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ABSTRACT
Transformation induced plasticity (TRIP) steels present a remarkable balance of strength and 
ductility. However, their post-necking hardening behavior, which is required for press- 
forming and automobile crash simulation, is unreliable because of their stress-triaxiality 
dependency. Therefore, we analyzed the stress-triaxiality hardening in the post-necking 
strain regions of tensile loaded TRIP steel to accurately evaluate the stress and strain 
distribution. Tensile tests were accordingly conducted on small, round-bar specimens to 
evaluate the true stress vs. cross-sectional reduction ratio curves up to fracture. Additionally, 
the stress distribution inside each specimen was measured using synchrotron X-ray diffrac-
tion. Using these measurements, the hardening law for the TRIP steel was identified through 
a series of finite element (FE) simulations, in which a simplified phenomenological strain and 
stress-triaxiality hardening were found to agree well with the measurements in the post- 
necking strain region. As a result, the hardening rate of the TRIP steel showed a sudden 
decrease at the uniform elongation limit strain. The FE simulations including stress-triaxiality 
hardening successfully reproduced this hardening behavior up to the fracture, and the FE 
simulation including stress-triaxiality hardening and its saturation presented values closest to 
the XRD measurements. This simulation also agreed well with the measurements obtained in 
the tensile direction away from the neck center. A microstructural analysis of the retained 
austenite at the neck supported this result. The FE simulations revealed that a combination of 
the TRIP effect and its deactivation accelerates the localized deformation at the specimen 
neck under tensile loading.
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1. Introduction

Recently, advanced high-strength steels (AHSSs) have 
been developed that exhibit both high elongation and 
good tensile strength, thereby providing high impact 
energy absorption [1–3]. As a consequence of these 
favorable properties, AHSSs have been extensively 
used in automobiles. The substitution of thick mild 
steel sheets with thin AHSS sheets has resulted in 

a reduction in automobile weight without adversely 
affecting automobile crashworthiness.

In recent years, many researchers have analyzed the 
microstructures [4,5] and mechanical properties [6] of 
effective AHSSs to develop a new generation of AHSSs. 
As reviewed by Hance [7], current AHSSs can be classi-
fied into three generations according to the compatibility 
of strength and total elongation. Each generation is 
defined by its value of tensile strength multiplied by 
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total elongation, and for the third generation, which is 
the most advanced at present, these values exceed 
20GPa%. For the next generation of AHSSs, values 
exceeding 30GPa% are required.

Steels that present transformation induced plasti-
city (TRIP) effects are strong candidates for such next- 
generation AHSSs (hereafter referred to as TRIP 
steels). However, unpredictable post-necking defor-
mation of TRIP steels presents difficulties for some 
automobile applications requiring preliminary 
numerical estimation of crashworthiness and press- 
formability. Such unpredictable deformation is caused 
by the sensitivity of stress-triaxiality to work- 
hardening (hereafter referred to as stress-triaxiality 
hardening), which is induced by the transformation 
of retained austenite with tensile deformation [8,9]. 
Indeed, many studies have determined that the hard-
ening law for TRIP steels is a function of plastic strain 
and stress-triaxiality, and the numerical simulations 
with such hardening laws presented good agreement 
with the experiments [10–15].

To model post-necking work-hardening beha-
vior, many researchers have attempted to extrapo-
late the flow stress using multiple strain hardening 
laws and validate their results using ductile fracture 
behavior [16,17], local strain distribution [18], and 
consistency with other types of mechanical tests 
[19,20]. However, such extrapolations cannot 
express the stress-triaxiality hardening of TRIP 
steels because the stress-triaxiality is constant 
before necking and only begins to increase in the 
post-necking strain region. Thus, instead of extra-
polation, some studies have deduced the post- 
necking flow stress by analyzing the heterogeneous 
strain distribution in the neck using sheet metal 
tensile tests [21–23]; however, these methods also 
have excluded the stress-triaxiality hardening.

Evaluation of the actual stress-triaxiality is also 
associated with the analysis of post-necking deforma-
tion. Although finite element (FE) simulations 
employing strain hardening have demonstrated con-
currence between the simulated strain distribution 
and the stress vs. strain curves obtained from actual 
measurements [18,24], these results have not been 
validated in terms of actual stress states. Notably, 
stress-triaxiality evaluation based on a strain harden-
ing analysis may deviate the actual stress triaxiality 
inside necked TRIP steel specimens owing to the 
combination of stress-triaxiality hardening and het-
erogeneous plastic deformation for TRIP steels.

As the accurate prediction of the actual stress dis-
tribution in TRIP steel is essential for the improve-
ment of crashworthy and press-formable automobile 
parts, in this study, the difficulties reviewed herein 
were overcome to reveal the role of stress-triaxiality 
hardening in the actual stress distribution within the 
necked region of an advanced TRIP steel. A dual- 

phase (DP) steel was also analyzed as a reference to 
serve as a validation of our methodology. To evaluate 
the work-hardening behavior in the post-necking 
strain region, small, round-bar tensile tests were con-
ducted to measure the minimum diameter of the spe-
cimen during necking. The greater the strain 
experienced by a round-bar, the greater is its decrease 
in thickness; thus, the local strain can be approximated 
by the cross-sectional reduction ratio of a round-bar 
specimen in tensile tests, even at the neck [25,26]. An 
FE simulation was then applied to numerically repli-
cate these tensile tests and obtain strain and stress- 
triaxiality hardening laws that concurred with the true 
stress vs. cross-sectional reduction ratio curves 
observed in the tests using the imposed force and 
minimum diameter. The stress and strain distribu-
tions inside the tensile specimen were also evaluated 
by these FE simulations. Furthermore, in-situ stress 
measurements were conducted inside the tensile spe-
cimens using synchrotron X-ray diffraction (XRD). 
These measurements were then compared to the FE 
simulations with and without considering stress- 
triaxiality effect on the work-hardening law, in 
which parameters were identified from the true stress 
vs. cross-sectional reduction ratio curves. Using this 
comparison, a simplified stress-triaxiality hardening 
law was developed that classifies the stress-triaxiality 
effect in terms of the post-necking hardening 
behaviour.

2. Materials and methods

2.1. Materials

The chemical compositions of the laboratory-made 
DP (DP590) and TRIP (TRIP980) steel sheets are 
shown in Table 1. Their thicknesses were 6.0 mm 
and 3.2 mm, respectively.

