Topological Charges, Fermi Arcs, and Surface States of K; Crystal
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We investigate the topological electronic properties of the Kj crystal by constructing a tight-binding model.
The bulk band structure hosts Weyl nodes with higher and conventional chiralities (¥ = £2 and y = £1) located
at high-symmetry points in the Brillouin zone. Through analytical evaluation of the Berry curvature, we identify
the positions and chiralities of these Weyl nodes. Furthermore, slab calculations for the (001) surface reveal
Fermi arcs that connect Weyl nodes of opposite chirality, including those linking ¥ = £2 nodes with pairs of
X = F1 nodes. These results demonstrate that the K4 crystal is a spinless Weyl semimetal featuring topologically
protected surface states originating from multiple types of Weyl nodes.

I. INTRODUCTION

In recent years, the study of topological materials-including
topological insulators [1-12], topological crystalline insula-
tors [13, 14], topological magnets [15, 16], and Dirac and
Weyl semimetals [17, 18]-has revealed novel quantum phases
characterized by topological invariants and robust surface
states [5, 19]. Among these systems, Weyl semimetals are dis-
tinguished by pairs of topologically protected band crossings,
known as Weyl nodes, which act as monopoles of Berry curva-
ture in momentum space [17, 20]. A hallmark feature of Weyl
semimetals is the emergence of open surface states, called
Fermi arcs, which connect projections of Weyl nodes with op-
posite chirality in the slab Brillouin zone [18]. These arcs
directly reflect the nontrivial bulk topology and serve as un-
ambiguous experimental signatures of Weyl physics [18, 21].
Understanding how Fermi arcs emerge and how their connec-
tivity is dictated by the underlying crystal symmetry has be-
come a central theme in the exploration of topological mate-
rials.

The theoretical design of novel crystal structures, inspired
by mathematical principles not realized in nature, has at-
tracted considerable attention in recent years. One prominent
example is the Ky lattice, a mathematical construct defined
as the maximal abelian covering graph of the complete graph
K4 [22, 23]. Owing to its unique geometry, this structure has
been referred to by various alternative names, including the
diamond twin [24], the srs lattice [23, 25, 26], and the Laves
graph [23, 27]. It is also closely related to the Gyroid sur-
face [23, 27], a chiral network found in nature-for instance,
in butterfly wing scales [28]. Although the K4 lattice has not
yet been directly observed in natural systems, the existence of
structurally analogous biological networks suggests that such
mathematical constructs can serve as blueprints for the design
of novel materials in both synthetic and biological contexts.

In condensed matter physics, the K4 crystal has attracted
considerable interest because its unique topology and elec-
tronic structure are expected to give rise to unprecedented
physical properties [29-31]. Materials adopting this crys-
tal are predicted to exhibit electronic behaviors distinct from
those of familiar carbon allotropes such as graphene [32-34]

and diamond [35, 36]. This highlights the potential of the K4
crystal as a guiding principle for the design of functional ma-
terials in both solid crystals and self-assembled architectures.
Theoretical investigations of the K4 crystal have extended be-
yond carbon allotropes to a wide range of other material sys-
tems. For example, boron and phosphorus K4 crystals can
form stable sp2 chiral structures [37, 38]. Moreover, multi-
element Ky crystals have been proposed through doping or
intercalation, including hydrogenated K4 carbon [39], carbon-
doped K4 nitrogen [40], and K4-like NaC, [41]. The K4 crystal
structure has been experimentally realized via electrochemical
crystallization of radical anion salts derived from a triangular
molecule [42].

One of the most striking features of the K4 crystal is the
emergence of a so-called triple Dirac cone in its electronic
band structure. At high-symmetry points such as I" and H, two
linearly dispersing bands intersect with an almost flat band,
forming a pseudospin-1 Dirac point [30]. Such band crossings
are rare in crystalline systems.

Beyond conventional Dirac and Weyl fermions, the discov-
ery of multi-fold band degeneracies has opened new direc-
tions in the study of topological phases. Crystalline symme-
tries can stabilize higher-fold fermions such as triple-point
fermions, spin-1 Weyl fermions, and other exotic quasipar-
ticles, which in turn host unconventional topological charges
and novel transport or surface phenomena [43-51]. These
studies highlight that the triple Dirac cone in the K4 crystal
belongs to a broader framework of topological semimetals sta-
bilized by symmetry-protected degeneracies.

In this work, we construct a tight-binding model of the K4
crystal using one s orbital per site with nearest-neighbor hop-
ping and analyze the resulting band structure. By evaluating
the Berry curvature [52-61], we identify Weyl nodes at high-
symmetry points including I', H, and P, and classify them ac-
cording to their chirality. We further investigate the surface
states in a (001) slab geometry, demonstrating the presence
of topological Fermi arcs that connect Weyl nodes of differ-
ent chiralities. In particular, we show that higher-chirality
(x = £2) Weyl nodes are linked to pairs of conventional
(x = £1) nodes via topologically protected surface states.

