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Abstract
We present the approach needed to calculate stress within density functional theory (DFT) using a
localized orbital basis, both for exact diagonalisation and linear scaling approaches, and demon-
strate our implementation within the large scale DFT code CONQUEST. For the linear scaling
approach, we test the rate of convergence of stress with density matrix range, and compare it to
the convergence of energy and forces for different materials with a range of band gaps. We show
that excellent convergence is found for modest cutoffs (below 0.1 GPa error for range of 20 a0), and
show that large-scale isothermal-isobaric molecular dynamics is stable and accurate, showing neg-
ligible drift over picoseconds of dynamics.

1. Introduction

Density functional theory (DFT) has become the method of choice for electronic structure calculations
[1]. In condensed matter research, plane wave basis sets have often been the basis of choice, which has
tended to limit the size of all but the largest simulations to hundreds of atoms [2]; the adoption of local
orbital basis sets has enabled larger scale simulations, both with exact diagonalisation and with linear
scaling methods to find the ground state [3–7]. The CONQUEST code [7] has demonstrated simulations of
several thousand atoms with exact diagonalisation [8], and millions of atoms with linear scaling [9, 10].

Simulations of condensed and soft matter systems require that the forces on the ions can be effi-
ciently calculated as exact differentials of the energy; in many cases, the stresses on the simulation cell
are also required. We have discussed the calculation of forces in CONQUEST for both exact diagonalisa-
tion and linear scaling before [11], and noted that the motion of basis functions with the ions requires
evaluation of Pulay terms [12] which are readily found analytically. The evaluation of stresses is standard
in plane-wave DFT [1] though for plane-wave basis set there is a missing term which arises from the
change of basis with simulation cell size (a Pulay stress), and cannot be calculated analytically, leading to
a need to increase basis set size for stress evaluation. The calculation of stress for local orbital basis sets
has been shown before [13, 14] but the calculation of stress with linear scaling, and the convergence of
the stress, has only been investigated in the context of finite electronic temperature simulations [15]. We
reported preliminary results [7] on stress with linear scaling methods, but gave only an overview of the
approach; below, we give full details, and note an important correction to our preliminary results. We
also demonstrate stable NPT molecular dynamics.

The paper is organized as follows. We recap the expressions required to evaluate the energy both in
exact diagonalisation and linear scaling modes; we note an important constraint that is applied to main-
tain electron number in linear scaling calculations. We then examine the approach needed to calculate
stresses with localized orbitals and the linear scaling approach in CONQUEST. We conclude by presenting
various tests of the implementation; first, testing the convergence of energy, forces and stresses with den-
sity matrix range, and then demonstrating stable molecular dynamics in different ensembles.
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2. Energies

For a system with total energy E we define the forces on the atoms and the stresses on the simulation
cell in the usual way, with Fi =−∇iE for atom i, and σλµ = (1/Ω)∂E/∂ϵλµ, for the strain ϵλµ (with λ
and µ each representing one of x, y or z) and Ω the simulation cell volume. This definition of stress has
units of pressure; an alternative definition, often known as the internal stress, omits the prefactor of 1/Ω
to give units of energy [16, 17].

In order to implement accurate forces and stresses, we have to consider the details of how energies
are calculated, and ensure that the forces and stresses are exact derivatives of the energy. In CONQUEST, in
common with other local orbital pseudopotential codes such as Siesta [14] and OpenMX [18], we use a
reformulation of the electrostatic part of the total energy based on neutral atom charges. By associating

a pseudo-atomic density (PAD) n(a)i (r) with each atom [19], we can rewrite the Hartree energy of the
electrons and the ionic core–core energy, avoiding any long range terms, leaving only a screened core-
core interation (SCC). We combine the local part of the pseudopotential and the Hartree potential from

the PAD to give a neutral atom potential: VNA(r) =
∑

iVPS,Loc,i(r)+V(a)
Ha,i(r). We define the total PAD

for the system as nPAD(r) =
∑

i n
(a)
i (r), and a charge density difference between the ground state charge

density and the PAD as δn(r) = n(r)− nPAD(r). This density difference gives a potential VδHa and an
energy EδHa, and we define the Harris–Foulkes [20, 21] and Kohn–Sham (KS) [22] energies below in
equations (2) and (4), with a Hamiltonian written as:

Ĥ =

(
−1

2
∇2 + V̂NA + V̂PS,NL +VδHa +VXC

)
(1)

where V̂PS,NL is the non-local part of the pseudopotential.
CONQUEST uses a basis set of localized functions, known as support functions [23], to represent the

KS eigenstates. Most commonly these functions are represented by pseudo-atomic orbitals (PAOs) which
are generated by solving the Schrödinger equation for isolated atoms, using pseudopotentials [24]. The
eigenstates are then expressed as: |ψn⟩=

∑
iα c

iα
n |ϕiα⟩, where iα indicates the support functions on atom

i, with the support functions indexed by α. Using these basis functions, the Schrödinger equation can
be re-written as a matrix equation, Hiαjβc

jβ
n = ϵnSiαjβc

jβ
n , noting that the support functions are non-

orthogonal, with overlap matrix Siαjβ , and the matrices defined in the usual way: Hiαjβ = ⟨ϕiα|Ĥ|ϕjβ⟩
and Siα,jβ = ⟨ϕiα|ϕjβ⟩. The individual terms in the energy can be defined either in terms of the eigen-
values and eigenstates, or in terms of the Hamiltonian and density matrices; the latter approach, coupled
with sparse matrices, enables a linear scaling formulation of DFT to be constructed [25, 26].

2.1. Energy in terms of eigenvalues and eigenstates
We present first the Harris–Foulkes (HF) and KS energies used when solving by diagonalisation; below
we turn to the linear scaling formulation. We also consider the inclusion of non-linear partial core cor-
rections (PCC) [27] which include an additional charge density in the core region of each atom, nCi (r),
in the calculation of the exchange-correlation energy, and for simplicity we define ñ(r) = n(r)+ nC(r),
where nC(r) =

∑
i n

C
i (r).

EHF = EBand +∆EHa +∆EXC + ESCC (2)

EHF =
∑
n

2fnϵn +

[
−1

2

ˆ
drδVHa (r)δn(r)−

ˆ
drδVHa (r)n

PAD (r)

]

+

ˆ
dr(ñ(r)ϵXC [ñ(r)]− n(r)µXC [ñ(r)])+

1

2

∑
i,j

ZiZj∣∣Ri −Rj∣∣ −
ˆ

drV(a)
Ha,j (r)n

(a)
i (r)

 (3)

EKS = EKE + ENA + EPS,NL + EδHa + EXC + ESCC (4)

2
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EKS =−1

2

∑
n

2fn⟨ψn

∣∣∇2
∣∣ψn⟩+

ˆ
drVNA (r)n(r)+

∑
n

2fn⟨ψn|V̂PS,NL|ψn⟩

+
1

2

ˆ
drδn(r)δVHa (r)+

ˆ
drñ(r)ϵXC [ñ(r)]

+
1

2

∑
i,j

ZiZj∣∣Ri −Rj∣∣ −
ˆ

drV(a)
Ha,j (r)n

(a)
i (r)

 (5)

where ϵn are the eigenvalues indexed with subscript n, fn are the occupancies of the eigenstates and the
non-local pseudopotential is defined as V̂PS,NL =

∑
i

∑
γ |χiγ⟩Aγ⟨χiγ |, summing over atoms i and projec-

tors γ in the usual way [28].
When operating without self-consistency [29], we use the fixed superposition of atomic densities

defined above as the density, so that n(r) = nPAD(r), which fits well with the neutral-atom approach. In
this case, only the HF energy is reliable, and ∆EHa = 0 as δn(r) = 0, while ∆EXC is found as usual, but
with ñ(r) = nPAD(r)+ nC(r).