The DP steel sample was vacuum-melted in the 
laboratory. It was thinned to 6.0 mm by hot rolling 
above 1173 K, then air-cooled to 923 K, and finally 
water-quenched to room temperature (300 K). The 
TRIP sample was also vacuum-melted and forged to 
a thickness of 6.0 mm. Then, the slab was hot-rolled to 
3.2 mm after annealing at 1473 K for 3600 s. This hot- 
rolled steel sheet was finally annealed at 1188 K for 
1200 s followed by an austempering treatment at 
698 K for 500 s.

The TRIP steel included an approximately 26% 
volumetric fraction of retained austenite, as deter-
mined using a commercial XRD analyzer. The 
matrix of the TRIP steel was composed of bainitic 

Table 1. Chemical composition of the two steels (mass%).
C Si Mn S Al Nb Mo

DP steel 0.049 0.49 1.99 0.0013 0.029 - -
TRIP steel 0.40 0.49 1.48 0.0009 0.96 0.024 0.10
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ferrite. Figure 1 presents the scanning electron 
microscope (SEM) image and inverse pole figure 
(IPF) of the retained austenite grains obtained by 
electron back scattering diffraction (EBSD). These 
images were obtained at the thick part of the 
small, round-bar tensile specimen detailed below 
in Section 2.2. This type of TRIP steel is called 
TRIP-aided bainitic ferrite steel, which demon-
strates remarkable elongation [27] and fracture 
resistance [28].

The mechanical properties of the two types of steels 
were evaluated using the sheet specimen in the JIS-Z2241 
specifications; their results are shown in Table 2. As 
evident, the DP and TRIP steels demonstrated tensile 
strengths of 590 and 980 MPa, respectively. The TRIP 
steel displayed remarkable uniform total elongation, pre-
senting twice that of the DP steel and a significantly 
higher tensile strength. As the value of the tensile 
strength multiplied by the total elongation was 
35GPa%, this TRIP steel can be considered a next gen-
eration AHSS, as discussed in Section 1.

2.2. Tensile tests for true stress–cross-sectional 
reduction ratio measurements using small, round- 
bar specimens

The small, round-bar specimen geometry shown 
in Figure 2 was used for the tensile tests. These 
round-bar specimens were cut from the center 
quarter-thickness of the steel sheets so that the 
tensile direction corresponds to the transverse 
direction of the material, where each specimen 
for tensile test and XRD measurement was located 
in the neighboring sites. The diameter of the cen-
tral cross-section of each specimen was 1.0 mm, 
which enabled X-ray transmission into the speci-
men central axis. Both shoulders of the specimen 
increased in diameter to 2.5 mm. The length of 
the parallel section was designed to be 2.0 mm so 
that necking would occur at the center of the 
parallel section.

A custom-made, compact, tensile test machine 
(Miyakojima-seisakusyo Corporation Ltd., Japan) 

Figure 1. Microstructure of the TRIP steel used in this study. (a) SEM image. (b) IPF map of the austenite grains obtained by EBSD 
analysis with a 0.04 μm step, where the black areas are bainitic ferrite.

Table 2. Mechanical properties of the sheet-type, tensile specimens, evaluated by No. 5 specimen according 
to JIS Z2241 specifications.

Yield stress 
[MPa]

Tensile strength 
[MPa] Uniform elongation [%]

Total elongation 
[%]

DP steel 288 574 17.9 32.8
TRIP steel 738 1026 34.2 41.4

Figure 2. Small, round-bar specimen for tensile tests. Dimensions are in mm.

Sci. Technol. Adv. Mater. Meth. 1 (2021) 58                                                                                                                                    T. MATSUNO ET AL.



was used to apply tension to the test specimens at 
a head speed of approximately 2 μm/s. An external 
view of this machine is shown in Figure 3. Both 
shoulders of the specimens were fit into the speci-
men housings to apply tension (Figure 3(a)). The 
tensile force was measured by a load cell. To 
evaluate the strain, the change in the minimum 
diameter (Dm) of each specimen was measured via 
LED projection using a two-dimensional optical 
micrometer (TM006, Keyence Corporation, 
Japan). Figure 3(b) depicts the apparatus setup. 
The two-dimensional optical micrometer was 
used to measure the specimen shape in two direc-
tions; this measurement was conducted on only 
one side because the small, round-bar specimen 
maintained an almost constant circular cross- 
section during the tensile tests, as exemplified in 
Figure 4. Although rougher external shapes were 
observed for some specimens, the external lines of 
the fracture surfaces almost formed complete cir-
cular shapes, as shown in Figure 4. Indeed, the 
evaluations of each fracture surface roundness, 
calculated as DF;max � DF;min

� �
=2, were 10.4 and 

11.4 μm where DF;max and DF;min denotes maxi-
mum and minimum diameters, respectively, 
among 6 measurements with 30° pitches.

Instead of measuring the elongation, the cross- 
sectional reduction ratio, ρ, was obtained during 
these tensile tests. The value of ρ was defined as 

ρ ¼ 2 ln
Dini

Dm

� �

(1) 

where Dini denotes the initial diameter, and Dm 
denotes the minimum diameter of the specimen. 
Assuming a constant volume, a complete circular 
cross-section, and a relatively minute elastic strain in 
the deformed part, ρ can be considered equal to the 
equivalent plastic strain �εp [25]. The true stress in the 
specimen σt was calculated using the measured force 
F and the minimum diameter Dm as follows: 

σt ¼
4F

πD2
m
: (2) 

2.3. Synchrotron XRD measurements

2.3.1 Experimental setup
Synchrotron XRD measurements were performed at 
beamline BL28B2 of SPring-8, a large synchrotron 
radiation facility in Japan, whose bending magnet 
source can provide high-energy, white X-rays (having 
a wide range of photon energies). The specimens 

Figure 3. Tensile test machine for the small, round-bar specimens. (a) Magnified image of the specimen housing, and (b) external 
view of the compact tensile test machine.

Figure 4. SEM images of the fractured specimen surfaces. Dotted lines present complete circular shapes surrounding the fracture 
surfaces.
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shown in Figure 2 were tensioned on a small, hand- 
operated tensile machine positioned on the diffract-
ometer. As a stepwise tensile load was applied, the 
XRD patterns of points located 0.0, 0.2, 0.4, and 
0.6 mm from the x (tensile) directional center of the 
necked part were recorded in the x and z (normal-to- 
tensile) directions at each step. This process was 
repeated until the specimen fractured.