Thus, this study fills a crucial knowledge gap: demon-
strating that the Ky crystal is not only a mathematically in-
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FIG. 1. (a) Crystal structure of the K4 crystal. Viewed along the (001) direction, it exhibits a pattern of tiled squares and octagons and contains
multiple helical motifs. (b) Graph representation of the K structure, showing the connectivity of the four sublattices. The corresponding graph
is a complete graph with four vertices, each connected to all others by three edges. (c) Unit cell of the K, crystal. The gray cube represents the
conventional cubic unit cell, while the red rhombohedron denotes the primitive unit cell of the body-centered cubic (bcc) lattice. The primitive
cell contains four sublattices, labeled A-D, each connected by three nearest-neighbor bonds. At each site, three bonds extend isotropically in
a single plane, similar to graphene. However, the bond plane at one site is rotated by an angle of 8 ~ 70.5° (cos 6 = 1/3) relative to that of a
neighboring site. (d) First Brillouin zone (BZ) of the K crystal, based on the bce lattice. (e) Energy band structure of the Ky crystal. At the I'
point, two linearly dispersing (conical) bands and one flat band intersect at energy ¥, referred to as the I'yjpp point. At the H point, a similar
crossing occurs at energy —7, labeled as the Hyqy, point. The four-band structure around Hy,y, is the vertical inversion of that around I'pjgp. At

the P points, two conical bands form vertically aligned degenerate points at energies —v/3y and ++/37, denoted as Pj,,, and Phign, respectively.

triguing lattice construct or a metallic carbon allotrope, but
also a bona fide Weyl semimetal with topologically nontriv-
ial surface states. This establishes the K4 crystal as a novel
archetype of three-dimensional sp?-hybridized carbon with
intrinsic topological properties.

II. CRYSTAL AND BAND STRUCTURE

Figure 1(a) shows the crystal structure of the Ky crystal.
It can be regarded as a three-dimensional realization of the
complete graph K4, in which all four vertices are mutually
connected. This unique connectivity is reflected in the atomic
arrangement shown in Fig. 1(b), where each site forms bonds
with the other three. As a result, three bonds emanate from
each site in a coplanar configuration; however, the planes
formed by these bonds are twisted relative to those of neigh-
boring sites by an angle 6 ~ 70.5° (with cos 8 = 1/3). When
all such planes are aligned parallel, the resulting structure re-
duces to the two-dimensional honeycomb lattice. Thus, the
K, crystal can be viewed as a three-dimensional extension of
the honeycomb structure.

The crystal structure of Ky is derived from this connectiv-
ity of K4 graph. It adopts a body-centered cubic (bcc) lattice
with space group 74132, which lacks inversion symmetry and
thus renders the system noncentrosymmetric. The conven-
tional unit cell with lattice constant a is shown in Fig. 1(c).
The rhombohedral primitive cell denoted by the red rhombo-
hedron in Fig. 1(c) is spanned by the translation vectors
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and contains four atomic sites labeled A, B, C, and D. The
fractional coordinates of the four sublattice sites are given by
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Each site is connected to its three nearest neighbors by the
displacement vectors 7;; (i, j = A,B,C,D), among which six
are independent:
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The corresponding reciprocal vectors are given as
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Thus, the first Brillouin zone (BZ) of the bcc lattice has a
rhombohedral shape, as shown in Fig. 1(d), with the following
representative high-symmetry points:

H: (O, 2”,0),
a
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The symmetry properties of the high-symmetry points (k-
point little groups) in the Brillouin zone are summarized as
follows. The I" and H points belong to the O point group
(432). The I' point is unique under this symmetry, while
the H point has six symmetry-equivalent points located at
(£22,0,0), (0,4+2%,0), and (0,0,+2). The P and P’ points
belong to the T point group (23). Each of these has four
symmetry-equivalent points related by the cubic symmetry

operations:
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The N point is invariant only under the identity operation, and
no band degeneracy occurs there, so we omit a detailed dis-
cussion.

We construct a tight-binding model for K4 crystal by as-
suming a single s-orbital per site and only nearest-neighbor
hopping. The onsite energy is set to zero at all sites. Thus, the
eigenvalue equation of Ky crystal reads

A(k)|uj(k)) = E;(k)|u;(k)),

where k = (ky,ky,k;) is the wavenumber vector and j(=
1,2,3,4) is the band index. The eigenvector is defined

as u;(k)) = (wja(k), wis(k). yjc(k), yjp(k))", where (---)
indicates the transpose of the vector. Y4 (k) (o« =A,B,C,D)

J

is the amplitude at site « for j-th energy band at k. The
Hamiltonian in momentum space takes the form of a 4 x 4
Hermitian matrix H (k), where each matrix element represents
hopping between two sites connected by a nearest-neighbor
bond. The off-diagonal matrix element, /;;(k), which means
the electron hopping from site j to site i, is given by

hij(k)

_ _,yefik:ﬂ'ij7

where i, j = 1,2,3,4. 7 is the nearest-neighbor hopping am-
plitude. T;; is the displacement vector from site j to site i.
Since we have assumed the onsite potential is set to zero at all
sites, the diagonal matrix elements are zero, i.e., h;(k) = 0.
Thus the resulting Hamiltonian matrix is explicitly written as

0 ol —k) G pmilke—k) G p—ilk—k))§
N i(ky—k) G 0 e—l(kx'f‘kﬁ% e—’(—kz—k)r)%
H(K) ==Y | Jit—k)d  ilkthy)d 0 e itk o) § M
(=) G pi(—ke—ke)§  pilky+ho)§ 0

Figure 1(e) shows the band structure of the K4 crystal ob-
tained from this tight-binding model. At the band degener-
acy points I'yjgnh and Hjey, we find a threefold band crossing
composed of two linearly dispersing bands forming a Dirac
cone, together with a nearly flat band intersecting at the same
point. This type of threefold degeneracy is termed a triple
Dirac cone. In contrast, at the Pyoy and Pyjgp, points, a twofold
degeneracy forms a conventional Dirac cone with linear dis-
persion.