2.2. Energy in terms of the density matrix
For linear scaling operation, all calculations are performed in terms of the density matrix and the
charge density [9, 30]. The density matrix in real space is defined in terms of the support functions
and a matrix Kiαjβ as ρ(r,r ′) =

∑
iαjβ ϕiα(r)K

iαjβϕjβ(r ′), and the connection to eigenvector coeffi-

cients can be seen in the formal definition of Kiαjβ =
∑

n fnc
iα⋆
n cjβn . The charge density is then written

as n(r) =
∑

iαjβ ϕiα(r)K
iαjβϕjβ(r) and the energies are given by:

EHF =
∑
n

2Tr [KH] +

[
−1

2

ˆ
drδVHa (r)δn(r)−

ˆ
drδVHa (r)n

PAD (r)

]

+

ˆ
dr(ñ(r)ϵXC [ñ(r)]− n(r)µXC [ñ(r)])+

1

2

∑
i,j

ZiZj∣∣Ri −Rj∣∣ −
ˆ

drV(a)
Ha,j (r)n

(a)
i (r)

 (6)

EKS =−1

2

∑
iαjβ

2Kjβiα⟨ϕiα
∣∣∇2
∣∣ϕjβ⟩+ˆ drVNA (r)n(r)+

∑
iαjβ

2Kjβiα⟨ϕiα|V̂PS,NL|ϕjβ⟩

+
1

2

ˆ
drδn(r)δVHa (r)+

ˆ
drñ(r)ϵXC [ñ(r)]+

1

2

∑
i,j

ZiZj∣∣Ri −Rj∣∣ −
ˆ

drV(a)
Ha,j (r)n

(a)
i (r)

 (7)

For relatively small systems (up to a few thousand atoms) the ground state is found by direct diago-
nalisation of the Hamiltonian [7]. To go beyond systems of this size, linear scaling methods are needed
[25], as described in the next section.

2.3. Linear scaling and electron number
The ground state density matrix of semiconducting and insulating systems (i.e. systems with a gap) can
be found with computational effort that scales linearly with system size [25, 26] by working with local-
ized functions as basis functions, and restricting the range of the density matrix (a controlled approxi-
mation). Within CONQUEST, a variational minimization of the energy with respect to the density matrix
elements is performed, while maintaining two properties of the system: idempotency of the density
matrix; and correct total electron number.

Idempotency is imposed approximately, using the LNV approach [31, 32], where the density matrix
K is written in terms of an auxiliary density matrix, L, as K= 3LSL− 2LSLSL and the elements of the
auxiliary density matrix, Liαjβ , are varied in the search for the ground state. The initial density matrix is
constructed using the Palser-Manolopoulos generalization of the McWeeny transform [33, 34].

The electron number is found as N(K)
e = 2Tr[KS], where the superscript (K) is used to distinguish the

calculated electron number from the desired electron number, Ne. To optimize the energy with respect
to the elements of the auxiliary density matrix, Liαjβ , while maintaining electron number, we use a
Lagrange multiplier, µ, to impose the condition [23]. As above, we have Eband = 2Tr [KH], and we define
a modified band energy which includes the Lagrange multiplier:

Ẽband = Eband −µ
(
N(K)

e −Ne

)
(8)

= 2Tr [KH]−µ(2Tr [KS]−Ne) (9)

3
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Naturally, when the density matrix gives the target electron number, this energy is identically equal to
the band energy. It is sometimes convenient to define H ′ =H−µS and Ẽband = 2Tr [KH ′] +µNe to
include the Lagrange multiplier in the Hamiltonian [23], but this can obscure a contribution to the
forces discussed below, and we do not follow this convention.