Figure 5 schematically illustrates the strain mea-
surement process using synchrotron XRD. The trans-
mission mode was used with a 5.0° diffraction angle. 
High-energy, white X-rays above 100 keV, which 
enabled transmission through a 1.0 mm diameter spe-
cimen, were programmed to emit in a 0.05 mm wide 
and 0.1 mm high beam by slit 1 and were collected by 
a solid-state detector (SSD, ORTEC GLP-16, 195/ 
10P4, Seiko eg&g Corporation Ltd., Japan). To evalu-
ate the local strain, slits 2 and 3 limited the area where 
the diffraction signal was measured, and their sizes are 
shown in Table 3.

As shown in Figure 6, the lengths of the rectan-
gular gauge volumes were 0.05 mm in the measured 
lattice strain direction and 0.856 mm in a direction 
normal to the lattice strain direction. This high 

aspect quadrangle was approximated as an elongated 
rectangle. In the direction normal to the paper sheet in 
Figure 6, the gauge volume for the lattice strain mea-
surements was an elongated quadrangle of 0.1 mm 
thickness.

Furthermore, after each step of the diffraction ana-
lysis, a radiographic image was recorded using mono-
chromatic X-rays (60 keV) via a single silicon crystal, 
as shown in Figure 7. The minimum diameter of each 
small, round-bar specimen was determined from these 
radiographic images for obtaining the cross-sectional 
reduction ratio, ρ, using Equation (1).

2.3.2 Stress evaluation
The energy dispersion method [29] was used for the 
XRD measurements of the lattice strain. As exemplified 
in Figure 8, diffraction patterns of all the lattice planes 
were produced using white X-rays. Among these, the 
diffraction pattern of the α (3 2 1) plane at 92–93 keV 
was monitored because the Young’s modulus for this 
lattice plane is close to the macroscopic Young’s mod-
ulus. A Gaussian function was fitted to this diffraction 
pattern to derive the peak center by the minimum least 

Figure 5. Schematic representation of the lattice strain measurement using the synchrotron XRD.

Figure 6. Schematic of the gauge volume for the lattice strain measurement. The lengths are reported in mm. Note this image is 
not to scale for readability.
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square method, and its shift due to specimen deforma-
tion was translated to the lattice (elastic) strain by 

ε ¼
ed � eini

eini
; (3) 

where eini and ed denote the pre- and post- deforma-
tion diffraction (energy dispersion) peak centers, 
respectively. Although the diffraction patterns from 
the three phases were detected in some cases during 
the measurements, we mainly focused on the patterns 
of the bainitic ferrite phase, which is the main consti-
tuent of this TRIP steel; the diffraction patterns of the 
other two phases were too weak to be used in evaluat-
ing the lattice strains. Therefore, the unsymmetric 
bottom parts of the diffraction patterns were cut to 
precisely fit the peak positions of the bainitic ferrite 
signals in the Gaussian fitting process. This was con-
sidered acceptable as fresh martensite, transformed 
from the austenite, caused the unsymmetric bottom 
parts.

To provide information consistent with previous 
studies of post-necking hardening behavior, we 
intended to present the stress distribution rather 

than the lattice strain. However, the calculation of 
stress requires the lattice strains in the x, y, and 
z directions. It was not possible to use XRD to measure 
the y-directional lattice strains in the same gauge 
volume used to measure the x- and z-directional lattice 
strains, because the X-rays would have to be injected 
from the top or bottom of the tensile specimen along 
the tensile direction. To solve this problem, we 
assumed that the averaged z-directional lattice strain 
was equal to the y-directional lattice strain. This 
assumption means that the gauge length in the 
y direction virtually increased and became equal to 
that in the z direction. Therefore, the abovementioned 
assumption does not affect the accuracy of stress eva-
luation. Under this assumption, the stresses were cal-
culated as follows: 

σxx ¼
Ê

1þ ν̂ð Þ 1 � 2ν̂ð Þ
1 � ν̂ð Þεxx þ 2ν̂εzzð Þ; (4) 

σzz ¼
Ê

1þ ν̂ð Þ 1 � 2ν̂ð Þ
ν̂εxx þ εzzð Þ; (5) 

Figure 8. Diffraction pattern measurement of the TRIP steel at ρ ¼ 0:98 (in the tensile direction).

Table 3. Slit width for lattice strain measurement by XRD.
Slit width for measuring the tensile directional lattice strain 

[mm]
Slit width for the measuring the lattice strain normal to the tensile direction 

[mm]

Tensile direction Normal direction Tensile direction Normal direction

Slit 1 0.05 0.1 0.1 0.05
Slit 2 0.05 5.0 5.0 0.05
Slit 3 0.05 5.0 5.0 0.05

Figure 7. Schematic representation of the X-ray radiography process and example of an obtained radiographic image.
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where σxx and σzz denote the stresses in the x and 
z directions, respectively; εxx and εzz denote the lattice 
strains calculated by Equation (3) in the x and 
z directions, respectively; and Ê and ν̂ denote the 
X-ray elastic constant and Poisson ratio, respectively, 
derived from mean field theory using the Kröner 
model [30], which has been widely used for this pur-
pose in the literature [31]. The values of Ê and ̂ν for the 
α (3 2 1) plane were calculated to be 223.45 GPa and 
0.2729, respectively.

Furthermore, the measurement errors of the stress, 
Δσ, were evaluated from the covariance between the 
measurement plots and fitted Gaussian curves as follows: 
The error values for the diffraction peak centers, Δed, 
were evaluated as the standard deviation calculated from 
the covariance, and the measurement errors for the lattice 
strain, Δε, were evaluated using Equation (3) as 
Δε � �Δed=eini. Then, Δσ was evaluated by substitution 
of each directional component of Δε into Equations (4) 
and (5).