From the viewpoint of group theory, the 3+1 band degen-
eracy structure at the I and H points is classified as the di-

J

TABLE I. Band representations for the Wyckoff position 8a
(1/8,1/8,1/8) of space group /4132 (No. 214)

(

rect sum of irreducible representations 7> ¢ A; of the O point
group. Likewise, the 2+2 degeneracy at the P and P’ points
corresponds to the E @ E representation of the 7 point group.

Furthermore, the band degeneracies can be understood
from the viewpoint of Wyckoff positions [62, 63] and elemen-
tary band representations (EBRs) [64]. The four sublattices in
the K4 unit cell occupy the Wyckoff position 8a of the space
group 14132 (No. 214), whose site symmetry is 32 (the D3
point group). Table I summarizes the band representations in-
duced from the 8a Wyckoff position, taken from the Bilbao
Crystallographic Server [65].

Band-Rep. A 1G(4) Ay 1 G(4) E1G(8)
r':(0,0,0) Ii(1) & Ts(3) (1) &4 (3) [3(2) & T4(3) & T5(3)
H:(1,1,1) Hy (1)@ Hy(3) Hy (1)@ Hs(3) H3(2) & Hy(3) & Hs (3)

P:(1/2,1/2,1/2)
N:(1/2,1/2,0)

Pi(2)®Ps5(2) Pi(2)®Ps5(2)
2N1 (1) ©N3(1) ®Na(1) 2N (1) ®N3(1) B Na(1)

(
Pi(2)®2P(2) © P5(2)

2N (1) 2N, (1) ®2N3(1) ©2N4(1)

For the spinless s-orbital tight-binding model, the bands

(

transform according to the elementary band representation



A; 1 G(4). Consequently, at the I" and H points, this repre-
sentation decomposes into I'y & 1's and Hy & Hy, respectively,
producing the characteristic 3 41 band degeneracy. At the P
point, it yields P; & P;, leading to the observed 2 + 2 degen-
eracy. Since the calculated bands coincide with a sum of ele-
mentary band representations (EBRs), the system is classified
as being in an atomic limit.

When the py, py, and p, orbitals are included, the atomic
degrees of freedom generate the representation

A1 GA) DA T GA)SE 1 G(8).

Here, A; T G(4) corresponds to the p orbital perpendicular
to the coplanar plane spanned by the three nearest-neighbor
bonds, and E 1 G(8) corresponds to the remaining two in-
plane p orbitals. The hybridization of s and p orbitals form
the 7 bands, in which triple degeneracies at I and H and the
double degeneracies at P persist in the same manner as in the
s-orbital model.

Thus, these degeneracies persist even in the multiorbital
(s + p) system, as confirmed by symmetry analysis. In ad-
dition, the same degeneracies have been reported in first-
principles calculations [29, 30]. This indicates that the mini-
mal s-orbital model already captures the essential topological
features of the Ky crystal.

III. TOPOLOGICAL CHARGE

In this section, we demonstrate that the band degeneracies
identified in K4 crystal correspond to Weyl points, each carry-
ing a quantized topological charge (chirality).

A. Weyl points

A Weyl point is a singularity in momentum space at which
two or more energy bands cross linearly in all directions, giv-

J

ing rise to gapless excitations governed by the Weyl equation
[17, 20, 66]. Near such a point kg, the effective Hamiltonian
can be expressed as

H(q) = (Eo+wvo-q) I+ ) wi-q0;,

i=x,y,2

2

where g = k — ko is the wavevector measured from the Weyl
point, Ey and vg denote the energy and group velocity at ko, /
is the identity matrix, o; are the Pauli matrices, and v; repre-
sent the effective velocities along the i-axis.

Here, we explicitly construct the effective Hamiltonians
around the degeneracy points I'nigh, Hiow, Piow and Phjgp, in the
K, crystal and calculate eigenvalues and eigenfunctions. The
effective Hamiltonians are obtained by expanding the tight-
binding Hamiltonian [Eq. (1)] to first order in k and apply-
ing appropriate unitary transformations that diagonalize the
zeroth-order Hamiltonians at each Weyl point. For related
methods and eigenvalue analyses, see Ref. [30].

We first focus on the triple band degeneracy located at the
I'high point, which consists of two dispersive (conical) bands
and one flat band. At the I point (k = (0, 0, 0)), the zeroth-
order Hamiltonian is given by

— = O
—_—— O =
—_— O =
O = =

where the Bloch phase factors drop out, and the four tight-
binding basis states |A),|B),|C), and |D) are connected by
equivalent hopping —7. This connectivity corresponds to the
K, graph (Fig. 1(b)) itself and can be viewed as a regular
tetrahedron. The representation of these four basis functions
follows the point group T4, which decomposes into the irre-
ducible representations A; and 7, giving rise to one nonde-
generate state (A1, E = —37) and one triply degenerate state
(Tr, E = +7) at the I point.
Expanding the Hamiltonian to first order in k, we obtain

0111 0 —i(ky —k;) —ik;—ke) —i(ke—ky)
(1) 1011 Ya | i(ky —k;) 0 —i(ky+ky) —i(—k; —ky)
Hy (k) =—vy -\ . . )
1101 4 ik, —kye) ik +ky) 0 —i(ky+ k)
1110 i(ke—ky) i(—k;—ky) i(ky+k;) 0
This Hamiltonian can be block-diagonalized using the unitary transformation Ur:
30 0 0 0 o0 1O 0
i1 0-10 0| 7|0 k 5k 0
UFHl(‘ >(k)UF:_7 e 1 V2 1 )
00 -1 0 210 ﬁlq 0 ﬁk,
00 0 -1 0 0 %/q —k;

where k = , /k%+k§+k§ and ki = ky £ iky.