To find the optimum ground state, we need the derivative of this energy with respect to the auxiliary
density matrix elements:

∂Ẽband
∂L

=
∂Eband
∂L

−µ
∂N(K)

e

∂L
∂Ẽband
∂L

= [6(HLS+ SLH)− 4(HLSLS− SLHLS− SLSLH)]−µ [12(SLS− SLSLS)] . (10)

Here we have defined the change in electron number calculated from the K matrix with respect to

the elements of the auxiliary density matrix as ∂N(K)
e /∂L. We can then set the value of the Lagrange

multiplier so that, to first order, the electron number is preserved while the energy is minimized. This
is imposed by ensuring that the variation in energy is orthogonal to the variation in electron number:

∂Ẽband
∂L

· ∂N
(K)
e

∂L
= 0(

∂Eband
∂L

−µ
∂N(K)

e

∂L

)
· ∂N

(K)
e

∂L
= 0

⇒

(
∂Eband
∂L

· ∂N
(K)
e

∂L

)
/

(
∂N(K)

e

∂L
· ∂N

(K)
e

∂L

)
= µ. (11)

Of course, the Lagrange multiplier, µ, is the chemical potential for the electrons.
At the electronic ground state, where ∂Ẽband/∂L= 0, we can find the contribution to the ionic forces

and the stresses from the band energy (and associated Lagrange multiplier term) by considering varia-
tions in the energy with respect to the Hamiltonian and overlap matrices [11]:

Ẽband = Eband −µ
(
N(K)

e −Ne

)
= 2Tr [KH]−µ(2Tr [KS]−Ne) (12)

δẼband = δEband −µδN(K)
e (13)

δEband = 2Tr [(3LδSL− 2LδSLSL− 2LSLδSL)H] + 2Tr [(3LSL− 2LSLSL)δH]

= 2Tr [KδH]− 2Tr [GδS] (14)

G= 2LHLSL+ 2LSLHL− 3LHL (15)

δN(K)
e = 2Tr [(3LδSL− 2LδSLSL− 2LSLδSL)S] + 2Tr [(3LSL− 2LSLSL)δS]

= 2Tr [(6LSL− 6LSLSL)δS] (16)

δẼband = 2Tr [KδH]− 2Tr [GδS]− 2µTr [(6LSL− 6LSLSL)δS] = 2Tr [KδH]− 2Tr
[
G̃δS

]
(17)

G̃= 2LHLSL+ 2LSLHL− 3LHL+µ(6LSL− 6LSLSL) . (18)

The sign of the matrix G is chosen for compatibility with the equivalent matrix required for force and
stress calculations with exact diagonalisation:

G iαjβ =
∑
n

fnϵnc
iα⋆
n cjβn . (19)

It is important to note that in O(N) calculations there is a contribution to the forces and stresses
from the variation of the electron number with the overlap matrix which arises from the Lagrange mul-
tiplier: the final term in equations (13) and (17). This term makes an almost negligible change to the
forces, typically around 1× 10−4 Ha/a0, and was neglected in our original formulation of forces [11];
the effect of the term is only visible as a small variation in the energy conservation of NVE molecular
dynamics runs [35], and makes no difference to optimized structures. However, the term forms a signif-
icant part of the stresses, and must be included for correct agreement between numerical and analytic
stresses at small L matrix ranges. As the L matrix range increases, the contribution tends to zero, since
the L matrix tends towards perfect idempotency, with LSL= L; the small fluctuations in energy over
time in NVE MD runs also reduce with increasing density matrix range, and are eliminated when this
extra contribution to the force is included.

4
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3. Formulating stress with localized orbitals and linear scaling

We have separated the contributions to the stress into different types, in a similar way to the presenta-
tion of forces [11]. Hellmann–Feynman stresses arise from explicit dependence of the potentials on the
atom positions via the strain, while Pulay stresses come from the change in the basis when atoms move
(since the basis is atom-centered). There are then further miscellaneous stresses which are important but
do not fit neatly into any category. We note that the calculation of the stress requires negligible time, as
it is included with the force evaluation (this is standard for local orbital codes, in contrast to plane wave
basis sets).

3.1. Hellmann–Feynman stress
The Hellmann–Feynman stress is straightforward, and equivalent to other codes, coming from the pseu-
dopotentials; there is an extra contribution from the screened Hartree potential in the neutral atom for-
mulation.