2.4. Finite element simulation

2.4.1 Meshes and boundary conditions
A commercial FE solver (Abaqus/Standard, Dassault 
Systèmes) was used for the simulations in this study 
with the static-implicit solver selected. As shown in 
Figure 9, the tensile specimen was meshed using axi-
symmetric, two-dimensional, quadrilateral elements 
with full integration, defined in Abaqus as ‘CAX4.’ 
The mesh size parallel to the specimen axis was 
0.01 mm. To start the necking at the center, the dia-
meter of the x-directional center was set 10−3 mm 
smaller than the rest of the parallel section. As also 
shown in Figure 9, one side of the specimen was 
constrained in the x direction, and a displacement of 
0.8–1.0 mm was imposed on the other side. The result-
ing σt−ρ curves were evaluated in the same manner as 
in the actual tests. The x- and z- directional stresses 
used for comparison with the XRD measurements 
were evaluated as the element-area-averaged compo-
nents in the gauge volume shown in Figure 9. 
Unloading simulations were also conducted so that 
the element-averaged x-directional stress in the FE 
simulation corresponded to the XRD-measured stress 

using Equation (4) during the stepwise tensile test, 
when the specimen was unavoidably unloaded because 
of mechanical gaps in the tensile machine and stress 
relaxation due to material viscosity [32].

2.4.2 Constitutive laws
The mechanical behaviors of the specimen materials were 
characterized in terms of their isotropic elasticity with 
a Young’s modulus of 206 GPa, von Mises plasticity, 
associated flow rule, and isotropic hardening. The circu-
lar shapes of the fractured tensile specimens, shown in 
Figure 4, supported material isotropy, which caused the 
ellipsoidal shape of the fractured specimen surfaces [33]. 
Furthermore, rate-independent hardening was intro-
duced because the rate dependency for this type of 
TRIP steel is sufficiently small within the strain rate of 
2� 10� 3 − 2� 10� 2 used in this study [28]. The follow-
ing flow stress, Y �εp; f

� �
, was used to explore the post- 

necking hardening behavior: 

Y �εp; f
� �

¼ 1 � að ÞYs �εp
� �
þ afYl �εp

� �
þ bg þM0f ;

(6) 

where �εp denotes the equivalent plastic strain, M0 
denotes the material constant for stress-triaxiality hard-
ening, and f is the integration of the stress-triaxiality 
time derivative. The other parameters in Equation (6) 
are explained in the following paragraphs.

Except the term representing the stress-triaxiality 
hardening, M0f , Equation (6) represents a modified 
Swift law whose n value changes at a switching strain 
�εswitch. The reason for applying this strain hardening law is 
the ease of parameter identification in the post-necking 
strain region. Other strain hardening laws for post- 
necking [26,34,35] can fit the FE simulation to the mea-
sured σt −ρ curves, but these fittings require more com-
plicated procedures.

The function Ys �εp
� �

in Equation (6) denotes the 
equivalent stress, for which �εp � �εswitch is calculated 
by the original Swift hardening law [36] as follows: 

Ys �εp
� �
¼ K1 �εp þ c1

� �n1
; (7) 

where K1, c1, and n1 are material constants. The next 
function, Yl �εp

� �
, denotes the equivalent stress where 

�εp >�εswitch and is also calculated by the original Swift 

Figure 9. Finite element model for the tensile simulations.

Sci. Technol. Adv. Mater. Meth. 1 (2021) 62                                                                                                                                    T. MATSUNO ET AL.



hardening law, but with different material constants as 
follows: 

Yl �εp
� �
¼ K2 �εp þ c2

� �n2
; (8) 

The two curves are smoothly connected at �εp ¼ �εswitch 
by defining a and b in Equation (6) as follows: 

a ¼
tanh R �εp � �εswitch

� �� �
þ 1

2
; (9) 

b ¼ Yl �εswitchð Þ � Ys �εswitchð Þ; (10) 

where R was set to 50 in this study.
Given the accuracy of the uniform elongation 

strain, tensile strength, and initial yield stress obtained 
in the FE analysis, Ki and ci for i = 1, 2 in Equations (7) 
and (8) were derived using the following nonlinear 
simultaneous equations based on plastic instability 
analysis, rather than curve-fitting with the least- 
squares method: 

Ki ¼
Y0

cni
i
; (11) 

ci ¼
nni

i Y0

exp �εuð ÞTs

� � 1
ni
; (12) 

where Y0 denotes the initial yield stress, Ts denotes the 
tensile strength, and �εu denotes the true strain at the 
maximum nominal stress. These parameters were 
obtained from the tensile tests in this study; the para-
meters obtained from the sheet-type specimen (shown 
in Table 2) were not used. The n value for Ys �εp

� �
, i.e. 

n1, was also derived based on the plastic instability 
analysis as follows: 

n1 ¼ c1 þ �εu: (13) 

Since c1 � �εu, Equation (13) can be approximated as: 

n1 � �εu; (14) 

which was substituted into Equations (11) and (12) to 
derive K1 and c1.

The variable �εswitch was easily identified by compar-
ing the measured and simulated σt−ρ curves using the 
original Swift hardening law. These two curves corre-
sponded to each other until a particular strain was 
reached; this strain was identified as �εswitch assuming 
that ρ � �εp. The value of n2 was fitted so that the 
measurements and the FE simulations agreed over 
the entire σt−ρ curve. In this study, the trial value of 
n2 was gradually decreased from n2 ¼ n1 until the FE 
simulation presented the closest agreement with the 
measurements. Note that K2 and c2 are also fitting 
parameters, but they were derived by substituting n2 
into Equations (11) and (12) for simplicity.

The term M0f was introduced to describe the 
stress-triaxiality hardening caused by stress-triaxiality- 
induced austenite transformation into hard martensite 

in the post-necking strain region. Therefore, M0 was 
set to zero for the DP steel. Although it represents 
a boldly simplified expression of stress-triaxiality 
hardening, this term is key in this study because it 
possibly expresses the particular stress and strain dis-
tribution inside the necked part of TRIP steel. The 
variable f , which is initially zero, is used to express 
the stress-triaxiality history imposed on the tensile 
specimen, and is defined as: 

_f ¼ _η: (15) 

For > 0, �εp >�εu, and f < fsat , where η denotes the stress 
triaxiality ðσxx þ σyy þ σzzÞ=3�σ, in which �σ is the 
equivalent stress and tf denotes the time at which the 
deformation ceased. For the else conditions, _f is set to 
be zero. Without these inequality conditions, the value 
of f would correspond to the stress-triaxiality incre-
ment from the uniaxial state. To focus on the post- 
necking behavior, the condition �εp >�εu imposes f = 0 
during uniform deformation, and therefore f begins to 
increase only after necking. The condition f < fsat 
imposes stress-triaxiality hardening saturation due to 
the saturation of the austenite transformation. When 
f reaches fsat , the increase in the f value stops. The 
material constant M0 was multiplied by this value of 
f and added onto the flow stress calculated by the 
strain hardening terms in Equation (6).