The unitary matrix Ur is constructed from the zeroth-order ~ obtain the following effective three-band Hamiltonian around

eigenfunctions at the I" point as the Ihign point:
1 e iF oti5 otif 1
111 i i gt Ya lkz ﬂki 10
e e e
== Hr,. k)y=——1 —>k 0 =k
el PR S e A Tugetl(k) = =37 | J5ke - 0 35
1 eti3F ot iF 0 ﬁknt —k;
where the eigenvector (1,1,1,1)7 corresponds to the A; repre- This can be written compactly as
sentation (E = —37), while the other three orthogonal eigen- ya
vectors correspond to the triply degenerate 7> representation Hry eit(K) = *jk -S 3)

(E=+7y).
By discarding the lowest-energy flat band (£ = —37), we where S = (Sy, Sy, S;) denotes the spin-1 matrices:

J

1 i
0 7 0 0 -7 0' 10 0
S: (SMS_V?SZ) = \%2 0 % 9 +ﬁ 0 _ﬁ ) O 0 0
1 j —
0 7 0 1 +ﬁ 0 00 -1
The corresponding eigenvalues are
e (. 0o + _ , Ya
Erhigh 2" TThign 0, Erhigh - +?k’

corresponding to a lower conical band, a flat middle band, and an upper conical band, meeting at the I'yjg point to form a triple
Dirac cone [Fig. 2].
The normalized eigenfunctions of the effective Hamiltonian H]"higmeff(kﬂ) [Eq. (3)] are given by

(k. +k)? e | (k, —k)?
Ulign — 2k(k, +k) ﬁkJrkng +k) [ Ury,, 2k \sz s UTn 2k(k, —k) ﬁkJrk(zk :—k)
+ + +

The effective Hamiltonians at the Hiow, Piow, and Phign points, which exhibit Weyl-type linear dispersions, are derived in
Appendix A. Here, we summarize their explicit forms.
For the Hj,y, point:

1
Ya 1kz \ﬁk_ 10 Ya
HHh,w.eff(k) = +7 ﬁk-‘r 0 ﬁk_ = +7k} -S.
0 %1@ —k,

Note that the effective Hamiltonian at the Hyqy, point has the same matrix structure as that at the I'ygp point, but with an overall
sign reversal in front of k- S.
T T T

For the P point (k = (5, @ 5)), two inequivalent Weyl points appear, denoted as Py and Pyign, corresponding to distinct

energy sectors E = /37, respectively:

Ya

2
HPlowveff(k) = +€ ( kX+k)'+kZ \/Q(wkx_'_ () ky +kz)> :

V2(0%ky + wky + k) —ky —ky —k,
and

2
HPhigh7eff(k) - _A'_E kX +k} +kz \/i(w kx + (Dky +kz>> )

6 <ﬂ(wkx+ 0y k) —ke—ky —k

(

where @ = *1%“6, ®> = 1. The Py, and Phigh Hamiltoni- ans represent two symmetry-inequivalent linear band cross-



ings originating from distinct doublet states in the tight-
binding spectrum.

Since the effective Hamiltonian at the P point is related to
that at the P point by a unitary transformation, we restrict our
discussion to the P point.

B. Berry curvature and topological charge

To evaluate the topological nature of each Weyl point, we
compute the Berry connection and curvature from the cor-
responding eigenfunctions. Physically, the Berry connection
can be regarded as a vector potential in momentum space, and
the Berry curvature as its associated magnetic field in momen-
tum space. The Berry connection A/(k) for the j-th band is
defined as

Al(k) = (Al(k),Al(k),Al(K)),

where
i J
A = iuj(k)|5—uj(k)), o=xy,z.
kg,

The Berry curvature €2 (k) for j-th band is then given as the
rotation of Berry connection, i.e.,

Q;(k) =V x Al(k),

where V; = (aikx7 aik‘_, %)

Weyl points are characterized by a topological charge ¢
[17, 67-69] and a chirality ¥ [17, 66], which quantify their
role as monopoles of the Berry curvature in momentum space.
The topological charge ¢; of the j-th band is defined as the
Berry flux through a closed surface S enclosing the Weyl
point,

i= [ Q;-dS.
0= [

The chirality ¥ of a Weyl point is given by the total Berry
flux from all occupied bands, normalized by 27w, when the
Fermi level is located at the degeneracy:

1 Noce.

X:E.j:ZIQ)j.

A Weyl point with ¥ > 0 acts as a source of Berry curvature,
whereas y < 0 represents a sink.

The topological charges and chiralities of the Weyl points
in the K4 crystal, which characterize their monopole nature in
momentum space, are summarized in Fig. 2.

At the I'pigp point, the Berry connections Ar, , are ob-

tained from the corresponding eigenfunctions ury,, as

| ky
A7 = — —_
Thigh k(k, +k) ke [
0 —
Arhigh =0,
v | —kky
i =l —H) |

The corresponding Berry curvatures are given by

Q- k 00

Thigh 3’ Thigh 0,

Thus, at the I'pigh, the Berry curvature exhibits a monopole-
like distribution, isotropic in momentum space and decaying
as 1/k? away from the degeneracy point.

At I'pign, the topological charges are higher in magnitude
and remain quantized regardless of the choice of the enclosed
surface S:

— _ 0 _ + _
¢Fhigh = —4m, ¢Fhigh =0, ¢Fhigh = +4m.