σHFλµ =
∑
i

ˆ
drn(r)

∂VNA
i (r)

∂Riλ
Riµ − 2

∑
i

∑
ab

Kab⟨ϕa | (∇iλχb)Riµ⟩Ai⟨χi | ϕb⟩

−
∑
i

ˆ
drδVHa (r)

∂nPADi

∂Riλ
Riµ. (20)

To understand why we classify the final term as a Hellmann–Feynman term, we note that the screened
Hartree energy is written as EδHa =

1
2

´
drδVHa

(
n(r)−

∑
i n

PAD
i (r)

)
, so there is a contribution to the

force and stress from the change of nPADi (r) with atomic position. The equivalence to a Hellmann–
Feynman force comes because the integral can be recast as δn(r) interacting with VPAD

Ha (r), the potential
due to the atomic density.

3.2. Pulay stresses
Following the forces [11], we find that there are two contributions to the Pulay stress, coming from
changes in the Hamiltonian and overlap matrices; we term these ϕ-Pulay and S-Pulay stresses, respec-
tively. In equation (21) below, the first three terms form the ϕ-Pulay stress (contributions from the local
potentials, i.e. neutral atom, Hartree and XC potentials, in the first term; the kinetic energy in the sec-
ond term; and the non-local potential in the third term) while the fourth contribution forms the S-Pulay
stress.

σ
Pulay
λµ =−4

∑
i

∑
ab

Kab⟨ϕa | V̂NA + δV̂Ha + V̂XC | (∇iλϕb)Riµ⟩

+
1

2

∑
i

∑
ab

Kab
∂Tab

∂Riλ
Riµ − 2

∑
i

∑
abk

Kab⟨(∇iλϕa) | χk⟩RiµAk⟨χk | ϕb⟩

− 4
∑
i

∑
ab

G̃ab⟨ϕa | (∇iλϕb)⟩Riµ. (21)

It is important to note that, for linear scaling, the matrix G̃ab is the same matrix found in equation (18),
including the effect of the variation of the electron number, while for exact diagonalisation it is
simply Gab.

3.3. Miscellaneous stresses
The remaining stresses do not fit easily into the two previous categories, and are given here in no partic-
ular order. The ion-ion stress within the neutral atom potential is written as follows:

σSCCλµ =
∑
i

1

2

∑
j

[
ZiZj

| Ri −Rj |3
(
Riλ −Rjλ

)
δλµ −

ˆ
drVHa,PAD

j (r)
∂nPADi

∂Riλ

](
Riµ −Rjµ

)
. (22)

Various terms in the total energy are calculated using a numerical integration on a real-space grid
(the screened Hartree, exchange-correlation and neutral atom energies). There is a stress associated with
the change of the Jacobian (i.e. the grid point volume):

σJacobianλµ = δλµ
(
EδHa + EXC + ENA

)
. (23)

5
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Similarly, since the Hartree potential is found using fast Fourier transforms, there is a stress which arises
from changes of the reciprocal lattice vectors:

σHaλµ =

ˆ
drδn(r)FT

[
2GλGµ

G 4
δ̃n

]
(24)

where δ̃n indicates the Fourier transform of δn, and FT[] indicates the inverse Fourier transform.
For a GGA exchange-correlation functional, which depends on the gradient of the electron density,

there is an extra contribution to the stress which can be written as [36, 37]:

σXC,GGAλµ =

ˆ
dr

∂f

∂∇λn(r)
∇µn(r) . (25)

When using non-linear PCC, there is a stress associated with the change of the core densities as
atoms move, which can be written as:

σPCCλµ =
∑
i

ˆ
dr∇iλn

C
i (r)VXC

[
n(r)+ nC (r)

]
Riµ. (26)

It might be argued that this is similar to a Hellmann–Feynman stress, but the distinction is not
important.