Note that Equation (15) was developed from the 
constitutive law of austenite transformation into mar-
tensite proposed by Stringfellow et al. [10]. In this 
constitutive law, the time derivative of martensite _vm 
transformed from the retained austenite can be 
expressed as follows: 

_vm ¼ 1 � vmð Þ Af�εp þ Bf _η
� �

(16) 

where Af and Bf are the functions of equivalent 
plastic strain and stress triaxiality, respectively. The 
volumetric fractions of retained austenite, marten-
site, and the other phases calculated by the trans-
formation law can be used to obtain the TRIP steel 
flow stress using an averaging law [12]. This rigor-
ous model presented good agreement with the mea-
sured σt−ρ curve and observed specimen neck 
geometry, but required too many material para-
meters to be identified from the σt−ρ curves of 
the tensile test. Thus, we propose the drastically 
simplified hardening law in Equation (6) because 
the hardening rates of retained austenite and mar-
tensite were saturated in the post-necking strain 
region, and the retained austenite fraction 
decreased quasi-linearly in the large strain region 
during the tensile test [37,38]. Furthermore, the 
Swift hardening law successfully expressed the 
stress–strain curve of TRIP steel only up to the 
uniform elongation limit [18]. This indicates that 
the effects of retained austenite transformation due 
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to increased plastic strain (Af �εp in Equation (16)) 
were included in the strain hardening terms in 
Equation (6). Consequently, it was assumed that 
the addition of the linear stress-triaxiality harden-
ing term, M0f , could effectively express the hard-
ening behavior in the post-necking strain region of 
the TRIP steel.

The fitted parameters in Equation (6) are shown in 
Table 4 (DP) and Table 5 (TRIP). Many parametric 
combinations were fitted for each material. In the case 
of M0�0 for the TRIP steel, a small value of n2 (0.02) 
was used because the effect of the stress-triaxiality 
hardening on the stress distribution inside the speci-
men became clear. In this case, M0 was fitted by trial 
and error using FE simulations in which fsat ¼ 1 by 
gradually increasing M0 until the simulated σt−ρ curve 
agreed with the measurements. After this, the other 
two cases with fsat ¼ 0:3 and 0:2 were evaluated. 
These fsat values were heuristically set so that their 
evident influence on the stress distribution was man-
ifested without influencing the σt−ρ curves too much.

The hardening law presented in Equations (6)–(15) 
was implemented with the assumption of small defor-
mations using the Abaqus user-defined material sub-
routine (UMAT). The updated Lagrangian method 
included in Abaqus was used to express large defor-
mations. To avoid convergency problems, f was inte-
grated by an explicit method, as reported in [13]. The 
value of f was maintained constant for each increment 
and was updated using Equation (15) at the next 
calculation step. Alternatively, a large number of cal-
culation steps (200) was specified in the tensile loading 
step.

3. Results

3.1 Tensile test for true stress vs. cross-sectional 
reduction ratio curves

3.1.1 DP steel
Figure 10 depicts the σt−ρ curves of the DP steel, 
including both the measurements and FE simulations. 
The measurements recorded a maximum ρ of 1.1, 
which was clearly involved in the post-necking strain 
region. From Figure 10, both the FE simulations using 
the original (Case 1) and modified Swift (Case 2) hard-
ening laws agreed well with the measurements. Case 1 
deviated slightly from the measured values by exceed-
ing the ρ of 0.45, which corresponded to the switching 
strain, and this slight deviation was corrected in 
Case 2.

Figure 11 presents the FE-simulated and observed 
neck geometries of the DP steel at ρ ¼ 1:0. The FE 
simulations in both Cases 1 (Figure 11(a)) and 2 
(Figure 11(b)) agreed well with the observations 
(Figure 11(c)) where the maximum error was approxi-
mately 0.03 mm in the radial direction, as seen at the 
bottom of the specimen figures (the FE simulations 

Figure 10. Measured and simulated σt −ρ curves of the DP steel.

Table 4. Hardening parameters of the DP steel fitted from the 
small, round-bar tensile tests. M0 is set to zero.

Y0 [MPa] Ts [MPa] n1 n2 �εswitch

Case 1 300 610 0.15
Case 2 300 610 0.15 0.13 0.45

Table 5. Hardening parameters of the TRIP steel in Equation 
(6) fitted from the small, round-bar tensile tests.

Y0 [MPa] Ts [MPa] n1 n2 �εswitch M0 [MPa] fsat

Case 3 730 1050 0.28
Case 4 730 1050 0.28 0.17 0.28 0.0
Case 5 730 1050 0.28 0.02 0.28 1310 ∞
Case 6 730 1050 0.28 0.02 0.28 1310 0.3
Case 7 730 1050 0.28 0.02 0.28 1310 0.2
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present thinner radius than that of the observation). It 
is widely known that this sharp necking shape causes 
a higher σt because of a higher hydrostatic stress. 
Thus, the observed agreement in the neck geometry 
confirmed the accuracy of the hardening law para-
meters used in the FE simulations.

3.1.2 TRIP steel
Figure 12 presents the σt−ρ curves for the TRIP steel, 
in which the measurements as well as the results of five 
FE simulations (Cases 3 to 7) are included. 
Measurements were performed up to a maximum ρ 
of 0.77, where σt reached 1890 MPa. The values of Y0, 
Ts, and n1, shown in Table 5, evaluated using the 
small, round-bar specimen, were approximately 
equal to those evaluated using the sheet-type specimen 
in Table 2.

Except Case 3 (the original Swift hardening law), 
the FE simulations exhibited good agreement with the 
measurements over the entire σt−ρ curve. The σt−ρ 
curves in Cases 5–7 were approximately equal and 
overlapped in the figure. The smaller fsat in Cases 6 
and 7 decreased the σt around the maximum ρ, but 
this decrease was very small. It is notable that the 
original Swift hardening law in Case 3 resulted in 
a large deviation from the measurements. This devia-
tion began to increase at ρ ¼ 0:28, which approxi-
mated the �εp where the necking occurred and was set 
as �εswitch, as shown in Table 5. These tendencies were 
notably different from those of DP steel.