The charge of the lower (upper) conical band is a higher topo-
logical charge (twice that of a conventional Weyl point), act-
ing as a sink (source) of Berry curvature, while the crossing
flat band carries zero charge.

The isolated band (E = —37) is topologically trivial, since
its Berry curvature and connection both vanish. Therefore, the
total chirality at I'yigp is ¥ = —2, given by the sum of (f)l?h ieh and

¢19mgh divided by 2x.

Topological properties of other degeneracy points, Higy,
Piow, and Py;gp are analytically derived in Appendix A.

For the Hj,y, point, the Berry curvatures are

— k 0 =0 + _ k

QHlow = +k73’ QH]OW - Hiw — _k73

This has the same form as that at I'y;g,, but with opposite sign.
Consequently, the Hyoy point possesses a total chirality of ¥ =
+2, indicating that it is a Weyl node with higher topological
charge, opposite in sign to I'pjgp.
For the Pyoy and P, points, the Berry curvatures are ob-
tained as
- -k n +k

Plow k3 ’ Piow - 27]63’
and

otk .k

Phigh — D3’ Phigh — 23"

The signs of the upper and lower bands, as well as those of
Piow and Ppigp, are reversed.

These Berry curvatures have half the amplitude compared
to those at I'yjgn and Hioy, indicating that Pyoy, and Ppiep cor-
respond to conventional Weyl points.



Thus, at all Weyl points in the Ky crystal (I'nigh, Hiow,
Piow, and Pyign), the Berry curvature exhibits a monopole-
like distribution. According to the Nielsen-Ninomiya theorem
[20, 70, 71], the total chirality over the entire Brillouin zone
(BZ) must vanish. Therefore, Weyl points always appear in
pairs or sets whose chiralities sum to zero. In the Ky crystal,
this condition is satisfied, as the BZ contains one symmetry-
equivalent I' (or H) point and two symmetry-equivalent P
points, whose total chirality exactly cancels to zero.

In systems preserving time-reversal symmetry but lacking
inversion symmetry, Weyl points with the same chirality must
occur at momenta k and —k, since

Qk) =-Q(-k) = x(k)=2x(-k)

A distinctive feature of the Ky crystal is the existence of a
Weyl point at I'ygp that lacks a counterpart at the opposite mo-
mentum. In systems with time-reversal symmetry but without
inversion symmetry, Weyl points must appear in pairs with the
same chirality at k and —k, owing to the relation

Qk)=-Q(-k) = x(k)=x(-k)
In the K4 crystal, the H and P points satisfy this condition due
to their positions on the Brillouin zone (BZ) boundary, as they
are mapped onto themselves or symmetry-equivalent points
under momentum inversion. In contrast, the I" point lies at the
BZ center and effectively pairs with itself.

Because the Weyl points appear at different energies, tun-
ing the Fermi level near a single Weyl point allows the system
to exhibit its associated topological effects independently—
such as chiral-anomaly-induced transport or asymmetric sur-
face states-without interference from other Weyl nodes.

It is also worth noting that recent works have explored
the role of crystal symmetry - especially screw and rota-
tional symmetries - in realizing Weyl nodes with higher chiral
charges (for example, Ref. [72], and Ref. [73]). While such
symmetry-enforced, high-chirality nodes lie beyond the scope
of the present analysis, they suggest promising avenues for fu-
ture investigation.

IV. FERMI ARC

In K4 crystal, the presence of Weyl points gives rise to topo-
logical surface states-so-called Fermi arcs-that appear when
we consider a system with surfaces. We first briefly review
the origin of Fermi arcs in conventional Weyl semimetals, and
then discuss the characteristic features of those in the K4 crys-
tal.

A. Conventional Weyl semimetals and Fermi arcs

In conventional Weyl semimetals, pairs of Weyl points with
opposite chirality are connected by surface states known as
Fermi arcs [17, 20]. Their topological origin can be under-
stood by considering a two-dimensional cylindrical subsystem
in momentum space. The cylinder is oriented perpendicular to

FIG. 2. Energy dispersion around Weyl points in K4 crystal. At
the T'hien and Hyoy points, two conical dispersions and one flat band
intersect at a single point, forming what is referred to as a triple
Dirac cone. The topological charge is calculated for each band, and
the sign of the charge associated with the lowest band determines the
chirality of the degeneracy point. At the Iy point, the chirality
is ¥ = —2, while at the Hy,,, point, it is y = +2. At the P}y, and
Phigh point, two conical bands intersect, forming what are referred to
as simple Dirac cones, each carrying opposite chirality: y = —1 at
Pow and y = +1 at Phigh~

the slab Brillouin zone (BZ), for example along k, in a (001)
slab geometry, and encloses a single Weyl point in the bulk
BZ. On this cylindrical manifold, the energy spectrum is fully
gapped except at the enclosed Weyl point. The Chern num-
ber [68, 74] defined on the cylinder equals the chirality of the
Weyl point, provided that no other nodes lie within it. If mul-
tiple Weyl points are enclosed, the Chern number reflects the
sum of their chiralities. When this nonzero Chern number
is projected onto the slab BZ, the resulting topologically pro-
tected edge states [1, 75] manifest as Fermi arcs that terminate
at the projections of Weyl points with opposite chirality.