Finally, when running without self-consistency, there are stresses equivalent to the forces we have
described elsewhere [29]:

σNon−SCF
λµ =−

ˆ
dr∆VHa (r)

∑
i

∂

Riλ
nPADi Riµ

−
ˆ

dr∆n(r)µ ′
XC

[
nPAD + nC

]∑
i

∂

Riλ

(
nPADi + nCi

)
Riµ. (27)

There is also an extra Jacobian stress for the exchange and correlation:

σXCJacobian,Non−SCF =

ˆ
dr
(
nout − nPAD

)
VXC

[
nPAD + nC

]
. (28)

The Hartree stress arising from the change in reciprocal lattice vectors is identically zero for non-self-
consistent calculations.

4. Tests and results

In this section we present comprehensive tests of the convergence of pressure, force and total energy
with density matrix range for a variety of materials with differing properties, and then test molecular
dynamics in the NPT ensemble. In all cases we compare results found with linear scaling to those found
with converged exact diagonalisation. The convergence of total energy with respect to density matrix
range is related to the gap of the material [38]; while there are no formal results on the convergence of
forces or stresses with density matrix range, energy differences converge faster than total energies, and
most linear scaling calculations rely on the fast convergence of energy differences, even when total ener-
gies are not converged. It is important to note that the same is true for many parameters in standard
DFT calculations, e.g. k-point convergence, or plane wave cutoff in plane wave codes. For simplicity, we
use a simple single zeta basis set of PAOs [24] for all calculations; the only significant effect that a larger
basis set will have on the results will be if the gap is changed by the basis. Any basis set superposition
errors will have a negligible effect on stress calculations in condensed phases.

All tests used Conquest v1.5 [39] which is publicly available from GitHub, and includes the stress
implementation described in this paper.

4.1. Convergence tests
We consider six materials which provide a variety of types of bonding and electronic structure. The
elemental semiconductors carbon, silicon and germanium are all tetrahedrally bonded, and have vary-
ing gaps (the values with the single zeta basis are not accurate, but nevertheless span an appropriate
range: 5.9 eV for carbon; 2.1 eV for silicon; and 0.0 eV for germanium at the Γ point), covering behav-
iors from insulating, through semiconducting to metallic. We also include ionic materials, all of which
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Figure 1. Absolute value of the difference between linear scaling and fully converged exact diagonalisation calculations as a func-
tion of density matrix cutoff (in a0) for: (a) stress (in GPa); (b) force (in Ha/a0); and (c) total energy (in Ha). (d) stress difference
for Si and Ge, as in (a), on a linear scale to illustrate the cause of the dip in the stress difference curve.

have large gaps: MgO and LiCl, which are both cubic, with gaps of 5.3 eV and 7.0 eV; and AlN, which
is hexagonal (wurtzite), and polar along the c-axis, with a gap of 3.4 eV. This variety of materials cov-
ers differences in bonding and electronic structure, and provides a stringent test of the approach. For
MgO and LiCl we use the local density approximation with Troullier-Martins pseudopotentials [40],
while for the other materials we use PBE [41] with Hamann pseudopotentials [28] from the PseudoDojo
database [42].

In our comparisons, we use the same simulation cells, with all parameters identical except for the
ground state search. In all cases, we used a perfect crystal but with one atom slightly displaced along the
c-axis of the cell to give non-zero forces, with a lattice constant reduced by 1% from the relaxed value
(for exact diagonalisation). We use a real space integration grid with a spacing of 0.2 a0, which gives
good convergence. All diagonalisation calculations used a Monkhorst–Pack grid which fully converged
the total energy.

We consider three quantities: the total energy; the force; and the stress along the c-axis. In all practi-
cal circumstances we are interested in energy differences rather than total energies, so the stress and force
graphs are much more important. The results are shown in figure 1, showing the stress in (a), the force
in (b) and the total energy in (c). The unit cells of all materials apart from AlN are cubic; we have plot-
ted the stress along the c axis in AlN, which is the direction of the displacement of the ion, though the
convergence is similar in all directions.