The neck geometries from the FE simulations were 
compared with the experimental observations and are 
shown in Figure 13. The simulations using each hard-
ening laws (Figure 13(a–d)) resulted in the same neck 

Figure 12. Measured and simulated σt −ρ curves of the TRIP steel.

Figure 11. Geometries of the specimens in the tensile tests using DP steel. The cross-sectional reduction ratio, ρ, was 1.0. (a) and 
(b) show the FE simulations with different hardening laws, where the red-dotted lines indicate the actual geometry obtained from 
the observation in (c) by the 2D optical micrometer.
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geometry, which agreed well with the observations 
(Figure 13(f)). Actually, the neck geometry in the FE 
simulations overlapped the observation around the 
specimen axial center, and they presented smaller 
radius than the observation away from the center, 
where the maximum error in the radial direction was 
0.025 mm, as seen at the top of figure. Combined with 
the good agreement of their σt−ρ curves, the FE simu-
lations using the multiple hardening laws in Cases 4–7 
successfully expressed the actual tensile behavior of 
the TRIP steel.

3.2 XRD measurements

3.2.1 DP steel
A remarkable tendency of the XRD measurements 
was observed alongside the change in the spatial 
gradient of σxx, in which the gradient increased as 
ρ increased. At ρ ¼ 0:33 (Figure 14(a)), the spatial 
distribution of the XRD measurements did not 

exhibit a direct correlation with d, and the stress 
fluctuated within 400–600 MPa. At ρ ¼ 0:59, the 
XRD measurements also displayed fluctuations, but 
the value at the most distant position (d ¼ 0:6Þ was 
clearly smaller than those at the other three posi-
tions. The spatial gradient of the XRD measurements 
became clear at ρ ¼ 0:98 and 1:01 (Figure 14(c and 
d)). Both of these cases presented stresses of approxi-
mately 920 MPa at d ¼ 0:0 that monotonically 
decreased with increasing d. While the stresses at 
d ¼ 0:0 were approximately equal in both cases, the 
gradient of the XRD measurement at ρ ¼ 1:01 and 
1305 MPa/mm, was higher than that at ρ ¼ 0:98 and 
1240 MPa/mm.

Aside from the measurement fluctuations, the 
numerically simulated spatial distribution of σxx was 
similar to the spatial distribution of the XRD measure-
ments. The FE simulations resulted in an approxi-
mately flat stress distribution with respect to d at 
ρ ¼ 0:33 (Figure 14(a)), a small, negative gradient 

Figure 13. Geometries of the specimens in the tensile tests using the TRIP steel. The cross-sectional reduction ratio, ρ, was 0.72. (a– 
e) show the FE simulations with different hardening laws, where the red-dotted lines indicate the actual, observed geometry in (f) 
obtained by the 2D optical micrometer.
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from d ¼ 0:0 to 0.6 at ρ ¼ 0:59 (Figure 14(b)), and 
high, negative gradients at ρ ¼ 0:98and 1:01 (Figure 
14(c and d)). The difference between the σxx values of 
Cases 1 and 2 was very small. It should be noted that 
the simulated gradient of σxx at ρ ¼ 1:01 was smaller 
than that at ρ ¼ 0:98, whereas the XRD measurements 
demonstrated the opposite behavior.

The behavior of the z-directional stress, σzz, was the 
same as that of σxx. Figure 15 depicts the fluctuating 
stress distribution at ρ ¼ 0:33 (Figure 15(a)), a lower 
stress at d ¼ 0:6 and ρ ¼ 0:59 (Figure 15(b)), and 
a monotonic decrease from d ¼ 0:0 to 0.6 at ρ ¼ 0:98 
and 1:01, as observed from the XRD measurements. 
Note that the distributions at ρ ¼ 0:98 and 1:01 were 
approximately equal. At d ¼ 0:4, the difference between 
the σzz values for ρ ¼ 0:98 and 1:01 was 35 MPa, which 
was the largest observed in these tests. The other d values 
exhibited small differences of approximately 10 MPa.

It can be observed in Figure 15 that the FE simula-
tions presented 40–50 MPa higher values of σzz at d ¼
0:0 for all ρ levels. For example, at ρ ¼ 0:98 and 1:01, 
the FE simulations were higher at all the positions 
presented, though the curve shape was similar to that 
obtained from the XRD measurements.

3.2.2 TRIP steel
Figure 16 depicts the XRD measurements of the tensile 
directional stress, σxx, and the corresponding element- 

averaged stress in the FE simulations. The values of σxx 
for the TRIP steel tensile test were similar to those of 
the DP steel at ρ ¼ 0.98 and 1.01. The XRD measure-
ments monotonically decreased from d ¼ 0:0 to 0.6. 
The spatial gradients corresponding to this stress 
decrease increased with increasing strain.

From Figure 16, most of the element-averaged stres-
ses can be observed to display higher values of σxx 
compared with the XRD measurements. Among the FE 
simulation Cases 4–7, the simulated values were approxi-
mately equal, but at ρ ¼ 0:86, each case showed devia-
tions at d ¼ 0:4 and 0.6, where Case 7 
(fsat ¼ 0:2Þexhibited the smallest values. All cases pre-
sented a monotonic decrease in their σxx gradients from 
d ¼ 0:0 to 0.6, but these gradients were smaller than 
those obtained by the XRD measurements. In particular, 
the σxx gradients were remarkably small in the FE simu-
lations between d ¼ 0:0 and 0.2 at ρ ¼ 0:74 and0:81.

In terms of the z-directional stress σzz, the XRD 
measurements also displayed a monotonic decrease 
with increasing d at all ρ levels (Figure 17). The gra-
dient of σzz vs. d increased with increasing ρ. It is 
notable that the gradients between d ¼ 0:0 and 0.2 
were larger than those of the rest of the σzz vs. 
d curves. That is, the σzz measurement at d ¼ 0:0 
was significantly higher than those at other distances.