B. Fermi arcs in the K; crystal

We next examine the Fermi arcs that emerge in the Ky
crystal, which connect Weyl points carrying large topological
charges. To analyze these surface states, we construct a slab
geometry by cleaving the bulk crystal along the xy plane, as
illustrated in Fig. 3(a). The three-dimensional bulk BZ is pro-
jected onto a two-dimensional slab BZ, as shown in Fig. 3(b).
The projections of bulk Weyl points onto the slab BZ are sum-
marized in Table II. The I'yipn and Hjoy points project onto the
surface I point, while Pjoy, and Ppign project onto R. As shown
in Fig. 3(c), the bulk gap between the upper two bands closes
at the I'high, Phigh, and Pf]igh points. Consequently, Fermi arcs
emerge across this energy range in the slab system.

The subsystem surrounding the T point reflects the chirality
projected from the bulk I'yen point. Owing to the presence of
a triple Dirac cone at I'pjgp, with chirality y = —2, the resulting
2D subsystem acquires a higher Chern number of C = —2. On
the other hand, the subsystem centered at the R point encloses
the projected Weyl points at Py, and P;]igh’ each with chiral-
ity x = +1, yielding a total Chern number C = 42 for this
subsystem. These nonzero Chern numbers ensure the exis-
tence of Fermi arc surface states crossing the gap, connecting
T and R points via projected Weyl nodes.

Similarly, the gap between the lower two bands closes at
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FIG. 3. (a) Slab structure of the Ky crystal cleaved along (001). Two different types of surface structures: (left) Layer 1 (red) forms chains
along the x-axis, and (right) Layer 2 (blue) along the y-axis. Top and perspective views are shown in the upper and lower panels, respectively.
Thus, for the slab structures, there are totally four combinations of possible surface terminations. (b) 1st BZ for Bulk and slab strcutures. (left)
1st BZ of bulk structure, with the yellow square indicating the slab BZ obtained by projecting along the k;-direction. (right) 1st BZ of slab
structures. I' corresponds to the projection of the bulk I" and H points, while R correspond to projections of the bulk P and P’ points. (c)
Left panel schematically shows the bulk BZ, where I'y;gp, (blue sphere) carries chirality y = —2, and Py;g, and P{ligh (red spheres) each carry

x = +1. These Weyl nodes are enclosed by distinct momentum-space subsystems: I'y;g by a cylinder centered at T (blue), and Phign and Piligh

by a cylinder centered at R (red). Accordingly, the subsystem centered at I" acquires a Chern number C = —2, while that centered at R acquires
C = +2. Right panel shows the energy band structures of slab at T" and R, respectively. In both cases, the subsystems cut through Weyl cones,
yielding effectively two-dimensional systems with energy gaps that host nontrivial Chern numbers. Consequently, topologically protected
edge states traverse these gaps. Since the bulk gap closes only at the Weyl nodes, the surface states connect their projections, forming a Fermi
arc (pink line) that extends from R (C = 42) to ' (C = —2). (d) Energy dispersion of slab structures obtained from the tight-binding model.
Gray shading indicates the bulk projection, and red curves highlight the Fermi arcs. Weyl points are labeled by their chiralities. High-energy
arcs connect the projected I'pjgh (X = —2) t0 Pp;gn and P{ligh (x = +1 x 2), while low-energy arcs connect the projected Hjoy (X = +2) to Piow

and P|_,, (x = —1 x 2). The apparent chirality imbalance is resolved by accounting for the projection of symmetry-equivalent Weyl points in
the bulk.

Hiow, Plow, and P{ow points. Here, Hj, is projected onto T,
forming a subsystem with C = +2, while Py, and P{OW project
onto R, contributing C = —2 in total. Fermi arcs also appear
between these projections in the lower energy sector.

These features were confirmed by calculating the slab
band structures using the tight-binding model. As shown in
Fig.3(a), the (001) slab consists of alternating layers, allowing
for four different slab terminations depending on which layer
appears on each surface. Figure 3(d) displays the band struc-

tures of all four terminations. In each case, Fermi arcs appear
in both the high-energy region (E > 0), connecting I'yjgp to
Phignh and Pf]igh’ and the low-energy region (E < 0), connect-
ing Hiow t0 Pjow and P/oy.

A key distinction from conventional Weyl systems is that
one end of a Fermi arc attaches to a triple Dirac cone with
chirality y = %2, while the other end splits into two projected
Weyl nodes with ¥ = 1, preserving overall charge neutrality.
Thus, a single arc pair involves three Weyl nodes at different



energies. Because these arcs are topologically protected, they
persist even when Weyl nodes acquire small gaps, providing
a route to higher-mobility surface states and potential device
applications based on higher Chern numbers C = £2.

TABLE II. Weyl points (bulk) and their projections onto slab BZ

Weyl Point (bulk) Fhigh Hiow Plow Phigh
Projected Pointin SlabBZ T T R R
Energy +y -y —V3y +V3y
Chirality x 20 +2 0 -1 +1
Symmetry Multiplicity 1 1 2 2

V. SUMMARY

We have investigated the topological electronic properties
of the Ky crystal, a three-dimensional analogue of graphene,
by constructing a tight-binding model and analyzing its band
structure. The bulk Brillouin zone (BZ) hosts triple band de-
generacies at I'yjgn and Hiow, comprising two linearly dispers-
ing bands and one flat band-forming what is known as a triple
Dirac cone. In contrast, double degeneracies occur at Py, and
Phign, resulting in conventional Dirac cones.

These degeneracy points act as Weyl nodes characterized
by isotropic Berry curvature and quantized topological charge
(chirality): ¥ = —2 and +2 at I'pjgp and Hjoy, and y = —1 and
+1 at Pioy and Pygp, respectively.