Considering first the stress, we see that the discrepancy is rather small, being below 1 GPa for all
materials at all density matrix ranges (except carbon with the exceptionally small density matrix range of
12 a0) and below 0.1GPa for very reasonable density matrix ranges: 18 a0 for the four insulators (C, LiCl,
MgO and AlN), 20 a0 for silicon, and 22 a0 for germanium. The dip in the curve seen around 25 a0 for
Si and Ge is due to the non-monotonic convergence of the stress with density matrix range, as shown in
figure 1(d); there is no fundamental reason why the stress should converge monotonically.

The force convergence is even better than the stress, with the discrepancies below 1×10−4 Ha/a0
(≃ 5× 10−3 eV Å−1) for all density matrix ranges and all materials (except AlN along a direction in
the basal plane where this level requires a range of 18 a0). This indicates that structural optimization for
all elements considered here will be reliable regardless of the restriction placed on the density matrix.
The final curve, showing convergence of total energy, displays the expected trends of exponential conver-
gence, with larger gaps converging faster. Absolute energies are much less important than energy differ-
ences, which converge much faster (as seen in the stresses and forces). We note that comparison of the
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Table 1. Bulk modulus in GPa calculated by fitting Birch–Murnaghan curves to

energy (B
(E)
0 ) and pressure (B

(P)
0 ) for the six materials, for linear scaling

(RL = 18a0 for C, LiCl, MgO, AlN, RL = 20a0 for Si and RL = 22a0 for Ge) and
exact diagonalisation.

C Si Ge LiCl MgO AlN

O(N) B
(E)
0 391.8 72.5 46.0 39.8 187.3 182.1

Diag B
(E)
0 391.8 71.3 46.9 39.6 185.5 181.7

O(N) B
(P)
0 395.6 71.9 46.2 39.3 185.6 180.9

Diag B
(P)
0 395.5 70.5 47.9 39.1 185.4 180.4

Figure 2. Characterization of the effect of density matrix range on NPT molecular dynamics. (a) Deviation of conserved quan-
tity; (b) temperature and (c) pressure variation. In all cases results for full diagonalisation are compared to three density matrix
ranges (12, 16 and 20 a0).

analytic stresses presented here with numerical stresses found from the energy change resulting from a
small volume change are in excellent agreement.

As a further test of the stress calculation, we evaluate the bulk modulus for all materials by fitting
to seven point curves in both the energy (as is standard for DFT calculations) and the pressure on the
simulation cell (which tests the stress explicitly). For the linear scaling calculations, we use the same den-
sity matrix range identified above where the stress error is less than 0.1 GPa (18a0 for C, LiCl, MgO and
AlN; 20 a0 for Si and 22 a0 for Ge). We found that rather than using a fixed density matrix range for
each point on the binding energy curve, better convergence is obtained by scaling the density matrix
range with simulation cell size [43]. The results are given in table 1, and show excellent agreement.

4.2. Molecular dynamics tests
We now turn to a practical application of the calculated stress: isobaric-isothermal molecular dynam-
ics. We have already demonstrated NVE molecular dynamics with linear scaling DFT on systems up to
32 678 atoms [35], using the extended Lagrangian Born–Oppenheimer (XL-BOMD) approach [44]. In
that work, we showed that the total energy was well conserved, with small fluctuations (no more than
1 meV atom−1 even for a small density matrix range of 14 a0) which reduced with increasing density
matrix range. We have also demonstrated dynamics under the NVT ensemble [45], again showing stable
dynamics with good conservation. Here, we show that stable linear scaling molecular dynamics is pos-
sible for the NPT ensemble, and characterize the behavior with density matrix range. We choose a tem-
perature of 300 K and a pressure of 10 GPa for a sample of bulk silicon. We are particularly interested in
the effects of the density matrix range on fidelity of the dynamics: both the stability and conservation of
the simulations, and how closely the full diagonalisation dynamics can be followed.

