposed approach for 
validation.

4.1. Experiments

For the instrumented indentation tests, a TI950 
TriboIndenter (Bruker Co., USA) was equipped with 
a scanning probe microscope and a high-load module 
using a Berkovich indenter. Considering the load limit 
of the equipment, the maximum indentation depth hmax 
was set as 5.3 μm. Following the computational simula
tions, the displacement-control mode was used, in 
which the loading and unloading rates were set as 0.1 
µm/s. The sample surface of the SUS304 sample was 
prepared by mechanical polishing followed by electrical 
polishing to remove residual plastic strains. After an 
indentation test, the pile-up topography around the 
indentation impression was measured using the scan
ning probe microscope. The maximum pile-up heights 
along three edges of the indentation impression were 
measured from the pile-up topography. Then, the aver
age value of the three maximum pile-up heights was 
used to estimate the plastic properties.

As a result, the P–h curve and pile-up topography of 
the indentation impression were obtained, as shown in 
Figure 6. The loading curvature C and maximum pile-up 
height Zmax of the indentation impression were calculated 
from the indentation results. The instrumented indenta
tion tests were performed 12 times and the averaged 
values were used to reduce experimental errors. The 
experimental data of the 12 indentation tests and those 
average value and deviations are shown in Tables 1 and 2, 
respectively.

24.3 μm

48.6 μm
X
Y
Z

24.3 μm

Figure 2. Finite element model of instrumented indentation 
test.
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4.2. Determination of material constants

Based on the proposed approach, the material con
stants of the constitutive model (3) were determined 
from the experimental results.

First, the material constants of the two simplest 
hardening models were determined from the response 

surfaces shown in Figures 4 and 5. In these figures, 
black lines are drawn on the values corresponding to 
the experimental results. The intersection point of the 
two lines indicates the estimated material constants, at 
which a rhomboid mark is drawn in Figures 4 and 5. 
The sets of the material constants of the power-law 
hardening (Hp ¼ 0) and linear hardening (n ¼ 0) 

0

nHp

H  =915.8MPap

0

nHp

H  =915.8MPap

(a) Loading curvature (b) Pile-up height

Figure 3. Response surfaces of normalized loading curvature and pile-up height for σ0, n, and Hpin E ¼ 200 GPa and ν ¼ 0:3. 
Surface of Hp ¼ 915:78 MPa was indicated to use for validation.

(a) Loading curvature (b) Pile-up height

Figure 4. Response surfaces for power-low hardening (E ¼ 200 GPa, ν ¼ 0:3, and Hp ¼ 0 MPa). Black lines and a rhomboid mark 
were drawn for validation.

(a) Loading curvature (b) Pile-up height

Figure 5. Response surfaces for power-low hardening (E ¼ 200 GPa, ν ¼ 0:3, and n ¼ 0). Black lines and a rhomboid mark were 
drawn for validation.
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were estimated as fσPH
0 ; nPHg ¼ f447:5MPa; 0:1433g

and fσLH
0 ;HLH

p g ¼ f582:9MPa; 1295MPag, respec
tively. Using the sets of the material constants, the 
estimated stress–plastic strain curves are drawn, as 
shown in Figure 7. In these curves, the intersect 
equivalent plastic strain �int is 0.24. Then, the deriva
tion of power-law hardening at �int is 

@σPH
Y
@�

�
�
�
�
�¼�int

¼ 536:3MPa: (7) 

Based on the concept of upper and lower bounds 
(Figure 1), we defined α as 0.5, which provides a good 
solution in general. The value of α can be optimized to 
obtain a better solution, in which the range of α in 

[0, 1] is preferable rather than a standard material 
constant. In this case, the linear hardening coefficient 
Hp was calculated as 915.8 MPa.

Next, the remaining material constants σ0 and n were 
determined at Hp ¼ 915 MPa. The response surfaces at 
Hp ¼ 915 MPa are depicted in Figure 8, which is indi
cated in Figure 3. From the response surfaces shown in 
Figure 8, these material constants were determined as 
σ0 ¼ 540:9 MPa and n ¼ 0:0444. As mentioned above, 
the material constants can be estimated from the material 
database of Figure 3 based on the experimental results.