In contrast to the σxx results, most of the FE simu-
lations predicted lower values of σzz that those 

Figure 14. Comparison of the measured and FE-simulated x-directional stress averaged over the gauge volume of the DP steel. (a– 
d) show the comparison at different ρ levels. The FE simulations include an unloading step so that the x-directional stresses at the 
necking center agreed with the XRD measurements.
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Figure 15. Comparison of measured and FE-simulated z-directional stress averaged over the gauge volume of the DP steel. (a–d) 
display the comparison at different ρ levels. The FE simulations include an unloading step so that the x-directional stresses at the 
center agree with the XRD measurements.

Figure 16. Comparison of the measured and FE-simulated x-directional stress averaged over the gauge volume of the TRIP steel. 
(a–d) display the comparisons at different ρ levels. The FE simulations include an unloading step so that the x-directional stresses 
at the neck center agree with the XRD measurements.
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obtained by the XRD measurements, and the different 
hardening laws demonstrated different σzz trends (see 
Figure 17). Case 7 (fsat ¼ 0:2Þ showed the highest σzz 
at d ¼ 0:0 for all ρ levels, while Case 5 (fsat ¼ 1Þ

showed the lowest σzz. Case 4 (M0 ¼ 0) and Case 6 
(fsat ¼ 0:3) resulted in intermediate values of σzz that 
were approximately equal at d ¼ 0:0 for all ρ levels. 
However, the values of σzz in Case 4 were smaller than 
those in the other cases at d ¼ 0:4 and 0.6, where the 
largest difference was approximately 70 MPa at d ¼
0:6 for ρ ¼ 0:86.

4. Discussion

4.1 True stress vs. cross-sectional reduction ratio 
curve

For both steels evaluated in this study, despite the 
small size of the tensile specimen, the measured tensile 
strength, yield stress, and uniform elongation (n value) 
reported in Tables 4 and Table 5 were close to those of 
the sheet specimen in the JIS-Z2241 evaluation shown 
in Table 2. Thus, we can consider the successful eva-
luation of σt−ρ curves.

In contrast to the DP steel, the FE simulation of 
TRIP steel using the original Swift hardening law dis-
agreed with the measured σt−ρ curve in the post- 
necking strain region. The simulated σt−ρ curve 

deviated positively from the true measurements after 
necking occurred in the specimen. Therefore, the 
switching of the hardening law is mandatory to accu-
rately express the post-necking σt−ρ curve. Thus, the 
method employed in this study combining the σt−ρ 
measurements and FE simulation with the simplified 
stress-triaxiality hardening law in Equation (6) has 
newly revealed this post-necking behavior.

It is interesting that the value of �εswitch corresponded to 
the value of �εu. A strong TRIP effect (the transformation 
of retained austenite into hard martensite with material 
deformation) is suggested by this result, in which the 
weakening of the TRIP effect caused the sudden switch of 
the n value at �εu. Evidently, the TRIP weakening effect on 
the n value is larger than that of the stress-triaxiality 
hardening because the latter would cause the n value to 
increase. However, the TRIP effect did not completely 
cease in the post-necking strain region as indicated by 
the high n value (n2 = 0:17 in Case 4).

4.2 XRD measurements

A comparison between the XRD measurements and 
the FE simulations of the TRIP steel under tension 
validated the stress-triaxiality hardening behavior in 
the post-necking strain region. Although the FE simu-
lations provided a positive bias for the stress evalua-
tions compared with the XRD measurements for the 

Figure 17. Comparison of the measured and FE-simulated z-directional stress averaged over the gauge volume of the TRIP steel. 
(a–d) display the comparisons at different ρ levels. The FE simulations include an unloading step so that the x-directional stresses 
at the neck center agree with the XRD measurements.
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DP steel, they yielded a negative evaluation bias for 
σzz, normal to the tensile direction for the TRIP steel. 
Therefore, the TRIP effect positively shifted the σzz 
compared with the FE simulations, especially at 
d ¼ 0:0. It is notable that Case 7 (fsat ¼ 0:2) presented 
the closest σzz at d ¼ 0:0 for all evaluated ρ levels, as 
shown in Figure 17. The higher XRD measurement of 
σzz suggests a very small n2 in the deactivation cases 
for the TRIP effect. Although setting n2 < 0:02 pre-
sents a difficult convergence problem for the static- 
implicit FE method, the actual n2 was indeed less 
than 0.02.

The positively biased σzz at d ¼ 0:6 also suggests 
the validity of stress-triaxiality hardening in the post- 
necking strain region. Case 4 (M0 ¼ 0) resulted in 
the second highest σzz at d ¼ 0:0, but the σzz values 
at d ¼ 0:6 for ρ of 0.71 and 0.74 were lower than those 
observed for the other stress-triaxiality hardening 
cases. The XRD measurements of the DP steel dis-
played a significant decrease in σzz at d ¼ 0:6 for ρ ¼
0:98 and 1:01, but the XRD measurements of the TRIP 
steel showed a lower-gradient of σzz decrease at d ¼
0:6 for all ρ values. The σzz distribution in the radial 
direction at d ¼ 0:6 verified this low-gradient 
decrease, as shown in Figure 17. For the stress- 
triaxiality hardening laws in Cases 5−7, σzz at the 
specimen surface at d ¼ 0:6 presented higher tensile 
values than for those in Case 4, regardless of the value 
of fsat . This tendency could not be simulated without 
a positive deviation of the σt−ρ curve. Thus, stress- 
triaxiality hardening was mandatory for the accurate 
simulation of the σzz distribution.

In addition, note that the effect of stress relaxation 
was insignificant. This phenomenon must therefore 
dilute the initial stress distribution, but the XRD mea-
surements present a steeper distribution than the FE 
simulations. Thus, the above analysis was not negated 
by the stress relaxation effect.

4.3 FE simulation of stress and strain distribution 
inside the TRIP steel

Since the neck geometry governed the distribution of 
the stress state in the analytical approaches [39,40], 
a geometric agreement was assumed to result in the 
same stress states inside the neck. However, the stress 
and strain distributions for each state differed accord-
ing to the hardening laws, as explained in this section.