In figure 2 we consider the case where we used identical simulation settings for all tests, includ-
ing the same starting seed for the pseudo-random number generator and starting simulation cell size.
We note that the initial pressures in these cases differ with density matrix range (as seen in figure 1),
with a difference to exact diagonalisation of less than 0.1 GPa at RL = 20a0. As the density matrix range
increases, the linear scaling dynamics converge towards the exact diagonalisation dynamics; in all cases,
we see that the conserved quantity does not drift, and the pressure and temperature are maintained at
their set point.

As would be expected, the smaller density matrix ranges show more differences in the detailed
dynamics to the exact diagonalisation results, while the RL = 20 a0 results follow the exact diagonali-
sation results closely. In particular, the pressure fluctuations are out of phase with the exact diagonal-
isation results, and the conserved quantity follows a somewhat different path (though with the same
underlying frequency of oscillation). The key question to understand in terms of fidelity of dynamics
is whether this is purely due to the difference in initial pressure, or also due to differences in forces;
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Figure 3. Comparison of NPT molecular dynamics starting from the same initial pressure for diagonalisation and linear scaling
calculations. (a) Deviation of conserved quantity; (b) temperature and (c) pressure variation. In all cases, results for full diago-
nalisation are compared to two density matrix ranges (12 and 16 a0).

from the results in figure 1(b) we would expect it to be almost entirely from pressure. We investigated
dynamics for short density matrix ranges (RL = 12 and 16 a0) with simulation cell sizes adjusted to give
the same initial pressure as in the exact diagonalisation simulation (to within 0.1GPa). The results are
shown in figure 3.

We see that for the first hundred femtoseconds of dynamics the short density matrix range simu-
lations follow the exact diagonalisation trajectories extremely closely. The increase in difference over
time is an inevitable result of slight variations in dynamics. The result of these simulations is extremely
encouraging for large scale, long-time DFT dynamics: we see that high quality simulations can be
achieved using very modest density matrix ranges. Comparing diagonalisation and O(N) calculations
[46] we find a drift of less than 0.001 eV ps−1 atom−1 for simulations spanning multiple picoseconds.

5. Conclusions

We have shown how stress can be calculated in the context of the local orbital DFT code CONQUEST, both
in terms of exact diagonalisation and linear scaling operation. Tests of the convergence of the stress cal-
culated with linear scaling to the exact diagonalisation result show that relatively modest density matrix
ranges are required for excellent agreement, with all materials converged to within 0.1 GPa with a range
of 20 a0. Tests of NPT dynamics show no drift in the conserved quantity, and stable dynamics over
meaningful timescales. Moreover, adjusting the starting simulation cell size so that the initial pressures
of both linear scaling and exact diagonalisation are the same allows us to reproduce the exact dynamics
over 100 fs for very small ranges, as low as 12 a0 for silicon.

Our results demonstrate that the full range of molecular dynamics ensembles can be used with lin-
ear scaling DFT methods with no loss of accuracy in the dynamics of the system, even with modest
density matrix ranges. This opens the prospect of very large scale dynamics calculations with full DFT
accuracy. The remaining questions for linear scaling MD simulations concern basis set size and over-
all efficiency. Since the support functions in CONQUEST are non-orthogonal, we require the inverse of
the overlap matrix for efficient calculations [32, 47], but with linear scaling time. At present, we find
an approximate, short range inverse matrix using Hotelling’s method, though this approach performs
poorly for larger PAO basis sets as the overlap matrix becomes increasingly ill-conditioned. The lack
of an inverse overlap matrix potentially restricts the basis size that can be used, though the use of the
alternative blip basis sets [23, 30] and the on-site support function approach outlined recently [7] offer
ways forward here. The question of efficiency is key to long timescale MD runs. We already use the
extended Lagrangian approach to molecular dynamics [44] to ensure energy conservation, though this
can require more iterations to find the ground state than simple reuse of the density matrix; exten-
sions of the extended Lagrangian approach that require no self-consistency cycles [48] may help with
efficiency. Once these questions have been addressed, the route to very large scale, long DFT molecular
dynamics runs is open.
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