To examine the associated surface states, we constructed a
slab geometry by cleaving the bulk crystal along the (001) di-
rection. In this configuration, the Weyl nodes at I'pjgh and Hioy
project onto the surface I point, while those at P}y, and Phign
project onto R. Although the Fermi arcs appear to connect
Weyl points with unbalanced chiralities, this apparent asym-
metry is resolved by the presence of two symmetry-equivalent
Piow or Phign points, which effectively double the projected
chirality at R. This restores the topological charge balance
between I and R.

Consequently, surface states in the form of Fermi arcs
emerge, linking the triple Dirac cone to pairs of simple Dirac
cones in a topologically consistent manner. Our results estab-
lish the K4 crystal as a novel Weyl semimetal where higher-
chirality nodes are compensated by multiple lower-chirality
ones, with their projections robustly connected by topologi-
cally protected surface states. This work highlights the K4
crystal as an archetype of three-dimensional sp® carbon net-
works with intrinsic topological properties, providing a foun-
dation for future exploration of higher-chirality fermions and
their potential applications in topological electronics.

Further experimental validation of the predicted topolog-
ical phenomena in the K4 crystal will be essential. For in-
stance, angle-resolved photoemission spectroscopy (ARPES)
and quantum-oscillation measurements have already observed
Fermi arcs and Berry phase signatures in Weyl semimetals
such as TaAs (Refs. [76-79]) and large-Chern-number sys-
tems like PtGa (Ref. [80]). Drawing on these precedents,

similar techniques could be applied once a realisation of
the K4 crystal becomes available. Additionally, photonic-
crystal analogues of the triple-degenerate point have recently
been demonstrated in acoustic/photonic systems (for example,
Refs. [51, 81]), suggesting that the K4 lattice-with its inherent
higher-chirality fermions could serve as a prototype not only
for electronic topological materials but also for topological
photonics and metamaterials.

Looking ahead, an intriguing direction is to determine
whether the chirality and the Berry curvature of the nodal
points can be derived purely from crystal symmetry, for exam-
ple through symmetry indicators or irreducible-representation
analysis. Establishing such a connection would not only re-
inforce the topological robustness of the observed nodes, but
also enable a deeper symmetry-based classification of topo-
logical semimetals in nonsymmorphic crystals such as the K4
lattice.
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Appendix A: Topological properties at Hoy, Piow, Phigh points

In this section, we provide the derivations of the topological quantities such as Berry connection, Berry curvature and topo-

logical charges at Hiow, Phign, and Pjoy points.

1. Hj,w point

Expanding the tight-binding Hamiltonian [Eq. (1)] to first order in momentum k around the H point, i.e., kg = (0

effective Hamiltonian can be written as

2n 0), the

Y oa?

0 —i 1 i 0 _(k}'_kz) _i(kz_kx) (kx_ky)
HI({I)(k:):fy i O —1i 1. 7% —‘(ky—kz) 0 — (ke +ky) —i(—k, —ky)
1 i 0 —i i(k; —ky)  —(ky+ky) 0 —(ky+k;)
-1 i 0 (ke —ky)  i(—k;—ke) —(ky+k;) 0
This Hamiltonian can be block-diagonalized using a unitary matrix Uy, as
~3000 0 0 00
100 va 0 k %k, 0
Ui HY (k)Un = —y +£ | | ,
0 010 210 —2k+ 0 \ﬁk,
0 001 0 0 %1@ —k,

where k = , /k%—i—k%—l—k% and ki = ky £ iky.

The unitary matrix Uy can be given as

These correspond to a lower conical band, a flat central
band, and an upper conical band, which meet at the Hjoy, point

—i e 1 % to form a triple Dirac cone, as illustrated in Fig. 2 (the Hjoy
U 1] -1 ei% i eii% point).
72 dF 1 o
| FE Y However, the eigenspaces corresponding to the upper and

By discarding the term concerning the flat band (+37),
we obtain an effective three-band Hamiltonian near the Hjgy
point:

lower conical bands at Hj,,, are reversed compared to those at
Ihigh. The normalized eigenfunctions are given by

1
va lkz ﬁk, ] 0 : (kz _ k)2
Hian(K) =+ | (ke 0 sk Uit = 3R, ) | V2R |
O ﬁkjL _kZ k+
This effective Hamiltonian can be expressed in a compact o 1 k-
form as UHigy = 2k V2k |
Ya ke
H[—lkwweff(k) = —s—?k-S. (A1) (kz+k)2
+
This Hamiltonian is the sign-reversed counterpart of the effec- UHypy = 2k(k, +k) V2ky (zkz +k)
tive Hamiltonian at the T'yjgn point [Eq. (3)]. Its eigenvalues ki

are

_ _ ey

_ _ tya
Hiow — 2 ’

EI(')Ilow = O’ E;I_low - 2 k’

which are identical to those at the I'y;gn point.

As a result, the Berry connections and Berry curvatures for
these bands are also interchanged.



The Berry connections are

L (e
A= _—
Mo = Rk —k) | * |
0
A(Izllow :0’
ky
=+ 1 ’

Hiow - k(kz+k) _(;(x )

and the corresponding Berry curvatures are
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The monopole charges associated with each band are then
given by

(PP;IOW = +47r’ (Pglnw = 0’

+
(PHIOW - 4TC

Thus, the I'yign and Hioy points not only share the same
band structure form but also exhibit opposite topological char-
acteristics, forming a pair in both energy and topology.