The stress and strain distributions inside the TRIP 
steel specimens at ρ ¼ 0:86 were simulated as shown 
in Figure 18. Clearly, the original Swift hardening law 
applied in Case 3 resulted in a weaker localization of 
the state values for hydrostatic stress, stress-triaxiality, 
and equivalent plastic strain at the neck (Figure 18 
(a-1, b-1, and c-1), respectively) compared with the 
other cases. The switching of the n value in Case 4 

caused more stress and strain localization at the neck, 
as shown in Figure 18(a-2, b-2, and c-2). Case 5 
(fsat ¼ 1) presented more x-directional, diffused, 
and high hydrostatic stress regions compared with 
the other hardening laws at the neck Figure 18(a-3). 
Note that the areas of high equivalent plastic strain 
were similar for Cases 3, 4, and 5 Figure 18(c-1, c-2, 
and c-3). Imposing fsat in Cases 6 and 7 increased the 
stress and strain localization in the neck. This was 
most remarkable in Case 7 (fsat ¼ 0:2), in which the 
three state values at the necked center were the largest 
of all five FE simulations, as shown in Figure 18(a-5, 
b-5, and c-5).

The above results suggest that the stress-triaxiality 
hardening suppressed deformation localization with-
out changing the neck geometry or deviating from the 
σt−ρ curve, which indicates that the spatial maximum 
stress triaxiality was at the same level as when using 
the original Swift hardening law in Case 3. 
Furthermore, the deactivation of the stress-triaxiality 
hardening increased the stress and strain localization 
compared to the case without deactivation. It is nota-
ble that Case 7 (fsat ¼ 0:2Þ produced the highest 
hydrostatic stress and stress triaxiality at the neck 
center. The saturation of f caused a sudden decrease 
in the hardening rate by n2 ¼ 0:02. This very small n2- 
induced, localized deformation was connected to the 
higher hydrostatic stress and stress triaxiality.

Since the TRIP effect has been observed to suppress 
stress and strain localization during tensile deforma-
tion [12], stress triaxiality was also considered small at 
fracture strain. However, as clarified in this study, the 
combination of the TRIP effect and its deactivation 
was observed to accelerate the stress-triaxiality devel-
opment at the neck. Thus, in spite of concerns related 
to over-simplification, the M0f term proposed in this 
study to describe the stress-triaxiality hardening can 
be regarded reasonable.

4.4 Microstructural analysis of stress-triaxiality 
hardening and damage effect

In this study, the XRD peaks of the austenite lattice 
planes were observed to weaken or diminish in the 
post-neck strain region, as exemplified in Figure 8. 
The textured crystal orientation of the retained auste-
nite (see Figure 1(b)) possibly caused these peak dis-
sipations. Thus, instead of using the XRD evaluation 
of austenite volume fraction, the SEM and EBSD 
images close to the fracture surface of the tensile speci-
men were employed to investigate the microstructure 
as presented in Figure 19.

Figure 19(a) presents the remaining retained auste-
nite around the fracture surface, which shows evi-
dence of stress-triaxiality hardening in the post-neck 
strain region. However, we could not validate the 

Sci. Technol. Adv. Mater. Meth. 1 (2021) 70                                                                                                                                    T. MATSUNO ET AL.



TRIP effect saturation, fsat ¼ 0:2, using the micro-
structure due to the insufficient measurement of the 
volume fraction history of the austenite. Instead, the 
TRIP effect saturation was suggested based on 
a comparison between the FE simulations and the 
XRD stress measurements, but detailed analyses are 
required to improve the stress distribution inside the 
specimen. Indeed, the stress-triaxiality-induced auste-
nite transformation disturbs the stress states inside the 
specimen, which accelerate or suppress further trans-
formation due to material deformation. This analysis 
will therefore be a topic of future research.

Additionally, note that Figure 19(b) indicates the 
presence of micro voids around the fracture surface. 
The void area fractions in the SEM images were eval-
uated to be approximately 0.84 % of 5,372 μm2. This 
micro void observation implies the effect of damage on 
the σt−ρ curves and stress/strain distribution inside 
the specimen, but this effect is small. In an elasto- 
plastic analysis, the damage D decreases the true stress 
σt as follows [41]: 

σt ¼ 1 � Dð Þσ�t (17) 

Figure 18. Contour maps of the simulated state values of the TRIP steel at a ρ ¼ 0:86. The letters a, b, and c denote the hydrostatic 
stress, stress triaxiality, and equivalent plastic strain, respectively. The numbers 1–5 denote Cases 3–7, respectively.
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where σ�t denotes true stress in the matrix. Assuming 
D � 0:0084 based on the void area fraction around the 
fracture surface, the material damage possibly 
decreased by at most 15 MPa from σ�t in the measured 
σt range for the TRIP steel. Therefore, stress-triaxiality 
hardening can be regarded to mainly affect the defor-
mation behavior.

5. Conclusion

We analyzed the stress-triaxiality hardening of 
advanced TRIP steel in the post-necking strain region. 
The post-necking strain hardening behavior of con-
ventional DP steel was also analyzed to provide 
a reference. Small, round-bar tensile tests with speci-
men shape monitoring were used to evaluate the true 
stress vs. cross-sectional reduction ratio curves in the 
post-necking strain region up to fracture. In-situ syn-
chrotron XRD measurements were also conducted 
during these tests to evaluate the stress inside the 
specimen necks. These measurements were then com-
pared with the FE simulations conducted using sim-
plified hardening laws. The results can be summarized 
as follows:

(1) The FE simulation employing the original Swift 
law agreed well with the true stress vs. cross- 
sectional reduction ratio curve, neck geometry, 
and stress distribution in the post-necking 
strain region for the DP steel.

(2) In contrast to the DP steel, the hardening rate 
of the TRIP steel showed a sudden decrease at 
the uniform elongation limit strain. The FE 
simulations employing n value decreased from 
0.28 to 0.02 and including stress-triaxiality 
hardening terms successfully reproduced this 
hardening behavior up to the fracture.

(3) The FE simulation including stress-triaxiality 
hardening and its saturation presented the closest 

values to the XRD measurements obtained during 
the tensile tests for the TRIP steel. This simulation 
also agreed well with the measurements obtained 
in the tensile direction away from the neck center. 
A microstructural analysis of the retained auste-
nite at the neck supported this result.

(4) The FE simulations revealed that 
a combination of the TRIP effect and its deac-
tivation accelerates the localized deformation at 
the specimen neck under tensile loading. 
A smaller n value and larger stress-triaxiality 
hardening effect provided an FE simulation 
result closer to the actual stress and strain dis-
tribution observed inside the tensile specimen.
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