The results of the computational simulation using 
the estimated material constants, the P–h curve, and the 
deformation state around the indentation impression 
after the indentation test are shown in Figure 9. The 
loading curvature and pile-up height of the correspond
ing experiment were reproduced in the simulation.

4.3. Comparison with experimental data and 
existing approaches

The stress–strain curves of the experimental and esti
mation results are shown in Figure 10, where the result 
estimated using another approach [37] was appended 
for comparison. The material response of the pro
posed work-hardening model combining power-law 
and linear hardening is located in the middle of the 
two simplest models as designed. The estimation is 
consistent with the corresponding experimental 
results by improving the expressiveness of the 

0.

0.4

0.8

1.2

1.6

0 2 4

L
oa

d 
[N

]

Depth [ μm]

loading

unloading

μm

(a) Load–depth curve (b) Topography of impression

Figure 6. Experimental results.

Table 1. Experimental results of loading curvatures and pile-up heights: data of 12 indentation tests.
Indentation a b c d e f

C [GPa] 53.66 57.56 62.98 58.97 54.61 57.09
Zmax=hmax 0.164 0.165 0.112 0.195 0.182 0.165

Indentation g h i j k l

C [GPa] 55.88 58.00 58.81 57.34 57.22 59.51
Zmax=hmax 0.173 0.134 0.129 0.138 0.125 0.177

Table 2. Experimental results of loading curvatures and pile-up 
heights: average value and deviations of 12 indentation tests.

Material C [GPa] Zmax=hmax

SUS304 stainless steel 57.63 � 2.31 0.155 � 0.025

0

200

400

600

800

1000

0. 0.1 0.2 0.3 0.4

E
qu

iv
al

en
t s

tre
ss

 [M
Pa

]

Equivalent plastic strain

H  = 0p n = 0

int

Figure 7. Stress–plastic strain curves of two simplest work- 
hardening models estimated from instrumented indentation test.
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constitutive model. For this material response, the 
power-law hardening model used in past studies can
not provide a good estimation.

Although one of the sets of the material constants 
can be determined using a computational optimiza
tion method such as the gradient descent method, 
a unique solution cannot be obtained without an addi
tional constraint; for example, the two simplest work- 
hardening models are possible solutions. In the pro
posed approach, the constraint condition was 
appended to obtain a unique solution based on the 
estimated stress–plastic strain curves of the simplest 
models.

(a) Loading curvature (b) Pile-up height

Figure 8. Response surfaces for combined hardening model (E ¼ 200 GPa, ν ¼ 0:3, and Hp ¼ 915:8 MPa).

0.

0.02

0.04

0.06

0. 0.2 0.4 0.6 0.8 1.0

L
oa

d 
[N

]

Depth [μm]

Simulation
P=Ch  (C=57.63GPa)2

(a) P-h curve

Z     = 0.158 mmax
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Max: 1.33Equivalent plastic strain

(b) Deformation state

Figure 9. Validation: simulation results using estimated material constants.
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Figure 10. Validation: stress–strain curves estimated from 
instrumented indentation test.
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5. Conclusions

In this study, a method for estimating the plastic proper
ties of high-work-hardening alloys was proposed using 
an instrumented indentation test. A modified constitu
tive model was defined to describe the intermediate 
material response between the power-law and linear 
hardening. The linear hardening coefficient of the mod
ified constitutive model was determined from the esti
mated material responses of the power-law and linear 
hardening models based on the P–h curve and pile-up 
height of an instrumented indentation test without any 
additional experimental data. In addition, the material 
database was generated using high-throughput compu
tational simulations to determine the material constants 
from the resulting response surfaces of the P–h curve 
and pile-up height. The estimated material constants 
were validated by comparison with the corresponding 
experiments, and a good agreement was achieved.

In this study, strain-rate-independent plasticity was 
investigated. Recently, the instrumented indentation 
test has been extended to evaluate mechanical proper
ties at elevated temperatures [41,42]. At high- 
temperature evaluation, strain-rate-dependency 
represented by creep is important [43–45]; however, 
the estimation of the material constants of the strain- 
rate-dependent constitutive models is challenging 
because the models contain more material constants.
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