2. Pjow point and Py, point

k -k
alow = %’ Q%low = 0’ Qﬁlow = kT
The Hamiltonian matrix [Eq. (1)] is expanded up to first
order in momentum k around the P point, kp = (£, Z, ) as
01 1 1 —i(ky—k) —i(k,—ke) —i(ky—ky)
ng”(k:):—y 1 0 —i 1. _Ya l.(ky—kz) 0 — (ke +ky) —(—k;—ky)
1 i 0 —i 4 | ilk;—ke) —(ky+ky) 0 —(ky+k;)
1 =i i 0 ik —ky) —(—k:—ky) —(ky+k.) 0

Although this Hamiltonian cannot be fully block-
diagonalized by a unitary transformation, we consider the uni-
tary matrix

(

izes the zeroth-order part of ngl)(k), i.e., the Hamiltonian at
the P point itself.
By applying this transformation, we obtain

V3 0 —V/3 0 3y 0 0 0
1 1 V2o 1 V20? 0 -3 0 0
Up = —= 7 UiHS (k)Up = v SHp(k
Vel 1 Vit 1 Voo pip (R)Up 0 o s+ o |TOHK)
1 V2 1 V2 0 0 0 +/3
where w = _1%"‘/57 ®° = 1. This unitary matrix diagonal- ~ where §Hp(k) contains all the first-order terms:
|
ke +ky + k; V2(0ky + 0%ky + k) ke +ky + K, %(—a)zkx — wky, —k;)
V2(0%k + wky +k —ke —ky —k (0% — 0ky—k;)  —0ke— 0%k, —k
5Hp(k) — ( X y Z) . X y ) Z \/j( X y Z) 2)5 y Z ,
ky+ky + k; 75 (— 0k, — 0ky — k) ky+ky + k; V2(0%kye + 0k, + k)
\%(fwkx —0ky—k;) 0k —0ky—k,  V2(0ke+ Oky+k;) —ky—ky —k;

which are not block-diagonalized by Up.

In contrast to the cases at the I" and H points, the first-order
correction §Hp(k) is not diagonal in this transformed basis.
Howeyver, since the zeroth-order Hamiltonian has a two-fold
degenerate low-energy sector (—1/37) and high-energy sector
(++/37), and the energy splitting is finite at k = 0, we may

(

treat these sectors separately in the vicinity of the P point.
Thus, by neglecting the off-diagonal coupling between the
low-energy and high-energy subspaces in § Hp(k), we obtain
two effective 2 x 2 Hamiltonians. The upper-left 2 x 2 block
corresponds to the low-energy effective Hamiltonian at the
Pow point, and the lower-right 2 x 2 block corresponds to the
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high-energy effective Hamiltonian at the Py;gp point. The effective Hamiltonians are given by:
a ke +ky +k V2(0ky + ©%ky +k
HPlow«,Cff(k) = +% )26 Y z ( ¥ Y Z) 5
V2(@0%ky + wky + k) —ky —ky —k,
a ke +ky+k, V2(0?ky + 0ky +k
MMWM@:+% pr (@ k)|
V2(0k + 0%ky + k) —ky —ky—k,
[
The eigenvalues of the effective Hamiltonian leow7eff(k) The Ppign point serves as the counterpart to the Pjoy point.
are given by In contrast to the I'hjgn and Hiow points, where the upper
and lower conical bands exchange their eigenspaces, the
Pi O k, eigenspaces of the conical bands at the Py, and Pjoy, points
fow 2V3 are related by complex conjugation. Consequently, the Berry

connections and Berry curvatures at the Ppigp point are also
complex conjugates of those at the Py point, leading to op-
posite topological charges.

The eigenvalues of the effective Hamiltonian HPhigh.’eff(k)
are given by

which describe a pair of conically dispersing bands meeting at
the Pjoy point, thereby forming a simple Dirac cone, as shown
in Fig. 2 (Pjow).

The corresponding normalized eigenvectors are

1
Up :L ﬁ(kx‘FkV"'kz_\Ek) ’ Ef;t — ﬁk’
low n kax 4 wky +kz high 2\/§
wh = 1 (G5t ky ke +/3K) ,
v My 0%k, + 0k, +k; which correspond to a pair of conical bands forming a simple
Dirac cone at the Py;gp point, as shown in Fig. 2 (Pyign).
where 1. — \/ V3k(V3kt ket ky £ ks). The normalized eigenfunctions are
From these eigenstates, the Berry connections are com- 1
puted as us = 1 ﬁ(kx thy+k — V3k)
P o\ kot 0tk )
ky—k
Plow ™ Dk (ky + ky 4k, —/3k) kz _ kx P ok, + 0ky +k
X y
N | —ky +k,
Ap = —k;+ky |- The corresponding Berry connections are
o T Dk(kehy+ koA V3K | poncing Bery
<x+ y+ z+\/>) ka«kky
| —ky +k;
Ap = —k,+k
high _ Z X ?
The corresponding Berry curvatures take the form * 0 2k(ket+hy kg V3Kk) —k + ky
__ —k + Tk | ky —k;
Plow_ﬁ) Plnw_%. A+_ = k,—k R
Phigh 2 (ke +ky + k. +v3k) |
’ ky — ky
These expressions indicate that the Py, point carries
monopole-type Berry curvature, with magnitude equal to half h .
of those found at the I'yjon and Hiow points for the upper and and the associated Berry curvatures are
lower cones. Tk _k
Accordingly, the topological charges are given by Ql;high =20 ;high =23
¢P_10W = _27[:7 ¢1;~l_0W = +2ﬂ'

Accordingly, the topological charges at the Py, point are



given by

— o + _
¢Phigh = +2r, (Pphigh = -1,
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which are the reverse of those found at the Py, point.
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